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Abstract: In this work, we developed, validated, and analysed the behaviour of a compartmental
model of COVID-19 transmission in Saudi Arabia. The population was structured into four classes:
susceptible (S), exposed (E), infectious (I), and removed (R) individuals. This SEIR model assumes a
bilinear incidence rate and a nonlinear recovery rate that depends on the quality of health services.
The model also considers a treatment function and incorporates the effect of fear due to the disease.
We derived the expression of the basic reproduction number and the equilibrium points of the
model and demonstrated that when the reproduction number is less than one, the disease-free
equilibrium is stable, and the model predicts a backward bifurcation. We further found that when the
reproduction number is larger than one, the model predicts stable periodic behaviour. Finally, we
used numerical simulations with parameter values fitted to Saudi Arabia to analyse the effects of the
model parameters on the model-predicted dynamic behaviours.
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1. Introduction

Although the COVID-19 pandemic appears to have ended, numerous lessons can still
be learned from it. Ample data related to the pandemic are available, and research on
this topic—particularly on the modelling and understanding of the factors that affected
the disease dynamics—is still underway [1-4]. Mathematical models played a crucial role
at the beginning of the pandemic, predicting disease transmission and providing public
health authorities with guidance on the effectiveness of mitigation and control measures,
such as quarantine [5], media coverage [6], lockdowns [7], and travel restrictions [8].

Many types of mathematical models have been proposed in the literature since the
start of the pandemic. An overview, although non-exhaustive, of the multitude of mod-
elling frameworks was provided in [9,10]. These include models based on logistic Equa-
tions [11], compartmental epidemic models (e.g., SIR and SEIR) [1-3,12], models based
on statistical techniques [13], models based on fractional-order derivatives [14] and Ca-
puto derivatives [15], and artificial neural networks [16]. Despite their relative simplicity,
compartmental epidemic models with various structures are still widely used to model
infectious diseases, including COVID-19 [1-3,17]. The models’ variable structures allow
different segments of the affected populations (such as individuals who are quarantined,
re-infected, and hospitalised) to be incorporated, and they can include different expressions
of the incidence rate [18].

In this paper, we propose and study a simple, yet practical model, for COVID-19
transmission. The study population was divided into four segments: susceptible (S),
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exposed (E), infectious (I), and removed (recovered or deceased) (R) individuals. We
validated the model with COVID-19 data from Saudi Arabia.

One key element in modelling the spread of the disease is the rate of recovery of
people who are infected. The traditional approach is to consider a constant recovery rate,
but in practice, the recovery rate is dependent on the duration of the recovery process; this
process depends on the quality of health services, such as the number of hospital beds and
medical personnel [19,20]. In this work, the expression for the recovery rate included a
nonlinear effect (ﬁ), where A represents the quality of health services. In the original
formulation proposed in [19], A represented the inverse of the ratio of hospital beds to
population. Health planners use this parameter as an indicator of the sufficiency of health
services. In our formulation, the meaning of A is extended to include any other health
quality parameter, such as the amount of medical personnel.

Moreover, as in other infectious diseases, a key challenge in modelling the COVID-19
spread is incorporating changes in human behaviour, which play an important role in
increasing or decreasing the spread of the disease. For example, the fear of becoming
infected is a critical element that can reduce the severity of the pandemic and lower the
number of incidents; this is because people are generally willing to adopt and adhere to
control measures out of fear of being infected.

Few studies have modelled the effect of fear on the spread of infectious diseases,
especially the spread of COVID-19. Epstain et al. [21] were likely the first authors to
propose an epidemic model that incorporated the effect of fear. Their model considered the
interactions between two processes: the disease and the fear of the disease. The authors
demonstrated that some levels of fear can produce rich dynamics, including multiple
waves of infection. Valle et al. [22] proposed a model describing the impact of behaviour
changes on the spread of influenza in which fear-based home isolation was considered an
example of a behaviour change. For COVID-19, Bozkurt et al. [23] formulated a fractional-
order system of an SEIR+D model for the effect of fear. The authors analysed the balance
between controlling the population through various mechanisms and the community’s
fear. Rajab et al. [24] extended the work in [21] to investigate the impact of fear-driven
behavioural adaptations on efforts to fight the COVID-19 pandemic. They included contact
behaviour adaptation in their model, which provided it with rich dynamics, including
multiple endogenous waves of infection. Maji [25] modelled the fear effect by incorporating
an inhibition factor in the bilinear incidence rate. Conversely, Mpeshe and Nyerere [26]
included a linear rate of fear effect. Zhou et al. [27] proposed a statistical model.

