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1. Introduction

Let QO € RN, N = 2,3, be a bounded domain with a smooth boundary 0Q). Let the
vector function u(t, x)=(u1(t, x),...,un(t,x)), (t,x) € Qr = [0,T] x Q, be the velocity
field of a moving fluid filling Q). The trajectory of a fluid particle occupying a position
x € Qattime t € [0, T] is described by a vector function z(7; t, x) of a variable T € [0, T],
which is the solution to the Cauchy problem for the ODE system

w =u(t,z(t;t,x)), T€[0,T], te€l[0,T], xe€Q, 1)
z(kt,x) = x, (2)
or, equivalently, the integral equation
T
z(T;t,x) = x+/ u(t,z(t;t,x))ds, T€[0,T], (tx)€Qr. 3)
t

Let function u(t, x) satisfy the condition u(t, x) = a(x), x € 9Q2, where a(x) is a given
function defined on the boundary 0Q).

In the case of a smooth velocity field u(t, x) and a(x) = 0 identically equal to zero, the
function u(t, x) = 0 on the boundary of 0Q) (adhesion condition), and the solutions to the
Cauchy problem (2) are defined for all T € [0, T] and z(7;¢,x) = x for all 7,t € [0, T] and
x € 9Q). In this case, fluid particles do not leave the () domain when moving.

At a(x) # 0, the fluid can both flow into ) and flow out of Q) through the boundary
9Q). In this case, the existence interval (7,(t, x), T, (t,x)) of a complete solution to the
Cauchy problem (3) (see [1], Section 1.3) can lie strictly inside [0, T], and it is important to
know at what time moment 7, (t, x) a fluid particle occupying the position x € Q at time
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t begins motion in () to the point x. Here, the function 7, (¢, x) of the variables (t, x) is
defined as

Tu(t,x) =inf{T:z(s;t,x) € O, s € (1, t]}, t, €[0,T], xe€Q. (4)

The set y(t,x) = {y : vy = z(s;t,x), T (t,x) < s < t} defines the path of a given
particle. If 7,,(t, x) = 0, then the motion of the particle along the path (¢, x) begins at the
zero time moment, and either z(0; ¢, x) € Q or z(0; £, x) € Q).

Since the function 7 (¢, x) means the time moment at which a fluid particle occupying
the position x € () at time ¢ begins to move in () to the point x, in the following, we call it
the initial function.

If 7, (t, x) > 0, then at that time moment the particle occupies position z(7, (¢, x); £, x) € 9Q),
and 7, (f, x) means the flow in moment of this particle into ) through 9.

There are various inhomogeneous problems with nontrivial function 7,(t, x). As an
example of such a problem, let us present the Jeffreys model of a viscoelastic incompressible
fluid (see [2], Section 7.1).

The Jeffreys model (J) is represented by a dashpot (N) and a Maxwell model (M)
connected in parallel (|[). In turn, the Maxwell model is represented by a dashpot and a
spring (H) connected in series (—). Thus, the schema of the Jeffreys model reads as follows:
J = (H - N)|IN.

A Jeffreys fluid is determined by a constitutive law

(1+Ard/dt)e =2v(1 + Apv~td/d)E(v). (5)

Here, d/dt = d/dt + Zf»\il u;0/9dx; is a substantial derivative, ¢ is the deviator of the

stress tensor, £ (u)={8,-j(u)}f\§:1 means the strain rate tensor, i.e., a matrix with coefficients

Eij(u)= %(au,-/axj +du;/0x;),and A; > 0 and v > 0 are some constants.
The integral form of (5) is

t
o(t,x) = / ( )exp((s —1)/A) E(u)(s,z(s;t,x)) ds. (6)
Ty (t,x
The substitution of (6) in the momentum equation

) N
a—?%—Zuiav/axi—l—Vp—Diva:f, (t,x) € Qr, (7)
i=1

yields the problem

St x) + TN ui(t, x)9u(t, x) /0x; — poDu(t, x)—

8
11 Div f;u(t,x) exp((s —t)/A) E(u)(s,z(s;t,x))ds + grad p(t,x) = f(t,x), (t,x)€QT; ®
divu =0, (t,x) € Qr; /Qp(t,x) dx=0,t€[0,T]; )
u(0,x) =ul(x), xe€Qp u(t,x)=a(x), te[0,T], xeo; (10)
z(t;t,x) = x+ /Tu(s,z(s; t,x))ds, t,t€][0,T], x € Q. (11)
t

Here, u(t, x)=(u1(t,x),...,un(t,x)) and p(t, x) are vector and scalar functions, respectively,
which determine the motion velocity and pressure of the fluid. Function f (¢, x) stands for
a density of external forces. The divergence Div of a matrix is defined as a vector whose
components are divergences of the matrix rows, po > 0, 1 > 0, and A > 0 are constants
characterizing the viscoelastic properties of a fluid, u° and « are the specified initial and
boundary values of the function u.
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Note that the presence of the integral term in (8) means (see, e.g., [2] Ch. 7) that there
is a memory along the trajectories of field u.

If boundary function « = 0, then field u(t, x) vanishes at the boundary 0Q). As
mentioned above, the solution z(s; t, x) to the Cauchy problem (11) is defined over the
entire interval [0, T] (s € [0, T]), and therefore, 7, (¢, x) = 0 in (8).

The case &« = 0 was studied in [3-5]. A non-local weak and strong solvability for
systems of the form (8)—(11) was established.

If «) # 0 on the boundary 9Q), then z(s;t, x) is defined at s € [1,(t x), ], where
Tu(t, x) # 0, which explains the presence of 7,(t, x) in (8).

The case of an inhomogeneous condition on the boundary of simply connected domain
() was studied in [6-8], where a weak solvability of (8)-(11) was established.

Usually, when studying the weak solvability of a problem of the (8)—(11) type it is
assumed that u € Ly(0, T; W} (Q)N). Therefore, the solvability of the Cauchy problem (11)
becomes nontrivial because generally speaking, there is no classical solution to it.

