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Abstract: This paper investigates the bumpless transfer control of linear switched positive systems
based on state and disturbance observers. First, state and disturbance observers are designed for
linear switched positive systems to estimate the state and the disturbance. By combining the designed
state observer, the disturbance observer, and the output, a new controller is constructed for the
systems. All gain matrices are described in the form of linear programming. By using co-positive
Lyapunov functions, the positivity and stability of the closed-loop system can be ensured. In order
to achieve the bumpless transfer property, some additional sufficient conditions are imposed on
the control conditions. The novelties of this paper lie in that (i) a novel framework is presented
for positive disturbance observer, (ii) double observers are constructed for linear switched positive
systems, and (iii) a bumpless transfer controller is proposed in terms of linear programming. Finally,
two examples are given to illustrate the effectiveness of the proposed results.

Keywords: linear switched positive systems; disturbance observe; bumpless transfer control; linear
programming

MSC: 93C28

1. Introduction

Positive systems are an important class of systems whose states and outputs are always
non-negative for any non-negative initial states and inputs. They have been covered in [1-3]
and are widely used in applications such as water systems [4], ecology [5], industrial engi-
neering [6], and so on. Linear switched positive systems (SPSs) are a class of hybrid systems
consisting of a finite number of positive subsystems and a switching rule. The stability
and stabilization of SPSs have attracted great attention [7-10]. For general (nonpositive)
switched systems, quadratic Lyapunov functions are commonly used [11-14]. Owing to
the positivity requirement, quadratic Lyapunov functions are not the best choice for SPSs.
It has also been verified that the co-positive Lyapunov function (CLF) is more suitable for
SPSs [7-10]. In [9], a common CLF was constructed for the exponential stability of SPSs.
For discrete-time SPSs, Liu constructed a switched CLF to reduce the conservativeness of
common CLF [15]. In [16], multiple CLFs and average dwell time (ADT) switching were
first introduced for SPSs. The work in [17] discusses the stability in terms of CLF and
further designs a state-feedback controller. Existing results verify that CLF is powerful for
handling the issues of SPSs.

The observer technique is widely used in switched systems [18], multiagent sys-
tems [19], nonlinear systems [20], etc. For positive systems, there are a number of features
that are different from general systems. Thus, the utilization of a state observer in posi-
tive systems is also different from general systems. In [21], a Luenberger-type observer
was designed for positive systems using linear programming. In [22], a novel design
approach to the observer and a static state-feedback controller were presented for positive
systems characterized by interval uncertainties and time delay. It should be noted that
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the observer of positive systems must also exhibit positivity. This point arises from the
fact that a negative attribute within the output of observer is inadequate for accurately
estimating the non-negative state. Different from positive systems, the observer of SPSs
has to consider not only the positivity but also the effects of the switching signal on the
observer. In [23], two types of interval switched positive observers were introduced for
discrete-time SPSs. In [24], asynchronous observers were presented for SPSs. In the above
literature, disturbance factor was assumed to be unmeasurable and set as a disturbance
signal. For example, the work in [24] discussed the Lo, performance of the systems with
regard to the disturbance. The disturbance attenuation performance can achieve some
prescribed attenuation effects for the disturbance. However, it cannot accurately estimate
the disturbance. The lack of disturbance information may deteriorate the system perfor-
mance. The estimation of disturbance was one of effective strategies to acquire disturbance
information in [25]. In [26], the problem of disturbance attenuation in stochastic systems
was solved by introducing a disturbance observer. In positive systems, the work in [27]
provides descriptions of the utilization of disturbance observers in positive disturbances.
For positive Markovian jump systems, a linear-programming-based disturbance observer
was designed in [28]. The work in [29] proposed an event-triggered disturbance-observer-
based controller to ensure the positivity and stability of SPSs. A situation where both states
and disturbances are unmeasurable is not considered in the aforementioned literature.
Therefore, it needs to design both state and disturbance observers simultaneously. Some
issues arise, such as (i) how to jointly design the state and disturbance observers, (ii) how
to construct a double-observer-based controller, and (iii) how to describe the corresponding
conditions in a tractable form.

