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Abstract: The medical diagnosis of many critical diseases is difficult as it usually requires the
combined effort of several doctors. At this time, the process of medical diagnosis is actually a
group decision-making (GDM) problem. In group medical diagnosis, considering doctors’ weight
information and fusing the interaction relation of symptoms remain open issues. To address this
problem, a group decision-making method for intuitionistic fuzzy soft environments is proposed for
medical diagnosis because the intuitionistic fuzzy soft set (IFSS) integrates the advantages of the soft
set and intuitionistic fuzzy set (IFS). Intuitionistic fuzzy soft weighted Muirhead mean operators are
constructed by combining Einstein operations with the Muirhead mean (MM) operator, and some
properties and results are revealed. A group medical diagnosis model with unknown doctor weight
information and incomplete intuitionistic fuzzy soft information is proposed. Similarity measures of
the intuitionistic fuzzy soft matrix (IFSM) given by the doctors are used to estimate the incomplete
information. To take into account the advantages of objective weight and subjective weight, the
combined weights of doctors are calculated based on the IFSMs’ similarity measure and doctors’
grades. The developed operators are then used to combine the evaluation information and handle the
correlation of input arguments in the group medical diagnosis process. Finally, a numerical problem
is selected to illustrate the superiority of the proposed approach compared to related methods. The
combined weights are determined to overcome the shortcomings of the single-weight method to
some extent. Meanwhile, the proposed method is more comprehensive, and can provide more flexible
and reasonable choices for group medical diagnosis problems.

Keywords: intuitionistic fuzzy soft set; Muirhead mean operators; group decision making; medical
diagnosis

MSC: 03E72; 90B50

1. Introduction

Medical diagnosis is a process that directly affects people’s health and lives. One
main task in medical science is to obtain an accurate diagnosis [1]. Many scholars have
conducted extensive research to find suitable methods for improving the accuracy of
medical diagnosis [2–6]. Medical diagnosis for critical diseases is a complex decision-
making problem that contains a great deal of symptom analysis. Therefore, a doctor may
find it difficult to draw firm conclusions about such diseases without the assistance of
their colleagues when assessing the health problem and providing precise diagnosis [7].
Therefore, medical diagnosis is a group decision-making (GDM) problem [8,9]. Two main
problems in the GDM process must be solved: one is obtaining evaluation information,
that is, weights and evaluation values, and the other is selecting an appropriate method for
aggregating this information [10].
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In the real world, this may be difficult as people may not be able to provide accurate
evaluation values in complex decision-making environments. Generally, the inherent uncer-
tainty in patient history and current signs and symptoms may make it difficult to find the
precise diagnosis [11]. As an extension of the fuzzy set (FS) [12], the intuitionistic fuzzy set
(IFS) can better describe the complexity and fuzziness of information that contains member-
ship, non-membership, and hesitation information [13]. Medical diagnosis models based on
FS theory have been widely investigated. Li et al. applied an approach to medical diagnosis
using fuzzy soft sets [14]. Based on the ambiguity measure and Dempster–Shafer theory of
evidence, a decision-making method was presented and applied to medical diagnosis [15].
Xiao utilized a hybrid method based on fuzzy soft sets to address medical diagnoses [16].
Thao et al. proposed the concept of a divergence measure of picture fuzzy sets and a new
multi-criteria decision-making algorithm for medical diagnosis [17]. An algorithm for
medical diagnosis using score matrices has been proposed [18]. For a double-hierarchy
hesitant fuzzy linguistic environment, Zhang et al. proposed novel correlation measures
for medical diagnoses in Chinese medicine [19]. The theory of fuzzy soft matrices has also
been applied in medical diagnosis [20]. Farhadinia developed a divergence-based medical
decision-making process for COVID-19 diagnosis in a hesitant fuzzy environment [21]. A
novel algorithm for the decision-making problem of neutrosophic soft sets was proposed
and applied to medical diagnosis [22]. Considering FS theory’s inherent difficulties and
the inadequacy of the parametrization tool, Molodtsov put forward the concept of the soft
set [23]. Parameterization in soft set theory is expressed with the aid of words, sentences,
and other forms. It is difficult to provide preferences appropriately and accurately using
soft sets in uncertain situations. Maji et al. established an intuitionistic fuzzy soft set (IFSS)
that integrates the advantages of soft sets and IFSs [24]. Evaluation values in the form of
IFSSs can help achieve appropriate results closer to the actual reality because IFSSs can
describe decision-makers’ positive, negative, and hesitant traits. The IFSS theory has been
further developed. Fuzzy information measures, which include distance measures and
fuzzy entropy [25,26], similarity measures [27,28], and correlation coefficients [29], have
been widely used in medical diagnosis, pattern recognition, cluster analysis, decision anal-
ysis, and other fields. Furthermore, the approximation ideal solution (TOPSIS method) [29],
ranking priority relation (PROMETHE) [30], and prospect theory [31] have been developed
to deal with practical problems with intuitionistic fuzzy soft information.

