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Abstract: In this paper, a variable-coefficient Davey-Stewartson (vcDS) system is investigated for
modeling the evolution of a two-dimensional wave-packet on water of finite depth in inhomogeneous
media or nonuniform boundaries, which is where its novelty lies. The Painlevé integrability is tested
by the method of Weiss, Tabor, and Carnevale (WTC) with the simplified form of Krustal. The
rational solutions are derived by the Hirota bilinear method, where the formulae of the solutions
are represented in terms of determinants. Furthermore the fundamental rogue wave solutions are
obtained under certain parameter restrains in rational solutions. Finally the physical characteristics
of the influences of the coefficient parameters on the solutions are discussed graphically. These
rogue wave solutions have comprehensive implications for two-dimensional surface water waves in
the ocean.

Keywords: Davey-Stewartson equation; Painlevé property; rational solution; rogue-wave solution;
symbolic computation

MSC: 35C08; 35G50; 35Q51

1. Introduction

Ever since calculus was proposed, the study of differential equations has attracted wide
attention. Differential equations have a strong physical background and have important
applications in fields such as natural science and technical science. The solutions and
properties of differential equations are significant [1,2]. For example, the stability of a
differential equation not only reflects the characteristics of the equation itself, it plays a
role in practical model analysis [3-6]. Differential equations can be divided into linear
equations and nonlinear equations. Nonlinear evolution equations has become a research
focus because of its practicability and complexity.

Nonlinear evolution equations (NLEEs) are a class of partial differential equations
in mathematical physics that contain the time variable ¢. They are derived from a large
number of nonlinear phenomena in different backgrounds, such as mechanics, physics, and
engineering [7,8]. Because of their important position in electromagnetic fluid dynamics,
quantum mechanics, and nonlinear optics, they have attracted great attention from the
fields of mathematics, physics, and even engineering [9-11]. Methods of solving nonlin-
ear development equations are important components of nonlinear science with strong
interdisciplinary aspects and integration [12,13].

Rogue waves (also known as anomalous waves) play an important part in the study of
marine science. They are named for the sudden and large amplitude of their appearance [14].
Similarly, scar theory is one of the fundamental pillars in the field of quantum chaos, with
scarred functions being superb tool for carry out such studies. Heller coined the term “scar’
to describe the increase in the probability density that certain eigenfunctions exhibit along
unstable periodic orbits (POs) of a classically chaotic system [15]. By intentionally going
to the edge of the chaotic region, Borondo studied the systematics of scar formation at a
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very elementary level uncluttered by other irrelevant effects [16]. The presence of rogue
waves in the ocean is often extremely destructive, causing many ships to be in distress [17].
Therefore, the phenomenon of rogue waves has been widely studied in recent years and
has important applications in practical engineering problems [18-20].

The Davey-Stewartson (DS) equations are an important and nontrivial integrable
model originally used to describe a (2 + 1)-dimensional wave packet on the surface of a
liquid of finite depth [21-23]. The DS equation is divided into two types, the DS-I and
DS-II equations, depending on the strength of surface tension [24,25]. The DS-I equation is
written as follows:

iy + txx + yy + (eul? = 20)u =0 )
Oxx — Uyy = €(|u|2)xx
and the DS-II equation as follows:
iU = 1y — tyy + elul?u — 2uv 2
Uxx + Oyy = €(|u|2)xx

where the subscripts denote the partial derivatives, x is the scaled horizontal coordinate, y
denotes the scaled space coordinate perpendicular to x, t is the scaled time, the complex
function u(x, y, t) is the amplitude of a surface wave packet, the real function v(x, y, t) is the
velocity potential of the mean flow interacting with the surface wave, the parameter ¢ = 1
characterizes the focusing case, and the parameter ¢ = —1 characterizes the defocusing
case [24].

When the media are inhomogeneous or the boundaries are nonuniform, variable-
coefficient models are able to describe various situations more realistically than their
constant-coefficient counterparts [26]. In this paper, we focus our interest on the variable-
coefficient Davey-Stewartson (vcDS) equation for ocean waves, ultra-relativistic degenerate
dense plasmas, and Bose-Einstein condensates [24]:

g + Py (8)uxx + Po(t)uyy — Qu () [ul?u + Qa(t)uv =0,
2 C)
{ Royx — vyy — S(|ul?)xx = 0,

where u = u(x,y,t) represents the wave amplitude, v = v(x,y,t) is a force, the real
functions Pj (t) and P (t) denote the wave group’s dispersion, Q1 (¢) is the cubic nonlinear
coefficient, Q, () stands for the nonlocal quadratic nonlinearity, and the parameter S equals
either 1 or —1.

