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1. Introduction

The concept of complex numbers emerged in the 17th century, with significant contri-
butions from Leonhard Euler, a mathematician who introduced the symbol ‘i’ to represent
the imaginary unit (v/—1) with the property i> = —1. While Euler’s notation gained
widespread adoption, earlier work by mathematicians like Gottfried Wilhelm Leibniz also
played a role in the development of complex analysis.

Building upon complex numbers, bicomplex numbers were introduced by Segre [1]
and offer a commutative alternative to quaternions and generalize complex numbers.
Price [2] and Waugh [3] provide more detailed explorations of bicomplex numbers.
Azam et al. [4] introduced the concept of complex valued metric spaces (CVMSs) as a
special case of cone metric spaces, enabling the study of rational expressions not definable
in the latter. This concept arises from the limitations of cone metric spaces, which rely on
underlying Banach spaces that are not division rings. CVMSs allows for generalizations of
fixed point theory results involving divisions. In 2017, Choi et al. [5] combined bicomplex
numbers with CVMSs, introducing bicomplex valued metric spaces (bi-CVMSs) and es-
tablishing common fixed point theorems. Thereafter, Jebril et al. [6] further explored the
application of bi-CVMSs by investigating the existence of common fixed points for map-
pings exhibiting specific contractive inequalities defined by rational expressions. In due
course, Beg et al. [7] contributed by establishing fixed point results using an extrapolation
technique. Gnanaprakasam et al. [8] further expanded the field by investigating contractive
conditions in bi-CVMSs and their application to solving linear equations. Abdou [9] pre-
sented a novel approach to solving systems of Fredholm integral equations. Their method
leverages common fixed point theorems established within the context of bi-CVMSs. Recent
research in bicomplex valued metric spaces has seen a surge in activity, with works by
Guetal. [10], Tassaddiq et al. [11], Albargi et al. [12], Abdou [13], Gnanaprakasam et al. [14],
Gurusamy [15], and Ramaswamy et al. [16] exploring fixed and common fixed point results,
applications to integral equations, and other related structures. For a deeper understanding
in this direction, we recommend consulting references [17-22].

In this research article, we establish common fixed point theorems for mappings
satisfying generalized contractive conditions in the framework of bicomplex valued metric
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spaces. To demonstrate the originality of our main theorem, we present a novel example.
Finally, we showcase the applicability of our findings by exploring the existence and
uniqueness of solutions for Volterra integral equations of the second kind.

2. Preliminaries

We represent the sets of real numbers, complex numbers, and bicomplex numbers
as Cp, Cq, and C,, respectively. A bicomplex number, as introduced by Segre [1], can be
expressed as

0 = ay + agiy + azip + agiqiz

where a1, a,4a3,a4 belong to Cp, i; and i, are independent imaginary units satisfying

i2 = i3 = —1 and ijip = ipi;, and C, is defined as
G = {Q r0=a + ayiy + azip + agiqis : aq,a»,a3,a4 € (Co}
that is,

Co={0:0=121+iz2:21,220 € Cy}

where z; = a1 +api1 € Crand zy; = as +a4i; € C. If 0 = z1 +ipzp and i = wy + ipwy,
then the sum is

0+ h = (z1 +ix2zp) & (w1 +i2wz) = (21 L wy) +iz2(z2 £ wp)
and the product is
0- h= (21 + iQZz) . ((U1 + izCUz) = (z1w1 — Zzwz) + iz(leZ +Zz£¢]1>.

There are four idempotent members in C,, which are 0,1, e; = #, and e; = 1_%
Notably, e; and e, are non-trivial idempotents satisfying e; + e, = 1 and eje; = 0. This
unique property allows any bicomplex number z; + iyz, to be expressed as a specific linear
combination of e; and ey, i.e.,

0 =21 +ixzp = (21 —i1z2)e1 + (z1 + i12z2)en.

This decomposition of ¢ into a linear combination of idempotents (e; and ep) with complex
coefficients 01 = (21 —i122) and 02 = (z1 + i1z2) is analogous to the idempotent char-
acterization observed in other mathematical structures. We can refer to ¢; and ¢, as the
idempotent components of ¢. A bicomplex number ¢ denoted by ¢ = z1 + 12z is considered
invertible within C; if there exists another bicomplex number 7 such that their product
oh equals the identity element 1. This element 7 is then recognized as the multiplicative
inverse of ¢. Also, ¢ is recognized as the multiplicative inverse of 7.

An element ¢ = z; + ipzy € C, is nonsingular iff ‘Z% +z%f # 0 and singular iff
|z% + z%| = 0. The inverse of ¢ is defined as

ol =h= %:Zz-
17742

Zero is the at-most member in Cy that does not possess a multiplicative inverse, and in
Cy, 0 = 0+ i0 is the at-most member that does not possess a multiplicative inverse. We
represent the set of singular members of Cy and C; by ¥ and R; in this order. There are
many members in C, that do not have a multiplicative inverse. We represent this set by Ny,
and evidently, 8p = N; C N».

A bicomplex number ¢ = a1 + ai; + azip + asiyip € C; is said to be degenerated if

the matrix
( a] az >
ll?) ll4 2%2
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is degenerated. In this way o0~ ! exists, and it is degenerated. Define a norm ||-|| : C; — Cy
as follows:

Nl—

lell = llzs +iszall = {Jz1f” + |22}

1
P@rdﬂﬁF+Km+ﬁhﬂ12

2

NI—=

= <a%+a§+a§+aﬁ) ,

where 0 = a1 + apiy + azip + agivip = 21 + ipzy € Cy.
The space C, equipped with the norm ||-|| is a Banach space. If 9,1 € C,, then

llon]| < V2lle]l||]

holds instead of
[on]| < [[el[{|7]-

Therefore, C, is not a Banach algebra. Let ¢ = z1 + 1223, i = w1 + ixwy € Cy; then we define
0 =i, I & Re(z1) 2 Re(w) and Im(z3) = Im(wy).

If
0 =i, h

then one of the followings conditions holds:

Dz1 = wy, 22 <wy,
(i)z1 < wi, z22=wy,
(i) z1 < wq, 22 < wy,
(iv)zy = w1, 20 = wy.