It turns out to be convenient to understand the solution of problem (11) in the sense of
the theory of regular Lagrangian flows.

The existence and uniqueness of the solution z(s; ¢, x) to (8) are guaranteed by the
classical Cauchy-Lipschitz theorem. But if u € Ly(0, T; W} (Q)N), the problem (8) has
(non-unique) solution z(s; t, x) only for x from some dense subset of (). The selection of
such a solution, where the mapping (, x) — z(s; t, x) conserves a measure, is encoded in
the concept of regular Lagrangian flow (see Section 7 for details).

Accordingly, the study of the 7, (t, x) function included in the (8)-(11) system becomes
more complicated.

The case of a domain () with multiple boundary components is already much more
complicated for the Navier-Stokes system (problem (8)—(11) with y; = 0). A survey of
results on this problem can be found in [9].

A weak solvability of (8)-(11) for an inhomogeneous condition on the boundary of a
multi-connected domain () was established in [10].

The motivation for studying function T, is as follows.

One of the most effective tools in studying the weak solvability of problems of (8)—(11)
type is the topological approximation method [2]. It consists in smoothing the nonlinear
terms in (8) and (10) and data &, u°, and f, and building a sequence of regularized problems
which provide the solvability of these problems and convergence of their solutions u", z",
and ™ to u, z, and T,.

Since functions z and T, are determined by Cauchy problem (10), it is necessary that
boundary conditions a” of functions u" yield « in the limit.

But the usual smoothing of u and « fails to provide the convergence t” to T, in the case
of an inhomogeneous «. The reason is the complex behavior of the trajectories z" (s; t, x) in
the vicinity of the touch points of a” to 9Q).

The reason is the presence of a tangent set {x : " (x) - n(x) = 0} for a” on I'. It turns
out that a sufficient condition for the convergence of " to Ty is the “smallness” of tangent
sets for a”.

The goal of the present paper is to construct approximations u" and «” of the fields u
and « which provide the convergence of T to 7, in the case of multi-connected (), space
Ly(0, T; W3 (Q)N), and & € HY/?(T), & £ 0.

The paper is organized as follows. Sections 1 and 2 are Introduction and Notations,
respectively. In Section 3, the assumptions on domain () and boundary function « are given.
In Section 4, approximations of the smooth function « by a family of specific functions are
constructed. In Section 4, approximations are constructed for o € H;/ 2(I'). The properties
of the initial function T, (¢, x) for smooth field u are studied in Section 5. In Section 6, the
properties of function T, (, x) are investigated in a common case of a field u from a Sobolev
space. In Section 7, necessary facts from the RLF theory are given.
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2. Notations
Notation W} (Q)N stands for Sobolev spaces n times differentiable in Q vector func-

tions, VC\)/%(QO)N = {v:v e W}HQ)N), v|an = 0} (see [11], Section II.1.5). Sign Wzl/z(F)N,
I' = 9Q), denotes the space of function traces from W} (Q)N on T.

The embedding W} (Q)N C Wzl/ 2(I')N is continuous. Symbol CP(Q)N denotes the
set of infinitely differentiable compactly supported maps of Q) in RN.

Let V = {v:v € CF(Q)Y, divo = 0}. Denote by H and V the closure of V in the
norms of spaces L,(Q)N and W} (Q)V, respectively (see [12], Section I11.1.4).

By V1, we denote the dual space of V.

We denote by (f,v) the action of the functional f from the dual space V! of V on the
function v from V. The identification of the Hilbert space H with its dual H~! and Riesz’s
theorem lead to continuous embeddings of V.C H=H~! c VL.

Foru € Vand w € V1, the relationship (u, w) = (u,w) with a scalar product in H
is valid.

Sign (-,-) denotes the scalar product in Hilbert spaces L,(Q), H, L,(Q)N, and
Ly (Q)N*N Tt is clear from the context in which space the product is taken.

Norms in the space H and L,(Q)N are denoted as | - |p, and in V as | - |;. Norms in the
spaces V! are denoted as | - | ;.

Norms in L, (0, T; H) and L (0, T; Lo (Q)N) are denoted as || - ||o, norms in L, (0, T; V)
and Ly (0, T; W3 (Q)N) as || - [|0,1, and the norm in space L»(0, T; V1) as || - ||o,—1. The norm
in the space Wzl/z(l")N is denoted as | - |1 /5.

3. Preliminaries
3.1. Domain Q)

Let Q);, i = 1,..,K be a family of bounded simply connected domains €); C RN,
N = 2,3, with the boundaries T; € C2. Let Q; € Oy, i = 2,..,K and anNg; = 9,
i,j=2,.,K

It is assumed that domain () is obtained by removing from domain (); pairwise
disjoint simply connected domains );,i = 2, ..., K.

Thus, the surface (curve) I'1 bounds () from the outside, while the other connected
components of the boundary I';, i = 2, ..., K, lie inside this surface, so that (see Figure 1)

Q=0,\ (UL, ), Oy cy,i=2,..,K

ry

Figure 1. Domain Q).

For technical reasons, we assume that Q) is contained in some bounded domain
with the boundary Q) = Iy € C? (see Figure 2).

It is convenient for us to assume that the boundary I of the domain of () is determined
by the relation T = {x : ®(x) = 0}, where the function ®(x) € C%(Qp) and ®(x) > 0 for
x € Qand ®(x) < 0 for x € O\ Q.
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Figure 2. Domain ().

3.2. Boundary Function

We are interested in the velocity field u € Ly(0, T; W (Q)N)) of an incompressible
fluid that flows in the domain Q) and takes the value a(x) on x € I'. Here, a(x) is a given
function. Thus, the function u (¢, x) satisfies the following relations

divu(t,x) =0, (t,x) € Qr; (12)

u(t,x) =a(x), te[0,T], x €0Q. (13)

From the continuity Equation (12), there follows that the function «(x) must satisfy the
following condition

/an a(x) -n(x)dx =0. (14)

Here, n(x) = (n1(x),- - - ,nn(x)) is the unit outward normal to 9Q) at point x € 0Q),

The condition (14) means that the flux of the incompressible fluid across the boundary of
the flow region () is equal to zero.
Let
Pi:/ a(x) -n(x)dx, i=1,...,K (15)
be the flux of the velocity vector u across each connected component I'; of the boundary
of Q).
By (14), it follows that

./B.th(x)-n(x) dxzzé/r.iw(x)-n(x) dx = il—} =0. (16)

Since the behavior of the solutions to the Cauchy problem in (11) is closely related to the
boundary function «(x), we impose some conditions on a(x).