Aggregation of information and preferences in the GDM process is important. Various
aggregation operators, which are mathematical tools for combining information, have been
constructed to combine decision information in different situations. To express information
more clearly and elaborately, Seikh and Mandal defined the p,q-quasirung orthopair fuzzy
set and proposed its weighted averaging and geometric aggregation operators [32]. Arora
and Garg developed some intuitionistic fuzzy soft prioritized and robust aggregation
operators for decision-making problems [33,34]. Garg and Arora proposed an intuition-
istic fuzzy soft Bonferroni mean operator for integrating the different preferences [35].
Subsequently, Hu et al. proposed a weighted intuitionistic fuzzy soft Bonferroni mean
operator to solve the group medical diagnosis problem [36]. In group medical diagnosis
problems, the symptoms of a disease, which are described by certain parameters, usually
interact with one another. Doctors also interact with each other when providing evaluation
information. Hence, the interrelation between multi-input arguments, including different
attributes or different experts, should be considered. To synthesize the comprehensive
value of each parameter and identify the relationship between individual arguments, the
Maclaurin symmetric mean (MSM) operator [37] and BM operator [38] were applied to
the IFSS [35,39]. In the general case of the BM and MSM operators, the Muirhead mean
(MM) operator can capture the intrinsic relationships between any number of arguments
based on parameter variation [40]. It can reduce the influence of relevant factors on the
ranking results by eliminating the overlapping influence of non-orthogonal terms [41]. MM
operators have been found to be suitable for solving practical decision-making problems
as they provide reasonable and effective fusing information. Hong et al. applied the MM
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operator to aggregate hesitant fuzzy information [42]. A series of hesitant fuzzy linguistic
MM operators has been proposed [43,44]. Zhu utilized the proposed Pythagorean fuzzy
MM operators to solve multiple-criteria GDM problems [45]. Wang studied financial invest-
ment risk appraisal models based on interval number MM operators [46]. Novel operators
were developed by applying the MM operator to interval-valued linear Diophantine fuzzy
data [47].

Generally, aggregation operators are formed using operations in various fuzzy en-
vironments. The majority of operations are algebraic, Einstein, Hamacher, etc. Based on
the Archimedean t-norm, the generalized MSM aggregation operators of the IFSS, which
could reflect the interrelation between the input arrangements, were given [39]. Seikh
and Mandal [48] proposed intuitionistic fuzzy Dombi operators that prioritize variabil-
ity with information operations. The Archimedean t-conorms and t-norm operations
presented in a q-rung orthopair fuzzy environment have been extended and applied to
MADM issues [49]. The algebraic product and sum are the most common operations used
to model intersections and unions; however, they are not unique. As another typical case of
strict Archimedes t-norms and Archimedean t-conorms, the Einstein t-norm and t-conorm
also have the best approximations for the sum and product. Du established aggregation
operators on q-rung orthopair fuzzy values based on the Einstein operational laws [50].
Using Einstein operations, Wang and Liu [51] developed intuitionistic fuzzy aggregation
operators. To overcome the shortcomings of the Einstein operations of the IFSs described
in [51], Garg redefined the Einstein norms and conorms of the IFSs and presented a class
of intuitionistic fuzzy interactive geometric operators [52]. Einstein operations were also
applied to Pythagorean fuzzy sets [53]. Based on the new Einstein interactive operational
rules for the intuitionistic fuzzy numbers, Liu and Wang presented the intuitionistic fuzzy
Einstein interactive weighted averaging operators [54]. Arora [55] provided the Einstein
operation for IFSSs and presented the corresponding operators. Inspired by these ideas,
this study extends the MM operator to IFSSs to capture the interrelation between arguments
for a group medical diagnosis based on Einstein norms [55].

Similarly, the weights of decision-makers must be considered in GDM problems.
Different decision-makers have different levels of knowledge and ability; therefore, they
contribute different expertise and have different importance. The weight information of the
decision-makers directly affects the accuracy of the overall GDM results [56–58]. Therefore,
numerous scholars have focused more on mining and studying weight information. Differ-
ent approaches have been studied to obtain weight information by considering objective or
subjective factors. The subjective weights can reflect people’s preferences; therefore, the
decision-making results may be very subjective and random. The objective weights depend
on strong mathematical theory and can avoid the arbitrariness of decision-making results;
thus, they cannot reflect the willingness of people. In this study, similarity measures of
IFSSs and the comparison matrices constructed by doctors’ grades are used to obtain the
objective and subjective weights of doctors, respectively. Subsequently, doctors’ compre-
hensive weights are obtained by combining subjective and objective factors. Moreover,
considering the complexity of GDM and the knowledge limitation of decision-makers,
some may not provide complete evaluation information. Das et al. utilized probabilistic
weight and distance information to estimate the missing or unknown information in in-
complete fuzzy soft sets [59]. Based on the methods in [60,61], a minimum-trust discount
coefficient model was designed to estimate the missing values in an IFSS [62]. Qin and Ma
presented a filling approach for incomplete information using the data analysis approaches
of interval-valued fuzzy soft sets [63]. Qin et al. presented a method to fill in the missing
information by fully considering and employing the characteristics of the interval-valued
IFSS itself [64]. Ma et al. proposed a K-nearest neighbors data filling algorithm for the
incomplete interval-valued fuzzy soft sets[65]. Therefore, it is very necessary to study the
situations where group medical diagnosis problems involve incomplete information.