For switched systems, there exist transient bumps when the switching occurs. The sig-
nal bump is a specific behavior of switched systems. With increasing demands on the
accuracy of switched systems, the effects caused by transient bumps need to be eliminated.
As a result, bumpless transfer control was proposed to ensure the smooth switching of the
systems by adopting appropriate control strategies [30-32]. This can avoid negative effects
caused by the signal bump, such as system performance damage, equipment failure, etc.
For switched linear parameter-varying systems, an Ho, bumpless transfer control method
was presented in [33,34]. The work in [35] proposed a control strategy based on mode-
dependent ADT and bumpless transfer to achieve stability in switched positive delayed
nonlinear systems. By virtue of event-triggered strategies, the work in [36] introduced
an event-triggered bumpless transfer controller. The work in [37] applied the bumpless
transfer control of switched systems for aerospace engines. In [38], a bumpless transfer
feedback controller was proposed for SPSs, which can ensure a lower control signal bump
caused by the switching and guarantee the L;-gain performance of the systems. Note that
few results exist on state and disturbance observer-based bumpless transfer control of SPSs.
How to design a double-observer-based bumpless transfer controller of SPSs motivates us
to carry out this work.

This paper aims to deal with the problem of the bumpless transfer control of SPSs by
building a state observer and a disturbance observer. First, a state observer and a distur-
bance observer are established based on the matrix decomposition technique, respectively.
Then, a controller is designed by means of the estimated states and disturbances. Mean-
while, the bumpless transfer property of the controller is considered by imposing some
conditions on the controller. The rest of this paper is presented as follows. Section 2 gives
some preliminaries. In Section 3, the main results are presented. Section 4 provides two
examples to verify the effectiveness of the presented results. Section 5 concludes this paper.

2. Preliminaries

Consider the following linear switched system:

X(t) = Ag(pyx(t) + Byytigr)(t) + Egpyw(t),

y(t) = Coryx(t) + Dy(nw(t), @
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where x(t) € R",u(t) € R",w(t) € R",, and y(t) € R° represent the system state, the sys-
tem input, the disturbance, and the output, respectively, o(t) is the switching law and
takes values from a finite set S = {1,2,...,J}, ] € R", and it is continuous from the right
everywhere for a switching sequence 0 < ty < t; < ---. In this paper, it is assumed that
control signals u(t) and disturbances w(t) in SPSs are continuous and the disturbance in the
system (1) is non-negative. Assume that A ;) is a Metzler matrix and B ;) = 0, Cy(y) = 0,
Dy(s) = 0, Egp) = 0.

Some definitions and lemmas are introduced for the facilitation of later developments.

Definition 1 ([1]). A system is said to be positive if all its states and outputs are non-negative for
any nonnegative initial conditions.

Lemma 1 ([1,2]). A matrix A is a Metzler matrix if and only if there exists a scalar & such that
A+ 0.

Lemma 2 ([1,3]). The system (1) is positive if and only if A,y is a Metzler matrix, and B, ;) = 0,
C(T(t) >0, Da(t) >0, Ea(t) > 0.

Lemma 3 ([1,3]). For a positive system x(t) = Ax(t), the following statements are equivalent:

(i)  The matrix A is a Hurwitz matrix;

(ii) There exists a vector v > 0 such that AT v < 0;
(iii) The system is stable.

Definition 2 ([1]). For a switching signal o(t) and 0 < 11 < 1, denote the switching number of
o(t) by Ny (12,11). I
Ny(t)(12,11) < No+ (12 —11)/T"

holds for Ny > 0 and t* > 0, then T is an ADT of the switching signal o (t) and Ny is the
chatter bound.

Definition 3 ([30]). Given a reference controller: u*(t) = ng(t)a?(t) + K;U(t)fu(t) - K;U(t)y(t),

the system (1) is said to have bumpless transfer performance if the condition:
i (8) — ()] < &1] () + B () + y1] y (1)

holds, where X(t) and @(t) are the state and disturbance observer states to be designed later, & > 0,
B > 0, and v > 0 are given scalars called the bumpless transfer performance level, KTU( 0y K;U( 0y

and K;U( y) are given matrices with compatible dimension, and u;(t) and uj (t) are the jth element
of u(t) and u*(t).

Notation 1. R", R" and R"™"™ represent the sets of n-dimensional vectors, non-negative vectors,
and n x m real matrices, respectively. W and R represent the sets of non-negative and positive
integers, respectively. A matrix 1, symbolizes the n-dimensions identity matrix. The symbols >~

and = hold for components. Define 1, = (1,...,1) " and 1,(1[) =(0,...,0,1,0,...,0) . p stands
—— —— N —

n 1—1 n—i

for the switching signal o (t). Symbols p and q denote different subsystems.

Remark 1. The term u*(t) represents an objective control law and it is dependent on a given gain
matrix K*. One can choose the gain matrix based on additional factors, such as practical desire,
limitation of element, etc. The main objectives of the introduction of u* (t) are to satisfy practical
requirements and reduce the fluctuations of the designed controller.
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3. Main Results

State and disturbance observers of SPSs are first designed in this section. Then,
the bumpless transfer is achieved in the second subsection.

