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Abstract: The length-biased lognormal distribution is a length-biased version of lognormal distri-
bution, which is developed to model the length-biased lifetime data from, for example, biological
investigation, medical research, and engineering fields. Owing to the existence of censoring phe-
nomena in lifetime data, we study the change-point-testing problem of length-biased lognormal
distribution under random censoring in this paper. A procedure based on the modified information
criterion is developed to detect changes in parameters of this distribution. Under the sufficient
condition of the Fisher information matrix being positive definite, it is proven that the null asymptotic
distribution of the test statistic follows a chi-square distribution. In order to evaluate the uncertainty
of change point location estimation, a way of calculating the coverage probabilities and average
lengths of confidence sets of change point location based on the profile likelihood and deviation
function is proposed. The simulations are conducted, under the scenarios of uniform censoring
and exponential censoring, to investigate the validity of the proposed method. And the results
indicate that the proposed approach performs better in terms of test power, coverage probabilities,
and average lengths of confidence sets compared to the method based on the likelihood ratio test.
Subsequently, the proposed approach is applied to the analysis of survival data from heart transplant
patients, and the results show that there are differences in the median survival time post-heart
transplantation among patients of different ages.

Keywords: change point test; length-biased lognormal distribution; modified information criterion;

random right censoring

MSC: 62N03

1. Introduction

In fields such as medical research [1], survival analysis [2,3], and reliability studies [4],
censored data often exist when the life model is a length-biased distribution. Typically,
the type of censoring can be classified into left censoring, interval censoring, and right
censoring, where the right censoring can further be categorized as Type I censoring, Type
II censoring and random censoring, and random censoring is the most common type of
right censoring [5,6]. It refers to situations where the total period of observation is fixed,
but subjects enter into the study at different points in time. Some subjects experience the
events of interest. Others do not, and some are lost to follow-ups. Others will still be
alive at the end of the study period. In random censoring, the censored subjects do not
all have the same censoring time [5]. In this case, if the censored data are deleted or the
censored time is modeled as complete lifetime data, it may lead to the underestimation
of important numerical characteristics such as the median or mean. Therefore, analyzing
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right-censored data in a reasonable manner is of significant importance for exploring the
underlying patterns. In this article, we focus on random right-censored data.

The length-biased lognormal distribution is a kind of length-biased distribution based
on lognormal distribution. Its probability density function is defined as follows:

1 1
() = ——ewp{ ~gsllogx— (u+ )L, <1>

where x > 0, —o0 < y < 00,0 > 0. For convenience, it is briefly denoted as LBLN (y, o). Be-
cause the length-biased lognormal distribution is important in describing the characteristics
of lifetime distributions, it has been studied extensively. Sansgiry and Akman considered it
for product life modeling and deduced its corresponding reliability function [7,8]. Ratna-
parkhi and Naik-Nimbalkar studied the estimation problems of length-biased lognormal
distribution [9]. The existing literature primarily focuses on the statistical properties [7],
parameter estimation [9], and practical applications of the length-biased lognormal distri-
bution [8]. However, there is relatively limited research on the parameter change point test
of this distribution under random censoring.

The problem of change point originates from the field of industrial quality control [10]
and has become one of the hot topics in statistical research since it was proposed. The re-
search contents mainly include two aspects. One is to test weather there is a change point,
and the other is to detect the number and locations of change points if there are existing
change points. Following over six decades of research and development, the study of the
change point problem has been widely applied in epidemiology, biology, environmental
science, and reliability engineering [11-13]. For censored data, there are a few studies that
have focused on change point testing and estimation for linear transformation models
and hazard function parameters based on right-censored data. For instance, Kosorok and
Song [14] utilized a score test statistic to investigate the estimation and testing problems of
change points for regression coefficients in a linear transformation model for right-censored
survival data. Rabhi and Asgharian [15] studied the problem of change point estimation
for the hazard function under biased sampling and right-censoring data. Chen et al. [16]
proposed a detection procedure based on the empirical likelihood for the changes in the
mean residual life functions with right-censored data.

While some of the literature has studied change point detection procedures for linear
transformation models and interesting reliability parameters with right-censored data,
research on change point testing for length-biased lognormal distribution with random
right-censored data has been limited. In this change point detection problem, we can
approach it as a model selection problem, where we aim to select the better option between
the null hypothesis with no change and the alternative hypothesis with at least one change.
Therefore, methods commonly used for model selection can be applied to change-point-
testing problems.

Compared to the usual model selection problem, the change point problem introduces
a special parameter—the change location. When the change point occurs near the middle of
the process, there are no redundant parameters, making it easier to detect the change point.
However, when it occurs near the beginning or the end of the sequence, the parameters
of one segment of the data (the first part when it is near the beginning, the second part
when it is near the end) become redundant. The traditional change point detection method
is based on the likelihood ratio (LRT), which does not consider the contribution of the
change location.

To address this limitation, we utilized the modified information criterion method,
which considers the influence of change point positions on model complexity in the penalty
term. This method was employed to detect the change point in the length-biased lognormal
distribution with random right-censored data. Additionally, the asymptotic properties of
the test statistics constructed based on the MIC with random right censoring have not been
studied yet. This paper aims to investigate change point detection for the length-biased
lognormal distribution under random right censoring.
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The rest of this paper is organized as follows. In Section 2, a change-point-testing
model for the parameters of the length-biased lognormal distribution is presented, which is
based on random right censoring. A corresponding change point test method is introduced,
and sufficient conditions for the positive definiteness of the Fisher information matrix under
random right-censored data are provided, along with the asymptotic distribution of the test
statistic. Then, a technique to calculate the coverage probabilities and average lengths of
confidence sets of change point location based on profile likelihood function and deviation
function is proposed. Simulations are carried out, with censoring rates of 10% and 30%
under uniform and exponential censoring distributions, to indicate the performance of the
detecting procedures in Section 3. In Section 4, we illustrate our method on a survival time
dataset in heart transplant patients. Some discussion is provided in Section 5.

2. Methodology
2.1. Change Point Model

Suppose 11, 1>, ..., T, are independent and identically distributed (i.i.d.) survival
times. A common feature of survival data is the presence of right censoring, which is
the most common type of censoring. In the presence of censoring, we only observe
(Uy,61),(Uy, 62),. . .,(Uy, 6,), where (U;, 6;) is obtained as follows,

(Uj, 6;) = min{(T;,C;), (T; < ;) },i =1,2,--- ,n 2)

where C; are potential censoring times for n subjects, and they are often treated as random
variables with distribution function H(7) in statistical inference. And we assume that
{T}, Ty, ..., Ty} is independent of {Cy,Cy,...,Cy}.