Based on the considerations above, it is crucial to present a GDM model for a medical
diagnosis problem with incomplete intuitionistic fuzzy soft information. The remainder of
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this paper is structured as follows: Section 2 introduces some basic concepts and theories
related to IFSSs and the MM mean operator. Subsequently, to identify the interrelation
of the arguments, we propose an intuitionistic fuzzy soft weighted MM operator and its
dual weighted MM operator based on the Einstein operations in Section 3. Meanwhile,
some properties of these presented operators are studied. In Section 4, we propose a model
for solving group medical diagnosis problems with incomplete intuitionistic fuzzy soft
information based on the novel operators. Section 5 presents a numerical example and
analyzes the results to illustrate the validity, rationality, and flexibility of the proposed
model. The conclusion of this paper is in Section 6.

2. Preliminaries

Some basic concepts and theories about the IFSS are reviewed in this section. Further-
more, we introduce the concept of the MM operator.

2.1. Intuitionistic Fuzzy Soft Set

Let X = {x1, x2, · · · , xm} be an initial universal set of objects and E = {e1, e2, · · · , en}
be a set of parameters with respect to X, which usually describes the attributes, properties,
or characteristics of objects.

Definition 1 ([23]). Let P(X) be the power set of X and A ⊆ E. A pair ⟨F, A⟩ is called a soft set
over U, where F is a mapping given by F : A → P(X).

Definition 2 ([13]). An IFS A on X is defined with the form A = {< x, ξA(x), ηA(x) > |x ∈ X},
where its membership degree ξA and non-membership degree ηA satisfy the conditions

ξA : X → [0, 1], ηA : X → [0, 1], 0 ≤ ξA(x) + ηA(x) ≤ 1. (1)

Combining the concept of the soft set with IFS theory, Maji et al. defined the IFSS [24],
which has the advantages of both the soft set and the IFS.

Definition 3 ([24]). Let IFS(X) denote the set of all IFSs over X and A ⊆ E. A pair ⟨F, A⟩ is an
IFSS over X, where F is a mapping given by F : A → IFS(X).

Generally speaking, F(e) = {< x, ξF(x, e), ηF(x, e) > |x ∈ X} (∀ e ∈ E), where ξF(x, e)
and ηF(x, e) are called the membership degree and non-membership degree of each element
x ∈ X to the set E, respectively. For the sake of simplicity, F(xi, ej) = ψij = (ξ(xi, ej), η(xi, ej)) is
named as the intuitionistic fuzzy soft number (IFSN).

Definition 4 ([8]). Let the IFSN ψij = (ξ(xi, ej), η(xi, ej) (i = 1, 2, · · · , m. j = 1, 2, · · · , n),
which corresponds with xi in F(ej). The IFSS ⟨F, E⟩ = F̃ = (ψij)m×n is called the intuitionistic
fuzzy soft matrix (IFSM).

According to information theory, a similarity measure is an important concept that
can be used to describe the degree of similarity between two objects. Based on the degrees
of membership and non-membership, Hu et al. provided the following definition of the
similarity measure of IFSSs [36]. It is then used to obtain the weight information.

Definition 5 ([36]). Let F̃ = ⟨F, E⟩ = (ξF(ui, ej), ηF(ui, ej))m×n and G̃ = ⟨G, E⟩ = (ξG(ui, ej),
and ηG(ui, ej))m×n be two IFSMs over X. The similarity measure between the IFSSs F̃ and G̃ is
defined as follows:

SI(F̃, G̃) =
1
n

n

∑
j=1


m
∑

i=1
(1 − min{|ξF(ui, ej)− ξG(ui, ej)|, |ηF(ui, ej)− ηG(ui, ej)|})

m
∑

i=1
(1 − max{|ξF(ui, ej)− ξG(ui, ej)|, |ηF(ui, ej)− ηG(ui, ej)|})

. (2)
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In addition to the basic algebraic product and algebraic sum, the Einstein operations
are representative examples of the class of strict Archimedean norms. The sum and product
of Einstein are defined, respectively, as follows:

a ⊕ b =
a + b

1 + ab
, a ⊗ b =

ab
1 + (1 − a)(1 − b)

, ∀ (a, b) ∈ [0, 1]2.