In this work, we adopted the idea proposed in [28], which assumed that fear impacts
new recruitment in the population. The commonly used constant recruitment rate was
altered by including a nonlinear form 1/ (1 + aI) of the fear effect, where « is associated
with the level of fear. When awareness is adequate, fear decreases the recruitment rate.
Other formulations of the fear effect include an inhibition effect on the disease transmission
rate [25], whereas the work in [26] explicitly structured their model to include humans
infected with the COVID-19 virus only, humans infected with both the COVID-19 virus
and fear, and humans with fear of contagion.

Finally, for the treatment function, several expressions of varying complexity have been
proposed in the literature [29-31]. These formulations range from piecewise functions [29,30]
to continuous functions [31]. For instance, in [31], the authors proposed a saturated treat-
ment function of the form cI/ (b + I). This form produces a linear trend cI when the
number of infectious persons (I) is very low and reaches an asymptotic constant value (c/b)
when the number of infectious individuals is high. The inhibition term 1/ (b + I) describes
the effect of delayed treatment for infectious individuals. However, because fear (at least
theoretically) reduces the number of infectious individuals, and considering the quality of
health services in the country, our study ignored treatment delay and considered a simple
linear cI treatment function (i.e., the treatment rate was assumed to be proportional to the
number of the infectives).
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In summary, the aforementioned review of the literature revealed that several proposed
SEIR-based models include either a treatment function [29-31], a variable recovery rate [19],
or a fear effect [23-28]. However, to our knowledge, no previous studies have included a
combination of these three elements. Therefore, this paper proposes an SEIR model that
considers all three factors.

The rest of the paper is organised as follows. In Section 2, the model is presented,
followed by proofs of positivity and boundedness of model solutions in Section 3. The
derivation of the expression of the reproduction number and the stability of the disease-free
solution are explored in Section 4. In Section 5, endemic equilibria are discussed followed
by the study of backward bifurcation in Section 6. Numerical simulations are presented in
Section 7 followed by the discussion and conclusions in the last sections. The simulations
are based on the values of the parameters obtained by fitting the model parameters to
COVID-19 data from Saudi Arabia.

2. The Transmission Model

The structure of the proposed model is based on the classical SEIR model. The
equations of the model are as follows:

ds A

E_1+al_ys_ﬁ51 M
dE

' =BSI — (u+a)E ()
dl

E:aE—(ﬂ—km—k'y)I—cI 3)
E;—lf =yl —uR+cl 4)

S represents all the individuals who are susceptible to the virus. During the incubation
period (%), individuals are infected but not yet infectious. During this latent period, the
individual is in the exposed compartment E. After the latent time, an individual in segment
E becomes infectious and, thus, moves to compartment I. Individuals in compartment I
eventually either recover or die; these individuals are assigned to compartment R.

Susceptible individuals are recruited at a rate A. The fear factor is incorporated in the
model by assuming that fear impacts the new recruits with the fear function (ﬁ), where
« represents the level of fear. Thus, the new expression of the recruitment rate is (ﬁ).

The parameter y is the per capita natural death rate, whereas i is the per capita
disease-induced death rate. A bilinear incidence rate is assumed, where  represents the
disease transmission rate.

