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differential equations are considered. Utilizing the delayed matrix functions and exact solutions for
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1. Introduction

Many researchers have paid significant attention to stochastic delay differential equa-
tions (SDDEs) and their applications because of their effective modeling in several scien-
tific and engineering fields, such as physics, economics, biology, fluid dynamics, finance,
medicine, and so forth (see, for instance, [1-9]). Recently, determining the exact solutions
of differential systems has been attempted. Specifically, many new results regarding how
to represent solutions for time-delay systems were obtained from the novel study [10,11],
which were applied to stability analysis and control problems (see, [12-17] and the refer-
ences therein).

The Wiener-Ito multiple integral of order g is defined as

0 q _ l+ﬂ
q(/o H(Q_%j)Jr(z ! )d€>dg(sl)---dg(sq)/ (1)

j=1

Z}(0) = a(t,q) |

R

2
in terms of the standard Wiener process, (G(3))gcr, where E (Z?{(l)) =land Sy =
max(<y,0) are the conditions under which a(H, q) is a normalizing constant. The process

(Z}Z(Z))DO, provided by (1), is called the Hermite process. The Hermite process is the

fractional Brownian motion (fBm) with a Hurst parameter of H € (%, 1) for g = 1, while
it is not Gaussian for ¢ = 2. Additionally, the Hermite process, denoted by (1) for g = 2,
is referred to as the Rosenblatt process. Most of the studies [18-20] involved fBm because
of its self-similarity, long-range dependence, and more straightforward calculus of the
Gaussian. But, fBm fails in the concrete case of having non-Gaussianity smooth-tongued in
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the models. In that situation, the Rosenblatt process is applicable. Non-Gaussian processes
like the Rosenblatt process have numerous intriguing characteristics such as stationarity of
the increments, long-range dependence, and self-similarity (for more details, see [21-29]).
Therefore, it seems interesting to study a new class of stochastic differential equations
driven by the Rosenblatt process.

On the other hand, studying the stability of (SDDEs) solutions is essential, and Hyers—
Ulam stability (HUS) is a crucial topic. In 1940, Ulam [30] created the first proposal that
functional equations are stable, during a lecture at Wisconsin University. In 1941, Hyers [31]
provided a solution to this problem, after which HUS was established. In addition to
providing a solid theoretical foundation for the well-posedness and HUS for SDDEs,
the study of HUS for SDDEs also provides a solid theoretical foundation for the approximate
solution of SDDEs. When it is rather difficult to acquire a precise solution for the system
with HUS, we may substitute an approximate solution for an accurate one, and the HUS
can, to a certain extent, ensure the dependability of the estimated solution.

Recently, many researchers have examined the HUS of diverse kinds of stochastic
differential equations (see, [32-35] and the references therein).

However, as far as we know, the standard literature has not dealt with the existence
and HUS of second-order nonlinear SDDEs driven by the Rosenblatt process. Therefore,
in this study, we try, for the first time, to analyze such a topic.

Our study focuses on determining the existence and HUS of the nonlinear SDDEs
driven by the Rosenblatt process, taking into account the previous research.

R”(0) + DR(£ — ) = (L, R(£)) + AL, R(£)) 2 ¢ € £ := [0,0],
)

. @
N =), N()=y'(¢), € F1:=[-(0],

where R(/) € R” represents the state vector, { > 0 denotes a delay, @ > (m—1)(,
m=12,...,¢9 € C([-¢,0,R"), D € R"™" is any matrix, and & € C(F x R",R") is
a provided function. In the separable Hilbert space R", let X(-) have value, and let the norm
be ||| and the inner product be (-, -) with parameter H € (%, 1), Zy(£) is a Rosenblatt
process on an another real separable Hilbert space (A, ||| 4, (-, ) 4)- Furthermore, consider
A€ C(F x R",LY), where LY = L, (Q%A, R”).

The remaining sections of this paper are structured as follows: In Section 2, we present
some notations and necessary preliminaries. In Section 3, by utilizing Krasnoselskii’s fixed
point theorem, some sufficient conditions are established for the existence and uniqueness
of solutions to the system (2). In Section 4, we prove the Hyers—Ulam stability of (2)
via Gronwall’s inequality lemma approach. Finally, we provide a numerical example to
illustrate the effectiveness of the derived results.