Specifically, ¢ 3;, 1 if ¢ <;, 1 and ¢ # ; that is, one of (i), (ii), or (iii) holds. Also, ¢ <;, 7 if
only condition (iii) is satisfied. For ¢, i € C,, we can prove the following;:

() 05 = llol < |l

(i) o+ 7l < flofl + [I7]];

(iii) ||ao|| < a|lo||, where a is a non-negative real number;

@) llenll < v2[lell|In];

™) |le7!| = lle]| " if ¢ is a degenerated bicomplex number with 0 < o;

vi) |7l = % if 71 is a degenerated bicomplex number.

In their work, Azam et al. [4] introduced the concept of a complex valued metric space
(CVMS).

Definition 1 ([4]). Let A be a non-empty set and =< be a partial order defined on A. Additionally,
letd: Ax A — Cqbeamapping satisfying
(i)  0=d(q,x)andd(q,x) = 0ifand only if ¢ = «;
(ii) d(q,x) = d(x,q);
(i) d(q,x) 2d(q,v)+d(v,«) forall q,x,v € A.
Then, (A, <,d) isa CVMS.

Choi et al. [5] introduced the concept of a bicomplex valued metric space (bi-CVMS)
with the following definition:
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Definition 2 ([5]). Let A # @, =;, be a partial order defined on A, andd : A x A — C; bea
mapping satisfying
(i) 0=y,d(q,x)andd(q,«) = 0ifand only if ¢ = x;
(i) d(q,x) =d(x,q);
(iii) d(q,x) =4, d(q,v) +d(v,x) forall q,x,v € A.
Then, (A, =;,,d) is a bi-CVMS.

ipr

Example 1 ([5]). Let A = Cpand q,x € A. Defined : A x A— C, by
d(q,x) = |z1 — w1| +iz|z2 — wy|

where q = z1 + ixzp and k = wy + ipwy € Cy. Then (A, =,,d) is a bi-CVMS.

Definition 3 ([5]). Fora bi-CVMS (A, %;,,d) :

—ips

(i) Asequence {q,} C Ais said to be a convergent sequence and converges to a point q if for any
0 <i, ¢ € Cy, there is a natural number ro € N such that d(q,,q) <, £ for all v > ro, and we
write limy o0 4y = q Or qr — qas r — oo.

(ii) A sequence {q,} C Ais said to be a Cauchy sequence in (A,d) if for any 0 <;, £ € C; there
is a natural number ro € N such that d(q;, qr4m) <, £ forallr,m € Nand r > r.

(iii) If every Cauchy sequence in A is convergent in A, then (A, =X;,,d) is said to be a complete
bi-CVMS.

Lemma 1 ([7]). Let (A, <;,,d) be a bi-CVMS and let {q,} C A. Then {q,} converges to q if and

—ips

only if ||d(qr,q)|| = 0asr — oo.

Lemma 2 ([7]). Let (A, =;,,d) be a bi-CVMS and let {q,} C A. Then {q,} is a Cauchy sequence

ipr
if and only if ||d(qr, qr+m)| — 0as r — oo, where m € N.

3. Main Result

In the following, we state a Proposition from Tassdique et al. [11], which will be
instrumental in our subsequent results.

Proposition 1 ([11]). Let (A, =;,,d) be a bi-CVMS and V, W : (A, =;,,d) — (A, =;,,d). Let

—1p7 —1p7 —1p7

qo € A. Define the sequence {q, by

Qo1 = Vaor and qor12 = Waor 41 1)

forallr =0,1,2,...
Assume that there exists p1 : Ax A—[0,1) satisfying

H1(WVq,x) < p1(q,«) and p1(q, VWxk) < p1(q, )

forall q,x € A. Then

#1(d2r, €) < p1(qo, %) and p1(d, 92r41) < p1(d, q1)
forallq,x € Aandr =0,1,2,...

Theorem 1. Let (A, =;,,d) be a complete bi-CVMS and V, W : A — A. If there exist the
mappings yu; : AxA—[0,1), wherei =1,2,...7, such that

(@) WV, x) < pi(q,x) and pi(q, YWrk) < pi(q,x);

®)  pa(a,)+V2(Ha(a,6) + p3(a,€))+2v2(pala, 1) + ps(a,%))+2(pe(a,%) + p7(q,6))< 1;
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(c)
d(q, Vq)d(x, W d(x,Vq)d(q, W
d(Va, Wr) 2i; pa(a,%)d(q, ) + iz (9, %) (quzi(gxx) 9 4 (e ) (Kl +q)d(qu) :
d(q,Vq)d(q, W d(x,Vq)d(x, W
+ pa(q, x) (ql f)d((qqx) x) + 5(q,%) (K1 _EL(EKK) K)
d(q, Wx)[1+d(q,V d(x, Vq)[1 +d(x, W
) S o T T @

forall q,x € A, then' V and VWV possess a unique common fixed point.

Proof. Consider an arbitrary element qo belonging to the set .A. Define a sequence {q;}

as follows:

forallr=0,1,2,....B

d(azr41,92r4+2) = d(Vazr, Wazr+1) =i, H1(92r, 920+1)2 (927, 420 41)

which implies

d2r41 = Vazr and qor2 = W41

v (2), we have

d(q2r, Va2r)d(a2r+1, Wa2r41)
1+d(q2r, 92r41)
d(q2r+1, Va2r)d(d2r, Wear11)
14d(q2r, d2r41)
d(q2r, Va2r)d(q2r, Wear+1)
1+d(q2r, 92r41)
d(q2r+1, Va2r)d (d2r+1, Wer+1)
1+d(q2r, 92r+1)
d(92r, Wagr+1)[1 + d(g2r, Va2r)]
1+ d(q2r, 92r41)
d(a2r+1, Va2r) [1 + d(q2r+1, Wazr11)]
14 d(q2r, 92r41)

+u2(q2r, G2r41)

+13(q2r, G2r41)

+ua(a2r, d2r41)

+us(d2r, 92r41)

+He (qu/ d2r+1 )

+u7(d2r, 92r41)

#1(92r, 92r11)d(d2r, 92r41)
d(q2r, 92r+1)4(d2r+1, 92r+2)
1+d(a2r, 92r41)
d(q2r+1, 92r+1)4(q2r, 92r12)
1+d(azr, 92r41)
d(q2r, 92r+1)4(d2r, G2r+2)
1+d(a2r, 92r41)
d(a2r+1,92r+1)4(92r+1, 92r+2)
1+d(azr, 92r41)
d(q2r, Q2r+2) (1 + d(92r, 92r41)]
1+d(qzr, q2r41)
d(a2r+1,92r+1) [1 + d(d2r41, 92r+2)]
1+d(azr, 92r41)