In recent years, further research on the DS equation has been emerging. Tajiri and Arai
derived the simplest growing-and-decaying mode solution of the DS equation, where the
spatial period of homoclinal solutions tend to be infinite, and obtained the simplest rogue
wave solution [27]. Based on the Hirota bilinear method, Ohta and Yang proposed a general
rogue wave solution of the DS-I equation in determinant form, which has far-reaching
significance for two-dimensional water wave dynamics [23]. The DS-I equation with PT
symmetry properties was studied in [28]. Recently, three types of soliton interaction so-
lutions have been obtained, extending the understanding of the diversity and generation
mechanisms of rogue waves [29]. For the variable-coefficient DS equation Equation (3),
its bilinear form, Backlund transformation, and Lax pair were obtained via the Bell poly-
nomials, then localized excitations were derived using variable separation [24,30]. When
2P (t) = 2Py (t) = 2Q1(t) = Qa2(t) = B(t), R = S = 1, with B(t) as a real function of the
time variable ¢, the excitation solutions in Equation (3) can be obtained via the variable
separation approach [31].

The rest of this paper is organized as follows. In Section 2, the Painlevé test is applied
to Equation (3) in order to obtain Painlevé integrable conditions. In Section 3, based on the
bilinear forms of Equation (1), the rational solutions of Equation (3) are derived theoretically.
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In Section 4, we present rogue wave solutions under certain parameter restraints on the
rational solutions. Finally, the conclusions and discussion are provided in Section 5.

2. Painlevé Test

Painlevé integrability plays a very important role in the structure of the solutions of a
given NLEE [32,33]. A partial differential equation (PDE) is said to possess the Painlevé
property if its solutions are single-valued in the neighborhood of noncharacteristic movable
singularity manifolds [34-36].

To apply the Painlevé analysis to Equation (3), we can construct a coupled system

iul,t‘ + Pl(t)ul,xx + PZ(t)ul,yy - Q1(f)u%u2 + Qz(t)uﬂJ =0
—iupy + P1(t)u2,xx + Pz(t)uzlyy — Ql(t)ulu% + Qo(Huv =0 4)
Royy —vyy — S(uy - up)xx =0

where u; stands for the complex conjugates of u;.
In line with the Painlevé PDE test and simplified Kruskal ansatz [32-34], we assume
the solution of Equation (4) with the generalized Laurent expansion form:

w5y, 8) = 9 (5y,6) T 0,09/ .1
j=
up(x,y,t) = ¢pP2(x,y,t) r Ui (y, )¢/ (x,y, 1) )
j=
o(x,y,t) = ¢7(x,y,t) ,Zovj(y,f)ﬁ(x,y,f)
]:

with ¢(x,y,t) = x + ¢(y,t), where ¢(y,t) is an arbitrary function of y and t and where

uyj (v, 1), uzrj(y, f), v]-(y, t)(j =0,1,2,- - ) are all analytic functions of y and ¢, in the neigh-

bourhood of a noncharacteristic movable singularity manifold defined by ¢(x,y, t) = 0.
Using leading-order analysis, we can obtain

pr=-1p=-149=-2, (6)
_28(Pu(t) + Pa(H)2)
TS0 TR 92)
2(R—y7)(Pi(t) + Pa(t)97)
—SQa(t) + Q1(H)(R —y3)

When Py(t) = kiPi(t), Qa(t) = —kiPi(t), Qa(t) = (ki —1)PA(t), R = -1,5 =1,
we have the resonances occurring at j = —1, 0, 2, 3, 3and 4, whilej = —1andj = 0
correspond to the arbitrariness of the function ¢(y,t) and u9. Then, vy and u; ¢ can be
simplified as

(®)

Ui ouz,0 =

2(1+ 2
vy =2, M10=*w~ )
’ Uz,

Symbolic computation at j = 1 yields

2(12,0)ypy (1 + 97) — u0[ir (1 + 97) + B¢y — 1)y
”%,0(475 -1)
2(u2,0)ytpy — ta,0(ithr + Pyy)
2(yy — 1) '