From the inclusion u € Ly(0, T; W; (Q)N)) it follows that for the trace a(x) of the
function # on the boundary T, the relation a € W}/?(T) is valid.

Let us denote

F(a) = /rzx(x) -n(x)dx. (17)

Let us introduce the space

HY2(I) = {a:a € W)2(T)N, F(a) = 0}.
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The function & € H'/?(T) allows the continuation of a in Q such that diva(x) = 0in Q,
a(x) = a(x) onT (see [9]), and the following inequality is true:

Hanzl(Q)N < MH“HW;/z(r)N-

Denote by Ty the operator that assigns to an arbitrary function « € H'/?(T) the so
constructed function a(x) € W(Q)V, so that ITp(a) = a.

The function a € H'/2(T) allows the continuation of a° into Qg \ Q) such that a%(x) = 0
on dTg and a°(x) = a(x) on T (see [9]), and the following inequality is valid:

0
la szl(Q\Q)N“wzl/Z(r)N‘

Denote by I1; the operator that assigns to an arbitrary function « € H'/?(T) the so

constructed function a°(x) GIX/%(Q)N , so that TTy(a) = a.
For an arbitrary function & € H'/?(T), the function a*(x) is defined as a*(x) = a(x) =

ITy(a) for x € Qand a*(x) = a®(x) = IT;(a) at x € Qg \ Q. Obviously, a*(x) EIX/%(QO)N and
0" lwg o < Mgz (19)

Denote by I1 the operator that assigns to the function « € H'/2(T) the so constructed

function a*(x) GVC\)/%(QO)N, so that I1(a) = a*.
Let

Ii(a) ={x:a(x) -n(x) >0, x €00},
I (a) ={x:a(x) n(x) <0, x € 002},
To(a) ={x:a(x) -n(x) =0, x € 90Q2}.

Obviously, I = I'y (a) UT_(a) UT(a). Note that the sets I'y (a), I'_(«), and T’ («)
can have a nonempty intersection with any part I'; of the boundary I'.

IfT,(¢) = @, thenT =T, (a) UT_(«). This means that each component I'; of the
boundary T belongs to either I'y («) or I'_(«). In the case of I'; C T'; (), the inequality
a(x)-n(x) > 0 takes place on I';, and T; is the outflow area of the fluid from Q). In the case
of I'; C I'_ () the condition a(x) - n(x) < 0 takes place, which means T is the inflow area.

3.3. Cauchy Problem

In the case when the velocity field u of the problem (8)—(11) belongs to the space
Ly(0, T; W3 (Q)N), there is no classical solution to the Cauchy problem (11), generally
speaking. Therefore, it is convenient to understand the solvability of the problem (8)—(11)
in the sense of the RLF theory.

However, the direct application of this theory is hindered by the presence of an
inhomogeneous boundary condition « = u|r for function u.

To make use of the RLF theory, we extend function u from () to the wider domain ()
by some function #* vanishing on I'y.

Let us build this function. Let a« € H'/2(T) be a given function and let u belong to
€ Ly(0, T; W3 (Q)N) and satisfy the boundary condition u|r = a.

Therefore, u(t, x) can be represented as an element of the set of functions

Wa)={u: u=v+a, ur=ac Hl/z(l“), v € L(0,T;V)}.

Here, function a is the extension of « from I to () by the ratio a = I'lp(«). The set W(a) is a
hyperplane in Ly (0, T; W3 (Q)N).

Let function v of variables (t,x) € [0, T] x Q) belong to the space L,(0, T; V. Extend
function v from Q to 0\ Q) to function v* by setting v*(t,x) = v(t,x) for x € Q) and
v*(t,x) = 0 for x € Op\ Q). Denote the extension operator by I, so that v* = I (v).
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Obviously, if u € W(a)), then v* € L,(0, T; I/C\)/%(QO)N.
Now, let us define the function u* on Q) as u* = v* + a*. Then, the function u*
satisfies the following ratios

u*(t,x) = u(t,x),x € Q; u*(t,x) =a’(x), x € Y\ Q; u* €Ly(0,T; IXI%(QO)N).

Along with problem (11), consider the auxiliary Cauchy problem

T
z(T;t,x) = x+/ u*(s,z(s;t,x))ds, t,t €[0,T], x € Q. (19)
t

Since u* = v* +a* € L,(0, T; IX/%(QO)N), we are in position to make use of the RLF
theory. Replacing () by ()9 and making use of Theorem 5, we infer that there exists a unique
RLF z generated by the function u* = v* + a*. In particular, this means that the Cauchy
problem (19) has an absolutely continuous solution z(7; t, x) with respect to T € [0, T| for
aa.x€Qandt e [0,T].

The restriction of z(7; t,x) from [0, T| x Qg to [0, T] x Q) yields the solutions of the
Cauchy problem (11).

The function T, (¢, x) is defined as

Tu(t,x) = inf{t:z(s;t,x) € Q,s € (1,]},

where z(s; t, x) is the RLF generated by u*.
Denote by 7 the operator that matches the function u with the function 7, so that

T =T (u).

4. Approximations of Functions from H%/ 2(1)

The behavior of the trajectories z of a field u in the vicinity of a boundary I' depends signif-
icantly on the boundary function a. Suitable approximations a" of « provide the convergence
of appropriate 1", z"*, and t" to the solution u, z, and T, of original problem (8)—(11).

A complexity in the behavior of the trajectories z", and as a consequence of 7", arises
in a vicinity of the touch points of & to dQ). Therefore, the set of such points should be
small enough.