2. Preliminaries

During the entire paper, consider (X, 9, P) to represent the complete probability space
with a probability measure P on X and a filtration {9/| ¢ € F} produced by
{Zu(s)| s € [0,4]}. For some 1 < u < oo, consider the Hilbert space L#(X, 0o, R")
to express all J,p-measurable pth-integrable variables having values in R"” with norm
[X[|fs = E[[R(£)||", where the expectation E is defined by EX = [, RdP. Assume that A
and B are two Banach spaces, Q € Lj(A, A) indicates an operator on A that is self-adjoint
trace class and non-negative, and L;(.A, B) is the space of the bounded linear operators

from A to B. Let Lg =1L, (Q%A, B) be the space of all Q-Hilbert-Schmidt operators from
Q%.A into B, equipped with the norm

2
EQ:| = Tr(EQET).

=2
1% =
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Provided a norm || Z[| 5 = (supgejF E||E(€)||”)1/V, let @ := C([-{, @], LF(X, 00, P,R"))
be the Banach space of all uth-integrable and d,-adapted processes =. A norm ||-|| on R”
can be represented by the matrix norm

n n n
H]DH = max{2|dﬂ, Z‘di2|’ ceey Z|din|}/
i=1 i=1 i=1

where D : R" — R". Furthermore, consider

Cl(:F/ LV(Zléw/]P)/Rn))
= {N € C(F, LI(E,00,B,R")) : X € C(F, LF(Z, 30, P, R")) }.

Finally, we assume the initial values
[9llc = sup E[[p(s)[|" and [[¢/]|c = sup E[[y/(s)[|"
SEF SEF
Some of the basic definitions and lemmas employed in this study are discussed.
Definition 1 ([13]). Let the n x n identity matrix and null matrix be symbolized by I and ©,

respectively. Then, for 1 = 0,1,2,..., the delayed matrix functions H; (D) and M (ID€) are
defined, respectively, by

0, —oco <l <=,
I, —(<Ii<0,
1-D&, 0<l<g,
He (L) == : : ®)

R (4)!][))!%, (-1 <<,

and
o, —o0 < ¥ < —,
I(¢+7), - <1 <0,
I(¢+¢) — D, 0< <y,
M (DF) = : : “

5
1(¢+ ) — DY + m2EES

(i 2041
4ot (_1)1]131%, (=1 <t<ug,

Lemma 1 ([13]). The solution of (2) can be expressed in the following form:
R(€) = Hg(D(¢ = ))y(0) + M(D(£ - )y’ (0)
0
-D [ M;(D—-27—- d
[ MeB =20~ )p(e)ds

l
+ [ Mo(B(e - g - )l R(0)de
+ /(f M (D(€~ ¢ —6))Ale,R(¢))dZn(g)-
Lemma 2 ([29]). Ifo: F —>Lg satisfies

@ 2
) 17 gds < oo,
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then
4
“<anett [ofo) e

o

Lemma 3 ([36]). For A: = —LY, such that

l
1A yds < oo,

and applying Holder’s inequality and the Kahane—Khintchine inequality, there is a constant T,

such that
2 /2
" Ty{ H/ )dZn(c }

H/ 6)dZn(c
2H-1 2 k2
{2 [y |

w2y onp p/2=1 /2
2H-1 5 \H
<u (e ) ([ac) [ (1a@lRy)" a

v
= 7 (2H)" 20 (A lyde

IN

Definition 2 ([37]). When considering a specific constant x > 0, and a function IT € C(F,R")
fulfilling

E||I1"(¢) + DII(¢ — {) — A(¢,II1(¢)) — AL IT(€))dZy (0)||F <x, £€[0,@], (5
implies that there exist a solution X € C(F,R") of (2) and a number W > 0 such that
E|II(¢) —R(O)||F < Wk, forall € [0, ®].
The system (2) is Hyers—Ulam stable on [0, @|.

Remark 1 ([37]). A function IT € C(F,R") is a solution of the inequality (5) if and only if there
exists a function £ € C(F,R"), such that

i) E|EO|" <k teTF.
(ii) IT"(0) = —DII(¢ — ) + AL IT(0))dZy () + AL, TI(0)) + E(F), L € F.