U1 = —

7

Ul = —

(%] =0.
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At resonance j = 2, v; is arbitrary and we have
1 Go

u = u =
12 =, 21 = gy

where

Gr = — doau3 o (1 + ) (¥ — 1) — 4(u20)39 By + 245 — 1)
+ 2020 [i(12,0)¢ (1 + ) (5 — 1) + (2,0)yy (345 + ) — 39y — 1)
+2(u2,0)ypy (1 (14 4)° + 3¢y — 695 — 1)ipyy )|
+ 20030 [ (14 9) + 208 (1+ ) + 3y + 6%y + 3y |,
Hi =2u30(1+3¢) (¥; = 1)7,
— 2 (2 2 2 2 - 2 2
Gy =4vaut5 (W, — 1)% + 4 (u20)y (1 + ¥y) — 2un0 [(u20) (¢ — 1)
+ 1(142,0>yy(3lpzy1 - l,bﬁ —1) +2(uz0)ypy (1 + lP;)z(lPt — Bigpyy)]
3o — 971+ 9)) + 2 (1+ 54y + 85, + WUy,
+ 34y (—ditpyr — dpyyy) + 4y (g + Pyyy)],
Hy =up0(1+393) (95 — 1)*
Symbolic computation shows that the compatibility conditions at resonances j = 3,3
and j = 4 are satisfied identically, with u; 3, v3, and uy 4 all being arbitrary. Because u 3,
u1 4, and vy are too long and complicated, they are omitted here.

Thus, system (3) has the Painlevé property in the case P»(t) = k1Pi(t), Q2(t) =
—k1P(t), Qa(t) = (ky = 1)Py(t), R=-1,5S =1

3. Rational Solutions

In this section, we first present the bilinear equations using the Hirota bilinear
method [37]. Through the variable transformation

U= fz({;, v =A—2(Inf)xx, (10)

where f is a real function and g is a complex one with variables x, y, t, Equation (3) can be
converted into the following equations:

f2[D: + Py())DE + Po()D})g - f] = 0 (1
f8|PODYf - £+ (PL() + Qa()DEf - f = QDAL +2Qu()Igl2] =0 (12)
RDYf - f—Dyf - f+2S[gf +cf* =0 (13)

where c is a real constant and the bilinear operators D}’ D} are defined as

0 a\"/a 9\" o
m n . = —_— — — —
D¥D}a-b= <8x 8x') (at 8t'> a(x,t)b(x ,t) e (14)
Then, Equation (3) can be transformed into the following bilinear equations:
{ (iDs + Py (t)D2 + Po()D2)g - f =0 (15)
RD%f - f — Dyf - f +2S|g[* +cf* =0
where

Py(t) _ Pa(t) +Qa(t) _ —AQa(t) _ 2Qi(H) (16)

1 —R —c —2S
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The following Lemma 1 is proposed and used to construct rational solutions of the
Davey-Stewartson I equation [23].

(n) (n)

Lemma 1. Let m;;”, ;i l[JZ-(]-n) be functions of x1, x3,x_1, x_3 satisfying the following differential

relations:
o, mil = ol "
ameif) _ qol(n+1)¢](n) (P(n)lp](n—l)
ax,lml@) _ (n 1)¢(n+1
amm]n) B sz(n 2)¢(n+1) qolgnq)lp](nﬂ) (17)
ml(jnH) l( )_le( )IP(HH)
ongl" = g
e =" vy =12-1,-2

Then, the determination

— (n)
= 1<Cil,%1\1(mi'f ) 1%
satisfies the bilinear equations
(Dy,Dx , —2)Ty - Tn = —2Ty+1Tn—1
(D32(1 — D) Tys1 T =0 19)

(D} +Dx ,)Tys1-Tu = 0.
The proof of Lemma 1 can be found in [23].

Based on Lemma 1, rational solutions of Equation (3) can be presented by the following
theorem.

Theorem 1. The DS Equation (3) has rational solutions with f and g by N x N determinations
f =T, §= T, (20)

where T, = dety<; j< N (m (n ])) and the matrix elements are provided by

1
Zczk pidp, + & + )" Ecﬂ ) L (21)
pi +p;
/:f(pi—pl- Do VSt

gi Zx/ﬁ 2

y+is(pi+p) [mo, @2)

7
where p; is the arbitrary complex constant and n;, nj are the arbitrary positive integers, ¢ is the
conjugate of C;-, and, according to the bilinear form, the parameter restraints are defined as follows:

Pi(t) = RPy(t), Q1(t) = —SPa(t), Qa(t) = —2RPs(1). (23)

Then, f and g are the rational solutions.