3.1. State and Disturbance Observers
The disturbance is generated by the exogenous system:

E(t) = Yo 8 (1), w(t) = T E(1),

where §(t) € R/, is the state of the exogenous system, I;;;) € R"™, I;;;) = 0,and Y, €
R™ 7 is a Metzler matrix.
The disturbance observer is constructed as

~

() = Ho(5(8) + Fo(n X(£) + Lao(ny (1), o)
()= cr(t )6 (1),

)

)

where &(t) € R is the state of the disturbance observer and Hy () € R™7, Fyp) € R™°, and
Ly (ry € R™* are the observer gains to be designed. By Lemma 2, the exogenous system is
positive. The disturbance estimation will be obtained by estimating the state ¢(t).

The state observer of system (1) is designed as

f(t) = Gcr(t)f(t) + Ba(t)”(t) + Ma(t)@(t) + Lccr(t)y(t)r ®3)

where X(t) € R" is the observer state, W(f) € R" is the estimate of disturbance, and
Go(r) € R™", My(p) € R™7, and Lyy(;y) € R"* are the observer gains to be designed.

Define the errors: ex(t) = X(t) — x(t) and eg(t) = &(t) — &(t). Then, the error system
can be described as

éx(t) = GonX(t) = (Ag(r) = Leo(t) Co(r))x(t) + My(n@(t)

( (Q Leo(ty Doy w(t), @
¢z(t) = Hy(1G(t) + (Lao(ty Doty Loty — Yo(r))E (1)
+Fa(t)f(f)+Lda 1) Co(ry X (8).

Theorem 1. If there exist constants u; > 0, )tl > 1, a1 >0,61 > 0,6, >0, 63 >0, R" vectors
v§)>0 vgq)>0 Ql(y)>0 0p 0,0y, =0, gp =0, andRrvectorsv()>-0 v£)>0 fp =0,
£ 0,5, < 0,4 < 0 such that

APITvl -y )CP G — L ;)Q;)T + 611, =0, (5a)
AP RO ACHRNES A 14 ;7,,) C, =0, (5b)

E1yof) 2120 D, = o, (5¢)
?:1151i)Q§7i)T —01lp + 621y = 0, (5d)

Y1 ol -y 1Y D, 1, + 650, = 0, (5¢)

0p+ fp— ng’ ) <o, (5f)

(a1 + m)llvi”) <6y, (5g)
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LEJ O — ITD)(Zp +mp) + (Y] + )0l <0, (5h)
) Lo t@sg iz12,... (50)
Qp — Qp/ gp - gprl 74 N,
0P < A0\, =1,2 (5K)
hold¥(p,q) € S, p # q, then the observers (2) and (3) with gain matrices:
?:11$li)gl(gi)'l' — 51, r 11(i)fpi)T C 1)T
Gp - 4 p = 7’ Mp = Ep - —l
ITU(F’) ITU p) 1TU( p)
nU1 0 6)
w40 A0 GTT r 0, 0Ty r (
chzﬂLd—lin:Y_ i=11r Mp plp
lzvg ) : l;rvz ljvgp)

are positive, and the error system (4) is positive and asymptotically stable under the ADT
switching satisfying
< nT (7)

Proof. First, the positivity of the observers (2) and (3) is addressed. From (5a,b) and (6), we
have Ap — LpCp — Gp =0, Fp + LyyCp = 0, Ep — LepDp — My = 0,and Yy, — Ly, Dplp —
Hp, = 0. Then, the system (4) can be transformed into

<e'x(t)> _ (Gp M,,F,,) <ex(t)>‘ ®)
Eg(t) Fp HP Eg(t)
From (5d,e), it follows that
n 4 OT r 40 ()T
Tisilo ey —01lu 5 Lii L'y’ Dplp s
P RORE 1;;@ I 2 0% = 1;7}2@ ol =0 ©)

Together with (6) gives G, + —25; 1 = 0 and Hp + —~5I; = 0. By Lemma 1, G, and H,,
1; 1

are Metzler matrices. By (5c), we have M, = 0. By 17( ) <0, fp >~ 0, and (5b), it is easy to
be obtained that F, = 0. By Lemma 2, the error system (4) is positive. Since ex(0) >~ 0 and
ez(0) = 0, then ex(t) = 0 and eg(t) = 0. Thus, the observers (2) and (3) are positive.