Definition 3 ([38]). The Mittag-Leffler function, containing two parameters, is defined as

=)y —— L a, >0 ¢eC.
lOqu—f—

Ife =1, then
[ gi
E,1(0) =E,(¢) = —_—, > 0.
x1(0) «(0) Z(;)F(txt%—l) &

Lemma 4 ([15]). Forany ¢ € [(t—1){, 1], 1 =1,2,..., we obtain
I @)]| < Ea(JI21)2),

and
IMcD(O)] < (¢ +DEan (IDII(E+)?).
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Lemma 5. (Gronwall’s inequality, [39]). Let A(£) and o (¢) be nonnegative, continuous functions
on 0 < ¢ < T, for which the inequality

V4
H(0) < +/0 o(s)fi(s)ds, for £ € [0,T],

holds, where 1 > 0 is a constant. Then,

h(f) < nexp (/Of p(s)ds), for £ € [0,T].

Lemma 6. (Krasnoselskii's fixed point theorem, [40]). Assume that J is a closed, bounded, and non-
empty convex subset of a Banach space U. If Oy and Oy are mappings from J into U, such that

(i) O1€ + OaX € J for every pair £, X € J,

(ii) Oy is a contraction mapping,

(iii) Oy is continuous and compact,
then there is & € J, such that § = 01 + 07,

3. Main Results
In this section, we present and prove the existence, uniqueness, and Hyers—Ulam
stability results of (2). To prove our main results, the assumptions listed below are assumed:

(G1): There exist a function A : + x R" — Lg that is continuous, and a constant
Uy € L2(F,R") and r, > 1, such that

EI|A(R1) — AL R2) [y < Ua(OE|R — Rol, forall € € F, 8y, € R

Let y € [2,00) and sup. - EHA(E,O)H?O =Wy < .
2

(G2): There exist a function 7 : F x R" — Lg that is continuous, and a constant
Uy € L2(F,R") and r, > 1, such that

E[|A(€,Ry) — B(£, ) |1 < Up(£)E[| Ry — Ra||F, E[|2(£,R) || < Ux(£) (14 E[IR[|*),

forall ¢ € F, Ny, N, € R,
Using Krasnoselskii’s fixed point theorem, we now prove the existence and unique-
ness results.

Theorem 1. If (G1)—-(G2) holds, then there exists a unique mild solution of the nonlinear stochas-
tic system (2), provided that

W, Wy < 1, ©)
where 1
/2 H(H+1)— -
 m(H)M @ 2 K
W, = ( 1>l (]Ez,z(HDH@z)) 1Uallr2 (5 r+)r
pri+1)n
and
a)y—i_% K
W3 = (1)1<E2,2(||D||(02>) HuﬁHLVz(.T_,]RJr)/
pri+1)n

1 1 _
fora+a—1,1’1,1’2>1.

Proof. We deal with the set

To = {N € Q:[IX|lg = sup E[R(O)||F < e},
leF
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for each positive number ¢. Let £ € F. Applying Lemma 1, we then transform problem (2)
into a fixed point problem and define an operator F : @ — Q by

(FR)(0) = He(D(C = £)p(0) + M (D(¢ = )y (0)
0
D [ Me(B( 25 - 6))(e)ds

+/(;£M€(]D>(£—C—g))ﬁ(g/N(Q))dG
+ /OZ My(D( == 6))A(e,R(¢))dZu(c),

for £ € F. Decomposing the operator F, the operators £; and £; can be described on 7,
as provided below:

(E)(E) = Ho(B(E~ 0))p(0) + M (B~ £)'(0)
D [ Me(D(e -2 - i) @

14
+ [ Me(D(£ == 6))ii(eN(e))de,

(£N)(0) = [ Me(BE~ 2~ €))ale, N(&)dZun(o). ®)

At this point, we observe that 7, is a convex set, closed and bounded of Q. Consequently,
our proof consists of three essential steps:

Step 1. We show the existence of ¢ > 0, such that L1X + L,S € 7, forall X, S € 7,,.
Foreach/ € Fand N, § € 72,, and using (7) and (8), we obtain
I1L1R + LoSIY
= sup E|| (LN + L23) ()"
le

<5V1[||Hg (=) |"Elp @)1 + M (D¢~ 2))|/"E[' (0)]"

[ Mo -2 - e

"
+|DII"E ©)

4

+EH /‘WW_g-g>>ﬁ<g,N<g>>dg

+EH/ M (D(€~ 7~ ))A(6, 3(¢)dZ(c)
=51l

|

1= 57| He(D(C— )||"Ellp(0) |
<541 (Bs (D)l (¢ - 9)7)) "Bl

From Lemma 4, we have

I, = 54| M (D(£ — 2)) || “E[¢/ (0)]|"
<51 (B2 (1011 2) ) "Elly/|

CI
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"
I; =51 ||D|"E

[ M@ -2 - enwiclae

0
<& BIE I [ e -2 - o))