The per capita recovery rate 7 of infectious individuals is assumed to be variable.
Unlike most models that consider -y to be constant, we assume here that v depends on the
number of infectious individuals (I) and the quality of the health services. We adopted a
modified version of the expression which was first proposed in [19]:

y= y+ 3, (5)

In the original work [19], the term A represented the reciprocal of the number of
available hospital beds per 10,000 population. In this work, A designates the general level
of health services. High-quality health services correspond to small values of the inhibition
coefficient A. The parameter ( can be interpreted as the minimum value of the recovery
rate < that can be sustained even when the number of infected individuals (I) is very
large and/or the quality of services is very poor (A — o). The other parameter, 1, is the
maximum recovery rate. It is the value of v when I reaches zero and/or when the quality
of health services is excellent (A — 0).

For any level « of fear, the per capita recruitment rate of susceptible individuals should
decrease. In turn, this leads to a decrease in infectious individuals. In this case, it is
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acceptable to assume that the treatment rate is proportional to the number of infectious
individuals because the maximum treatment capacity is unlikely to be reached.

3. Basic Properties

In this section, we present results related to the positivity and boundedness of the
solutions of the model (Equations (1)-(4)).

Theorem 1. Given the initial conditions (S > 0,E > 0,1 > 0,R > 0), the model system
(Equations (1)—(4)) ensures that the solutions S(t), E(t), I(t), and R(t) remain non-negative for all
t>0.

The complete proof for Theorem 1 is detailed in Appendix A.1.

Theorem 2. The system (Equations (1)—(4)) is biologically feasible within the compact set ¥
defined by

¥ ={(S(t),E(t),I(t),R(t)) € R%,S(t) + E(t) + I(t) + R(t) <

=|>

b (6)

The proof details are also available in Appendix A.2.
Based on these results, we conclude that the model can be considered as being epi-
demiologically and mathematically well-posed.

4. Disease-Free Equilibrium and Reproduction Number

In this section, we derive the expression of the basic reproduction number and study
the local stability of the disease-free equilibrium.

4.1. Disease-Free Equilibrium

The equilibria of the system (Equations (1)-(4)) are obtained by setting the right-
hand side of the equations to zero. The trivial solution corresponds to the disease-free
equilibrium and is defined for E = =R =0and S = % ie, Eo(S,E,ILR) = (%,o, 0,0).
The disease-free equilibrium always exists for any parameter values.

4.2. Basic Reproduction Number

An important parameter in epidemiology is the basic reproduction number R of
the infection. It is the expected number of cases directly generated by one case when all
individuals are susceptible to infection. In the following we derive the expression of Rg
predicted by the proposed model using the techniques developed in [32].

The procedure starts by identifying the infected compartments, i.e., E and I of the
model. Let us denote by Fj(x) the rate of appearance of new infections in compartment
k, (k= E,I), and by Vi (x) the rate of transfer of individuals in compartment k, where x is
the vector of state variables of the model.

Inspecting the model Equations (1)—(4), we can construct the following matrices:

o [, o

and

V= (- a)E ] (8)

[uE+(y+y1+'y+c)I
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9Fy(x)

Let us define the matrices of derivatives F = =5~ and V = k>landj<m,
j

where m = 2 is the number of infected compartments. We have, from Equations (7) and (8),

Vi (x)

ij :

_ |0 BS
F= [0 0}' (9)
and
v u+a 0 (10)
T et yo+ G - A

The basic reproduction number Ry is equal to p(FV~1)(xj), where p(A) denotes the
spectral radius of a matrix A.
Substituting for the disease-free equilibrium xy = Ey(S,E, I, R) = (%, 0,0,0) yields

aBA
Ry — , 1
T u@+ ) ety +pt ) an

4.3. Local Stability of the Disease-Free Equilibrium

The Jacobian matrix of Equations (1)—(3) at the disease-free solution E is

—u 0 —ocA—%
JE)=| 0 —a—u £ . (12)
0 a B Sl Tl U1
Its eigenvalues are
M = —u
Ay = (—\/ﬁ(a+c+71+2y+y1)—\/y(—a—i—c—i—'h+y1)2+4u/3/\)/(2\/ﬁ) (13)
Ay = (—\/ﬁ(a+c+71+2y+y1)+\/y(—a—i—c—i—q/l+y1)2+4a/3/\)/(2\/ﬁ).