Below, we build approximations «", whose touch-point set consists of a finite number
of smooth curves on I in the case of N = 3 or a finite number of points on I' in the case of
N = 2. The use of trigonometric polynomials proves to be a convenient tool for this.

Denote by A the set of smooth functions « € H'/?(T') such that the set Z(x) = {x :
a(x)-n(x) =0, x € T'} is either empty or consists of a finite number of smooth curves on
I' in the case of N = 3 and a finite number of points on I' in the case of N = 2.

Theorem 1. Let « € H'Y/2(T). Then, for any e > 0 there is a function «* € A such that the
following inequality is true
||DC —a” ||W21/2(F)N S & (20)

Proof of Theorem 1 (case N = 2). In this case, the boundary I of domain Qis T = UlK: 1T,
where I'; are smooth closed curves.

Let us take a fixed ;. Obviously, the restriction of the function & € H/2(T) from T to
I'y (let us keep the designation « for the restriction) is such that « € Wzl/ 2(Iﬂk)N .

Let the smooth function x = ¢(s), g(s) = (41(s),g2(s)), s € [0, 5], define a parametriza-
tion of T'. Here, s means the distance along I’y from x(0) to x(s), and S is the length of the
curve I'.

Represent the function « in the form a(x) = aq(x)n(x) + axt(x), where n(x) is the
outward unite normal, and #(x), t(x) = g’ (7! (x)), is the tangent vector at the point x € T}.
Then, the scalar functions «;, i = 1,2 belong to the space Wzl/ Z(Fk)-
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Approximate the function « by a function a* € A.
A change of variable g(s) = (41(s),q2(s)) converts function «(x) to function

a(s) = (@(s) aa(s)), ai(s) = ai(q1(s),q2(s)), i =12

The inclusion a € Wzl/ 2(I)N and the smoothness of g(s) imply the inclusion
& € W20, SIV.
Denote by A’ the set of smooth functions y € Wzl/ 210, S]N such that the set

Z(B) ={s:y(s) =0, s €[0,S]}

is either empty or consists of a finite number of points on [0, S].

Lemma 1. Let & € W2l /20, SIN. Then, for any e > 0, there is such a function & € A’ that the
following inequality is true:
la — DACHWZUZ[O,S]N <e (21)

Proof of Lemma 1. We can (see [13], Section 2.1) approximate the functions &;(s) = a;(4(s)),
i = 1,2, by trigonometric polynomials &;(s), so that

&~ allyprzggn <& () = (@(5),a(5)). 22)
Note that the set of zeros of the functions &; is finite. Therefore, & € A’.
Lemma 1 is proved. O

Let s = g7 !(x) be the inverse to the x = q(s) map. A change of variable s = g7 1(x)
converts function &(s) to the smooth function

ot (x) = af (n(x) + a3 t(x), af (x) = &g (x)).

1

From the finiteness of the set of zeros of the function &; and the smoothness of g(s), it
follows the finiteness of the set of zeros of function a ™ (x) - n(x)=a; (x). Therefore, a™ € A.

Denote
Be=Fila) = [ (2 nlx)dx = / ) (23)
Bi = F(a™) = -/Fk at(x) n(x)dx = /OS a(s) - n(x(s)ds. (24)

Let us introduce the function
ap(x) = at(x) + ((Bx — Br)/S)n(x), x €T} (25)

Note that the set of zeros of the function &} (x) - n(x) = a™ (x) 4+ ((B — p’)/S) and the set
of zeros of the function a™ (x) - n(x) = a™(x) are finite.
It follows from (23)—(25) that

B = Fua) = [ @) n(x)dx = [ o (o) nix) v [ (B B1)/S) dx =

i Ty (26)
B+ (Bx — Bx) = Br-

Consequently,

Fe(@*) = Fe(a). 27)
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Estimate |la — aj szl 21, Making use of (25), one has
o=y = I00) =~ ()= (B =BV S <
+ _
lla = & ()l sz + 1B = B/ S0 lyarz g = I+ Jo-
From (22) and (28), it follows that
_ + 5 A
]1 - ||[X - (x)HWzl/z(rk)N << HDC - IXHWZl/Z([O,S]N < M18. (29)
A change of the variable yields
§ /
[ ) nxydx = [Ta(s) - n(a)lq' )] ds = B (30)
k
S / !/
[ &) n(x(e)ds = ["a(9)-n(a()lg'(s) ds = B G
k
Further,
T = 1B~ BI/Sm(0) gy, < MalBe — B Ce() o < M < [Bi — B 32)
From (22), (24), and (30), it follows that
S
B — Bil = I/0 (@(s) = &(s)) - n(x(s)) ds| < Mal|a(s) —&(s)[|, 0,57 < 33)
Ms[la(s) — a(5)ll /2 g < Mee
From (29), (30) and (33), it follows that
oo — ag ||W21/2(rk)N < Mgze. (34)
Now, we define the function a* on I by the ratio
a*(x) = ag(x) for x €Ty, k=1,..,K,
where a; on each I'y is determined by the formula (25).
From inequality (34), for each I';, there follows the inequality
o —a” ||W21/2(F)N < Mge. (35)

Let us show that a* belongs to the class A.

Obviously, the finiteness of the set of zeros of the function a; (x) implies the finiteness

of the set of zeros of the function a*(x).
It remains to prove the equality F(a*) = 0.
Making use of (26), we have

Fa') = [l () mo)dx =i [ ap() nx)dx =218 = 2 e =

/roc(x) -n(x)dx = F(a) = 0.

Thus, the function a* belongs to the class .A.

(36)

From this and the relations (35) and (36), there follows the statement of Theorem 1.

Theorem 1 is proved in the case of N = 2. [
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Proof of Theorem 1 (case N = 3). In this case boundary I' of the domain Q isT = UK T,
where I'; are smooth surfaces.