+12(q2r, G2r41)

+u3(q2r, G2r41)

+ua(a2r, d2r41)

+us(d2r, 92r41)

+He (qu/ d2r+1 )

+u7(d2r, 92r41)

7

d(d2r41,92r+2) =iy #1(92r, 92r41)d(d2r, G2r41)

A(92r, G2r+1)4 (2,41, 92r+2)
1+ d(q2rr C|2r+1)

+12(q2r, G2r41)
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d(q2r/ d2r+1 )d(qur q2r+2)
1+ d(qu/ q2r+1)
+ue(d2r, 92r41)d(d2r, G2r12)-

+ua(92r, 92r41)

This yields

#1(d2r, 92r41) |4 (d2r, a241) |
‘ a(azr, 92r+1)d (92741, 92r42)
1 + d(qu/ q2r+1)

‘ d(qur d2r+1 )d(qu/ q2r+2)
+6(azr, G2r41) | d(a2r, G2r41) + d(d2r+1, 920 12) ||

d(a2r41, G2r2) || <

+12(q2r, G2r11)

+ua(a2r, d2r41)

14 d(a2r, 92r41)

which implies

Hd(CI2r+1,C|2r+2)H < Pll(qh,mrﬂ)Hd(CIzr/qzr+1)||
a(q2r, 92r41)
+\f2]42(q2r1l12r+1) m Hd(qu-i-l/CIZrJrz)H
d(d2r, G2r41)

2 , 22l W |d(qar, d ,
+V2u4(d2r, 92r41) ‘1+d(qzr, 1) d(a2r, a2r1) + d(G2r+1, 92r12) ||
+ue(azr, a2r11) 1A (a2r, a2r+1) + d(d2r41, 92r42) ||

< (92 92r11) |4 (a2, 92r41) ||
V22 (d2r, 92r1) 14 (q2r41, G2r42) ||
+V214(92r, Q2r01) 14 (G2, Q2r41) + (2041, G2r12) |
+16 (a2, d2r+1) 14 (920, G2r41) + A(241, G2r42) |-
This implies

#1(q2r, G2r+1) |4 (927, 2r41) |

+V 212 (d2r, G2r41) 4 (G241, G242 |
V204 (92, G2r41) 4 (027, G201 |
+V 214 (d2r, 92r41) 4 (G241, 92042 |
+16(a2r, d2r+1) 14 (q2r, 920+1)
+16(a2r, 92r-+1) 1492741, d2r+2) |

(241, g2r42) | <

By Proposition 1, we have

#1(g0,a1) [|d(azr, q211)
+V2p2(q0,91) 1 d(a2r41, G2r12) |
+V2p4(q0, 1) 1d(d2r a2r1) |
+V24(q0,a1) [ d(a2r1, G2r12) |
+16(d0, 1) [|d(azr, 92r41) |
+16(d0, 1) [|d(q2r+1, a2r42) |

ld(azr1, G2r42) || <

which implies

ld(azr41, G2r42) || <

p1(q0,91) + V2pa(g0, 91) + 6(q0, 1)
1= v2ua2(q0,91) — vV21a(d0,91) — te (a0, 1)

|d (a2, q2r41)l]- (3)
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Similarly, by (2), we have

d(a2r43,92r42) = AVWaor 11, Waor11) =i, 41 (W21, 92 11)d(Wa2r 11, G241)

dWa2r11, VWagr1)d(a2r 11, Waor41)

+r2(Wazr i1, 92r11) 1+d(Wdzr41, 92011)
+us(Wazr i1, 92r41) (Gar s 1+ jlz(HV\/ltile qz:i) e

dWazr1, VWazr1)dWaar1, Wazri1)
1+dWa2r11,92r41)

d(92r+1, YWazr41)d(92r+1, Waar+1)

1+dWazrs1,92r41)
dWazr+1, Waar+1)[1 +d(Wazr11, VWa2r41)]
1+dWazrs1,92r11)

d(g2r+1, VWaor41)[1 + d(q2r+1, Wazr41)]

1+d(Wa2ri1,92r41)

+us(Wa2r41, 92r41)

+us (W21, 92r+1)

+ue(Wa2r41, 92r41)

+u7 (W21, 92r41)

= p1(q2r41, 92r+2)d(d2r+2, 92 41)
d(a2r+2, 92r+3)4(q2r+1, 92r+2)
1+d(q2r12,92r41)
d(92r+1, 92r+3)4(92r+2, 92r+2)
1+d(a2r42,92r41)
d(a2r+2, 92r+3)4(q2r+2, 92r+2)
1+d(q2r12,92r41)
d(q2r 11, 92r+3)4 (211, 92r 42)
1+d(a2r42,92r41)
d(g2r+2, Q2r+2) (1 + d(q2r+2, 92r+3)]
1+d(q2r12,92r41)
d(d2r+1, 92r43) [1 + d(q2r+1, d2r+2)]
1+d(q2r12,92r41)
= p1(92r41, 92r+2)d(d2r+2, 9241)
d(a2r+2, 92r+3)4(q2r+1, 92r+2)
1+d(d2r11, 92r42)
d(q2r 11, 92r+3)4 (211, 92r 42)
1+d(a2r42,92r41)
+17(d2r11, 92r4+2)4(d2r 11, 9243)-

+u2 (241, G2r42)

+u3(d2r41, 92r42)

+a (92041, 92r42)

+us (2041, 92r42)

+6(d2r+1, G2r42)

+u7 (2041, 92r42)

+u2 (2041, G2r42)

+us (2041, 92r42)

This implies

d(azr+2, q2r+3)ll < pa(azrs1, q2r2) 14 (2012, 92041) |

d(q2r+2, 92r+3)4(92r+1, Q2r+2)
1+d(q2r11,92r42)

d(d2r1+1, 92r+3)4(d2r41, 92r12)
1+ d(q2r+1r CI2r+2)

+17(d2r+1, Q2r42) 4 (d2r+1, 92+3) |

+u2(a2r41,92r42)

+us(d2r+1, 92r42)

that is,

||d(CI2r+2,OI2r+3)|| < V1(Clzr+1,¢12r+2)||d(q2r+2,CI2r+1)||
d(erH/ q2r+2)
1+d(az2r41,92r12)