Proof of Theorem 1. Assuming that

pix1+pPao+x 1+ H5x )
(Yl) — ne ! i pi plz (24)

2 1 1
9j%1—4; x2+q7x_17q—2x,2

Pl = (—gj)"e P, (25)
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it is clear that functions defined above satisfy the differential and difference relations in
Equation (20).
Therefore, the matrix element m(.n)

ij AnTy = det(ml(;q)) satisfies the following equation:

n
(n) _ / m o, 1 Pi\ ctn
m:.’ = Sy dx = — = | eI, 26
ij @; l[J] 1 v +% < q]) ( )
where

1 1 1 1
¢i = pix1 + p%xz +—x_1+ ¥, =¢qjx1— quxz +—x1 - 5x_2 (27)

Pi i q; q]

(1) 1) )

Furthermore, we can consider the following functions ¢ ; if

with respect to
pi,q; and define A;, B; as follows:

1 el n;—l
i—k
Ai = Z Cik (piapi)” ’ Bj = Z d]l (q]aq]) ! . (28)
k=0 k=0
Then,
g") = Aipjeti,pl") = Bj(—q)) e, (29)
n
1 .
mfl) = AiBj—— (=P et (30)
pi +4q; qj
Obviously, these functions meet the differential and difference relations in Equation (20).
Based on
(Du)g = Du¢ = ux¢ + u@py = (uy +uD)¢ = D, = uy +uD, (31)

we can obtain

(pidp,)piet = plefi (pidy, + & +n), & = pict!, (32)
(9794,) (—q) el = (—g)) el (qidy, + 1) — ), ) = g (33)

Hence, we have

n n: Yl]‘
mi) = | =E0) S Y cupidy, + & )Y dy (gj0y, + etal — ) ——, (34)
’ qi k=0 1=0 pitdj
where
/ 2 1 2
8= —5X 5 — —X_1+ pix1 +2pix, (35)
p; pi
2 1
17]/ = ——2x72 — —.x_l + qjxl — 2[]]2.7(2. (36)
q; qj
Equation (21) can be presented by using the relations
7= Pj di =T G7)
By substituting
X1 = Allx + A]zy, (38)

x1=A nx+A 1y (39)
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Xy = As(t), (40)
X o= A (8, (41)
into Equation (19) and comparing the result with Equation (15), we obtain
Vs
Ap=A_11=——, 42
1 n=ooR (42)
S
Ap=A4A_-n=—, (43)
iS
Ag(t) = —A(t) = T [ Pat), (@)

which satisfies the form of (_",‘; in Equation (22) and the parameter restraint in (23). This
completes the proof of Theorem 1. [

4. Rogue Wave Solutions

Based on finding rational solutions f and g, we can obtain the rogue wave solutions
of Equation (3).

Making use of Equations (10), (21), and (22), the results u and v are called the rogue
wave solutions of (3).

When N =1, n; = 1 in Equation (21), then u, v is the fundamental rational solution.

When N > 1, ny =ny = --- =1, then u, v is the multi-rogue wave solution.

When N =1, n; > 1, then u, v is the higher-order rogue wave solution [23].

These are discussed separately in the following.

4.1. Fundamental Rational Solution

When N =1, n; =1, then f and g can be written as follows:

1 P17 21 p1P;
= — +c11 — —) + — (45)
f= p1+p1[(gl - )(¢1 + T P1+P1) (p1+p1)2]
1 / P1 71 P1P1
= — (& 4 e — +1)(& +9q — 1) 4 L (46)
8 s (1 +cnn ) ) +Tn 7, ) (P1+P1)2}
where /s . /3 )
S(p1—p;) S(p1+p;) . o [
r_ 1 1 2 2
&= Wi x+ 5 y+iS(p1 +p; )/Pl(t)dt. (47)
This solution can be rewritten as
1 — 1 _
= _(FE+A), g= —[(E+1)(E—1)+A4],
fom o @ 8), = S (G NE 1) 4]
where
p1P1
=ax+by+h(t)+0, N = ————
¢ () 1+ 71
and
Lo YSimph) VSt )
2\/E 2 ’
h(t /p 0 =cpy— —FL
() =iS(pi+pi?) [ Py n- oy

Graphical illustrations of rogue wave solutions constructed in Mathematica are pre-
sented in Figure 1.
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10+ 10 :
o_ 0_\_
—10¢} -10¢
-20¢ : : : 2 -20% - - : .
-20 -10 0 10 20 -20 -10 0 10 20
(e) €3]
20 : ' i 20F ; :
10¢ 10¢
0f of N
-107 -10+
-20+& : : : 2 -20k - - * E
-10 -5 0 5 10 -10 -5 0 5 10
(8) (h)

Figure 1. The three-dimensional evolution plot (a-d) and density plot (e-h) of the fundamental
rational solution with N =1,1n1 =1,S=1,R=15,p; =15,¢11 =0, P1(t) = 1: (ae) |u| : t =0;
bHov:t=0;(cg) |ul: y=0;(dh)v: y=0.