If the independent random variables Ty, Ty, . . ., T, follow a length-biased lognormal
distribution, that is T; ~ LBLN(y;, 0;), then the density of the length-biased lognormal
distribution under random right-censored data pair (U;, ;) is

p(u;) = g(u;)%Sg(u;)' =%, 3)
where
N log u; — (4 +0?)]?
) = ———exp{ ~1BU AL @
N logu; — (p+0?)
S =1 - o REUZUET)), 6

We are interested in testing the null hypothesis of no change in 8; = (;, 0;) of length-
biased lognormal distribution with random right censoring

Ho:91:92:---:9n:9 (6)
against the following alternative hypothesis

Hy:0 =0 =- =0 #0g = =0, £y £0 1==0, ()

where kq,ky, ..., k, are the locations of p changes in the sequence. Since the multiple
change point problem can be simplified to a single change point problem by the binary
segmentation method [17], we thus consider testing the null hypothesis (6) against the
following alternative hypothesis:

H :0p=0=0,=---=0, #0601 ="--=0,=0g, 8)

where k is the unknown change point location, and 0y, and 0y are the parameters before
and after the change point, respectively.
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Then, the likelihood function under the null hypothesis is

:ﬁg(ui)5i5g(ui)l_‘si .ljh(ui)l_lsi [1- H(ui)]éi

B f{{ uiai/ﬁ exp{ _%[log ui — (p+ 02)]2} }(Si
ﬁ{l ) {log Uu; —(T(V + 02)} }15,- iljh(“i)léi n- H(ui)]éi, o)

i=1

where h(-) is the probability density function of the censored distribution, and H(-) is the
probability distribution function of the censored distribution. The log-likelihood function
after removing the constant term is

n 1 n
Io(6) = —logr ) 6 — > 3 i{ llog s — (+ )2}
i=1 20° 5

+§(1—5i)10g{1—®[log”i_(§”+‘72)1}. (10)

Similarly, the log-likelihood function under the alternative hypothesis is

k
1,(0,,0 -1 o; —
1(0r,0r) = OgULl; 20

2(5{ log u; — VL—HT%)]Z}

}

2\2
log{l @[logul (VL+JL)
“logar Y. 6— 5y Y o logus— (ur + R}

k
1

oL
imk+1 OR i=k+1

logu; — (”R“Tl%)z] } (11)

OR

+‘i (1—(5,<)10g{1—<1>

Because of the existence of nonlinear functions ®(-), we obtain 8, 8; and 8 by the
numerical method.

2.2. Modified Information Criterion Procedure

The likelihood ratio test (LRT) procedure is one of the most popular methods for
parametric change point analysis. Alternatively, a change point problem can be viewed as a
model selection problem. That is, we choose a better model between the null hypothesis and
the alternative hypothesis. The choice of a model under the null hypothesis corresponds to
the situation of no change. Otherwise, it corresponds to the case that at least one change
occurs. Hence, the information criterion, such as the Akaike information criterion (AIC) [18]
and Schwarz information criterion (SIC) [19], can be used for the change point test. The
literature is fruitful with studies which have been conducted in this direction. For instance,
Chen and Gupta [20] developed a binary procedure combined with the SIC to search all
of the possible variance change points in a sequence of independent Gaussian random
variables. Chen and Gupta [21] provided the testing and estimation of a single change point
in means and variances of a sequence of independent Gaussian normal random variables
based on SIC and the unbiased version of the SIC and so on.

Model complexity is a very important factor in model selection based on the infor-
mation criteria. The dimension of parameter space is usually used to measure model
complexity. However, the method based on SIC does not consider the influence of the
change location, which may cause redundancy when the change nears the beginning or
the end of data. To solve this issue, Chen et al. [22] modified the traditional information
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criterion by making the model complexity a function of the change point location, and de-
noted it as a modified information criterion (MIC). In this paper, we study the change point
problem in parameters of the LBLN distribution with random right censoring based on
MIC. Under the null hypothesis, the MIC is defined as

MIC(n) = —2log Lo(8) + 21log(n), (12)

where 8 = (f1,0) is the MLE of 8 = (u,0) and n is the sample size. The associated MIC
statistics under the alternative hypothesis is defined as

MIC(k) = —2log L1(8,0r) + {4 + (%k - 1)2} log(n), (13)

where k is the unknown change point location, 8; and 8y are maximum likelihood estima-
tors of 8, and Og. For the penalty term {4 + (2k/n — 1)?} log(n) in Equation (13), when
k — 1 or k — n, it means that the change point positions appear at both ends, respectively,
and the penalty term in MIC(k) approaches 5log(n). When k — n/2, the penalty term
approaches 4log(n), and the complexity of the model is minimized. This is because when
the change point position is close to both ends, there are not enough data for estimating
the parameters, which may result in a large variance of parameter estimation. Thus, we
should set a larger penalty in this case. When the change point is close to the middle of the
data, there are enough data to estimate the parameters, and the variance of the parameter
estimation is small, so setting a smaller penalty is sufficient. That is, when the suspected
change points appear at both ends, stronger evidence is needed to prove the existence of
such changes. Therefore, when k closes to 1 or 1, a larger penalty needs to be set.

In order to ensure sufficient observations for parameter estimation, the range of k
is K = {klkg < k < n—ko}, where kg = 2[logn]. Based on the minimum information
criterion, a model with the smallest MIC value will be considered the best one to fit the data.
Then, the ming g MIC(k) corresponds to the best model under Hj. Further, we accept Hy if

MIC(n) < minMIC(k),
keK

that is, the model with no change is the best one. We reject Hy if

MIC(n) > min MIC(k),
keK

which indicates that the best model under H; is more appropriate to describe the data than
the model under Hy. It leads us to conclude that there exists at least one change in the data.
Correspondingly, the location of change can be estimated as follows:

k= in MIC (k). 14
argmin C(k) (14)

In order to make the conclusion more statistically convincing, we construct the test
statistics-based MIC as follows:

M, = MIC(n) — 11311Ir<1 MIC (k) + 21og(n). (15)
€
Given critical value M under a certain significance level &, one can make the decision
of accepting or rejecting Hy by comparing M and M,,. To calculate the critical value of Mj,
under certain conditions, the asymptotic distribution of the M,, can be obtained as shown
in Theorem 1, and the following lemmas are required to prove this theorem.
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Lemma 1. Under the random right-censoring data (U, 5;), if (6;A11 + (1 — 8;)B11)(6; A +
(1 —6;)Bp) # (6;A12 + (1 — 6;)B12)?, then the Fisher information matrix based on these data is
positively definite, where

A(B) = (A“ Alz),A,-j = E(—azloggwi)), (i=j=1,2)

Ay Ax 00007
_ (Bu B\ , _ _azlogsg(uz‘) L
B(6) = <321 Bzz)'Bl] N E( 90007 (i=j=12)

Proof of Lemma 1. According to the definition of random right-censoring data pairs in
Section 2.1, the density function under right-censoring data is p(U;; 8), where

p(U; 8) = g(U; 0)%Sg (U; 9)(1-9),
1 1
3(1150) = 31— oxp{ ~gyallog U (u+ %)

So(U;0) =1 —c1>(1°gu" - (V+‘72)).

o
Then, the logarithmic density function is
log p(U;; 0) = 6;log g(U;; 0) + (1 — 5;) log S¢(U;; 8).

For convenience in writing, let Y; = [log U; — (1 + 02)] /. Therefore, under the ran-
dom right-censoring data, the Fisher information matrix of the density function p(U;; 8)based
on the length-biased lognormal distribution is as follows:

?logp(U;0)  0%log p(U;;0) _azlogp(lli;ﬂ) _leogp(ui;ﬂ)
1(0) = — o opdr —F o2 opdr
3 log p(Ui0) 9 log p(U;;0) _ Plogp(Uie) _ Plogp(U;6) |’
doou do? doou 902
where
_Plogp(Us0) _& 1-4f Yip(¥y)  ¢*(¥)
op? 2 2 \1-o;) {1-o)}2J
Pogp(us0) (2 2 1 o[ 1 e 1092+ 5)
oudo ! o2 ! 21-d(Y;) o 1-®();)
1 92(¥) (24 2Y))
o {T-oe(M)y* |’
1 2
_Plogp(U®) o f 16y 3\ g s Yip(¥)(2+ 1Y;)
902 B A A ! 1-o(Y;)
2
1 v 190024 5%) g0 (2+ 1)
21-0(Y;) o 1-9(Y) na-—o)2 (
_82 logp(U;;0) 0?log p(U;; 0)
doou N oudor

Further, the expectations for the second derivative are
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(P s iy (00 )

(=) e (3 ) - oo (ot )
+1E(Y¢(Yl)(2+ 1y ) ( )(2+ Y))}
o 1-®(Y)) 1-o ’
(i) -2

p(0) (2+ 1 Y)
{1-2(Y;)}2

When calculating the above expectations, it is found that there is no analytical ex-
pression for some integrals. We use the Monte Carlo integration method to approximate.
In order to reduce the number of these integrals and Monte Carlo approximations, the fol-
lowing expectations can be simplified according to the integration by parts method,

E({l— (d)z)}z) ‘ZE(l}fq)q(:(%)'
2 2
(o) = hem) ”E( : qb(dg))
()
)

2200\ _ p(X) Y3(Y,)
E({l—w}2>“2E(1—c1><¥>>“’5< m)

Then, the elements of the Fisher information matrix are

() ()

o) 3 ) (150
E(azl"g;'(;“’)) =5i(022 +4> -a &-){iE(lfgz)m

4 ( oY) 1 [ Yo(x)
“o\1-e) ) 2 \1-eM) )

16) = (I“ I”) — 5,A(8) + (1— 5)B(6),

by Ip
An Alz) <Bn B12>
=6; + (1 —9;
<A21 Ao ( 2 By1 By
_ (51‘1411 +(1—=0;)Bi1 6jA1p+(1— 51’)Blz>
0iAn + (1 —=6;)By1 ;A + (1 —6;)Bx

N——
+
I
™

/N

—_
=<

2%

=i

N——

Thus,
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where

An Au) 5 2 (Bn 312)
A(0) = = 4 v ,B(0) = ,
() <A21 Anp 2 244 (6) By1 B

=350,

2
A DR
_ 2 9(¥) Yip(Yy) \ 4. Yi{o(¥)}? YPo(Yi)
B”‘aE(1—<I><Yi>>4E(1—¢<Y>>+E<1—q>(¥>>+ E(l—cbm))‘

Since (6;A11 + (1= 6;)B11) (6;A22 + (1 = 6:)B22) # (8iA12 + (1 6;)B12)? and (6;An1 +
(1~ 6:)B11)(6:A2 + (1 = 6;)Baa) — (8iA12 + (1 = 0;)B12)* = Ll — Ialy = [1(8)] # 0,
then the Fisher information matrix I(0) is positively definite. []

Theorem 1. Based on certain Wald conditions and reqular conditions, and if (6;A11 + (1 —
5:)B11)(6;Ax + (1 — 6;)B) # (6;A12 + (1 — 6;)B12)?, then the asymptotic null distribution of
the test statistic M, for the length-biased lognormal distribution with random right censoring is

M, 24 )(2(2), as n — oo,

where My, is defined in Equation (15), and Wald conditions and regular conditions are listed in
Appendix A.

Proof of Theorem 1. Lemma 3 in [22] indicates that k/n approaches 1/2 under Hy, which
can be expressed as A = {k : |k/n —1/2| < €}. This lemma was proved under the Wald
conditions and regularity conditions. Let 0; = (ur,01), and Og = (ug,0r), 0 = (4, 0) is
in a small neighborhood of the true value 8y = (y,0p), thatis, Ms = {0: |6 — 8y| < 6},
where 6 > 0. So for any € > 0, 6 > 0, it can be obtained that

M,, =MIC(n) — I?;iAn MIC(k) 4+ 2logn

= inzix{MIC(n) —MIC(k)} +2logn}
STAVS

2
_max{2logL1(6L,6R) 2log Ly(6) — (2: - 1> logn}

kENe

k n
§2max{ sup Y logp(U;60.)+ sup Y logp(U;;0g)

k€Ae | o eMs iz OrEM; i=k+1
n
— sup Zlogp(lli,‘())} +0p(1). (16)
0eM;i=1

where
p(U;0) = g(U;; 0)% S, (U;0) (179,

1 1
g(U;; 0) = WGXP{—MU% U; — (u +‘72)]2}/

S¢(U;;0) =1 —cp(k’gui - (“+‘72)).