Simple algebraic manipulations show that A; = 0 when Rg =1, A < 0for Ry < 1,
and Ay > 0 when Ry > 1. Similar results hold for A3. Thus, we obtain the following result:

Lemma 1. The disease-free solution Ey is locally stable if Ry < 1 and unstable if Rg > 1.

5. Endemic Equilibria

In the following, we investigate the existence of real and positive equilibria of the
model (Equations (1) and (5)). The following steady-state equations are obtained from
Equations (1) and (3):

A

5= At ah(u+BD (14)

ABI
E= (15)
(L+al)(a+p)(p+ BI)
The last equation, Equation (4), is independent of the rest of the equations, and R can
be obtained by
R= ol (16)
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Substituting Equations (5)-(7) into the steady state of Equation (3) yields the following
third-order polynomial:

Ei(I) =azP 4+ axI®> + a;1 4+ a9 = 0, (17)
where ag, a1, a;, and a3 are defined by

a3 = —apA(a+pu)(c+yo+u+11),

ay = —(a+u)(BAc+ 70+ p+p1) +a(Ap(c+vo+p+p1) +Blc+ 71+ p+m))),

ap = —p(Blct+ryi+p+m) +uAc+r+ptp) talc+ry+utp))—  (18)
a(Blc+y =AM +p+m) +puAc+yo+p+m) +alc+r+p+u))),

ag = aA(c+y1+pu+pu)(=1+Ro),

Equation (18) shows that a3 and a, are always negative. By contrast, the coefficient ag
is negative for Ry < 1 and positive for R > 1. The possible number of positive roots of
the polynomial can be determined using the Descartes signs rule (Table 1).

Table 1. Number of positive roots of Equations (17) and (18).

Case a3 ax a1 ap Ro Number of Sign Changes Number of Positive Roots
1 - - + + >1 1 1
2 - - - + >1 1 1
3 - - + <1 2 0.2
4 - - - - <1 0 0

Theorem 3. The system (Equations (1)—(3)) has the following properties:

1. Possesses one steady state if Ry > 1;
2. Can possess up to two steady states if Ro < 1.

The existence of multiple steady states for Ry < 1 is an indication of the possible
occurrence of a backward bifurcation in which a stable endemic solution coexists with the
stable disease-free equilibrium.

6. Backward Bifurcation

In the following, we derive the conditions for the model to exhibit a backward bifurcation.
Theorem 4. The system (Equations (1)—(3)) exhibits a backward bifurcation whenever

acA(c+p+pi+71) + (@a+u)lc+p+p+m)?
A> /\CY _ ( HT ’)8)/)1 _(ryo)alj\)( T 71) , (19)

and a forward bifurcation otherwise.

Proof. We examined the occurrence of a backward bifurcation using the techniques de-
veloped in [33]. The authors of [33] described, in Theorem 4.1, a central manifold-based
approach that determines the local stability of the non-hyperbolic equilibrium of a system
such as Equations (1)-(3) and the existence of another equilibrium that bifurcates from
the non-hyperbolic equilibrium. The main result is that the local dynamics of the system
around the non-hyperbolic equilibrium point are determined by two stability parameters,
(A) and (B), which are defined later in this section.
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We first make the following change of variables x; = S,x; = E, and x3 = I. The
system (Equations (1)—(3)) is rewritten as

dX1 o A

ar =f1 = T+ axs pxy — pxix3 (20)
dX2

At =f2 = Px1x3 — (V +a)x2 (21)
dx

de =fs =axy — (4 +p1 + 7)x3 — cx3 (22)

To apply the results of [33] to our model, we choose B as the bifurcation parameter.

We consider the case when Ry = 1 and solving for j yields g = (et X;l)(”ﬂ’ .= B*.
For B = B*, the Jacobian matrix of the model (Equations (1)—(3)) at the disease-free solution
Ey = (%,0,0) is given by Equation (12).