Motivated by Einstein operations, Arora applied these operations to IFSSs for the
following forms [55]:

Definition 6 ([55]). Let ψ = (ξ, η), ψ11 = (ξ11, η11), and ψ12 = (ξ12, η12) be three IFSNs,
λ ∈ R+. The Einstein operations of the IFSNs are as follows:

ψ11 ⊕ ψ12 =

(
ξ11 + ξ12

1 + ξ11ξ12
,

η11η12

1 + (1 − η11)(1 − η12)

)
,

ψ11 ⊗ ψ12 =

(
ξ11ξ12

1 + (1 − ξ11)(1 − ξ12)
,

η11 + η12

1 + η11η12

)
,

λψ =

(
(1 + ξ)λ − (1 − ξ)λ

(1 + ξ)λ + (1 − ξ)λ
,

2ηλ

(2 − η)λ + ηλ

)
,

ψλ =

(
2ξλ

(2 − ξ)λ + ξλ
,
(1 + η)λ − (1 − η)λ

(1 + η)λ + (1 − η)λ

)
.

2.2. The Muirhead Mean Operator

In 1902, the following MM operator was proposed [40]:

Definition 7. For a vector of parameters P = (p1, p2, · · · , pn) ∈ Rn, ϕi (i = 1, 2, · · · , n) is a set
of nonnegative real numbers. The MM operator is defined by

MMP(ϕ1, ϕ2, · · · , ϕn) =

(
1
n! ∑

θ∈κn

n

∏
j=1

ϕ
pj
θ(j)

) 1
n
∑

j=1
pj

, (3)

where θ(j) (j = 1, 2, · · · , n) is any permutation of (1, 2, · · · , n), and κn is the collection of all
permutations of (1, 2, · · · , n).

Based on the concept of the MM operator, Qin and Liu considered the weight of
ϕi (i = 1, 2, · · · , n) and extended it to the weighted Muirhead mean operator and weighted
dual Muirhead mean operator [66].

Definition 8 ([66]). Let ϕi (i = 1, 2, · · · , n) be a set of nonnegative real numbers and
P = (p1, p2, · · · , pn) ∈ Rn be a vector of parameters. Then, the weighted Muirhead mean
(WMM) operator and weighted dual Muirhead mean (WDMM) operator are defined, respectively,
as follows:

WMMP(ϕ1, ϕ2, · · · , ϕn) =

(
1
n! ∑

θ∈κn

n

∏
i=1

(nωθ(i)ϕθ(i))
pj

) 1
n
∑

i=1
pi , (4)

WDMMP(ϕ1, ϕ2, · · · , ϕn) =
1

n
∑

j=1
pj

(
∏

θ∈κn

n

∑
j=1

(pjϕ
nωθ(j)
θ(j) )

) 1
n!

, (5)

where
n
∑

i=1
ωi = 1, ωi ∈ [0, 1] (i = 1, 2, · · · , n). θ(j) (j = 1, 2, · · · , n) is any permutation of

(1, 2, · · · , n), and κn is the set of all permutations of (1, 2, · · · , n).
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In what follows, by taking different values of the parameters P, some special cases of
Equations (4) and (5) are obtained.

1. If P = (1, 0, · · · , 0), the WMM operator and the WDMM operator reduce to the
weighted arithmetic averaging operator and weighted geometric averaging operator,
respectively:

WMM(1,0,··· ,0)(ϕ1, ϕ2, · · · , ϕn) =
n

∑
j=1

ωjϕj,

WDMM(1,0,··· ,0)(ϕ1, ϕ2, · · · , ϕn) =
n

∏
j=1

ϕ
ωj
j ;

2. If P = ( 1
n , 1

n , · · · , 1
n ) or P = (1, 1, · · · , 1), then

WMM( 1
n , 1

n ,··· , 1
n )(ϕ1, ϕ2, · · · , ϕn) = WMM(1,1,··· ,1)(ϕ1, ϕ2, · · · , ϕn) = n

n

∏
i=1

(ωiϕi)
1
n ,

WDMM( 1
n , 1

n ,··· , 1
n )(ϕ1, ϕ2, · · · , ϕn) = WDMM(1,1,··· ,1)(ϕ1, ϕ2, · · · , ϕn) =

1
n

n

∑
i=1

ϕ
nωi
i ;

3. If P = (1, 1, 0, 0, · · · , 0), we have the following results:

WMM(1,1,0,0,··· ,0)(ϕ1, ϕ2, · · · , ϕn) =

 n
n − 1

n

∑
i,j=1
i ̸=j

(ωiϕi)(ωjϕj)


1
2

,

WDMM(1,1,0,0,··· ,0)(ϕ1, ϕ2, · · · , ϕn) =
1
2

n

∏
i,j=1
i ̸=j

(
ϕ

nωi
i + ϕ

nωj
j

) 1
n(n−1) .