g

Let 8y, O, and @ be the maximum points of Y¥_, log p(U;; 9), " i1 log p(U;; 0),
and }!" ; log p(U;; ), respectively, in the interval (6y — J, 8y + J). Then, there must exist an
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17 such that |7 — 6| < J when 0 equals to 8y, O, or 8. Furthermore, the Taylor expansion
of log p(U;;0) at @ = 6y = (o, 0p) can be obtained as follows:

log p(U;; 8) — log p(U;; 80) =S(U;; 0)|e—g,(0 — 6)"

1 1
+ 5 (80— 60)H(60) (6 — 80)" + 2Md® + 0(1),

where (0 — 0g) = (4 — po, 0 — 0p), S(U;;0) = (dlog p(U;;0)/0u,0log p(U;; 0) /o) is the
score function of g(U;; 0). For convenience in writing, let Y; = log U; — (i + 02) /0, then
the elements in S(Uj; 6) are

dlog p(U;; 0) iy 10 P(Y3)

ou o c 1-®(Y)’
dlogp(Ui0) _ f 1 o 1. e 1. ¢(M)
py =4 0+2Y1+0Yi +(1-9) (2+0Y1)1_¢(Yi) .

H(6) is the second-order derivative matrix of p(U;; 0) with respect to each parameter,

that is,
??logp(U;;0)  9%log p(U;;0)
H (9) _ 0112 oo ,

9% log p(U;;0)  9%log p(U;;0)
doou 902

and elements of H(0) are represented as follows:

Plogp(Ui;6) &  1-3; { Yip(Y:) 9*(Yi) }
o? ’

w2 1-o(Y;) {1-o())

Rlogp(U;0) [ 2 2 1 o¢y;) 1 Yi¢(Yi)<2+ %Yz‘)
_‘5"{ Y’}“l‘s"){aﬂ—cbwi)*tr 1-9(Y))

0o o o2

19*(Y3) (2 + (lin> }

o {1-o(Y)P

2
Plogp(Ui0) (1 6. 3., ' YifP(Yi)(er%Yi)
aaz—‘sl{aza"azyf 4}*“‘*) a0
2
1 vg(r) _1900(2+3Y) 00 (2+5v)
C21-2(Y;) o 1-o;)  {1-oy)2 [

*logp(U;0) 9*logp(U;0)
drou ~ dudo

Then, Equation (16) can be further simplified as

k k
M, <max{ sup [2) S(Uj;00)(0, —60)" + Y (6, — 60)H(60) (6, — 6p)"
kehe (grems | i=1 i=1

n n
+ sup [2 Z S(ui;eo)(eR — eo)T + Z (BR — Bo)H(eo)(eR — BO)T]
OReEM; | i=k+1 i=k+1

n

— sup [2 i S(Uy;00)(0 — 60)" + Y (6 — 60)H(60) (0 — 60)"
0c Mg i=1 i=1

} +o,(1).  (17)

1(0) represents the Fisher information matrix, then I(6) = —E(H(0)). According to
Lemma 1, we know that when (6;A11 + (1 — 6;)B11)(6;A2n + (1 — 6;)Bx) # (8;A12+ (1 —
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5;)B12)?, the Fisher information matrix is positive definite, and its inverse exists. Combining
with the properties of quadratic functions, Equation (17) can be further expressed as

1 & 1 &
M, < — Y s(u;60) | 171(60) | —= Y S(U; 6p)
"‘%%{( k; (1 O)) 0(\/%1_21 i O )
1

1 n ) » ; L
-+< n—ki%;15@h6®>l (%)<v%—ki§;15“”9® )

nz:l i=1
Let
Zr =Y 172(60)S(Uj;60), Zn = ) 177 (60)S(U;; 69),
i=1 i=1
then
71 1 r 1
M, <ma><{\[ZkZ \/%‘Fﬁ(zn—zk)(zn_zk) —
\}ZnZT\}} +0p(1)
nn — T n n— n— T_ n— n E;
_?3):{ (n—k)ZyZi +nk(Z nkZ(Z)(_Zk) Zy)" —k(n—k)Z,Z }+0p(1)
k K\ "2 k kK NTT & k\1"2
—mﬂ ((03)] (i) (m5m) 1 03] }
+0p(1)
SQ%VMVU6+%OL (18)
where
V(t) = <[7:](1 - P;”))Z {Z[Tnt] + (nt — [nt])S (Upygy 415 60) — [’;ﬂz,{}
(Vi(t), Va(t))
for nt € Ae.

Without loss of generality, for t € [% €, % +€],

D

Vi(t) 25 [H1 - 1] 2Bo(t), i=1,2, (19)

where -2+ means converges in distribution, By(t) is the Brownian bridge. Then,
1
sup ’Bo(t) — By () ’ -0
nteAe 2

and

So

T 2 1 2
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And then there is P(M, <s) > P(x?*(2) <s—op(1)). Thatis,

lim P(M, <s) > P(x3 <)

n—o0

And because M, > MIC(n) — MIC(n/2) + 2logn,

lim P(M, <s) < P(x3 <s).

n—oo

Therefore, M,, 2> x>(2)asn — 0. [

2.3. Profile Likelihood Function and Deviance Function

The confidence distribution can be regarded as a distribution that depends on samples,
which can be used to study the interval estimation and point estimation of the parameter
of interest [23]. In particular, it can provide the confidence interval of the parameter of
interest at any nominal level through the confidence curve. In the change point problem,
the location of the change point is a discrete variable, and the uncertainty analysis of the
estimated change location is a challenging task. Similar to reference [24], we establish the
confidence curve of the change point location based on profile likelihood and deviation
function to analyze the uncertainty of the change location estimation.