+\/§ﬂ2(CI2r+1, G2r+2) [|d (9242, G2r+3) || H
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d(erH/ q2r+2)
1+d(az2r41,92r12)

+V 205 (Gar+1, Q2r-2) | (G2r41, G2r43) | H

+u7(a2r41, 92042) |4 (a2r 41, 92743 ||

which further yields
ld(a2ri2,92:43) < pa(azrs1, G2r2) | (a2r42, G20 41) ||
V202 (d2r41, G2r+2) |4 (G2r+2, G2r43) |
+v2p5(q2r11, G2r12) |4 (2r+1, G2r43) |
+17(d2r+1, Q2r42) |4 (d2r+2, 9243) |
< m(a2e1, 92r42) [ d(q2r41, d2r42) ||

+\@#2(Q2r+1/ q2r+2) || d(q2r42, 92r43) ||
+V2u5(q2r11, G2r12) (|| (@2r41, G2r+2) || + |4 (92012, 92r43) )
+u7(a2r41, 92r42) (1A (a2r41, G2r42) || + [|d (92042, G2r43) |])-

By Proposition 1, we have

[d(g2r+2,92r43)| < pa(q0,91) 1d(q2r41, 9242) ||
+V2p2(d0, 1) 1d(d2r-+2, 92043 |
+V2p5(d0, 1) |d(d2r+1, G2r42) |
+V25 (90, 91) [ d(a2r2, 2r13) |
+u7 (a0, 91)[|d(q2r+1, d2r+2) |
+u7 (a0, a1)[|d(q2r+2, 92r+3) |

which implies

w1(g0,91) + V2p5(q0,91) + #7(d0, 91)
1—v2pa(g0,91) — V2us5(q0,91) — #7(q0, 91)

Forallr =0,1,2,...,let

#1(90,91) + V244 (d0,91) +#6 (d0,91)
A = max 1—v242(d0,91) —v2p4(d0,91) — e (d0,d1)” <1.

||d(c|2r+2/ q2r+3)|| < ||d(q2r+1/ q2r+2)”' (4)

#1.(90,91)+ V25 (d0,a1)+17(90,91)
1—v2p2(90,91) =25 (q0,91) — 17 (d0,91)

Then from (3) and (4), we conclude that

1d(ar, arr1) [l < Alld(ar-1,ar)

for all r € N. Utilizing the principle of mathematical induction, we can construct a sequence
{4, } in A satisfying the following

ld(ar, ar1)ll < Alld(ar-1, )l < A2 d(ar—2, 1) | < ... < A"d (g0, a1) |

for all » € N. Now, for m > r, we get

||d(CIr/ CIm)H ||d(q,, qr+1)|| + ||d(qr+1/ qr+2)” +.o.F Hd(qm—L qm)”
A ld(ao, 1) || + A" |d (g0, 1) || + - - - + A™|d (g0, 1) |

= [)U + AT L+ A’”*l] l|d (a0, a1) ||

<
<

= X[rA+ 22 A a0, a) |
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(90, q1) |-

Now, by taking r, m — co, we get

Hd(qrrCIm)“ — 0.

By Lemma 2, {g,} is a Cauchy sequence in A. As (A, <12, d) is complete, so there exists

q* € Asuch that q, — q* as r — oco. Now, we show that ¢* is a fixed point of V. From (2),
we have

d(q*,Va*) =i, d(a", Wazr11) +dWazr 1, Va©)
=d(q", Wazr+1) +d(Va", Waar 1)
a9, q2r+2) + 11(a%, 92r41)4(q%, d2r41)

il g ) "
e 2 7 e
<o | ) T e
(0 qar0) B
(0", 1) A2tz LTV )
(" g ) Loz Ve W)

a(a*, qor+2) + H1(a*, a2r41)4(q%, 92r41)

d *,V *)d r+1/M2r
+u2(q", 92+1) g Hq-d)(qg‘?;zﬁjz 2

d(qor+1,Ya9%)d(q*,q2r
+y3(q* q27+1) (a2 ﬂ-d(?q )q(2j+132 2

d(q*Vq*)d(q*,q2,
- +ua(a”, CI2r+1) q1+§ )/(qirj12)+2)

d(92r11, Vq (92r+1,92r+2)
+15(q%, d2r41) - 1+d8 ,qu,H .

r2)[1+d(q*, V"
+,‘M6(C| q2r+1 da”, q12++di[ LIALY

q*,92r41)

d(a2r41,V0") [1+d(d2r+1,92r42)]
7% Q) = ot

By Proposition 1, we have

d(q*,CIZrJrZ) +d‘1/ll*<?}*,*q;)d(q*, q27’+1)
o (q*, qp) 208 Hfd)(qg*?égiszyﬂ)
« d(qo,11,Yq9")d(q*,q2,
+u3(a”, a1) i T—lrd((;*),qgfﬂgz =

d(q", Va*) =, g (a7, ) Mg 2]
+us5(a”, q1) ‘““”ﬂfgégfﬁgﬁgﬂmz>
F16(q%,q1) d(q*,qlz-rij Jl;zdr(f:)ﬂ/q*)]
+u7(q%, 1) d(qz’“'lﬁ;&jﬁgﬁl’qu]
This implies that
[d(a*, q2r42) 1l + pa (a*, a1) [|d(a*, a2-41) |
B D
T
(e, va')l < et m)| e
(0", )| PR e 2]
+1e(a*,a1) \d“'*'“f;tiﬁ[“gfffl o)

* d(q2r+1,V9" )[1+d(q2r+1rq2r+2
+u7(q ’ql)H 1+d(a*,q2r+1)
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d(a*, azr2) | + pa(a*, a1) |d(a*, a2r1) ||

(a7, ) | L2 2rs2)
el an) | (e
| e
s (a7, ) || T2 s 02 s2)
+1e(a* Cll)’ AL g AT V] ‘

l+d r+1,92r
+V2u7(q*, a1) [[d(q2r1, Va*) IIHW

Letting r — oo, we have ||d(q*,Vq*)|| < v2u7(q%,9*)|d(q*, Vq*)|. By condition
V2u7(q%,q%) < 1. Thus, ||d(q*,Vq*)|| = 0 and q* = Vgq*. Now we prove that q* is a
fixed point of W. By (2), we have

d(q*, Wq*) =i, (d(a*, Vaz,) +d(Va2r, Wa"))

d(q*, Vaar) + p1(azr, 9% )d(a2,,97)
+12(q2r, q%) (Q2r11jrqdzr()£(‘; )Wq )
= g +V3(Cl2r, )d(q fjfir(ng(yqér;/VQ)
+a(qpr, 4*) Ny BBV 445 (g, ) A BT V)
1o (q, ") N )]y (g, ) LY V)

a(a*, q2r+1) +f1(Q2nq*3d£q%,g*)
12 (qar, ") N2 V)

d(q9*,92r41)d (g2, Wq*
- 3 (a2, g°) g )