3. Intuitionistic Fuzzy Soft Einstein Weighted Muirhead Mean Operators

As the generalization of most existing aggregation operators, the WMM and WDMM
operators identify the overall interrelationships among the aggregated arguments and
consider the importance of ϕi (i = 1, 2, · · · , n). This is more feasible for the GDM process.
There are several methods for constructing aggregation operators for IFSNs. Similar to
the basic algebraic product and algebraic sum, the Einstein operations typically yield the
same smooth approximations. The Einstein product and sum were selected to model the
intersection and union of the IFSSs [55]. Motivated by this idea, we develop two WMM
operators for intuitionistic fuzzy soft information based on Einstein operations and analyze
some desirable properties of these novel operators.

3.1. Two Novel Einstein Weighted Muirhead Mean Operators

Definition 9. For a collection of IFSMs, F̃k = (ψk
ij)m×n ∈ IFSM(X) (k = 1, 2, · · · , q), and

λk (k = 1, 2, · · · , q) is the weight of F̃k such that λk ∈ [0, 1] and
q
∑

k=1
λk = 1. Let

P = (p1, p2, · · · , pq) ∈ Rq be a vector of parameters. Then, the intuitionistic fuzzy soft Einstein
weighted Muirhead mean (IFSEWMM) operator and intuitionistic fuzzy soft Einstein weighted
dual Muirhead mean (IFSEWDMM) operator are defined, respectively, as follows:

IFSEWMMP(ψ1
ij, ψ2

ij, · · · , ψ
q
ij) =

 1
q!

⊕
θ∈κq

q⊗
k=1

(qλθ(k)ψ
θ(k)
ij )pk

 1
q
∑

k=1
pk

, (6)
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IFSEWDMMP(ψ1
ij, ψ2

ij, · · · , ψ
q
ij) =

1
q
∑

k=1
pk

⊗
θ∈κq

q⊕
k=1

(pk(ψ
θ(k)
ij )qλθ(k))

 1
q!

, (7)

where θ(k) (1, 2, · · · , q) is any permutation of (1, 2, · · · , q), and κq is the collection of all permuta-
tions of (1, 2, · · · , q).

Using one of above operators m× n times, the q IFSMs F̃1, F̃2, · · · , F̃q can be aggregated
to an IFSM. Obviously, the proposed operators can be also applied to one IFSM.

Corollary 1. For an IFSM, F̃ = (ψij)m×n, ωj (j = 1, 2, · · · , n) is the weight of ej such that

ωj ∈ [0, 1] and
n
∑

j=1
ωj = 1. Let P = (p1, p2, · · · , pn) ∈ Rn be a vector of parameters. Then,

IFSEWMMP
1 (ψi1, ψi2, · · · , ψin) =

 1
n!

⊕
θ∈κn

n⊗
j=1

(nωθ(j)ψiθ(j))
pj

 1
n
∑

j=1
pj

, (8)

IFSEWDMMP
1 (ψi1, ψi2, · · · , ψin) =

1
n
∑

j=1
pj

⊗
θ∈κn

n⊕
j=1

(pjψ
nωθ(j)
iθ(j) )

 1
n!

, (9)

where θ(j) (1, 2, · · · , n) is any permutation of (1, 2, · · · , n), and κn is the collection of all permuta-
tions of (1, 2, · · · , n). The IFSM F̃ = (ψij)m×n can be aggregated to an m × 1 matrix.

Subsequently, we will study the IFSEWMM operator and IFSEWDMM operator and
analyze their properties. Because both operators perform a similar analysis, for simplicity,
the discussion about the IFSEWDMM operator is omitted here.

Theorem 1. Let F̃k = (ψk
ij)m×n (k = 1, 2, · · · , q) and λk (k = 1, 2, · · · , q) be the weight of F̃k

such that λk ∈ [0, 1] and
q
∑

k=1
λk = 1. Then, the aggregation result from (6) can be obtained:

IFSEWMMP(ψ1
ij, ψ2

ij, · · · , ψ
q
ij) =

(
2(U1 − U2)

1
δ

(U1 + 3U2)
1
δ + (U1 − U2)

1
δ

,
(V1 + 3V2)

1
δ − (V1 − V2)

1
δ

(V1 + 3V2)
1
δ + (V1 − V2)

1
δ

)
, (10)

where U1 =

(
2 ∏

θ∈κq

(
q

∏
k=1

(2−µθ(k))
pk +3

q
∏

k=1
µ

pk
θ(k))

) 1
q!