Assuming X1, Xy, ..., Xi is a sample from the population density function, f(x, 6y),
X1,%2,..., Xk is the corresponding sample observation. Meanwhile, Xj1,..., X, comes
from the population density function f(x, 0g), and xj, 1, ..., x, is the corresponding sample
observation. Then, the log-likelihood function of xq, x, ..., x, is

n

k
I(k,0,0r) =) log f(x;,00) + Y logf(xi 6r). (21)
i=1 i=k+1

For a given change point k, the profile log-likelihood function can be obtained by
maximizing the log-likelihood function (21), where the profile log-likelihood function is
defined as follows:

lprof(k) = gr;,%;(l(k,(-)L,BR) = l(k,(-)L,(-)R), (22)

where 8;, 0 are MLEs of 8; and 6y for a given k. Then, k can be obtained by

k= arglpmf(f() = arg max/p,f(k). (23)
k

The deviance function of k is given by

D(k, X) = Z{mef(fc) - lprof(k)}/ (24)

where X = (X1, Xp, ..., Xy). To construct k’s confidence curve based on deviance function,
we consider the distribution of D(k, X) at k, which is denoted as Ri(t) = Py 5, 5 {D(k, X)
< t}. However, the location of the change point is discrete; Ry (t) does not satisfy Wilks’
theorem. Therefore, we compute Ry (t) through simulation. And the confidence curve of k
is defined by

CC(k, xobs) = Pk,éL,éR {D(k, X) < D(k/ xobs)}/ (25)

and it can be obtained through the following simulation,

B
cc(k, Xops) = % Y H{D(k X}) < D(k %o1s)}, (26)
j=1

where B is a large number and B = 1000 typically. X7 is a sample from f (x,0r) and f(x,0R)
with a given k.



Mathematics 2024, 12, 1760

12 of 20

For comparison purposes, we estimate the location of the change point through (14)
for computing the deviation function. The specific simulation steps are as follows,

Step 1. Given sample size n and change point ke, generating a group of random sam-
ples with change point k¢, based on parameters 81, and 0y, record them as x,s,
and calculate the deviation D(k, x,ps) at each possible change point based on x ;.

Step2. Compute (k,8;,8r) based on Step 1.

Step 3. Generate B = 1000 random samples X]* (j=1,...,B), where x]’fl, eeey, x]’fk are from
fx, or), xj"/k+1, .. .,x;-*n are from f(x, fr). And compute D(k, X]*) Then, the con-
fidence curve cc(k, x,ps) under the possible change locations is the frequencies of
D(k, X]*) < D(k, Xops)-

Step 4. Repeat Step 1 to Step 3 for N = 1000 times to obtain N confidence curves about the
change point k.

Step 5. Given significance level «, the corresponding confidence set of each confidence
curve is Kset = {k : cc(k, xops) <=1—a}.

Step 6. Coverage probabilities of confidence sets. Based on the confidence set K. obtained
from each confidence curve, then the frequency of ki in Kset is the coverage
probability of the confidence set at the corresponding confidence level 1 — a:

1 N
== 2 I{ktrue S Kset}-
N i=1

Step 7. Average size of confidence sets. Since the confidence set is the set of estimates of the
change location, it is a set of discrete points. Thus, unlike the calculation method for
continuous interval length, we define the number of elements in the confidence set
as the size of the confidence set.Noting the number of elements in each confidence
set Kset as m;(i = 1,...,N), then the average size of confidence sets is obtained by

1 N
lset = Nl;mi'

In conclusion, when cp is closer to 1 — «, the smaller /;,; means the corresponding
estimate method is better.

3. Simulation Study

Based on the no information characteristic of the uniform distribution and the memo-
rylessness of the exponential distribution, these two types of distributions are commonly
used as censoring distributions [16,25-28]. In this study, simulations are conducted in terms
of Type I error, power, and coverage probabilities of confidence sets and average size of
confidence sets based on uniform and exponential censoring distributions with various
censoring rates, sample sizes and change locations.

Case 1: Firstly, the sample sizes are set as n = {50,100, 150}, the true change locations
are k = {n/4,n/2,3n/4} and the significance level is « = 0.05. For a given change location k,
we generate a set of survival time data {Ty, Ty, - - - , Ty} from LBLN(0,1), {Tj11, Tx1o,- -, Tn}
from LBLN(ug, 0r), where ug = {—2,—1,0,1,2}, or = {0.5,1.0,1.5,2.0}. The censoring time
are from U(0,m), where m determines the censoring rate of survival time observations.
And it can be calculated by P(T; > C;) = cr, where cr is the censoring proportion given in
advance. Let cr = {10%,30%}, then m = {10e'°,10/3¢!?}.

Case 2: The sample size, change location, significance level, and parameters are the
same as in Case 1. Different from Case 1, the censoring time observations are from Exp(m),
where m is determined by the censoring rate of survival time observations. Two different
values of m = {0.025,0.101} are calculated by P(T; > C;) = 10% and P(T; > C;) = 30%.
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3.1. Critical Values and Probability of Type I Error

First of all, we obtain the critical values of the test and probability of Type I error
through simulations. The probability of Type I error is approximated by the frequency of
Type I errors in N repeated simulation experiments, given by P,or1 = S,1/ N, where S;;
represents the number of Type I errors in N repeated trials with a sample size of n. Accord-
ing to the Central Limit Theorem, S,;;/ N approximately follows a normal distribution with
mean of « and variance of a(1 — a) /N, that is,

2
Sui a(l—a)
S [ ] , @)

then S,;/N is likely to fall within [& —3y/a(1 —a)/N,a + 3y/a(1 — a)/N] with a high
probability. This means that the values of S,;/ N fluctuate within this interval, with the
length of the fluctuation interval primarily determined by the number of repeated simula-
tion experiments N. In our simulation, « = 0.05, N = 1000. Then, S,;;/ N is highly likely to
fluctuate within [0.029,0.071]. And the specific results are shown in Table 1. From columns
7-10 in Table 1, it can be seen that the frequency of Type I error under both censoring rates
almost all fluctuate within the range of [0.029,0.071] based on uniform and exponential
censoring, which means the Type I error is effectively controlled.

Table 1. Critical values and the probability of Type I error.

Critical Values Frequency of Type I Error

cr n Uniform Censoring Exponential Censoring Uniform Censoring Exponential Censoring
LRT MIC LRT MIC LRT MIC LRT MIC
50 12.833 11.849 12.721 11.499 0.043 0.044 0.051 0.053
100 12.952 11.644 13.282 12.195 0.065 0.061 0.062 0.055
o 150 13.792 12.139 13.454 11.981 0.061 0.062 0.071 0.064
10% 200 19.839 17.790 15.305 13.361 0.045 0.051 0.050 0.048
300 19.413 17.283 16.399 14.036 0.049 0.053 0.047 0.050
400 21.132 19.067 15.850 13.406 0.048 0.049 0.048 0.053
50 14.103 13.131 15.249 14.127 0.057 0.056 0.045 0.044
100 16.057 14.486 15.600 14.720 0.045 0.041 0.059 0.054
309 150 16.122 14.594 16.692 15.377 0.048 0.049 0.054 0.052
° 200 19.232 17.951 14.800 13.103 0.054 0.051 0.053 0.054
300 21.202 19.020 15.169 13.408 0.052 0.053 0.050 0.051
400 21.871 19.655 16.126 13.543 0.047 0.051 0.045 0.053

3.2. Power Comparison

Tables 2 and 3 show the power of the likelihood ratio test method and the MIC criterion
test method in the case of uniform and exponential censoring, respectively.