(020, q%) d(qzr,gigégjf,zi,5Wq*) + 5 (qor, q%) d(q*,ﬁzajr(;?;/\/q*)
Va6 (G20, 4%) d(qzr,Wﬁzi[(l‘zi(qiz)qum)} + 17(qr, 0°) d(q*,qzﬁg[(z;tfsil;lqu*)}
By Proposition 1, we have
d(a*, az+1) + pa(d0,9%)d(a2r, 97)
pr2(0,7) A L
d(a", Wa') =i, 13 (0, q) AT V)
+pa(qo,q7) 202z ?ﬁ%zm(gi’)'wq*) + p5(90,9%) ”’(q*'i'iggﬁ,ff,‘;?wq*)
+116(d0,9%) d(qzr, qui)d[(lqtd(qcmrmHl)] + 17(d0,9%) d(q*,CI2r1+J:t)i[(1£r¢f§g;,Wq*)]
This implies that
ld(a*, aar+1) | + p1(q0,9%) | (927, 4°)
+#2(q0,9%) d(qzy'flﬁ(lgi(,g:')wq*)
+pi3 (a0, ") || L2 V0
laa, wat) | < | Hmalaoan)| Al |
5 (a0, 0") | ATV
a6 (d0, q*)’ d(qzr,WfEi[(lgj(qiz)nqzm)}

d(a*,qzr 1+d(q” Wa*
+#7(qo'CI*)‘ SRR e ”‘
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d(a*, azrs1) || + p1 (g0, %) [|d(a2r, a™) ||

d r/U2r d *’W .
+ia(q0, q7)|[ 412 fi;(lq)z,(,g*) -

d(q*,92,41)d (92 Wa*
i S

+14(90,9") ‘ d(qz”;'i;ai(’iir),wq*)

it |
+V246(do, a*) [ d (a2, Wa* )|H 1Jlridq2qzq2q+)1)]
+u7(d0, 9" H 9" 92 +1) (q W) ’

[1+

+d(a2,,9%)
m“ (q*, Wq*)|| = 0. Thus, g* = Wq*. Thus, q* is
a common fixed point of V and WW. Now we prove that q* is unique. We suppose that

IN

Letting r — o0, we have

q/ — Vq/ _ Wq/

but q* # q/. Now from (2), we have
d(a*,a") =d(va, wa')

e e 1 (od Yo
S (070 )a (a0 ) + (o o) & ;}i ;?q(:q’/))/vq )

o v (e wa)

+u3(q*,q T a(a,a)
d(a*, Va*)d(q*, Wa/ d(a’,Va*)d(q/, Wa/
+M4(q*,q/) 1+d(q(*,q/) )+V5(q*,q/) ( 1+2(q5,q/) )

, d(q*, Wq/) [1+d(q*,Vg*)]
1+d(q*,q/)

IR\ R CATE))

1+d(q*,q/)

+M6(q*,q + 7 (q*,q

/q/ /g% x )/
- (o) o) (o) )

i) )? il

1+d(q%,q/) 1+d(q*,q/)

d(q*,q’)[1+d(q*,q%)] d(a/,q%)|1+d(a’,q/
+.”6<q*,q/ ( 1-|-)d(q*,q/) +;l7(q*,q/) ( 1—)’—{61(q*,q</) ﬂ

! q* * -/ ./
= (ool ) o) ) )

1+d(q*,q/) 1+d(q%,q/)
i)

14+d(q*,q/)

+144(q*,q/) + s (q

o)

This implies that
)] = m o)

(o oo )

+d(a%,a/)||
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N 2aa)] |a(a"a")]
vo(aa )qu*,q/ (0 ) i
- / / ||d( )|| 1

Twd(aa )]

()] < malanal) s q)HWﬂs( )\d(q*fq/)H
RSO LRI R CRRILCRD]

= (m(ona’) + Vo (oo’ ) (o) o0 ) ) (o) |

As<y1<q )-l—\fm(q,q/)—i— ( q/>+ﬂ7<q*,q/)><1,wehave

(2o’ =0
Thus, q* =q/. O

Corollary 1. Let (A, <;,,d) be a complete bi-CVMS and V : A — A. If there exist the mappings

127

ui: AxA—[0,1), wherei =1,2,...7 such that

(@) pi(Va,x) < pig,x) and pi(q, Vi) < pi(q,x);
(b)  p1(a,6)+v2(u2(a, ) + p3(a,€))+2v/2(palq, %) + ps(a, %)) +2(pue(a, %) + p7(a, )< 1;
(c)

d(q,Vq)d(x, Vx)
1+d(q,x)

d(q,Vq)d(q, Vx) d(x, Vaq)d(x, Vx)
R (R O

d(q,Vr)[1+d(q,Vq)] d(x, Vq)[1 +d(x, Vk)]
1+44d(q,x) 1+4+d(q,x)

forall q,x € A, then V has a unique fixed point.

d(x,Vq)d(q, V)

d(Va, Vx) =i, pa(a,x)d(q,x) + pa(q, )

+1a(q, %)

+ pe(q, %) + p7(q,x)

Proof. Take YW = V in Theorem 1. [

Corollary 2. Let (A, =;,,d) be a complete bi-CVMS and V,W : A — A. If there exist the

12/

mappings u; : AxA—[0,1), wherei =1,2,...6, such that

(@) ui(WVa,x) < pi(q,x) and pi(q, VW) < pi(q, x);

(b) ﬂl(qr K)+\/§(l’l2(qr7{) + ]43(% K))+2\@(]/l4(‘7{r K) + I/lS(CI/ K))+2.u6(qr K)< 1/

(c)

d(q, Vq)d(x, W)
1+d(q,x) 1+d(q,x)

d(q,Va)d(q, Wr) d(x, Vq)d(x, Wk) d(q, Wr)[1 +d(q,Va)]
Trdlgn) T g TR T

forall q,x € A, then' YV and YV have a unique common fixed point.