The linearised system of the transformed Equations (20)—(22) has a simple zero eigen-
value, hence the Centre Manifold theory, which can be used to analyse the bifurcation
dynamics of Equations (20)—(22) near 8*. The Jacobian of Equations (20)—(22) at $* has a

right eigenvector associated with the zero eigenvalue given by w = [wy, w,, w3]T where

:_Aﬁ+c+71+y+y1 _(etmtpt+m)

wq i p (23)
w2:C+’YH;V+V1 (24)
w3 =1. (25)

The left eigenvector of the Jacobian associated with the eigenvalue at § = §* is given

by v = [v1, 0y, v3]T where
(%] =0 (26)
a
= 27
e " (27)
03 =1. (28)

The parameters (.A) and (B) that provide the conditions for the occurrence of a back-
ward bifurcation were derived with the techniques explained in [33]. The parameter (.A) is
given by

A= i v wwﬁ (29)
_k“_ kWi ]8xi8x-’
,i,j=1 ]

The stability parameter A is reduced (since v1 = 0 and v3 = 1) to

92 f, 02 f3
A =2wsw, Ixa011 + ZU3ZU3@. (30)
The derivatives evaluated at E are
a2f2 :(C+71+V+Vl)(a+l’l)]’l (31)
dx10x3 Aa

Pfs
=2A(v1 — 70)- 32
axg (71 'YO) ( )

Substituting in Equation (30) yields
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c+y+p+m)@+p

A==2ff (c+ 71 +p+p)+2(1—7)A—2 " (33)

The parameter B is given by

Lo
B= VW =—=——, (34)
k/iZ:l laxiaﬁl
and is reduced to
92 f2

B —=0Ws3 BX3aﬁ1 . (35)

oy » ﬂA

Therefore, it is equal to ot

The results of Theorem 4.1 in [33] stated that when A > 0 and B > 0, the bifurcation
at the critical bifurcation parameter (i.e., Ry = 1) is sub-critical (backward).

We thus conclude that since B is always positive, the model predicts a backward
bifurcation if A > 0. This (from Equation (33)) corresponds to

acA(c+p+p+71) + (a+p)(c+p+p +m)?

A >
(71 —70)aAA

(36)

O

7. Numerical Simulations

We began by fitting the model to COVID-19 data from Saudi Arabia, a country with
a population of 34,800,000 that had recorded 841,469 cases and 9646 deaths by the end
of February 2024 [34]. For the fitting task, the following parameters were assumed to
be constant: the recruitment rate A = 1252, the country per capita natural death rate
u=421x 1075, and the per capita death rate 41 = 0.09 due to the disease [35]. The rest
of the model parameters (&, 4, yo, 71, and A) were fitted to the COVID-19 data available
in [34].

The statistics reported in [34] relied on data available from the Ministry of Health in
Saudi Arabia, which reported the first COVID-19 case on 2 March 2020. The available data
show daily and total cumulative counts of detected cases as well as recovery or death cases.
The detected cases comprise only cases confirmed to be positive (through a lab test) and
not presumptive or suspected cases.

As in many other countries, and despite the efforts of health authorities in all aspects
of disease management, the accuracy of data collected varies. Because the screening for the
disease was not universal, the number of incident cases could have been underestimated.
The statistics for recovered cases are also imperfect, partly because of the protocols set by
the health authorities during some periods of the pandemic. For instance, a patient could
have been counted as “recovered” if the symptoms resolved, even if no test was performed.
Despite these unavoidable imperfections, we believe that the data are adequate enough
for the extraction of model nominal parameters. An additional sensitivity analysis was
carried out in this work to demonstrate the effect of variations of the model parameters
around their nominal values. The sensitivity analysis was deemed necessary because of the
imperfections in the collected data.

Figure 1 shows the results of the fitting task carried out with the MATLAB optimisa-
tion [36] routine (fmincon) for 6 months starting on 2 March, the day the first COVID-19
case was detected in the country. The fitting for both infectious cases (I) and the combined
recovered and deceased cases (R) (Figure 1) appears to be reasonable. The values of fitted
parameters are summarised in Table 2. Using these values, the basic reproduction number
for this period was calculated with (Equation (11)) to be Ry = 1.31, a value within the
range reported in the literature [37,38].