Taking the test results of uniform censored distribution as an example, we can ob-
tain the following conclusions. First, excluding these combinations with equal powers,
the test power calculated based on MIC is mostly higher than that based on the likelihood
ratio under the same parameter settings. Second, the powers of the LRT-based method
and MIC-based method increase with the increase in sample size. For example, when
(ur,or) = (1.0,0.5), cr = 10%, and k = n/2, the power of the LRT-based method increases
from 0.514(n = 50) to 0.910(n = 150), the power of the MIC-based method increases from
0.547(n = 50) to 0.913(n = 150). Third, in most cases, the closer the change point occurs to
the midpoint of the data series, the higher the power of the test. For example, the power
of the MIC-based method is 0.587 at k = 25, while the power is 0.427 at k = 12 under
(ur,or) = (1,1) and cr = 10%. Fourth, when the change point position and parameter
settings are same, the power of the test with a censoring rate of 10% is significantly higher
than that of a test with a censoring rate of 30% in most cases. For instance, the power of
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MIC-based method is 0.817 when n = 100, k = 25, cr = 10%, (ugr,0r) = (—2,2). But the
power is 0.539 when cr = 30%. This may be because a larger censoring rate masks the true
pattern of change and increases the difficulty of the change point test. Finally, when the sam-
ple size, change point position, and censoring rate are the same, the greater the parameter
change and the higher the power of the change point test. For example, when the parameter
increases from (0,1) to (0,1.5), the test power based on MIC is (0.515,0.769, 0.596) when
n = 50, cr = 10%, and increases to (0.976,0.999,0.978) when the parameter increases
to (1,1.5).

Table 2. The power of the change point test under uniform censoring (x = 0.05).

(—2,2) (1, 0.5) (2,0.5) 1,1 (0, 1.5) (1, 1.5)

" k cr LRT MIC LRT MIC LRT MIC LRT MIC LRT MIC LRT MIC
12 10% 0.367 0371 0456 0460 0.887 0.887 0.422 0427 0514 0515 0975 0976

25 0.624 0.677 0514 0547 0950 0961 0587 0.629 0.732 0769 0.997 0.999

38 0.502 0502 0313 0316 0.840 0843 0422 0425 0594 059 0977 0978

50 12 30% 0.216 0222 0314 0322 0.738 0744 0421 0421 0420 0422 0877 0.884
25 0365 0410 0328 0347 0900 0915 0525 0555 0.622 0670 0976 0.985

38 0284 0293 0234 0239 0759 0764 0392 0395 0462 0466 0.892 0.892

25 10% 0.800 0.817 0.713 0.730 098 0988 0.809 0.803 0911 0916 1.000 1.000

50 0962 0972 0.793 0815 0998 0998 0.935 0953 0.982 0987 1.000 1.000

75 0.847 0.858 0.657 0643 0984 098 0.814 0.815 0.928 0931 1.000 1.000

100 25 30% 0519 0539 0473 0500 0981 0980 0.753 0766 0.823 0.834 1.000 1.000
50 0.687 0724 0539 0540 0994 0999 0.887 0.897 0.925 0945 1.000 1.000

75 0575 0555 0382 0391 098 098 0.738 0.756 0.704 0.801 0.999 0.999

38 10% 0977 0981 0.885 0.888 1.000 1.000 0961 0963 0.998 0998 1.000 1.000

75 099 099 0910 0913 1.000 1.000 0.995 099 0.998 0.999 1.000 1.000

112 0978 0982 0.829 0.844 0999 0999 0969 0973 0.992 0994 1.000 1.000

150 38 30% 0.756 0.778 0.609 0645 0999 0999 0932 0935 0949 0941 1.000 1.000
75 0911 0925 0.650 0.666 1.000 1.000 0985 0992 0.995 0998 1.000 1.000

112 0772 0.785 0540 0565 1.000 1.000 0.931 0935 0.942 0943 1.000 1.000

Table 3. The power of change point test under exponential censoring (« = 0.05).
) (-2,2) 1, 0.5) (2,0.5) 1,1 (0, 1.5) (1,1.5)

" “ LRT MIC LRT MIC LRT MIC LRT MIC LRT MIC LRT MIC
12 10% 0372 0373 0490 0486 0.871 0876 0455 0447 0520 0524 0977 0975

25 0617 0.664 0513 0543 0931 0942 0.612 0661 0.749 0.788 0.997 0.997

38 0527 0516 0312 0325 0816 0815 0445 0448 0599 059 0.982 0.981

50 12 30% 0242 0253 0319 0307 0742 0739 0404 0408 0422 0415 0.903 0.898
25 0377 0420 0349 0361 0.884 0906 0563 0616 058 0631 0972 0976

38 0292 0285 0225 0229 0755 0766 0417 0417 0457 0455 0.878 0.876

25 10% 0.824 0.820 0.755 0.748 0992 0991 0.826 0.806 0912 0906 1.000 1.000

50 0964 0977 0.782 0794 0999 0999 0920 0943 0.990 0994 1.000 1.000

75 0876 0.867 0.661 0647 0991 0991 0.852 0.838 0.933 0930 1.000 1.000

100 25 30% 0503 0488 0543 0535 0978 0979 0.768 0761 0.815 0.802 0.999 0.999
50 0733 0.754 0547 0548 0998 0998 0.891 0913 0916 0939 1.000 1.000

75 0574 0567 0418 0401 0979 0980 0.780 0.758 0.801 0.794 0.999 0.999

38 10% 0978 0975 0.898 0.886 1.000 1.000 0970 0966 0.993 0990 1.000 1.000

75 0997 0997 0922 0934 1.000 1.000 0.997 0997 1.000 1.000 1.000 1.000

112 0983 0983 0.808 0.798 0999 0999 0965 0962 0.996 0996 1.000 1.000

150 38 30% 0789 0777 0.602 0584 1.000 1.000 0926 0920 0.953 0952 1.000 1.000
75 0908 0923 0.663 0.663 1.000 1.000 0.992 0994 0996 0996 1.000 1.000

112 0.817 0.803 0567 0542 0998 0998 0933 0926 0952 0945 1.000 1.000
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3.3. Coverage Probabilities and Average Length of Confidence Sets

To evaluate the uncertainty of change point location estimation, some simulations are
conducted to study the coverage probabilities and average lengths of confidence sets for
change point location estimation under a uniform censored distribution with censoring
rates of 10% and 30%, respectively. The specific results are shown in Tables 4 and 5.