Choose a multiple CLF: V) (X(t)) = XT(£)8®), where X (t) = (e;(r(t),eg(if))—r and
9e®) = (T HOITT " Give a switching sequence 0 < tg < t < -+ < £, < ¢,
where t € [ty t;,+1) and m € X. By (8), it yields that

VP(X(t)) :eI(t)(GT (P)+FT (p))—keg(t)(FJMT (P)+HT ()) (10)
Using (5i,j) and (6) gives

i (> —611n o 1nQ;*511n ?:Olgl)f; o lrf;;r

o
G, < Z=t = :
P IIvY?) 7P = 1;Fv£17) I,T‘ng)

— 10 ( ) (11)

Together with (5f,g) and (11), it deduces that

G;vgp) + ngép) + ylvgp) =0p— 1T51 p) + fp+ ylvg P)
(r)

jQerfp—oclvl < 0.
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Then,
GT (p) +FT (r) L #105 ) (12)
Using (5i,j) and (6) gives
n 1) T r 40 T T
ic11n'GpDp gy Dp i1 1y Dplp 1, Dyl
My 2By = == = By = i My 2y = = =Y S (13)
n Y1 rv2 r =2

By (5h), (6) and (13), the following inequality holds:
Mo + HI o) + ol < LTEJ o) — 1T DI (Zy +1p) + (V) + ul)od” <.
Then,
FPTM;UY’) + Hgvgp) < —ylvép). (14)
By (10), (12) and (14), we have
Vo (X(1) < = XT (9 <. (15)
Taking integration both sides of (15) yields that
Vo) (X(8) < emmlt=tmy (X (b)) (16)
for t € [tm, ty+1]. Combining (5k) and X(t) = 0 gives
X T (£)80 ) < A1 XT (1) 807 tm1)), (17)

thatis,

V() (X () < A=tV 0y (X (). (18)

Repeating (15)—(18), the following relation holds:

Vo (X(1) < eV, 3 (X(tn))
<)\1€ =t 1)V( ( (tm-1))
- < Atem=t) Y (X))

Noting Definition 2 and A; > 1, the inequality can be transformed into

Vo (X(1)) < etV g, (X(ko))
< e(NoJr 0)InAq p—puq (t— fo)V(t )(X(to))
< pel-0Y, , (X(t)),

In )\1

where p = eMI"M and e = g — 4L

asymptotically stable. [

By (7), ¢ < 0. Then, the error system (4) is

Remark 2. Noting the condition (5b) in Theorem 1, it can be derived that Fy + Lg,Cp = 0. If the
term Fy(yX(t) is removed, the condition (5b) becomes the equation Ly,C, = 0. The equation is
rigorous, and thus the validity of other conditions in (5) may not be guaranteed.

Remark 3. In [21-24], the works focused on state observer of positive systems. The disturbance
observer issue of SPSs is open, and few results are devoted to this issue. The obstacles to deal with
this issue contain three aspects. First, a framework on double observers needs to be constructed. How
to integrate the positivity restriction into the double observers is one of the difficult points. Moreover,
the state observer and the disturbance observer interact with each other. Therefore, a Luenberger-type
observer may not be directly applied for the double observers. Second, the question of how to design
the observer gain matrices arises. For positive systems, it is interesting to present some alternative
design approaches to the gain design. Under the double observers framework, the corresponding
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gain design refers to the state and disturbance observer gains. They are more complex than the
single-state observer design. Finally, how to design the double-observer-based controller is another
difficult point. Up to now, there have been no referable approaches to design a double-observer-based
controller of SPSs. The key point of the design is to transform all conditions into tractable ones.
Thus, some reliable computation methods can be employed to solve these conditions. Therefore, it is
not easy to solve the problem of double observers design.

Remark 4. In (2) and (3), the disturbance and state observers are constructed, respectively. It
can be found that the two observers are correlated. Such observer forms have differences from the
Luenberger-type observer. In (6), all gain matrices are described in the form of vector variables.
Thus, the conditions in (5) can be easily formulated in the form of linear programming. Finally,
the CLF is chosen to analyze the stability of the error dynamic systems. Theorem 1 develops the CLE
integrated with linear programming approach to the double observers design of SPSs. It further
verifies that the effectiveness of the linear approach in handling the issues of positive systems.

3.2. Bumpless Transfer Control

In this subsection, a double-observer-based bumpless transfer control design is pro-
posed. For the state-observer-based control of SPSs, it is easy to utilize the traditional
control form [23]. However, it fails to develop for the double-observer-based control of
SPSs when the disturbance observer is introduced. Therefore, a novel controller form is
given as

u(t) = Kig(p X(t) + Koo (n@(t) — Kz(nyy(t), (19)

where X(t) is the estimation of x(t), @W(t) is the estimation of w(t), and Ky,(;) € R™*",
and Ky, ;) € R™*" and K3,(;) € R™** are controller gain matrices to be determined later.
In general, it is unnecessary to add the output term in the controller (19). Under the double
observers framework, the control design will fail without the output term. Therefore,
the output is added in (19).