, U2 =

(
2 ∏

θ∈κq

(
q

∏
k=1

(2−µθ(k))
pk −

q
∏

k=1
µ

pk
θ(k))

) 1
q!

,

V1 =

(
2 ∏

θ∈κq

(
q

∏
k=1

(1+νθ(k))
pk +3

q
∏
k=1

(1−νθ(k))
pk)

) 1
q!

,V2 =

(
2 ∏

θ∈κq

(
q

∏
k=1

(1+νθ(k))
pk −

q
∏
k=1

(1−νθ(k))
pk)

) 1
q!

,

µθ(k) =
(1+ ξ

θ(k)
ij )qλθ(k) − (1− ξ

θ(k)
ij )qλθ(k)

(1+ ξ
θ(k)
ij )qλθ(k) +(1− ξ

θ(k)
ij )qλθ(k)

, νθ(k) =
2(ηθ(k)

ij )qλθ(k)

(2− η
θ(k)
ij )qλθ(k) +(η

θ(k)
ij )qλθ(k)

, δ =
q

∑
k=1

pk.

Proof. According to the Einstein operations of the IFSNs in Definition 6, we obtain

qλθ(k)φ
θ(k)
ij =

 (1 + ξ
θ(k)
ij )qλθ(k) − (1 − ξ

θ(k)
ij )qλθ(k)

(1 + ξ
θ(k)
ij )qλθ(k) + (1 − ξ

θ(k)
ij )qλθ(k)

,
2(ηθ(k)

ij )qλθ(k)

(2 − η
θ(k)
ij )qλθ(k) + (η

θ(k)
ij )qλθ(k)

. (11)
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For convenience, let µθ(k) =
(1+ξ

θ(k)
ij )

qλθ(k)−(1−ξ
θ(k)
ij )

qλθ(k)

(1+ξ
θ(k)
ij )

qλθ(k)+(1−ξ
θ(k)
ij )

qλθ(k)
and νθ(k) =

2(ηθ(k)
ij )

qλθ(k)

(2−η
θ(k)
ij )

qλθ(k)+(η
θ(k)
ij )

qλθ(k)
,

then

(qλθ(k)φ
θ(k)
ij )pk =

 2µ
pk
θ(k)

(2 − µθ(k))
pk + µ

pk
θ(k)

,
(1 + νθ(k))

pk − (1 − νθ(k))
pk

(1 + νθ(k))
pk + (1 − νθ(k))

pk

. (12)

Next,

q⊗
k=1

(qλθ(k)φ
θ(k)
ij )pk =


2

q
∏

k=1
µ

pk
θ(k)

q
∏

k=1
(2 − µθ(k))

pk +
q

∏
k=1

µ
pk
θ(k)

,

q
∏

k=1
(1 + νθ(k))

pk −
q

∏
k=1

(1 − νθ(k))
pk

n
∏

k=1
(1 + νθ(k))

pk +
q

∏
k=1

(1 − νθ(k))
pk

. (13)

Further,

⊕
θ∈κq

q⊗
k=1

(qλθ(k)φ
θ(k)
ij )pk =


∏

θ∈κq

(1 +
2

q
∏

k=1
µ

pk
θ(k)

q
∏

k=1
(2−µθ(k))

pk+
q

∏
k=1

µ
pk
θ(k)

)− ∏
θ∈κq

(1 −
2

q
∏

k=1
µ

pk
θ(k)

q
∏

k=1
(2−µθ(k))

pk+
q

∏
k=1

µ
pk
θ(k)

)

∏
θ∈κq

(1 +
2

q
∏

k=1
µ

pk
θ(k)

q
∏

k=1
(2−µθ(k))

pk+
q

∏
k=1

µ
pk
θ(k)

) + ∏
θ∈κq

(1 −
2

q
∏

k=1
µ

pk
θ(k)

q
∏

k=1
(2−µθ(k))

pk+
q

∏
k=1

µ
pk
θ(k)

)

,

2 ∏
θ∈κq

q
∏

k=1
(1+νθ(k))

pk−
q

∏
k=1

(1−νθ(k))
pk

q
∏

k=1
(1+νθ(k))

pk+
q

∏
k=1

(1−νθ(k))
pk

∏
θ∈κq

(2 −

q
∏

k=1
(1+νθ(k))

pk−
q

∏
k=1

(1−νθ(k))
pk

q
∏

k=1
(1+νθ(k))

pk+
q

∏
k=1

(1−νθ(k))
pk
) + ∏

θ∈κq

q
∏

k=1
(1+νθ(k))

pk−
q

∏
k=1

(1−νθ(k))
pk

q
∏

k=1
(1+νθ(k))

pk+
q

∏
k=1

(1−νθ(k))
pk



=


∏

θ∈κq

(
q

∏
k=1

(2 − µθ(k))
pk + 3

q
∏

k=1
µ

pk
θ(k))− ∏

θ∈κq

(
q

∏
k=1

(2 − µθ(k))
pk −

q
∏

k=1
µ

pk
θ(k))