We approximate the function « by the function a* € A. Recall that in the case N = 3,
the class A consists of smooth functions « € H'/2(T) such that the set Z(a) = {x :
a(x)-n(x) =0, x € T'} is either empty or consists of a finite number of smooth curves on
I' and a finite number of points.

Let us take a fixed surface I';,. Consider the restriction of the function « defined on T
to I'y, while retaining the previous notation. Obviously, the inclusion « € W2l 2(1)3 implies
the inclusion & € Wg/z(l"k)?’.

Denote by B(T;) the set of smooth functions § on T such that the set Z;(8) =
{x: B(x)-n(x) =0, x € Ty} consists of either a finite number of smooth curves on I';
or is empty.

Lemma 2. Let B € W3/2(T). Then, for any e > 0, there is a smooth function B, € B(Ty) that
satisfies the inequality
Hﬁ - IBSHWZUZ(rk) <e (37)

Proof of Lemma 2. Consider the R® unit sphere

S={y:lyl=1v=(y,y2y3) € R°}.

Let p : S — Ty be a one-to-one smooth map, so that x = p(y).
Let

Y1 = COS @1 COS @, Yo = Sin @1 cos @2, y3 = sin ¢z, ¢1 € [0,27], ¢2 € [0,271],

and define a one-to-one smoothmap g: & — Sasy = q(¢), ¢ = (¢1,¢2), E = [0,271) X
[0,27).

Define the map r : £ — Ty by the expression x = r(¢), r(¢) = p(q(¢)), so thatitisa
smooth map.

Given function B € Wzl/z(Fk), define B(¢) = B(p(q(@))), ¢ € E. Itis clear that
B(x) = B(r 1 (x)), x € Ti.

From the smoothness of the mappings , g and their inverses, it follows that 3 € Wzl/ 2(@).

Note that the function 3(¢) defined on & allows a periodic continuation to R? due to
the obvious relations 3(0, ¢2) = (27, ¢2) and B(¢1,0) = B(¢1,277).

Approximate (@) by a non-zero trigonometric polynomial f¢(¢) (see [13], Section 2),
so that

1B = Bellparzz) < e (38)

Due to the smoothness of the map r, the set of zeros Z(j;) € E of the function f¢(¢) is
either empty or may consist of a finite number of smooth curves, possibly intersecting, and
a finite number of points.

Letz € Wzl/z(E) be an arbitrary function, z(x) = z(r~'(x)), x € T}. The smoothness
of the maps r and 7! implies the inequalities

m1H2||W2]/2(1”k) < HZHWZ]/Z(E) < m2||2||w21/2(1"k) (39)
for some mq,my > 0.

The inequalities (38) and (39) imply the inequality (37).
Lemma 2 is proved. [J

Let a € H'/2(T). Represent the function a(x) in the form

a(x) = an(x) + ar(x).
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Here, the normal and tangent components of a(x) are defined as a,(x) = (a(x) - n(x))n(x)
and o (x) = a(x) — ay(x), respectively, n(x) is the unit outward normal to I'y at the point
x € I.

Consider the restriction aX of the function a;, to the part I'; of T.

Making use of Lemma 2, we approximate the function ak by the function a¥ (¢) so that
for a predetermined e > 0, there holds the inequality

e, — o () vz e,y < & (40)

Let function a,, ¢ be defined on T as having restrictions ak (¢) on each Ty. Then, from (40),
there follows

Approximate the vector function a; by the smooth function a;¢, so that the following
inequality holds
[t — O‘t,s‘|wzl/2(rk)3 <e (42)
Leta’ = ay e + at . From inequalities (41) and (42), there follow the inclusion &’ € Wzl/ 2(1")3
and the inequality
la —a ||W1/2( rye < Mige. (43)

Let o = frkoc( x)dx, o = fr x)dx. If o = o, let us say a; = o,
of = ka a*(x) - n(x) dx = ak Then, from (43) there follows

lla — “kHWUZ( I;)3 < Mye (44)
If 03 # 07, then consider the function
af = &' + (0 — o) Ty ', (45)

where |I';| is the area of I';. Let us show that the inequality (43) holds for this a;.
Using the form of a, we have

% ! 4 -1
o= allwgrzqre < o= llyrzg o + 10k = Gl lIm G llgrz e <

(46)
||D( - DC/HWZl/Z(rk)S + M|Uk - (TI£|
Let us estimate the value of |0} — 07 ].
Using elementary calculations and inequality (43), we obtain
oot =1 [ () ) dx— [ @) n(x)drl = | | (a(x) ~a(x))  n(x)dx] <
(47)
M [ Ja(x) =o' ()] < Mislla &1, < Mgl = g < Mise

It follows from (45) that

Jr i ndy = [ W) ndrs = oIn [on) ndr=

=0} + (0x — o) = 0}

Thus, off = 0.
We have shown that in the case of 0} # 07, the inequality (43) is valid for the function
ap, and oy = 0.
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Now, define the function a* on I' by the expression a*(x) = a;(x) for x € T,
k = 1,..,K. The inequalities (43) for x € I'y, k = 1, .., K, imply the validity of the in-
equality (20).

It follows from the properties of the functions «; that #* € A and

F(a) = / a(x)-n(x)dx = Zf:l / ap(x)-n(x)dx = Zszl(T;: = Zleak =0.
r T

Thus, a* € H'/?(T') and satisfies the conditions of Theorem 1.
Theorem 1 is proved. O

Remark 1. From Theorem 1, it follows that an arbitrary function « € H'Y/?(T) can be approximated
by the sequence & € A, n = 1,2,....., such, that the ratio limy_, o ||a — a” ||H1/2(F) = 0 holds.
Let us move on to studying the properties of the initial function.

5. Initial Function (Case u € C?>(Qr))
5.1. The Case of Ty = @

Let u € C?(Qr), the condition (13) be satisfied on 9Q), and « € A. Let us continue
the function u in a smooth way from () in )y so that the continuation of u* to I'g vanishes.
Then, u* € C2(Q).