<5 DI (B2 (ID12)) Bl L,

H
I, =5""1E

[ Me(B( ¢~ )t S(6))aZn(o)

2}H/2

= 5#115{ H/o M(D(€—¢~6))Ale,3(¢))dZn(c)

2}M/2

ni2
SSV—lrF{ZHEZHl E[| M (D(¢ - —¢))A(s, %(G))Higdg}

Applying Lemmas 2 and 3, we obtain

‘/fMg(D(f =& =6)A6,3(6))dZm(¢)

I < 5V_1T]4{E

< 5k 1Tﬂ(2HgZH 1)14/2{/ E||M (D¢ - —¢))A(g S(g))”igdg}y/2

<5h-1g, (2H€2H—1)W2

u—=2

u=2) #/2
x{ </0€<EHM§(]D)(€—€—g))A(glg(g))||ig>ﬂ/2dg>2/l4 (/Ozdg> n }

§5”_1Tu(2H)”/Zw”H_1/ E[| M (D(¢ = ¢ =) Nll1pd

Using Lemma 4 and (G1), we obtain

l 1z i
L <571, 2H) 20 (0= B (DI~ )?) ) "EllA(e S(6))Iyds
< 54, (2H)H 2@t

<2 [ (0= B2z (1D - o)) Bl 3(6) - Ale 0) s
= [ (6= oma(Imie - o)) Blate 0l |

< (10" ', (2H)" 2 @M1 (10)
<[ [ (0= maa(IDle - 02)) Un0BISO)]1"ac
+W; [ (6= a2 (Dl - o)) e
< <1o>'*%y(zH)Ww”Hl{vsn” A (- 0Baa (1D 07) ) Un(e)de

+w;+1 (B2 (I2110%))" }
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Additionally, using Holder inequality and (G1), we obtain
[ (0= 0B (Im1e 7)) Une)ag
< ([ (- oma(ipie- o)) ””dg) g (f uX(g)dg) : an
< (E2(Iple?))" ([ (¢~ Wldg) (f wie )

ot

IN

( +1)n (E22(||]D)||(D ))yHUAHL’z(ﬂF,Rﬂ.
pry i

Substituting (11) into (10), we obtain

Iy < (10)" 7, 2H)" 2@t —1
& +1
_ew T 2\ )" @' W, NY
x{ e (Ez,z(HDIIw )) IUalliaern) + =57 (EM(HDH(D )) }
(10)" 7, (2H)*/ 2@ HH W, "
LR 1 (101

Furthermore, using (11) and (G2), we obtain

= (10)" 'Wao +

"
Is = 5 'E

[ Me(p(e - - et 0)de
<571 [ (0~ E2a (1D - 02)) Ellite, M) ds
<5 [ (0= R (1B~ 62)) Un(e) (1 + EINI) g

1
54114 ¢)@" 71
< - (

(ur1 +1)n
=511+ 0)Ws.

Eaa (IID)1@2) )1l 2 5 )

From I to I5, (9) becomes
LR + L,
<51 (B (IDlie - 2))) "Ellwl
+ (2 (I012) ) B9

D) g* (£Eaa (D11 2) ) "Ell )

281, (2H)H/ 2 @M H+ W, L
£ 1 (Ez,z(HDH‘DZ))
+(1+ @)W}

<57 0(@) + (2" Wa + W) + W5,

+2F "1 Wa0 +
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where
0(0) = (B2 (IDll(e = )?) ) "Ellpl + (Ba (IDII2) ) "E /I

I (82, (D12 ) B

211, (2H)M/2gHHH) W, S\ \ H
+ T (]Ez,z(HDHg )) :

As aresult, from (6), we obtain £1X + £, € 7T, for some ¢ sufficiency large.
Step 2. We show that £; : 7, — Q is a contraction. For each £ € F and X, S € 7,
using (7) and (G2), we obtain

E[[(£1R)(€) = (L19) (O|I"

14
0

/ Me(D(€ ¢ =)l R(g)) — hlg, 3(¢))]dg
<IN =51 [ (= omaa (1D - 0)) " tn(e)dg

< W3R — S}

As we can see from (6), noting W3 < 1, that £, is a contraction mapping.