∏
θ∈κq

(
q

∏
k=1

(2 − µθ(k))
pk + 3

q
∏

k=1
µ

pk
θ(k)) + ∏

θ∈κq

(
q

∏
k=1

(2 − µθ(k))
pk −

q
∏

k=1
µ

pk
θ(k))

,

2 ∏
θ∈κq

(
q

∏
k=1

(1 + νθ(k))
pk −

q
∏

k=1
(1 − νθ(k))

pk )

∏
θ∈κq

(
q

∏
k=1

(1 + νθ(k))
pk + 3

q
∏

k=1
(1 − νθ(k))

pk ) + ∏
θ∈κq

(
q

∏
k=1

(1 + νθ(k))
pk −

q
∏

k=1
(1 − νθ(k))

pk )

.

(14)

Let

µ =

∏
θ∈κq

(
q

∏
k=1

(2 − µθ(k))
pk + 3

q
∏

k=1
µ

pk
θ(k))− ∏

θ∈κq

(
q

∏
k=1

(2 − µθ(k))
pk −

q
∏

k=1
µ

pk
θ(k))

∏
θ∈κq

(
q

∏
k=1

(2 − µθ(k))
pk + 3

q
∏

k=1
µ

pk
θ(k)) + ∏

θ∈κq

(
q

∏
k=1

(2 − µθ(k))
pk −

q
∏

k=1
µ

pk
θ(k))

, (15)

ν =

2 ∏
θ∈κq

(
q

∏
k=1

(1 + νθ(k))
pk −

q
∏

k=1
(1 − νθ(k))

pk )

∏
θ∈κq

(
q

∏
k=1

(1 + νθ(k))
pk + 3

q
∏

k=1
(1 − νθ(k))

pk ) + ∏
θ∈κq

(
q

∏
k=1

(1 + νθ(k))
pk −

q
∏

k=1
(1 − νθ(k))

pk )

. (16)

So, we have
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 1
q!

⊕
θ∈κq

q⊗
k=1

(qλθ(k)φθ(k))
pk

 1
q
∑

k=1
pk

=

 2[(1 + µ)
1
q! − (1 − µ)

1
q! ]

1
q
∑

k=1
pk

[(1 + u)
1
q! + 3(1 − u)

1
q! ]

1
q
∑

k=1
pk
+ [(1 + µ)

1
q! − (1 − µ)

1
q! ]

1
q
∑

k=1
pk

,

[(2 − ν)
1
q! + 3ν

1
q! ]

1
q
∑

k=1
pk − [(2 − ν)

1
q! − ν

1
q! ]

1
q
∑

k=1
pk

[(2 − ν)
1
q! + 3ν

1
q! ]

1
q
∑

k=1
pk
+ [(2 − ν)

1
q! − v

1
q! ]

1
q
∑

k=1
pk

,

=

 2(U1 − U2)

1
q
∑

k=1
pk

(U1 + 3U2)

1
q
∑

k=1
pk
+ (U1 − U2)

1
q
∑

k=1
pk

,
(V1 + 3V2)

1
q
∑

k=1
pk − (V1 − V2)

1
q
∑

k=1
pk

(V1 + 3V2)

1
q
∑

k=1
pk
+ (V1 − V2)

1
q
∑

k=1
pk

,

(17)

where U1 =

(
2 ∏

θ∈κq

(
q

∏
k=1

(2−µθ(k))
pk +3

q
∏
k=1

µ
pk
θ(k))

) 1
q!

, U2 =

(
2 ∏

θ∈κq

(
q

∏
k=1

(2−µθ(k))
pk −

q
∏
k=1

µ
pk
θ(k))

) 1
q!

,

V1 =

(
2 ∏

θ∈κq

(
q

∏
k=1

(1 + νθ(k))
pk + 3

q
∏

k=1
(1 − νθ(k))

pk )

) 1
q!

, and V2 =

(
2 ∏

θ∈κq

(
q

∏
k=1

(1 + νθ(k))
pk−

q
∏

k=1
(1 − νθ(k))

pk )

) 1
q!

.

In this way, the theorem is proven.