Along with problem (3), consider the Cauchy problem

z(T;t,x) —x+/ “(s,z(s;t,x))ds, T,t€10,T], x € Q. (49)

Since u* vanishes on 90 and u* € C%(Q), the Cauchy problem (49) is uniquely solvable,
and its solution z(7; t, x) is defined for all T € [0, T] and is continuously differentiable on Q.

In accordance with (4), the initial function T, (#, x) for solution z(7; t, x) to the Cauchy
problem (49), we define the omitting index u by the ratio

T(t,x) = inf{7: z(s;t,x)) € Q,s € (1,t]}, t, €[0,T], x € Q. (50)

The behavior of the function 7(t, x) depends on the behavior of the boundary function
a(x) on T at the tangent points.

Theorem 2. Let the set T'(a) = @. Then, the function T(t, x) is continuous on Qr.

Proof of Theorem 2. Let (+,x) € Qr. Denote ™ = 7(t,x), z* = z(7(t,x);t,x). Then,
z* = z(T*;t, x).

At first, consider the case when T > 0. In this case, z* € 0Q) F Otherwise,
z(t(t,x);t,x) could be continued to the left of T* > 0. Therefore, ®(z*) =

Since z(T;t,x) € Qatt € (1%,t) and z* € T, then trajectory z(t; ) enters () at
point z*,

dz(t%;t,x)/dt = u(t*,z(t*;t,x)) = u(t*,z*) = a(z")

and a(z*) - n(z*) < 0. Therefore, z* belongs to the set I'_ («).
Consider the function ¥ (7, t,x) = ®(z(7;t,x)). The ratio ¥(7,t,x) = 0 defines T as
an implicit function of variables (¢, x). Indeed, it is not difficult to see that

oY (7%, t,x)/0T = VO(z") - u(t",z") = 0.

Since the vector V®(z*) is proportional to the normal vector n(z*), then, by virtue of
boundary condition (13) and the inclusion of z* € I'_(«), it follows that

0¥ (7",t,x)/0T = VO(z*) - a(z") < 0.
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Therefore (see [14], Section Ch. 9, p. 223), there exists the implicit function 7 of variables
7(t, x) which is continuously differentiable in the neighborhood of (¢, x) and even more
continuous. It is clear that this function T = 7(f, x).

Now, let " = 0. In this case, either z* € dQ) or z* € (). In the first case, by virtue of
the condition of Theorem 2, z* belongs to the set I'_ («), and the proof is similar to the one
performed above.

Consider the case of z* € (). From the continuity of z(7; f, x) according to the initial
data (see [1], Section V.2), it follows that there is such a small neighborhood U of the point
(t,x) that for (#',x") € U, the solution of the Cauchy problem z(0; ', x") differs little from
z* € Q. Then, 7(¥,x") = 0 for (#,x’') € U, and therefore, T(t,x) is continuous at point
(t,x).

Theorem 2 is proved. [

Let us now consider the case of a nonempty set I'.(«). In this case, the function
T = (t,x), generally speaking, is not continuous on Qr. Let us give an example.

5.2. An Example of a Discontinuous Function T(t, x)

The continuity of the function u € C?>(Qr) does not guarantee the continuity of the
function 7(t, x) by Qr. Let the domain be Q € R?, QO = {(x1,x) : x1 € R, ||xp| < 1}.
Consider the Cauchy problem

dzi(T;t,x)/dT = 2(T;t,x)) T€[0,T], t€[0,T],x=(x1,x)€Q,
dZ2(T; t,x)/dT — _Zl(T,' t,x>) T E [0, T], t e [0, T},x S ﬁ/ (51)
z1(tt,x) = x1, z2(B,x) = X,

or, equivalently, the integral Equation (3), where u = (xp, —x1), z = (21, 22).

Obviously, the Cauchy problem (51) is uniquely solvable for any (f,x) € Q.

Lett = 71, x = (1,0). Then, z = (z1,22), where z; = sinT and z; = cosT, is the
solution to the Cauchy problem (51).

Obviously, z(t; ,x) € Q for /27 < mwand z(w/2; 7, x) € dQ2). This means that
trajectory z(7;t, x) which comes out from x = (1,0) at moment t = 7 get on the boundary
of the () at moment ¢ = 7t/2. Therefore, T(t,x) = /2 for t = 7, x = (1,0).

Now, let x = x' = (x{,0), x; € (1—4,1), where § > 0 is quite small. Then,
z(t; 1, x") = (1 —5)(sinT,cosT) is a solution to the Cauchy problem (51) with the ini-
tial condition t = 7r, x = x’. In this case, |z(7; 71, x')| =1 — 6 < 1, and then z(T; 77, x’) € Q
for all T € [0, 7t]. Therefore, T(t,x) = 0fort = 7, x’ = (1-4,0).

Now, let us say x; € (14 ,1), where § > 0 is quite small. Then, z(7; 7T, x") =
(1+9)(sinT,cos ) is a solution to the Cauchy problem (51) with the initial condition
x = x". In this case, |z(T; 77, x")| = 14 > 1, since when decreasing T € [71/2, 77| function
z1(T; 71, x") decreases while z;(T; 71, x') increases. Therefore, there is such a T € (71/2, 1)
that z(t; 77, x’) € Qwhen T € (1%, 7], and z(7 : *; 71, x) € T'). Consequently, T(t,x) > 71/2
fort =, x' = (1+4,0).

It is easy to show that for x} € (1+,1) and 6 — 0, lim,_, ,, T(t,x") = 71/2.

Thus, when x’ tends to x on the left and right, the function 7, (¢, x") has limits 0 and
71/2, respectively. Therefore, T(t, x) is discontinuous at the point (¢, x) for t = 71, x = (1,0).

Note that the unboundedness of the domain in this example is a technical point, and
in the case of a bounded domain, it is not difficult to construct a similar example.