With the controller (19) and the error system (4), the closed-loop system can be de-
scribed as

x(t) =(A, (r(t)Kla()_B( Kao (1) Cot)) X (1) + Bo(ry Kioe) (X(t)
- ( ) Kza () (B 1Kso (6 Do (1) — Ea(t))w(t)r
ex(t) =Gy 3?() ( Lo C ()) (t) + My w(t) (20)
( o(t) ~ ) (),
ez (t) o(nG(f) + (Ldo(t o) To(t) = Yo())§ (1) + For(n X(t) + Lag(s) Coryx(t)-

Theorem 2. If there exist constants yp > 0, A3 > 1,42 > 0,04 >0, >0,>0,v>0,R°

gg > 0, R™ vectors q)(f’) >0, (p(q) =0, vl(”) =0, 01( 70 -0, Qp >0, Q()

gp =0, g;") = 0,21, =0, zgz = 0, and R" vectors vgp) =0, vgq) =0, fp =0, fp = 0,2p >0,

zgg = 0,17, <0, 17,5,0 ~< 0 such that the conditions (5a—e,i,j), and

vectors zzp = 0, z

B, Y, “zéf B, Y, <>Zg; Dy +Ep1,,B) o(¥) = (21a)
15B) @) Ay + By 1) 2) " — By 12 ' C) + 6l = 0, (21b)
ByYry14)25) DIy — 1B PE, T, = 0, (21¢)

A;—qp(p) + Z1p — C;Z3P + ’uqu(p) <0, (21d)

z1p + 0p + fp — agv1 <0, (21e)
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(a2 + p2) 1,01 < 6y, (21f)
I 2y + T ES o = I D] (G +1p) + Y] 0 + ooy <0, (21g)
zglg = zlp,zgg = zzp,zgg = z3p,i =12, ,m, (21h)
oP) < A9, 0P < 1,0l i = 1,2, (213)
and
R 5B @) — 17 a1 Bl o) — 2" <0, (22a)
27— A 1B 9P — 1] a1 B) o) < (22b)
ﬁfz’;QBp o) — 1T 1Bl (P — zgfr}T <0, (220)
)T — /1Bl o) — 1] g1 B o) <0, (22d)
)T — /1B o) —1]41] B ) <0, (22e)
&y 1Bl W) — 20T —1]y1]B] pl?) < (22f)

hold for j =1,2,--- ,mand (p,q) € S, p # q, with p and q denoting the different subsystems in
the SPS (1), then the observers (2) and (3) with the gain matrices (6) are positive and the system (1)
is positive, asymptotically stable, and reaches the bumpless transfer performance under the controller
(19) with the gain matrices:

R~ X A Xy

T g e T e T g

, (23)
and the ADT switching satisfying (7).

Proof. From (21a), it can be obtained that B,K>, = B,K3,D, — E,. Then, the system (20)
can be transformed into

x(t) Ay, BpKipy BpKoulp x(¥)

)] =0 G MI, ex(t) |, (24)

ez (t) 0 E, H, ez (t)

) Zm lm 1pT
where 21, = Ap + B,Ky, — B,K3,Cp. From (21b), it follows that A, = Ap + BPW —
L E) T C 84 . L

B, 11TBT;(F) 4 1TBT(p( ) Ly = 0. Together with (23), it gives that A + B,K1, — BpK3,Cp
+ 1TBT¢ 7 Im = 0, which implies that A, + BpKy, — ByK3,C) is Metzler matrix by Lemma 1.

From B, = 0 and Kip = 0, it is easy to know that ByKi, = 0. By (21c), I = 0,and zgg >0,
it can be obtained that ByKypIy = 0. By Theorem 1, it is clear that G, and H), are Metzler
matrices and F, = 0, M, = 0. Therefore, the error system (20) is positive by Lemma 2.
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Choose a multiple CLF V) (x(t)) = x(H) VW) where x(t) = (xT(t),e,j(t),eg(t‘))T

and Y(@(t)) = ((p(g(t))T,vgg(t))T,ng(t))T)T. Give a switching sequence 0 <ty <t} < --- <
tm < t,wheret € [ty, t11) and m € X. Then,

Vo (x(8) =T ())(A] +K],B] — CJK3,B] o) + el (£)(K] B} o'V

(n) | pT o) (») (), ()
+Gpof” + FJof)el (1)(I) K, B) W) + I My o) + HJ 0)”).
. . 1”’le;7 1sz 1 T
Using (21h) gives Ky, < W’sz = W ,Ksp = T Together with (21d), it

yields that
A;}r(l)(p) EJB;(P(I)) CTKT BP (p( p) + yz(’)(p) < qu(pT _|_le — C;Z3p + #24)(77) <0
Then,A;q)(p) —i—KlTpB;,r(p( P — CTK3PBP ¢P) < —pr9P). Together with (11) and (21e,f), it gives

]
IIP(P)

R

jz1p+Qp+fp—1xzv§p) =<0.