Table 4. The coverage probability of confidence sets for change point location estimation under
different parameter combinations.

cr = 10% cr = 30%

n (pRr, oR) 1—« k=12 k=25 k=12 k=25
LRT MIC LRT MIC LRT MIC LRT MIC
0.90 0.879 0.883 0.884 0.886 0.858 0.860 0.854 0.854
(1.0, 1.5) 0.95 0.932 0.934 0.936 0.936 0.917 0.917 0.914 0.914
0.99 0.978 0.978 0.982 0.982 0.971 0.971 0.974 0.974
0.90 0.882 0.883 0.893 0.893 0.839 0.839 0.840 0.840
50 (1.0, 2.0) 0.95 0.933 0.933 0.933 0.933 0.902 0.902 0.911 0.911
0.99 0.980 0.980 0.979 0.979 0.973 0.973 0.984 0.984
0.90 0.882 0.889 0.878 0.879 0.833 0.834 0.787 0.789
(2.0, 2.0) 0.95 0.930 0.931 0.928 0.928 0.901 0.900 0.836 0.834
0.99 0.983 0.983 0.974 0.974 0.966 0.966 0.887 0.885

(ur,or) 1—a k=25 k = 50 k=25 k = 50
0.90 0.880 0.880 0.870 0.870 0.910 0.910 0.870 0.870
(1.0, 1.5) 0.95 0.960 0.960 0.930 0.930 0.950 0.950 0.930 0.930
0.99 0.990 0.990 0.980 0.980 0.990 0.990 0.960 0.960
0.90 0.883 0.883 0.860 0.860 0.930 0.930 0.920 0.910
100 (1.0, 2.0) 0.95 0.933 0.933 0.920 0.920 0.970 0.970 0.960 0.940
0.99 0.984 0.984 0.980 0.980 0.990 0.990 0.980 0.980
0.90 0.880 0.880 0.850 0.860 0.820 0.820 0.850 0.850
(2.0, 2.0) 0.95 0.920 0.920 0.880 0.890 0.900 0.900 0.960 0.960
0.99 0.990 0.990 0.970 0.980 0.970 0.970 0.970 0.970

From Table 4, we can observe that the coverage probability of confidence sets for
change point location estimation with a censoring rate of 10% is higher than that corre-
sponding to a censoring rate of 30%, and closer to the given nominal level.

From Table 5, it can be seen that under the same sample size, the same change point
location, and the same parameter settings, the average length of confidence sets for change
point location estimation corresponding to a censoring rate of 10% is smaller than that
corresponding to a censoring rate of 30%. When the change point location is closer to
the middle of the dataset, the average length of the confidence set is shorter. From the
perspective of testing methods, except for the case of equality, the testing method based
on the MIC criterion can provide a shorter confidence set. Under the same testing method
and parameter settings, as the sample size increases, the average length of the confidence
set becomes shorter. In summary, the smaller the censoring rate, the closer the coverage
probability of the confidence set for the change point location estimation is to the nominal
level, and the shorter the average length of the confidence sets.
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Table 5. The average length of the confidence set for estimating the position of change points under
different parameter combinations.

cr = 10% cr = 30%

n (ﬂRr‘TR) 1—u« k=12 k=25 k=12 k=25
LRT MIC LRT MIC LRT MIC LRT MIC
0.90 1.617 1.606 1.258 1.256 2.728 2.712 2.194 2.194
(1.0,1.5) 0.95 2.189 2.186 1.606 1.606 3.854 3.840 3.106 3.106
0.99 4.068 4.062 2.832 2.832 6.842 6.818 5.392 5.392
0.90 1.892 1.886 1.842 1.840 3.196 3.173 3.102 3.102
50 (1.0,2.0) 0.95 2.735 2.732 2.581 2.581 4.677 4.652 4.413 4412
0.99 4.884 4.881 4.436 4.437 8.218 8.198 7.437 7.436
0.90 1.345 1.338 1.279 1.277 2.157 2.151 1.911 1.899
(2.0,2.0) 0.95 1.758 1.754 1.691 1.691 3.078 3.068 2.691 2.682
0.99 3.207 3.207 2.999 2.999 5.598 5.593 4.767 4.755

(,uRIO'R) 1—a k=25 k =50 k=25 k=50
0.90 1.230 1.230 1.310 1.310 1.990 1.990 2.170 2.170
(10,15 09 1.680 1.680 1.690 1.690 2.770 2.770 3.070 3.070
0.99 3.010 3.010 2.790 2.790 5.010 5.010 5.080 5.080
0.90 1.772 1.771 1.820 1.820 3.340 3.360 2.230 2.160
100 (1.0,2.0) 0.95 2.459 2.459 2.420 2.420 4.650 4.650 3.400 3.290
0.99 4.163 4.163 3.970 3.970 7.790 7.740 5.500 5.320
0.90 1.240 1.240 1.250 1.240 2.020 2.020 2.110 2.110
(2.0,2.0) 0.95 1.680 1.680 1.600 1.610 2.780 2.770 2.940 2.940
0.99 2.930 2.930 2.830 2.780 4.820 4.810 4.820 4.820

4. Application: Analysis of Survival Data for Heart Transplantation

This section applies the proposed testing method to the Stanford heart transplantation
data from February 1980 [29]. The Stanford heart transplantation project ran from October
1967 to February 1980. In total, 184 patients underwent heart transplantation. One patient’s
survival time was 0, which is excluded from this study. Therefore, there are 183 samples,
of which 71 patients have censored status, resulting in a censored rate of 38.798%, and their
censored situation is random. Because only patients who had undergone heart transplanta-
tion and were alive at the beginning of data collection are included as observations, this
dataset is a length-biased dataset. Next, there is some right censoring in the survival time of
patients, meaning that some patients were still alive after the end of the observation period,
and their exact survival time could not be determined. For such a randomly right-censored
dataset, the proposed method was used to test whether there is a change point in the data.