5.3. Case of a Nonempty T’ («)
Let z(7; t, x) be the solution to the Cauchy problem (3). Consider the set

Q. ={(t,x): (t,x) € Qr, x =z(T;t",x*), T € [0, T], x* € Tu(a), T >t > T"}.

The set Q. is the image of [0, T| x T into Qr by the mapping (*, x*) — (¢, z(t; t*,x*)).
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Since « € A, then m(Q.) = 0, where m(Qy) is the Lebesgue measure of the set Q.
in RN*1,
Let Q4 () = Qr \ Q«. Obviously, m(Q4(«)) = m(Qr).

Theorem 3. Let the set T'(x) # @. Then, the function T(t, x) is continuous on Q4 («).

Proof of the Theorem 3. Let (t,x) € Qi(«). Then, (t,x) ¢ Q. and therefore,
z* = z(t(t,x);t,x) ¢ Ty(a). Consequently, z* € T'_(«a). The proof of the continuity
of the function 7(¢, x) in the vicinity of a given point (f, x) is carried out in the same way as
in the proof of Theorem 2 in the situation z* € T'_ («).

Theorem 3 is proved. O

Let us move on to studying the properties of the initial function in the general case.

6. Initial Function (Case u € L, (0, T; W} (Q)N))
6.1. Approximations of the Velocity Field

Letu € Ly(0, T; W3 (Q)N)) and satisfy inhomogeneous condition (13) on boundary I
and condition (12). Represent u in the form u = v+ a, wherev € L(0,T; V), and a = ITy(«)
is the continuation of « from I' into Q).

Consider the set of functions:

W={u:u=v+a,0v€Lly0,T;V), a=TIl(a)}.

Let u be an arbitrary function from W. Approximate function u by a sequence of
smooth functions via approximations v and 4.

Denote by P the “Leray projector”, i.e., the orthogonal projector in L,(Q)N) onto the
space H of divergence-free functions.

Consider the operator Av = —PDiv &£(v), which acts in H and is defined on the
domain D(A) = W2(Q)Nn Wi(Q)N N H.

The operator A is a positively definite self-adjoint operator (see [15], Section 2.4) The
orthogonal system of eigenvectors e, ep,... with eigenvalues 0 < A1, Ay, ... forms an
orthonormal basis in H.

Letu e W,u=v+a,v e L(0,T; V). Represent function v in the form

+o00
o(t,x) = Y gk(te(x), (52)
k=1
where gi(t) = (v(t, x), e (x)).
Then,
2 = 2
HUHO = Z Hgk(t)HLz[o,T]/ n=12,..., (53)
k=1
2 = 2
lo 01~ 2 Angk(t)”Lz[o,T}r n=12,.... (54)
k=1

Consider the sequence of approximate functions v":
n
o' (t,x) = ) gk(t)e(x), (55)
k=1

where g (t) = (v(t, x), ex(x)).
The following equalities are valid:

n
191 = 22 e =12 (56)
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n

19131 = - Ao n =12 )
=1
Then,
19" lo < llollo, 10" llox < llollo1, m=1,2,..., (58)
and the convergence is valid:
lo—2"o = 0,n — +oo, |v—20"|op1 =0, n = +o0. (59)

It follows from Theorem 1 that there exists a sequence a” € A such that [la — a”[|;1/2 ()N
2
— 0asn — +oo. Leta" = Iy(a"). Then, ||a — a"||W21(Q)N — 0asn — +oo.
Denote by v"** and v* the extensions of the functions v" and v, respectively, from (2 to

)y, and put
u*(t,x) = 0" (t,x) +a"(x), (60)

u*(t,x) =0 (t,x) +a"(x). (61)
Obviously,
uw=uin Q, u=ainQ\Q, u"*=u" in Q, u" =a" in O\ Q
and 5
w*,u"* € Ly(0, T, WA (Qo)N).
It follows from (58)—(59) that

[u"[lo < Mo, [Ju"flox < Mo, n=1,2,..., (62)
for some constant My, and the convergence is valid:

[ = u"* (| 10,1305 (0p)N) = 01— +00,  [[u” — u”'*||L — 0, n — +oo. (63)

20T (00))
Along with the Cauchy problem (19), consider the Cauchy problem(19)

T
2"(T;t,x) = x +/ u™*(s,z"(s;t,x))ds, 7,t €[0,T],x € Q. (64)
t

Since u*, u"* € L,(0, T; V(\)/%(QO)N), then there are uniquely definable RLF’s z(s; t, x) and
z"(s; t, x) generated by the functions u* and u"*, respectively (see Theorem 5).

It follows from Theorem 6 that the sequence of RLF z"(s;t,x) converges (up to a
subsequence) with respect to (s, x) in Q = [0, T| x Qp-measure to RLF z(s; t, x) generated
by u* uniformly over .

Then, there is a subsequence z"(s;t,x), which, for a.a. (s,x) € Qr, converges to
z(s;t,x) by [0, T| x Qo uniformly over ¢.

Let us assume that this is the sequence z"(s; t, x) itself.

Consider now the initial functions defined on Qr

T (t,x) = inf{t:2"(s;t,x)) € O, s € (7,t]}, (65)

T(t,x) =inf{7:z(s;t,x)) € Q,s € (1,1]}, (66)

for the aforementioned z" (s; f, x) and z(s; t, x).
Find out some properties of the functions 7(t, x) and 7" (¢, x).
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6.2. Limit Function t(t, x)

Let u € W. It follows from Section 6.1 that there are smooth approximations of the
function u by the functions u™*. Let z"(7;t,x), (t,x) € Q be a solution to the Cauchy
problem (64).

First of all, we note that from (60), it follows that the function u"* is continuous and
differentiable on Q = [0, T| x (). Then, RLF z"(7;t,x) is a classical solution to the ODE
system (64).

The continuous dependence of the solutions of the ODE system with respect to the
initial data (¢, x) (see [1], Section V.3) implies the continuity of the function z"(7; ¢, x) on Gy.

It follows from Theorem 2 that for the function 7" (¢, x) defined by relation (65), the
following sentence is valid:

Lemma 3. Let T, (a") = @. Then, the function T"(t, x) is continuous on Qr.
Moreover, making use of Theorem 3, one obtains

Lemma 4. Let T (a") # @. Then, the function T"(t, x) is continuous on Q4 (a).
We make use of these statements to prove the following fact.