Klpo (p( P+ G;vgp) + F;rvgp) + yzvgp) =z1p+0p—

Then, K (p( P+ (p) FT (p) =< yzv( . By (21g), we can obtain that

FJKZTPBJQD(P)jLF};EI\)/I;vgp)—l—HT (”)+(y2)v§) .
< I 2y + 1 Eyoi” = I/ DGy +Y) 0 = L) Dy + a0y
0.

Then, FTKZTPB;(p(P) FTMT (p) H;vgp) =< yzvép) Then, V, (x(t)) < —pax ' ()Y <
0. Taking integration from both sides yields that V) (x(t)) < e H2(t=tn) Vo (ty) (X (tm)) for
t € [tm, tmy1). The rest of the proof for the stability can be obtained by using a similar
method to Theorem 1 and is omitted.

Finally, consider the bumpless transfer performance. By Definition 3, it is derived that

y g IOSTRRO Um0
(8500) — Sty ) 2(E) + () = K3, >)A( ” (o) = o ()
< 1) ax(t) + 1] pa(t) + 1 yy(t),

where £0) stands for the jth row element of K and £0)* is the jth row element of K*.

By x(t) = x(t), x(t) = 0, (22a), and (22b), we have —1,) a — (ﬁ() — gl ) = 0and

: To(t) lo(t)
(ﬁga)m ’an)(t)) —1)a < 0. By @(t) = w(t), w(t) = 0, (22c), and (22d), it is not hard

to know that -1, 8 — (& )( H~ ﬁéja)(*t)) < 0and (8 (])( H —ﬁéa)(t)) —1/B < 0. Based on

x(t) = 0and w(t) > 0, it can be obtained that y(t) > 0. By (22e) and (22f), we obtain that

-1y - (ﬁga)(*t) ﬁgg)( )) < 0and (ﬁ( )(t) ﬁé]a)( )) — 1/ < 0. Then, we have |u; — u]*| <
1, ax(t) + 1, B@(t) + 1. vy (t). Thus, the considered system (1) has the bumpless transfer

performance by Definition 3. O

Remark 5. Bumpless control has been applied for switched systems [30]. In [38], the asynchronous
bumpless control was explored for SPSs in terms of linear matrix inequalities. Theorem 2 further
utilizes the CLF and linear programming to investigate the bumpless control of SPSs. Different from
the Ly gain performance presented in [39], Theorem 2 introduces the state and disturbance observers.
Under the disturbance observer framework, the asymptotic stability and bumpless transfer control
are simultaneously reached.
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Remark 6. This paper designs a double observer and double-observer-based bumpless transfer
controller. There are three main difficulties to handle the considered issues. First, how to construct
a novel framework on double observers and the corresponding controller of SPSs? Second, how to
design the gain matrices of observer and controller? Third, how to guarantee the positivity and
stability of observers and the closed-loop systems? In the existing literature [10,13,14], quadratic
the Lyapunov function and linear matrix inequalities are usually used. For positive systems, some
novel approaches need to be introduced owing to the positivity requirement. Therefore, it is not easy
to solve the considered problems. Moreover, it is also clear that the gain design approach in (6) and
the corresponding conditions in (5) are different from those in [26,31,32].

In Theorem 2, the parameters Ay, yo, @y, and J4 are required to be known. How to
choose the parameters is important to Theorem 2. To provide a feasible algorithm for
choosing parameters Ay, y2, a3, 64 and computing the conditions in Theorem 2, Algorithm 1
is presented. Algorithm 1 aims to search parameters satisfying the conditions (21a—i)
in Theorem 2. First, an empty set () is defined to store the parameters that satisfy the
corresponding conditions and A, yp, a2, and 4, are initialized to their lower bounds. Then,
Algorithm 1 utilizes loops to iterate through all possible values of Ay, yp, ap, and é4. Finally,
these parameters will be released when the parameters satisfy conditions in (21).