d(x, Vq)d(q, Wk)

d(Vq, W) =i, p1(q,%)d(q,x) + p2(dq, ) + p3(q,x)

+H4(C|,K)

Proof. Setting y17 : Ax.A—[0,1) by pz(q,«) = 0in Theorem 1. [

Corollary 3. Let (A, <;,,d) be a complete bi-CVMS and V,)V : A — A. If there exist the

lzl

mappings y; : AxA—1[0,1), wherei =1,2,...5, such that
(@) pi(WVa,x) < pi(a,) and pi(q, VW) < pi(a, x);
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gbj (0, 6) + V2(u2(a,6) + p3(a,)) +2v2(a(a,%) + ps(q,x)) < 1;
c

forall q,x € A, then' V and VW have a unique common fixed point.
Proof. Setting 6, 7 : AxA—[0,1) by pe(q,x) = pz(q,«) = 0in Theorem 1. [J

Corollary 4. Let (A, =, ,d) be a complete bi-CVMS and V, W : A — A. If there exist the

—ps

mappings yu; : AxA—[0,1), wherei =1,2,...4, such that

(@)  wiWVq,x) < pi(q,«) and pi(q, VWk) < (4, x);

(®)  p1(a,x) + V2(ua(a,%) + u3(q,x)) +2v2p4(q, 1) < 1;

(c)

d(q, Vq)d(x, Wk)
14+d(q,x)

d(x, Vq)d(q, Wk) d(q,Vq)d(q, W)
1+44d(q,x) 1+4d(q,x)

forall q,x € A, then' Y and YV have a unique common fixed point.

d(Va, Wk) =i, p(a,x)d(q, ) + pa(a, %)

+u3(q,x) + pa(q, x)

Proof. Setting jis, pg, 7 : AxA—[0,1) by pe(q,x) = pz(q,x) = 0in Theorem 1. [

Our main result generalizes a key finding by Tassaddiq et al. [11] in this way.

Corollary 5 ([11]). Let (A, =;,,d) be a complete bi-CVMS and V, W : A — A. If there exist the
mappings y; : AxA—10,1), where i = 1,2,3, such that:
(@) wi(WVa,x) < pi(q,x) and pi(q, VW) < pi(q, x);

() p1(a,6) + V2(p2(a,%) + pz(a,x)) < 1;
(c)

d(g, Vq)d(x, Wk)
1+d(q,x)

d(x,Vq)d(q, Wk)
1+d(q,x)

d(Va, Wk) =i, p1(a,x)d(q,%) + p2(q, %) +us(q,x)

forall q,x € A, then' V and VW have a unique common fixed point.

Proof. Setting u4, us, ye, p7 : AxXA—[0,1) by pa(q,«) = pus(q,x) = pe(q,x) = pz(q,x) =0
in Theorem 1. O

Corollary 6. Let (A, <;,,d) be a complete bi-CVMS and V,W : A — A. If there exist the

iy
mappings y; : Ax A—|0,1), where i = 1,2, such that
(@) pi(WVa,x) < pi(q,) and pi(q, VWx) < pi(a,x);

(®)  p1(a,) +V2ua(aq, k) < 1;

(c)

d(q,Vq)d(x, Wk)
1+d(q,x)

forall q,x € A, then' V and YV have a unique common fixed point.

d(Vaq, Wx) =i, p1(a,x)d(q,x) + p2(q, «)

Proof. Setting u3, pa, s, pe, 7 : AxXA—[0,1) by uz(q,x) = pa(q,x) = ps(q,€) = pe(q,x) =
#7(q,x) = 0in Theorem 1. [J
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Example 2. Let A= [0,1] and d : A x A — C be defined by

d(q,x) = |q — x| +i2|q — x|

forall q,x € A.
Then (A, =i,,d) is a complete bi-CVMS. Define V, W : A — A by

_9 _1
Vq= 3 and Wq 5
Consider
pi: Ax A—[0,1)

fori=1,2,...,5by

Then, evidently,
p1(9,€) + V2(p2(a,%) + pa(a,x)) +2v2p4(q,%) < 1.

Now
_ q (T N9 k9, K _
Vl(WVq/K) - ]’ll(W(B)/K) - V1<6’K> - 30 + 6 S 5 + 6 - Hl(q’K)
and K K q K q
m(a, VWk) = i (q,V(E)) = (qu) =gt Sgtg=mlax).
Also,
_ q (T N ka9 K
ﬂZ(qu,K) - VZ(W(3)1K> - y2(6’K) - 4:8 + 9 S 8 + 9 - ]’lz(q/K)
and K K q K q K
,UZ(CI/VWK) = VZ(CI/V(E)) = VZ(q, g) = 3 + 54 < 3 + 9 = uz(q,K)
and 2.2 2.2
_ q — (1) 2 T A
V3(WVCI/K) 77’13<W(3)’K> 7;[3( ’K) - 192 S 32 7V3(q’K)
2.2 2.2
_ N Y 9% g
Ha(a VW) = i3 (4. V(3)) = ma(a.7) = To5 < S5 = 1a(ax)
and
2 2 2 2
q q q K q K
pu— — pu— — = — 7<7 —_—
msOVVax) = us(W) ) = ps(Gx) = 55+ 35 < g + 35 = 1alo0)
@) = a(av5) = a0 5) = T o < B e
Halq, K) = Mg\ Y, 2 = H4 C|16 9% 150 = 16 25 Halq, K
Now,
_ O _ja_K 9k
avawe) = 43,5 =|3-5|+u|3 -7
. 129 — 3k
2

2q — 3k
6
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d(Vq,q)

2q — 2k
6 +

2q — 2k
3

=i,

1))
1 .
= 3(la—x|+i2]q —[)

11 .

=i, @(Iq — K| +i2|q — x|)

d(q, Vq)d(x, Wx)
1+d(q,x)

d(x,Vq)d(q, Wx) d(q, Vq)d(q, Wk)
1+4d(q,x) 1+4+d(q,x)

Then it is very simple to prove that all the conditions of Corollary 4 are satisfied and 0 is a common
fixed point of mappings V and W.