Before testing, patients were divided into 43 groups according to their age. The median
survival time of each group of patients was calculated as shown in Figure 1a. A Q-Q plot
was generated to test whether the median survival time of patients follows a length-
biased lognormal distribution as shown in Figure 1b. The results indicate that the patient
survival time approximately follows a length-biased lognormal distribution. To make this
conclusion more convincing, we performed a Kolmogorov-Smirnov test on the dataset.
The test statistic was 0.210 and the corresponding p value was 0.306. Since the p value is
much greater than 0.05, we accepted the null hypothesis, indicating that there is sufficient
evidence to suggest that the dataset follows a length-biased lognormal distribution.
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Figure 1. (a) Scatter plot of the median survival time. (b) Q-Q plot for length-biased lognormal distribution.

Combining the binary segmentation method, the LRT-based method and the MIC-
based method are applied for this data. The values of the test statistics and corresponding
p values based on this dataset are calculated and presented in Table 6.

Table 6. Change point test results for heart transplant survival time data.

No. T, PLRT M, pmic k
1-43 16.303 0.001 15.032 0.001 34
1-34 8.093 0.013 8.045 0.012 15
16-34 17.726 0.005 17.066 0.005 30

In Table 6, prrT and pasjc represent the p values for the two testing methods. From the
p values, it can be observed that all p values are less than 0.05, which means that the null
hypothesis for no change point should be rejected. Therefore, there are three change points
in the dataset located at positions {15,30, 34}, corresponding to ages 30, 46, and 50 in the
data. This means that there are differences in the survival time among patients of different
age groups after undergoing heart transplant surgery. The parameter estimation results
before and after the change points are (f11,01) = (1.807,2.308), (fi2,02) = (5.424,0.996),
(fi3,03) = (6.346,0.056), and (fi4, 04) = (3.598,0.945), respectively.

5. Conclusions And Discussions

Due to the frequent occurrence of random right censoring in life data, this study inves-
tigates the parameter change point test problem of length-biased lognormal distribution
based on random right-censoring data. For the parameter change point model with random
right censoring, a test statistic based on MIC is constructed, and the corresponding testing
method is presented. Under the sufficient condition of the Fisher information matrix being
positive definite, it is proven that the asymptotic distribution of the MIC-based test statistic
is a chi-square distribution with two degrees of freedom under the null hypothesis.

To demonstrate the performance of the testing method, simulations are conducted to
investigate the power of the change point test under uniform and exponential distributions.
The simulation study considered various combinations of censoring rates and parameter
settings. The simulation results indicate that the power of the method based on MIC is
generally higher than that of the method based on LRT in most cases. Moreover, as the
censored rate decreases, the testing power increases, which means that as the censoring rate
decreases, the number of censored data decreases while the amount of complete lifetime
data increases. Consequently, the data contain more valuable lifetime information, leading
to an increase in the power of hypothesis testing.
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For the purpose of assessing the uncertainty in estimation of change point location, the
coverage probability and the average lengths of confidence sets are calculated. Simulation
results indicate that as the censoring rate decreases, the coverage rate approaches the
nominal level in most cases, and the average length of the confidence sets becomes shorter.
From the perspective of testing methods, the method based on the MIC criterion yields
shorter confidence sets. Under the same testing method and parameter settings, with an
increase in sample size, the average length of the confidence sets decreases.

From the simulations, we observe that differences in sample size, change point location,
and censoring rate all have an impact on the power of change point testing in random
right-censored data. Therefore, factors such as testing methods, censored distribution,
and censored rate should be considered comprehensively when investigating the change
point problem with censored data.

The unique contributions of the proposed method can be concluded as follows. In our
study, the change point problem is viewed as a model selection problem, where we aim
to select the better option between the null hypothesis of no change and the alternative
hypothesis of at least one change. As a result, methods commonly used for model selection
can be applied to change-point-testing problems. However, the change point problem
involves a special parameter, namely, the change location. In this paper, we employ the
MIC-based method, which takes into account the contribution of change point positions to
model complexity in the penalty term. This method is utilized to detect change points in
the length-biased lognormal distribution with randomly right-censored data.

The traditional change point detection method is based on the likelihood ratio. In the
simulation section, we conduct a comprehensive comparison of the detection performance
between the MIC-based method and the LRT-based method. The results indicate that the
coverage probability and the average length of the confidence sets for change point estimation
are comparable between the two methods. However, under the same parameter settings, the test
powers based on the MIC method are generally higher than those based on the likelihood ratio.

There is still much work to be performed in the research of change point detection
for the length-biased lognormal distribution in future. (i) In terms of statistical theory, this
study primarily focuses on the asymptotic distribution of the test statistic. The estimation
of the change point location is discrete, and asymptotic properties, such as the consistency
of the estimator, are challenging issues that need to be addressed in future research. (ii) In
terms of the method application, the method proposed in this paper can be used for change
point detection in data with length-biased distribution characteristics. This will help to
establish accurate models, make reasonable predictions of patients’ remaining lifetimes,
and analyze the effectiveness of treatment methods or medications for patients.
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Appendix A
Wald Conditions and Regularity Conditions.

WI1. The distribution of X is either discrete for (y, ) or is absolutely continuous for (y, o).
W2. For sufficiently small § and for sufficiently large p, the expected values are

- 12
E|log sup f(Xu, o) <oo,
|u' —u|<é,|o’! —o|<é

- 12
E|log sup (X, o) <o
L W —ul>plo'—o|>p ]

W3. The density function f(x; u, o) is continuous in (y, ) for all x.
W4. The cumulative distribution function F(x; y, o) is identifiable.
W5. lim f(x;6) =0 for all x.

|16]]—c0
W6. The parameter space @ is a closed subset of the two-dimensional Cartesian space.
W7. f(x;p,0,0) = sup f(X; 4/, 0") is a measurable function of x for any fixed
W' —p|<d,|o’—0]<d
(u,0) and 4.
R1. Foreach 6 = (u,0) € O, the following derivatives exist for all x,

dlog f(x;p,0) 0*log f(x;u,0) 0°log f(x;p,0)
F 0z T

R2. For 6 in the neighborhood N(6p), there exist function g(x) and H(x) such that the
following relations hold for all x,

2
’afg;")’ < g(x), afa(e’;g)’ < g(x),
210 2 3lo
L e T )

and
/ g(x)dx < oo,  Eg(H(X)) < oo.

R3. Foreachf € O,

2 3
O<E9[<W>1<w, EGUW < 00
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