Mathematics 2024, 12, 1678 9of 16

Cases (I)

0 20 40 60 80 100 120 140 160 180
Time (day)

]_O6 T T T T T T T T

Recovered (R)

0 20 40 60 80 100 120 140 160 180
Time (day)

Figure 1. Results of fitting the model to COVID-19 cases in Saudi Arabia for a period of 6 months
starting from 2 March 2020. Red color, COVID-19 data; blue color, model. (a): infectious cases (I); (b):
the combined recovered and deceased cases (R).

Table 2. Model parameters.

Parameter Definition Value Source

a Inverse of mean latent period 0.155 fitted
c Treatment function factor 1.78 x 1072 fitted
o Fear effect factor 1073 fitted
A Quality of health services factor 721.62 fitted
Yo Minimum recovery rate 1.4 x 1078 fitted
T Maximum recovery rate 24 %1073 fitted
U Natural death rate 421 x107° [35]

M1 Mortality due to the disease 0.09 [35]

A Recruitment rate 1252 [35]

A note is to be made about the bounds and initial guesses of model parameters during
the optimisation task. As general guidelines, the incubation period % for COVID-19 is
known to range from 2 to 14 days, so an initial guess of 5 days can be chosen. The bounds
on the minimum 7y and maximum 7 recovery rates where set to 1. The initial guess for
the effect of quality of health services A can be taken to be the inverse of hospital-beds-to-
population ratio for the country [35]. For the parameter a of fear effect, there is is no clear
idea on the range of this parameter.

For the bifurcation studies, Rg was chosen as the main bifurcation parameter. The
disease transmission rate 5 was derived from Equation (11). Using the obtained fitted
values (Table 2), the condition (Equation (36)) for the backward bifurcation to occur is
A > 0.12.

Figure 2 shows the bifurcation diagram for the case of fitted value A = 721.62. This
value is larger than the aforementioned critical value. A limit point (LP) was observed
to occur at Rg = 0.9911. Therefore, the disease-free equilibrium coexists with the stable
endemic solution for any value of Ry between 0.9911 and 1. This diagram illustrates the
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important role health services (i.e., A) play in disease dynamics. To suppress the disease,
it is insufficient to reduce Rg below unity; rather, it must be reduced to less than the
limit point.

300 T T T

(@)

200

100 -

13

0.5 T

(b)
0.4F .

0.3

T 02t |

0.1 LP 7

= =w e
1

0.99 0.992 0.994
RO

0

Figure 2. (a) Bifurcation diagram for A = 721.62 showing backward bifurcation; (b) enlargement of
(a) around R = 1. Solid line (stable branch); dashed line (unstable branch); LP (static limit point).

Next, we present the results of a sensitivity analysis for the effect of model parameters
on the range of the backward bifurcation. Figure 3a—e show the locus of the limit point in the
different parameter spaces. The effect of fear is shown in Figure 3a. As the fear parameter
(«) increases, the limit point occurs at a larger reproduction number. Therefore, the range
of coexistence of the stable disease-free equilibrium with the endemic solution decreases in
terms of Ry. The increase in fear has an important effect in reducing backward bifurcation.

Figure 3b shows the effect of the inverse (a) of the latent period. It can be seen that
the backward bifurcation increases if (a) increases. The effects of the minimum recovery
rate (o) and maximum recovery rate (1) are shown in Figure 3c,d. It can be seen that the
backward bifurcation is attenuated if the minimum recovery rate (*y¢) increases and/or if
the maximum recovery rate (1) decreases. Their roles appear to be important in reducing
the backward bifurcation. Finally, Figure 3e shows that, as the coefficient of the treatment
function increases, the limit point occurs at larger values of R, which means that the
backward bifurcation is attenuated, as expected.