=i, p1(q,x)d(a,x) + p2(q, x)

+ u3(q,x) + pa(q, %)

Corollary 7. Let (A, =;,,d) be a complete bi-CVMS and V : A — A. If there exist the mappings
Hi: AXA—[0,1), wherei =1,2,...7, such that

(@) pi(Va,x) < pia,x) and pi(q, V) < pi(q,x);
(0)  p1(a,%)+v2(u2(a, €) + p3(a, %)) +2v2(pa(a, %) + ps(a,€))+2(ue(a, %) + p7(q,%))< 1,
(c)

d(q, V" q)d(x, V')
1+4d(q,x)

d(x, V"q)d(q, V"x)

v v
<.
d(V'q,V'x) =i, p1(a,x)d(q,x) + pa(q, ) T+ d(o,x)

+ u3(q,x)

d(q,V"q)d(q, V'x)
1+4d(q,x)
d(q, V'x)[1 +d(q,V"q)]
14d(q,x)
forall q,x € A, then V has a unique fixed point.

d(x, V'q)d(x, V'k)
1+d(q,x)
d(x, V7q)[L + d(x, V)]
1+4+d(q,x)

+a(q, ) + ps(q,«)

+e(g,x) +pz(q,x)

Proof. From Corollary 1, we have q € A such that V"q = q. Now, from
d(VV"q,V"q)
d
d(V'Va,V"q) 25, pi(Va,a)d(Va,q) + p2(Va,q)

d(q,V'Vq)d(Vq,V'q)
Vq,

+ pu3(Va,q) T d(Vaq)

d(Vg, V'Vq)d(Vg, V'q)
1+d(Va,q9) +#s(Va,q)

d(Vg, V'q)[1+d(Vg, V" Vq)]

1+d(Vq,q) +pz7(Va,q)
d(Vaq,Vaq)d(q,

#1(Va,q9)d(Va,q) + M(W'q)m

a(a, Va)d(Ve,a)

14+d(Va,q)

d(Vq,Vq)d(Vq,q) d(q,Vq)d(q,9)
Travee YT g

d(Vq,9)[1 +d(Vq,Vq)] d(q,Va)[1 +d(q,q)]
1+d(Vq,q) 7 (Va,a) 1+d(Vq,q)
(9, Va)d(Vq,q)

d d(Vq,q)
,q)d(Va, , TEdVa a)
m(Va,q)d(Va,q) +uz(Va,q) 1+d(Va,q) 1+d(Va,q)
d(q,Vq)

1+d(Vq,q)

(Vq,V"Vq)d(q,q)
1+d(Vq,q)

d(q,V"Vq)d(q,V"q)
1+d(Vq,q)
d(q,V'Vq)[1+d(q,Vq)]
1+d(Vq,q)

+us(Va,q)

+us(Va,q)

+u3(Va,q)

+us(Va,q)

+us(Va,9q)
+16(Vq,q)

+uz7(Va,q)
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which implies that

[vaal < mVa@ldvea]+Vanvaalde v lg eSOl
[d(Va, q)]l 1d(a, Va)|l

VD v 7YYV aw

. d(Vq,
Since [[d(Va, )l < [1+d(Va,q)] and 1 < [[1+d(Va,q)l|, so gy < 1 and

1
v < 1. Thus, we have

[d(Va,a)| < m(Va,a)ld(Va, )| + V2us(Va,q)]|d(q, Va)||
+ue(Va, a)|[d(Va, ) || + pz(Va, q)|ld(q, Va) ||
(m(va,a) + V2us(va, ) + pwe(Va,a) + 7 (Va,a) ) (e, Va) |

As (Vl(Vq,q) +v2p3(Va, ) + ps(Va, q) +M7(Vq,q)) < 1, so it is possible only if

4. Inferred Findings
Corollary 8. Let (A, <;,,d) be a complete bi-CVMS and V,W : A — A. If there exist the

—ps

mappings y; : A—[0,1), wherei =1,2,...7, such that

(@) ui(WVaq) < pi(q) and pi(VWrk) < pi(x);

(0 pa(a)+V2(p2(a) + pr3(9) +2v2(ua(a) + ps () +2(pe(a) + pr(a)) < 1;
(c)

d(Va, Wx) =i, p1(q)d(a, ) + p2(q) d(q’llflld(gf”( I;VK) + u3(q) d(K’l]iqLigi"ngx)

d(q,Va)d(q, W) VS(q)d(K/Vq)d(K/WK)
1+d(q,x) 1+4d(q,x)

d(q, Wx)[1+d(q, Vq)] d(x, Vq)[1 +d(x, Wx)]
+y6(q) 1 -l—d(q,K) ]/l7(C|) 1 +d(q,K> ’

forall q,x € A, then' V and YV have a unique common fixed point.

+p4(q)

Proof. Define y; : Ax.A—10,1) by
pi(a, %) = pi(q)

forall q,x € A. Then for all q,x € A, we have

@ uiWVq,x) = ui(WVq) < pi(q) = pi(q,x) and p;(q, VWk) = pi(q) = pi(a,«);
(b)
p1(a,6) + V2(ua(a,€) + p3(a,€)) +2V2(pa(a, ) + ps(a, %)) +2(ue(a,€) + p7(q, %))
= p1(a) + V2(u2(q) + p3(a)) +2v2(ua(a) + us(a)) +2(ue(a) + p7(a)) < 1;
(c)

d(Va,Wx) =, (a)d(q,x) +y2(q)% ‘*‘P‘B(q)%‘w
d(q, Wx)[1+d(q,Vq)] d(x, Va)[1 + d(x, Wx))]
1+d(q,x) + p7(q) a0

+6(q)
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AP (e x)
d(q, Va)d(q, Wx) d(x, Vq)d(x, Wk)
Trde TP o

d(q, Wx)[1+4d(q,Vq)] d(x, Vq)[1 +d(x, Wxk)]
1+d(q,x) +r(ax) 1+d(q,x) '

d(x,Vq)d(q, Wk)
14+d(q,x)

- I’ll(q/K)d(q/K) +]/12(q,1()
+Ha(a,x)

+Vé(q/ K)

By Theorem 1, V and WV have a unique common fixed point. [J

Corollary 9. Let (A, =;,,d) be a complete bi-CVMS, and let V, W : A — A. If there exist the

constants p; € [0,1) fori = 1,2,...,7 with py +v/2(ua + p3) +2vV2(pa + pis) +2(pe + t7) <
1, such that

d ’ d 7 d ’ d ,
A(Va, W) =i, jrd(q,x) + pp 13X A W) (, Va)d(q, Wr)

1+d(q,x) Hs 1+4d(q,x)
d(q,Vq)d(q, Wx) d(x, Vq)d(x, W)
T 1+d(q,x) Hs 1+4d(q,x)
n d(q, Wx)[1 +d(q, Vq)] d(x, Vq)[1 +d(x, Wx)]
6 1+d(q,x) H7 1+d(q,x) ’

forall q,x € A, then' V and VW have a unique common fixed point.