Theorem 4. The sequence " (t, x) converges (up to the subsequence) to T(t,x) as n — ~+oco at a.a.

(t, X) € Qr.

Proof of Theorem 4. Since m(Q (")) = m(Qr), m(N}!Q+(a")) = m(Qr). Conse-
quently, T"(t,x), n = 1,2,... are continuous on the set ﬂ;ﬁ Q4 (a™), which is dense
in QT'

From the convergence of the sequence z"(s;t,x) to z(s;t,x) at a.a. (s,x) € Qr, it
follows that at a.a. x € ), convergence takes place at a.a. s € [0, T]. Let us choose such an
x. Then, the sequence z" (s; t, x) converges to z(s; t,x) ata.a. s € [0, T].

Let us show that then, T (¢, x) converges to 7(t, x).

Suppose that 7(t, x) > 0 and assume the opposite, i.e., 7" (¢, x) does not converge to
T*(t,x). Then, there is a subsequence z" (s; t, x) (the indices are the same), in which either
T (t,x) > T(t,x) + 6 or (¢, x) < T(t,x) — & for some § > 0.

First, let 7" (t,x) > T(t,x) + 6. Letus choose 71 > T(t,x) + ¢ so that 2" (1y; £, x) converges
to z(y;t,x). Then, z(ty(t,x);t,x) € Q when 1y = T(t,x) + J and O(z(7y (¢, x);t,x)) <O,
while z" (71 (t, x); £, x) ¢ Q and ®(z" (71 (¢, x);t,x)) > 0.

A passage to the limit in the last inequality yields ®(z(7 (¢, x);t,x)) > 0, which cannot be.

Similarly, the case of T"(t,x) < 7(t,x) — ¢ is considered.

In the case 7(t,x) > 0, Theorem 4 is proved.

The case 7(t, x) = 0 is proved more simply.

Theorem 4 is proved. O

Corollary 1. The function T(t,x) € Leo(Q). The measurability of T(t, x) follows from Theorem 4
and the boundedness is obvious.

7. Regular Lagrangian Flows
Here are the facts used above from the theory of RLF (see, for example, [16-18]).

Definition 1. Let u € L1(0, T; IX/%,(Q)N), uljo,1)xa0 = 0. Associated to u, a regular Lagrangian
flow is the function z(T; t, x), (T;t,x) € [0, T] x [0, T] x Q, which satisfies the following conditions:

(1) For a.a. x and any t € [0, T|, the function z(7T; t, x) is absolutely continuous with respect
to T and satisfies the equation

z(T;t,x) = x+/Tu(s,z(s; t,x))ds, T €10, T]; (67)
t
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(2) For any t,T € [0, T] and an arbitrary Lebesgue measurable set B, the relation is valid
m(z(t;t,B)) < Mm(B), M > 0;
(3) Forall t;,€ [0,T], i=1,2,3,and a.a. x € Q

Z(t3,‘ tl/ x) = Z(t3,’ i’z,Z(tz,‘ tl/ x))

Here, m(B) is a Lebesgue measure of the set B.
Let us recall some results on RLF.

Theorem 5. Let u € L1(0, T; IX/}?(QO)N), 1 < p < +oo. Then, there exists a unique z generated
by v. Moreover,

a%z(’r; t,x)=u(t,z(t;t,x)) at te€|0,T], aa. T€[0,T], aa x€Q,
m(z(t;t,B) < Mm(B), M >0, for any Lebesgue measurable set B C Q).

Theorem 6. Let v, v™ € L1(0, T; VC{I}?(QO)N), m=1,2,... for some p > 1. Let the inequalities
be fulfilled

loxll Ly (0,71, (0)22) + 12l Ly (0,750 (0)N) < My 110¥ Iy (0,751, (o)) + 1107 1Ly (0,510 (0)2) < M-

Let v™ converge to v in L1(Q)™ for m — +oo. Let 2™ (7; t,x) and z(T; t, x) be the RLFs generated
by v™ and v, respectively. Then, the sequence z™ converges (up to the subsequence) to z with respect
to a Lebesgue measure on the set [0, T| x Qo uniformly on t € [0, T.

Forx € Qand 0 < 7 < t, the trajectory z(7; t, x) belongs to the domain Q, unless
T € [tu(tx),t], u(t,x) = inf{T:2(s;t,x)) € Qs € (1,1]}.

From the definition of the function T,(t, x), it follows that z(t;t,x) € Qat T €
(t(t,x),t],and z(7(t,x);t,x) € 0Q when 7(t,x) > 0.

It is clear that for all t € [0, T], a.a. x € Q and 7, (¢, x) < T < ¢, the function z(T; t, x)
satisties Equation (67).

Note that in the case of a smooth u(t, x), the RLF z(7;t, x) is a classical solution of the
Cauchy problem (67).

8. Conclusions

The approximations of a divergence-free velocity field u € Ly(0, T; W3 (Q)N) with
an inhomogeneous condition on the boundary of a bounded multi-connected domain
Q) by a sequence of smooth fields u" were constructed. By this, the smooth trajectories
2" (t;t, x) of the fields u" were defined on the maximal intervals (7} (t, x), T/ (¢, x)), where
initial functions 7/ (¢, x) were continuously differentiable a.e. and z"(7; ¢, x) and 7/} (¢, x)
converged a.e. to the trajectories z(7;t, x) generated by the regular Lagrangian flow u and
initial function 7, (¢, x) of the field u, respectively.

A commonly used method for solving systems of type (8)—(11) consists in approxi-
mating them with a sequence of regularized systems, the solutions u" of which, together
with the z" and 7" generated by them, satisfy the integral identity defining the weak solu-
tion. The proposed method of regularization of the original field u provides the necessary
properties of functions 1", z", and 7" for the limit passage to u, z, and T, respectively.
This takes into account the inhomogeneity of the condition on u at the boundary of the
multi-connected domain and the belonging of u to the Sobolev space.
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