Algorithm 1 Searching parameters of Theorem 2

Input: AU(t)' BO’(t)' EU(t)/ Co’(t)' D(T(t); ml-,z' = 1,. .. /4/‘ AZ/ Xz, EZ' ﬁz, Xy, Rz, é4, 34,'
Output: Ay, un, as, 645
1: Define a set () = @; Initialize parameters Ay = A,, yp = Py &2 = &g, and &y = &y;
2: while A, < A, do

3:  repeat

4 repeat

5 repeat

6: if (21a)-(21i) are feasible,

7: then save Ay, 1, ap, and dy to O
8 end

9 04 < 0g +my;
10: until 54 > 34,’ Ny < 0y + m3;
11: until ay > @y; py — up + my;
12: until pp > 75, Ay <= Ay +my;
13: end

4. Illustrative Examples

With the increase in urbanization levels, urban populations have been steadily saturat-
ing. This leads to a growing demand for water. As a result, urban water supply systems
(UWSSs) face significant pressure. In [39], some findings on UWSSs were summarized.
Improving the supply ability of UWSSs can reduce resource waste and energy consumption
and ensure the stability of water supply pressure [40—42]. Figure 1 shows the relationship
between observers, water flow, and residents in a UWSS. Considering the non-negativity
of water flow and the switching characteristics exhibited by the changing resident water
data, the UWSSs can be abstracted into SPSs. In practice, it is not easy to measure the water
consumption of residents. Meanwhile, water supply systems are inevitably affected by
disturbances such as damaged pipelines, weather, and so on. Therefore, it is necessary
to establish both state and disturbance observers for UWSSs. Finally, it is reasonable to
employ a bumpless controller to minimize the effects of water flow bump during controller
switching. Considering the points mentioned above, a UWSS model is described as follows:

X(t) = AgnyX(t) + By U(t) + DyyW(t), (26)
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where X(t) = (X{ (t),X; (t),X; ()" denotes water consumption data of users, U(t)
denotes the double-observer-based bumpless controller, W(t) = (W, (), W, (t))" is the
external disturbance in UWSS, such as water flow instability caused by insufficient water
pressure, and o(t) € {1,2} represents the o(t)th subsystem. A state observer and a
disturbance observer are designed in (2) and (3). For the o (t)th subsystem of the UWSS,
the control law is designed as

U(t) = Kop(1) X () + Kop(ny W () — Kagryy (£),

where X(t) = (X{ (1), X;(t), A; (£))T denotes the estimate of user data and W (t) denotes
the estimate of disturbance.

bance Signal:

Value

® Resident 1 &

Disturbance Signals

Water
quality

treatment
unit Pump 2
Value Signals
Resident N S
Sensor
water source Pump N
water flow SigNalS mm— < ter flow signal

1 Pump 1

Value
Pipeline-—j M

Sensor  Signals

Node

Figure 1. The structure chart of urban water supply systems.

Example 1. The system matrices in system (26) are

—294 022 041 0.88 0.56 0.78 0.68
Ay=| 047 273 084 ),B;=1(059 09 |,E;= (069 070],

0.60 0.64 —3.64 0.66 0.55 0.56 0.65
123 1.25 085 0.78
Ci=1(121 115) ,D; = 078 088)
119 0.86 ' '

v, _ (051 041 . _ (110 0.0
1= 045 —-052)"1' " \010 013)’

—264 021 0.40 0.68 0.43 0.78 0.68
A= | 046 —-253 074 ),B,= (057 060],E,= (069 0.69],

and

057 058 —3.62 0.64 0.53 0.56 0.60
T
122 124 084 076
C=1120 112) ,D, = 072 0.86)
117 0.82 ' '

v, _ (054 039 . _ (108 0.09
27\ 041 -053)"2" \009 012/
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Choose y1 = 0.03,Ay = 1.3, and oy = 1.2. By Theorem 1, we have 6, = 172.8,
by = 316.1, 63 = 780.8, and the observer gain matrices in

—2.7701  0.3366 0.5772 00152 00147 00143
Gy =| 05801 —2.6704 09508 |,F = 00146 00140 00137 )’
0.6956  0.6854 —3.5429 ’ ’ '

My — 0.8915 07572 0.6164) ' Hy — —0.4964 0.4126
1= \0.7745 07499 0.6889) "1~ \ 04630 —05175)"

—2.7440 04849  0.1896 0.0168 0.0157 00159
Gy=| 03282 22745 05930 |, E = 00159 00148 00149 )’
0.3748  0.7755  —3.8266 ’ ’ '

M, — (07300 05907 0.5458 T b, (04943 03942
27107891 0.7810 0.6416) ’~ 2~ \ 04248 —0.5060)"

The example provides an SPS with two subsystems. In the figures, a switching signal value of
1 indicates that the first subsystem is working, while a switching signal value of 2 means that
the second subsystem is working. Figure 2 shows the simulations of the errors ey (t) under ADT
switching. Figure 3 presents the errors ez (t) under ADT switching. Figures 2 and 3 show that the
established state observer and disturbance observer can work. Therefore, it can be concluded that the
dual observer framework based on states and disturbance is feasible in SPSs.