Proof. Take y;(-) = pj, wherei =1,2,...,7,in Corollary 8. [

Now we present more general results, which, subsequently, recover some results from
Gnanaprakasam et al. [8] as a special case.

Corollary 10 ([8]). Let (A, =;,,d) be a complete bi-CVMS, and let V, W : A — A. If there exist
the constants py, up, p3 € [0,1) with 1 + v/2po +2p3 < 1 such that

d(q,Vq)d(x, Wk d(x, Vq)d(q, Wx
(V9 W) <, (s, ) + T E IR 1, SIS

forall q,x € A, then' V and VW have a unique common fixed point.

Proof. Take y; = 0, wherei =4,5,6,7, in Corollary 9. [

Corollary 11 ([8]). Let (A, =;,,d) be a complete bi-CVMS, and let V : A — A. If there exist the
constants py, pa, w3 € [0,1), with py +/2us + v/2p3 < 1, such that

d(q,Vq)d(x, Vk d(x,Vq)d(q, Vk

forall q,x € A, then V has a unique fixed point.
Proof. Set WW = V in Corollary 10. O
In the following way, we derive the principal result established by Beg et al. [7].

Corollary 12 ([7]). Let (A, =;,,d) be a complete bi-CVMS, and let V, W : A — A. If there exist
w1, 42 € [0,1), with py + /2uy < 1, such that

d(q, Vq)d(x, Wk
d(Va, Wr) =i, md(q,x) + pa (qlﬁ)d(g x) |

forall q,x € A, then' V and VW have a unique common fixed point.
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Proof. Take y; =0, wherei = 3,4,5,6,7, in Corollary 9. O

5. Applications

The powerful tools of fixed point theory have proven immensely valuable for tackling
various problems across diverse mathematical disciplines. In this section, we demonstrate
the applicability of the established fixed point results to the realm of integral equations.
These integral equations play a crucial role in numerous scientific and engineering fields,
including population dynamics, heat transfer, finance, and many more. These equations
often lack closed-form solutions, necessitating the use of alternative methods to establish
their existence and uniqueness. Here, we will use the framework developed in the previous
section (Corollary 4) to address a specific type of integral equation named the Volterra
integral equation of the second kind. By translating the integral equation into a fixed point
problem, we will demonstrate how our fixed point theorems can be utilized to guarantee
the existence and, potentially, the uniqueness of solutions for this equation.

We consider the space A consisting of all real-valued continuous functions defined on
the closed interval [0, 1], denoted by (C[0, 1], R). Furthermore, define a distance function
d: Ax A— C, as follows:

d(q,x) = fé‘[gfﬁ(l +1)([a(t) —x(t)])

forall q,x € Aand t € [0,1]. Then (A, <;,,d) qualifies as a complete bi-CVMS. Consider

iy

() = [ Ka(t5,0(5))ds + (1), ®

1
a(t) = | Kalt,s,a(s)ds +g(), ©
where ¢ : [0,1] — R and Kj,K; : [0,1] x [0,1] x R — R are continuous for t € [0,1].

Within the set of bicomplex numbers C;, we introduce a partial order denoted by =;, . This
relation holds between two elements q(¢) and «(t) if and only if q < «.

Theorem 2. Suppose the following condition

[Ki(t,s,a(s)) — Ka(t,s,5(s))| < pa(q,x)]a(s) —x(s)]

holds for all q,x € A, with q # « and for some control function yy : Ax A—[0,1); then the
integral operators defined by (5) and (6) possess a unique solution that is common to both operators.

Proof. Define the continuous mappings V, W : A — Aby
1
va(t) = [ Ku(ts,a(s))ds +g(t),

1
wa(t) = [ Kalt,s,a(s))ds + g1,
forall t € [0,1]. Consider

d(Vg Wk) = trén[(z)a)f](l +1i2)| Va(t) — Tx(t)]

= max(1+1) <‘/01 Kq(t,s,q(s))ds — /01 Ky(t,s,%(s))ds

te[0,1]

)

<, max (1+ ) </01|K1(t,s,q(s)) . Kz(t,s,x(s))|ds>

te[0,1]
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=i, max (14 1) (M(q,x) /01|CI(S) — K(S)|ds>

te[0,1]

d(q,Vq)d(x, Wx)
1+d(q,x)

d(q,Vq)d(q, W)
14d(q,x)

d(q, Wx)[1 +d(q, Vq)]
1+d(q,x)

=i, p1(q,x)d(a,x) + p2(q, x)

d(x, Vq)d(q, Wk)
1+4d(q,x)
d(x, Vq)d(x, Wk)

1+4d(q,x)
d(x, Vq)[1 +d(x, Wk)]

1+4+d(q,x)
for any control functions puy, j3, ua, pis, e, pi7 : AxA—[0,1). Hence, all the conditions

stipulated in Theorem 1 are met; the integral equations defined by (5) and (6) possess a
unique common solution. [

+ p3(q,x) + pa(q,x)

+ ps(q,x) + pe(q, %)

+.u7(qr K)

6. Conclusions

In the present research article, we have obtained common fixed point results for ratio-
nal contractions involving control functions of two variables in the framework of bi-CVMS.
In this way, we have derived the leading results of Beg et al. [7], Gnanaprakasam et al. [8],
and Tassaddiq et al. [11]. Furthermore, to substantiate the validity of our findings, we have
presented a non-trivial example that demonstrates the effectiveness of the obtained results.
To illustrate the applicability of our main result, we further investigated the existence and
uniqueness of solutions for Volterra integral equations of the second kind.

Building upon the recent work of Ozgﬁr et al. [23,24] on the fixed-circle problem
in metric spaces, a compelling avenue for future research would be to investigate this
problem within the context of complete bi-CVMS. Even more generally, exploring suitable
contractive conditions to establish existence and uniqueness theorems for fixed circles of
self-mappings in these spaces holds significant promise for uncovering geometric interpre-
tations and expanding the theory.
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