From Figure 1a,b, it can be seen that || and v both possess abnormal height, satisfying
the characteristic of rogue waves. Meanwhile, it is obvious that, as t — F-oo, the solution
|u| uniformly approaches the constant background /2 and the solution v uniformly ap-
proaches the constant background 1 everywhere in the (x,y) plane. It is interesting to
note that rogue wave v is a dark rogue wave, which is different from a bright rogue wave
u. Because a1 (t) is constant, the figure illustrates that these rogue waves are linear. In
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Figure 1c,d, we find that there is only one peak in each figure, which is the characteristic of
the fundamental rational solution.

4.2. Multi-Rogue Wave Solution

One subclass of nonfundamental rogue waves consists of multi-rogue waves, which
can be obtained when taking N > 1,11 = ... = ny = 1 in the rational solution (10) with
real values of (p1, p2, ..., pn). These rogue wave solutions describe the interaction of N
individual fundamental rogue waves. In the near field of the (x, y) plane, these line rogue
waves intersect and are no longer lines, allowing interesting curvy wave patterns to appear.
However, the solution consists of N rogue waves with separate lines in the far field.

To present these multi-rogue waves, we first consider the case with N = 2. In this case,
the f and g functions of the solutions can be obtained from (10) as follows:

0 0 11
_ | My My — ‘ My My (48)
=l mhy
1 . ? — Pz?
m0 — (P ) (—— +F )+ L, (49)
it l( pitp; A pitp n (pi +7;)2
1 1 pi / ?j = | = pi?]‘
m: = — | (= — + ¢ +cip +1)(— —+¢i+cin1— 1)+ ——|, (50)
ij pi+ pj ( pi + pj g il )( pi + p]_ C j1 ) (Pi + pj)Z
S(p; —p: ! S(p; +p;t )
&= \/_(Z\/ﬁpl >x+ Va(p 5 Pi >y+zS(pZ2 +p;2) /Pl(t)dt' (51)

Similarly, with Equation (10), we can select parameters to illustrate graphics, as in
Figures 2 and 3.

Figure 2. Three-dimensional evolution plot of the multi-rogue rational solution with N = 2,
nm=n=1,5S=1,R=15p =15 p =2,c1=0,c1 =141 P(t) =1: (@) |u| : t =0;
(b) [u] : t=2;(c) |ul : y = 0;(d) [u] : y = 5.
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0f 0

=5 =5

| |
-20 -10 0 10 20 -20 -10 0 10 20
(© (d)

Figure 3. The three-dimensional evolution plot (a,b) and density plot (c,d) of the multi-rogue wave
solutionwith N =2,n =n;=1,5=1,R=15p1 =15 p=2,c11 =0, cp =1+i,y =0
(a,¢) [u| : Py(t) =sint; (c,d) |u| : Py(t) = arctan t.

From Figure 2a,b, it is clear that as the time t increases, there is a large change in
the shape of |u|. At the same time, the rogue waves converges and the spatial range
involved becomes smaller. The process consists of the rogue waves commencing along
a single straight path, gaining speed until they encounter a head-on collision, becoming
dispersed and rotated, and ultimately diverging from each other in some direction [29].
From Figure 2¢,d, it can be observed that there are two peaks of |u|, which meets the
characteristic of N = 2. Meanwhile, the shape of the peak does not change significantly
with increasing y, but the position of the spatiotemporal coordinates changes greatly.

In addition, it can be seen that the amplitude and propagation direction of rogue wave
change greatly with the parameter.