Step 3. We show that £, : 7, — Q is a continuous compact operator. First, we verify
the continuity of £;. Consider X, € 7, with X, — Nasn — oo in 7,. Thus, using
Lebesgue’s dominated convergence theorem and (8), we obtain, for each ¢ € F,

EI(E2%)(0) — (L2 (0)
l
< 7 2H) 2 [ MU~ ¢ - ) ['EAGe Na(6)) — Ale, M) yds
< o) [ (0~ o) (I~ 67) ) Uie)
X [Ny, — N||”ng — 0, asn — oo.

This proves the continuity of £ : 7, — Q. Thereafter, we show that £, is uniformly
bounded on 7,. For each £ € F, X € T,, we have

|1£2R]g = sup E[|(L2R) (0)]|"
leF

<supqE
leF

< 2“71W2Q +

[ My~ — 6)) a6, N(e)aZi(e)

y}
241, (2H)H/ 2@ H+D W, j
e G

this indicates that, on 7, £; is uniformly bounded. Showing that £; is equicontinuous is
still necessary. For each /5, /3 € F,0 < {» < {3 < @ and R € 7,, using (8), we obtain

(L2N)(63) = (£28) (£2)
= [ MeB(ts - ) N(e))aZu(e)

[ MeB (- 0)A6, M)z (o
=¥V +Y,



Mathematics 2024, 12, 1729

10 of 15
where
= [ Me(Dts — ¢ €)A(e N(e)aZn (),
and "
¥, :/0 [(Mc(D(f3 =T —¢)) — Mg (D(¢y — ¢ —6))] Ag, N(6))dZr ).
Thus
E[|(L2R)(43) — (L2R) (&) " = E[[¥1 + o
< 2HE|R " + E[l%2]" }- (12)

Now, we can check ||'¥y|| — 0as ¢; — {3, whenr = 1, 2. For ¥;, we obtain

05 1
B = | | Me(D(6s — £ - )86 R6)aZi(c)

< @H (85~ )" [ B[ M (B~ 6)) (e N6 [y
< 241, (2H)M2 (05 — L)
<o ((f—g)Ez,z(nDn(e—g)z))”uA<g>dg

(63— )"

+ S (E22<||D||(€3—€2) ))H} — 0, as b, — {3.

For ¥, we obtain
E[[*¥2 "
-F ’/jz (M (D(ls — ) = M (D(62 = £~ ¢))] A6, R(c))dZn(5)
< 7, (2H)M/ 240
></0 E[| [M(D(f5 — £ — ) = Mc(D (€2 — £~ 6)] Ale, X()) | ydle
< or= g, (2H)H/ 24!

X {9 /O&HMg(D(& —{—¢)) — M (D(6y — T —¢))||"Ua(g)dg

H

1)
Wy [ M0l = €)) = Mo (D2~ £ - )]
< 2T, a2
x{ellUall 5.4,
r 1/7‘1
u 1

([ (et -2 - ) - M- -9)I")") s

Wy [ M@ — 5 - ) - M (D(Ea — £ - o) dc
From (4), knowing that M (ID¢) is uniformly continuous for £ € F, we obtain

||M§ E3—€ g))—Mg(]D)(Ez—g—g))H —)0, as€2 —>€3.
Therefore, we have ||¥|| — 0 as ¢, — ¢3, when r = 1, 2, which leads, via (12), to

EH(ﬁzN)(fg) — (ﬁzN)(fz)Hy — 0, as Zz — 63,
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forall X € 7,. Then, £; is compact on 7, via the Arzela-Ascoli theorem (see [40]). As a re-
sult, FR = £1R + £oN has a fixed point X in 7,, in accordance with Lemma 6. Furthermore,
N is also a solution of (2) and (£L1X + LX) (@) = N;. Therefore, (2) has a mild solution.
This completes the proof. [

Next, we verify the Hyers—Ulam stability via Gronwall’s inequality lemma approach.

Theorem 2. If the assumptions of Theorem 1 are satisfied, then the system (2) has Ulam—Hyers
stability.