Conversely, Figure 4 shows the continuity diagram if A is decreased to 0.111, just below
the critical value of 0.12. The backward bifurcation is replaced by a forward bifurcation, in
which the disease-free equilibrium is the only stable outcome for Ry < 1. The disease is
suppressed if the reproduction number is reduced below unity. However, the figure also
predicts the existence of two Hopf points, which occur at Ry = 1.0004 and Ry = 1.111. A
stable periodic branch is expected between the two Hopf points, and Figure 5 shows an
example of the limit cycle for Ry = 1.08. Beyond the value of the second Hopf point, the
model predicts a stable static branch. The existence of a stable periodic branch when the
reproduction Ry > 1is an interesting result because it shows that the disease incidents can
fluctuate within a range of reproduction numbers, making the control and mitigation of the
disease a very challenging task.
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Figure 3. Two-parameter continuation diagrams showing the locus of the limit point of Figure 2b;

(a) Effect of fear level («); (b) Effect of inverse of incubation period (a); (c) Effect of minimum value

of recovery rate (y); (d) Effect of maximum value of recovery rate (71); (e) Effect of coefficient of

treatment (c).
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Figure 4. Bifurcation diagram for A = 0.11 showing forward bifurcation; solid line (stable branch);

dashed line (unstable branch); HB, Hopf point.
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Figure 5. Limit cycle for Ry = 1.08 of Figure 4.
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Next, we analyse the effect of model parameters on the occurrence of such oscillatory
behaviour. Two-parameter continuation diagrams (Figure 6) are shown; the loci of the two
Hopf points are depicted in each branch of each figure. Figure 6a shows the effect of fear.
Hopf points exist only when the level of fear « is above a critical value (the minimum) at
« = 3.5. Hopf points cannot exist without fear (¢ = 0). As « increases, the range of the
Hopf points increases in terms of the reproduction number.
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Figure 6. Two-parameter continuation diagrams showing the loci of Hopf points of Figure 4; (a) Effect

of fear level («); (b) Effect of inverse of incubation period (a); (c) Effect of minimum value of recovery

rate (yp); (d) Effect of maximum value of recovery rate (1); (e) Effect of coefficient of treatment (c).
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The effect of the incubation period is shown in Figure 6b. Again, Hopf points exist
only for a value of (a) larger than a critical value, and the periodic regime increases as the
value of (a) increases. By contrast, Figure 6c shows that the periodic regime exists only if
the minimum recovery rate 7 falls below a critical value, whereas the opposite trend is
observed for the maximum recovery rate (Figure 6d).

Finally, the effect of the coefficient of the treatment function (Figure 6e) shows that
Hopf points exist only when the value of (c) is below a critical value. The range of periodic
regime increases as (c) decreases.

8. Discussion

From a practical point of view, our analysis (Figures 2 and 3) shows that backward
bifurcation is the most likely scenario of the disease dynamics in the country. To suppress
the disease, the basic reproduction number should be reduced not only below unity but
also below the value corresponding to the limit point. However, except for the maximum
recovery rate (Figure 3d), the range of the limit points in all the other figures is very small
(from 0.99 to 0.999) and is not far from unity, even if the parameters vary widely. Therefore,
practically, the backward bifurcation range is not significant.

The existence of periodic behaviour in the model is interesting but not unusual. Several
studies have shown that the dynamics of the COVID-19 pandemic are complex. For
example, Sapkota et al. [39] analysed time series of COVID-19 data and found evidence that
the worldwide spread of COVID-19 showed complex and even chaotic behaviour. Other
authors [40,41] have used simple models to predict periodic and non-periodic complex
behaviour in the spread of COVID-19. The model proposed in this paper exhibited only
simple periodic behaviour, but even this behaviour adds to the difficulty of controlling and
preventing the pandemic. The diagrams in Figure 6 are useful to illustrate the effects of
model parameters on the attenuation of this unwanted oscillatory behaviour.

Comparing the results predicted by our model with those of a previous work [19] that
explored the effect of the number of hospital beds on the recovery rate, it can be noted that
the results in [19] showed that the variable recovery rate led to more complex dynamics,
such as a cusp-type Bogdanov-Takens bifurcation. Our model did not predict this latter
behaviour, although it managed to predict the rest of the behaviours such as backward
bifurcation and Hopf bifurcation. However, the model parameters used in the work carried
out in [19] were general and not extracted from a validation study.