—o () —€z1
3 f‘(“,“ 2 U||_||_”|,|”||J|_||_||,|.|-|”,|_|-||-||||||||-L o
=2t €3
ff ':\\ 1
2b T, 4
| R
S VNV 0 2 4 6 8 10
1 J e B
| : ‘:‘t?&:---_
0 ; ) ) ‘“‘"’-"’-'-‘-f:ﬂra,-.g-_?, ________________
0 10 20 30 40 50 60

—a(t) o
[ 2
8.- e
6} |
1
A/ 7
......... ’ 2 4 | | 10
of e 7
0 L | —
0 10 20 30 40 50 60

Figure 3. The errors ez(t) under ADT switching.

Example 2. Consider the system (26) with two subsystems:

—294 182 141 198 1.26 1.88 1.68
A= 18 -273 184 |,B;= {125 129]|,E; =169 170],
160 164 —3.64 126 1.65 156 1.65
T
113 1.13
C=[118 115 ,Dlz((l)'g 2'51;2),
065 1.76 ' '

yo_ (—071 021 . _ (110 0.0
1= o025 —072)"1 = \o10 1.12)’
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and

-291 1.80 1.38 197 124 1.86 1.56
A=\ 183 —-263 181 |,Bb=1[128 187 ]|,E,=|1.67 1.66|,
1.59 1.74 —-3.65 1.24 1.62 1.55 1.63
T
1.12 1.14
C=|(116 1.02] ,D, = ((1)33; 2?2),
0.61 1.75 ’ ’
Y — —0.70 0.20 [ 1.09 0.11
27 \o22 -071)"2 \o10 0.11)
Choose « = 2.0, =1.0,7 = 0.5, up = 0.02, Ay = 4.22, and ap = 1.7. Moreover, the reference
value for the controller gain matrices Ki‘g( by K;a( by and K;U( ) are given as

. (15 09 06\ ,. (09 09\ ., (19 08
K11_<1.6 0.7 0.8>’K21_<0.8 1.9)'K31_<0.9 1.9)’
. (12 08 05\ ., (11 12\ _,, (11 09
Kl2_<1.5 0.7 0.9>'K22_<1.2 1.2)’K32_<1.0 1.2)'

By Theorem 2, we have 61 = 1211.1, 6, = 1498.8, 63 = 1094.3, 54 = 452.6, and the observer gain
matrices in

and

0.0779 0.0623 —4.9515 0.0133 0.0137 0.0139

M, — (02550 0.0233 0.0923 ’ b _ (06955 02243
17102847 0.1270 03642) 1~ \ 02646 —0.7055)’

—4.5586 0.1579  0.0229 00150 0.0145 00154
Gy =| 0.0107 —4.4134 0.1102 |, = 0.0149 00143 00156 )’
0.0088 01704 —4.9896 ' ' '

A — (02261 0.0472 0.0919 T b (06847 02154
27102817 0.1855 0.3920 2=\ 02351 —0.6946)°

—4.6090 0.0885  0.0278
G = ( 0.0769 —4.5825 0.0720 ),H = (0'0131 0.0136 00134),

Figures 4 and 5 show the simulations of the errors ex (t) and ez (t) under ADT switching, respectively.
Figures 6 and 7 present the simulations of the control signals under the bumpless transfer control and
bumpy transfer control. It can be found from Figures 6 and 7 that the bumpless transfer controllers
have smaller fluctuations than the bumpy transfer controllers. Additionally, a comparison between
Examples 1 and 2 shows that without the bumpless transfer controller, the error system has more
bumps when the system is switching.

60

=€zl
50

—€z2

40 €23

30

20

10

0 I I I i

Figure 4. The error e (t) under ADT switching.
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0 L ——— e m—— —————
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==Bumply control

-20

-40F

-60 |

-80|

-100

120, ‘ ‘ ‘ ‘ ‘ ‘ ‘
Figure 7. Bumpless and bumpy transfer controllers of the second subsystem.

5. Conclusions

This paper investigates the bumpless transfer control of SPSs by virtue of state and
disturbance observers. A novel framework of positive double observers is developed for
SPSs. A bumpless transfer controller is proposed based on the double observers. Linear-
programming-based conditions are presented, and CLF is used for the stability analysis. In
the future, it will be interesting to develop more accurate bumpless transfer conditions to
limit bumps in switching systems. Moreover, it is also important to discuss applications of
dual observers in different switching forms.
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