Proof. Assume that X is the unique solution of (2) and IT € C(F,R") is a solution of the
inequality (5) with the aid of Theorem 1. Then

R(£) = Hy(D(C— 0))p(0) + M (D(£ )¢/ (0)
D /OéMg(D(EZCQ))IIJ(Q)dG
+ [ MeB(— € )t (@)
+ [ MyB( ¢ - )ae N()aZn (o).
Based on Remark 1, then
IT(0) = —DIT(¢ — ) + A6, I1(£))dZp (€) + K(4, TI(0)) + £(0), L€ F,
can be expressed as
TT(6) = He(D(£— )9 (0) + M (D( — )/ (0)
D /Og Me(D(£—27 — ¢))y(g)dg
+ [ MU g~ ) (e TT(6))aZn(c)
+ [ Me(B( g~ )it 11(0))dg
b [ Mg - enete)s
In the same manner as in the proof of Theorem 1 and, as a consequence of (9), we have

E[I1(¢) — R(O)]"
H

< 3”1{EH [ MU~ T~ €)1ale TT(6)) ~ e, N(e)JaZie)

4 H
4| [ MeD( - (e, T(0) = At 100

)

+EH /Oé/\/lg(D(f—é—G))g(G)dG




Mathematics 2024, 12, 1729 12 of 15

< 3”1{1’#(2H)”/269VH1 /OE((( _ Q)EM(HDH(Z — g)2>)HUA(€)

< E|[|T1(g) — R(¢)||"dg
+ /(f((fg)Ez,z(HDHV(f 6)?)) Un()EITI(g) — R(e)"dg
= [ (- oma(Iple - 07) Bl ac)

. /O[ ((6 B g)EZ’Z (”DH (f B g)z))H (314_11_# (ZH)%/ZCD#H—l uA(g) + 3’4_1Uh<g>)
xE|IT(g) — R(c)||"dg

e (TN

Applying Gronwall’s inequality (Lemma 5), we obtain

3u—lgnt

BI1() RO < 2L (Bya (J010?) ) exp (3412 + ),

which implies that
E|[[TI(£) = R(O)[" < W,

where I l
W= TJ‘Z(EM(HDHQZDF exp (311 (Wa + W) ).

Therefore, there exists W, which satisfies Definition 2. This ends the proof. [J

4. An Example

Consider the following nonlinear stochastic delay system driven by the Rosenblatt
process:

R"(£) + DR(£ — 0.5) = AL, R(£)) + AL, R(£) 280 for 0 € 5 := [0,1],

N(0) = p(f), X' (£) = ¢/ (f) for —05< (<0, 13)

where

and

sin g
)= (G ) auso= ().

Next, by choosing 4 = 1 = rp = 2, we obtain

et ?
B[l A(ER) — A, S)l7g = (“‘i ) [(N(0) = S1(0) + (Ra(0) = 32(6))’]

le=2t
~ 16

1 2
< —E|RN-&
— 16 H \SH

E[[R -3

for all £ € ¥, and R(¢), I(¢) € R% We set Up(¢) = 1/16, such that Uy € L2(F,R") in
(G1), we have

1

171 2 2
||uA||L2(:F/R+) = </0 [16} dg) = 0.0625.
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Thus, selecting H = 0.75 and 7, = 1.15, we get

1
T (ZH)P‘/ZQ’*(H"'U 7 )
‘/VZ = H ( ) 1 (EZ,Z(”DH(Dz)) ||L1A||LYZ(ZF,R ) — 006 .
urq +1)n + 5

Furthermore, we have

EIA(6R) = AL, )2 = sin® €[ (N1 (6) = $1())> + (Ra(£) = $2(0))?]
= Up(0)E|X - S

We set Uj,(¢) = sin? £, such that Uy, € L?>(F,R") in (G2), we have

1

1 2
Ukl 12z r+) = < /O sin4gdg) — 0.35217.

Hence

Ht i
[ 1 u"
Ws = ———(Ea2(IIDlI0?) )" Ul oo 4 ) = 021752,
(ur1+ 1)1

Finally, we calculate that
2T, + Ws = 03475 < 1,

which follows that all the assumptions of Theorems 1 and 2 hold. Therefore, the system (13)
has a unique mild solution X, and is Hyers—-Ulam stable.

5. Conclusions

In this work, based on fixed point theory, we used the solutions of (2) to prove the
existence and uniqueness of solutions. After that, we derived the Hyers-Ulam stability
results using the delayed matrix functions and Grénwall’s inequality. Finally, we verified
the theoretical results by providing an example with a numerical simulation, which showed
that our results applied to not only all non-singular matrices, but also all singular and
arbitrary matrices, not necessarily squares. This is a novel study to prove the well-posedness
and Hyers-Ulam stability of (2) using the delayed matrix functions.

In this study, further studies will focus on the obtained results to ascertain the existence
and Hyers—-Ulam stability of different types of stochastic delay systems, such as fractional
or impulsive fractional stochastic delay systems driven by the Rosenblatt process.
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