Regarding work on the impact of fear [28], our model managed to also predict the exis-
tence of a backward bifurcation for some levels of fear, meaning that the critical value of the
reproduction number at the limit point can be used as a new threshold for disease control.

9. Conclusions

We proposed and analysed the dynamics of an SEIR model for COVID-19 transmission
with three notable modifications: (1) the model accounts for the fear factor, (2) the recovery
rate is nonlinear and depends on the quality of health services, and (3) the model considers
a treatment function. Most of the model parameters were obtained by fitting the model to
COVID-19 data from Saudi Arabia, providing the model with some credibility.

Two interesting behaviours were encountered in our analysis: (1) the static coexistence
of the endemic equilibrium with the disease-free solution for values of the reproduction
number between the limit point and unity and (2) the existence of stable oscillations for
some range of reproduction numbers larger than one in the case of forward bifurcation.

We showed that the range of backward bifurcation is very small in terms of the values
of the reproduction number. The range can be reduced with an increase in the quality of
health services, an increase in the treatment, and an increase in the fear effect. The latter
could be accomplished by increasing education and awareness through media. We also
found that the periodic behaviour identified for the case of forward bifurcation is favoured
by an increase in the quality of health services, an increase in the fear factor, and an increase
in the treatment function.
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Although simple in structure and old in conception, SEIR models can predict many
dynamic behaviours that are exhibited by more complex models’ structures. We suggest
three areas of future research to overcome the limitations of the current study. The model
would be improved if its parameters were assumed to vary with time. These include
parameters such as the incubation period and level of fear. The latter cannot realistically be
constant since its value changes with the severity of the disease and the number of deaths.
Another area of research is the refinement of the optimisation problem used for model
validation with the goal of obtaining global solutions. The third area is to include the effect
of vaccination on disease transmission. Mandatory vaccination was implemented in the
country, but detailed data for daily vaccination are unfortunately not available.
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Appendix A
Appendix A.1. Proof of Theorem 1

The proof is based on similar work in [42].
Let
m(t) = min(S(¢),E(t),I(t),R(t)),Vt >0

Clearly, we have m(0) > 0. We assume that there exists a t; > 0 such that m(t;) =0
and m(t) > 0,V 0 < t < t;. Let us start by showing that S(f) > 0. We assume that
m(t;) = S(t;) = 0. Since I(t;) > 0V 0 < t < t, and using Equation (1), we have that

ds
= > _ .
7 = S+ pl)

Therefore,
5]
S(t) > Soexp(—/o (4 + BI(s)))ds > 0,

which contradicts the assumption of S(t;) = 0.
Similarly, for (E), we assume that m(t1) = E(t;) = 0, then, from Equation (2), we have

dE
s
dt —_ (H'i_a)E,
which yields
t
E(t;) > Epexp(— /0 1(;4 +a))ds > 0.

This contradicts the assumption E(t1) = 0.
Similarly, for (I), we assume m(t;) = I(t;) = 0, then, Equation (3) yields

1
I > —(p+m+y+o)l,
which yields
t
I(t1) > Ipexp(— /0 1(;4 +u1 +y(s) +¢)I(s))ds > 0.

This contradicts I(t;) = 0.
Finally, we assume m(t;) = R(t;) = 0, then, from Equation (4), we have
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which yields
t
R(t1) > Roexp(— / "UR(s))ds > 0,
0

which contradicts the assumption R(t1) = 0.

Appendix A.2. Proof of Theorem 2
Let us denote N(t) = S(t) + E(t) + I(t) + R(t). We then have, from Equations (1)—(4), that

dAN(t) A
ErTE UN(t) = pal + Tral’ (A1)
Therefore,
dN(t)
e S < _

g STHNO g S SHN A, (A2)
since the fear has the effect of decreasing the recruitment rate, i.e., ﬁ < A. Integrating
Equation (A2) yields

A
N(t) < (N(O) exp(—pt) + 5 (1= exp(—pt) ), (3

where N(0) is the initial condition of N (t). Therefore, 0 < N(#) < % as t goes to +co and

dﬁ—gt) <0Ofor N > % This shows that ¥ is positively invariant.
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