4.3. Higher-Order Rogue Wave Solution

Another subclass of nonfundamental rogue waves consists of higher-order rogue
waves, which are obtained when we take N = 1, 17 > 1 in the rational solution (10) with a
real value of p;. For instance, if 71 = 2, we obtain a second rogue wave solutions as follows:

f= [(plapl +8)7+ 012] [(?13@ +p)? +512} —— (52)

g = [(p1dp, +81+ 1%+ coo] (195, + & — 1)+ o]

—. (53
p1+ Py )

The expression for ¢’ is shown in Equation (51). Combined with Equation (10), we can
now select the parameters and obtain the graphical illustrations in Figures 4 and 5.
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8
(0) (d)

Figure 4. Three-dimensional evolution plot of the higher-order rogue wave solution with

N=1n =2S=1,R=15p =15 =1, P(t) =1: @ |u| : t =0;(b) [u] : t =15

©ful:y=0;(d)ful: y=2

Figure 5. Three-dimensional evolution plot of the higher-order rogue wave solution with N = 1,
n=2S8=1R=15p; =15 c1p=1: (@) |u|: P1(t) =sint: y=0;(b) |u| : P1(t) =sint: y =2;
(c) |u|: P1(t) = arctant : y = 0; (d) |u| : P1(¢) = arctant: y = 2.

As shown in Figure 4a,b, when the time changes, the rogue waves converge; however,
the amplitude of the waves does not change markedly. Observing Figure 4c to Figure 5d
and taking different variable coefficients and y values, it can be seen that the shape of the
higher-order rogue wave is more complex; indeed, it is the same as that of the multi-rogue
wave in that the shape of the peak does not change significantly with changing v, but the
spatiotemporal position changes greatly.
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Eventually, when 17 > 2, we choose 11 = 3; then,
_ 1\3 = L ®\3 =
f= [(plapl +61)" + 013] [(Plapl +¢1) +013} P (54)
_ / 3 — 3 . ® _1\3 .=
g§= {(Plapl +61+1) +C13] [(P@pl +¢1-1) +013} P (55)

The corresponding graphics are shown below in Figure 6.

1.5
lul

(b)

56 56

60
40

40

20} 20¢
0f 0f
-20¢ -20]
-40} =401
— 60 — 6/ ]
-60-40-20 0 20 40 60 -60-40-20 0 20 40 60
(e) €3]
60 P ——— 107 : '
40}
5,
20t
0} 0f
-20}
-5/
-401
— 6 s -10¢ : : : 2
-60-40-20 0 20 40 60 -20 -10 0 10 20
(8 (h)

Figure 6. The three-dimensional evolution plot (a—d) and density plot (e-h) of the third-order rogue
wave solutionwith N =1,n; =3,S=1,R=15,p; =15,¢13 =1, Pi(t) = 1: (ae) |u| : t =0;
(bf) [u|: t =1;(cg)[u]: t =2;(dh)[ul:y=0.
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5. Conclusions

The variable-coefficient DS equation is important in modeling ocean waves as well
as ultra-relativistic degenerate dense plasmas Bose-Einstein condensates, and in some
other nonlinear contexts where inhomogeneities of the media and nonuniformities of the
boundaries need to be taken into consideration. In this paper, we have investigated a
variable-coefficient Davey—Stewartson system, namely, a (2 + 1)-dimensional wave packet
on the surface of a liquid of finite depth, via symbolic computation.

With respect to u(x,y, t), e.g., the amplitude of a surface wave packet, and v(x,y, ),
e.g., the velocity potential of the mean flow interacting with the surface wave, the Painlevé
integrability has been tested with the Weiss, Tabor, and Carnevale (WTC) method, proving
that System (3) has Painlevé properties with certain parameter restrains. In addition, the
bilinear forms of System (3) have been provided by means of variable transformation.
Based on the obtained bilinear forms, rational solutions have been obtained by taking
certain parameter restraints and deriving the corresponding rogue wave solutions. Further-
more, we have classified different kinds of rogue wave solutions and presented graphical
illustrations illustrating their physical properties.

In comparison to other published results, in [23] rogue wave solutions of Equation (1)
were derived in terms of the determinant and different types of rogue wave solutions
were classified. In this paper, a variable-coefficient Davey-Stewartson (vcDS) Equation (3)
is investigated, which can describe situations more realistically than Equation (1) when
considering inhomogeneous media and nonuniform boundaries. Furthermore, [29] con-
structed higher-order lumps, k-order localized rogue waves, and line rogue waves on a
k + 1-line soliton background. This direction is more concerned with soliton interactions,
which may enlighten us in our following research.

The variable-coefficient constraints for the DS system (3) investigated this paper
are strong; weaker coefficient constraints and a wider range of rational and rogue wave
solutions are yet to be explored. In the future, we hope to improve the conditions and
conclusions of the results presented in this paper in order to obtain rogue wave solutions
with a wider form.
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