Example 1. Let F̃k (k = 1, 2, 3) be three IFSMs as follows:

F̃1 =



(0.5, 0.4) (0.5, 0.3) (0.2, 0.6) (0.4, 0.4)

(0.7, 0.3) (0.7, 0.3) (0.6, 0.2) (0.6, 0.2)

(0.5, 0.4) (0.6, 0.4) (0.6, 0.2) (0.5, 0.3)

(0.8, 0.2) (0.7, 0.2) (0.4, 0.2) (0.5, 0.2)

(0.4, 0.3) (0.4, 0.2) (0.4, 0.5) (0.4, 0.6)


,

F̃2 =



(0.4, 0.5) (0.6, 0.2) (0.5, 0.4) (0.5, 0.3)

(0.5, 0.4) (0.6, 0.2) (0.6, 0.3) (0.7, 0.3)

(0.4, 0.5) (0.3, 0.5) (0.4, 0.4) (0.2, 0.6)

(0.5, 0.4) (0.7, 0.2) (0.4, 0.4) (0.6, 0.2)

(0.6, 0.3) (0.7, 0.2) (0.4, 0.2) (0.7, 0.2)


,

F̃3 =



(0.4, 0.2) (0.5, 0.2) (0.5, 0.3) (0.5, 0.2)

(0.5, 0.3) (0.5, 0.3) (0.6, 0.2) (0.7, 0.2)

(0.4, 0.4) (0.3, 0.4) (0.4, 0.3) (0.3, 0.3)

(0.5, 0.3) (0.5, 0.3) (0.3, 0.5) (0.5, 0.2)

(0.6, 0.2) (0.6, 0.4) (0.4, 0.4) (0.6, 0.3)


.

Let P1 = (1, 1, 1), λ = ( 1
3 , 1

3 , 1
3 ). Using Equation (6) 20 times, we obtain the following

5 × 4 IFSM.
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F̃# =



(0.4316, 0.3730) (0.5321, 0.2339) (0.3755, 0.4426) (0.4649, 0.3022)

(0.5623, 0.3342) (0.5968, 0.2673) (0.6000, 0.2339) (0.6658, 0.2339)

(0.4316, 0.4346) (0.3835, 0.4346) (0.4606, 0.3022) (0.3150, 0.4115)

(0.5915, 0.3022) (0.6291, 0.2339) (0.3641, 0.3730) (0.5321, 0.2000)

(0.5273, 0.2673) (0.5574, 0.2695) (0.4000, 0.3730) (0.5574, 0.3815)


.

Let P2 = (1, 1, 1, 1), ω = (0.25, 0.25, 0.25, 0.25). According to Equation (8), a 5 × 1 matrix
is obtained as follows:

F̃∗ =



(0.4485, 0.3403)

(0.6056, 0.2678)

(0.3946, 0.3970)

(0.5219, 0.2787)

(0.5075, 0.3239)


.

3.2. Properties of the Proposed Operators

This subsection discusses the properties of the proposed operator described in
Equation (6). To prove the monotonicity of the IFSEWMM operator, the following lemma
is given:

Lemma 1. ∀x1, x2, y1, y2 ∈ [0, 1], if x1 ≥ y1, x2 ≥ y2, and we have

x1x2

1 + (1 − x1)(1 − x2)
≥ y1y2

1 + (1 − y1)(1 − y2)
, (18)

x1 + x2

1 + x1x2
≥ y1 + y2

1 + y1y2
. (19)

Proof. The proof of Lemma 1 is shown in Appendix A.

Theorem 2 (Monotonicity). Let ψk
ij = (ξk

ij, ηk
ij) and ϕk

ij = (ςk
ij, ζk

ij) (k = 1, 2, · · · , q) be two

sets of IFSNs. If ξk
ij ≥ ςk

ij, ηk
ij ≤ ζk

ij, ∀k ∈ {1, 2, · · · , q}, then

IFSEWMMP(ψ1
ij, ψ2

ij, · · · , ψ
q
ij) ≥ IFSEWMMP(ϕ1

ij, ϕ2
ij, · · · , ϕ

q
ij). (20)

Proof. The proof of Theorem 2 is shown in Appendix B.

Theorem 3 (Boundedness). Let ψk
ij = (ξk

ij, ηk
ij) (i = 1, 2, · · · , q) be a set of IFSNs. Then,

IFSEWMMP(ψ1
ij
−

, ψ2
ij
−

, · · · , ψ
q
ij
−
) ≤ IFSEWMMP(ψ1

ij, ψ2
ij, · · · , ψ

q
ij) ≤ IFSEWMMP(ψ1

ij
+

, ψ2
ij
+

, · · · , ψ
q
ij
+
). (21)

where ψk
ij
−
= (min(ξk

ij), max(ηk
ij)), ψk

ij
+
= (max(ξk

ij), min(ηk
ij)).

Proof. The proof of Theorem 3 is shown in Appendix C.

However, the IFSEWMM operator is not idempotent. See the following example
for details.
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Example 2. Let ψ1
11 = ψ2

11 = ψ3
11 = (0.5, 0.3). From Theorem 1, we have the following results:

Table 1 presents the IFSEWMM operator as not idempotent. However, there are two
interesting findings. One is that IFSEWMM(1,0,0)(ψ1

11, ψ2
11, ψ3

11) = (0.5, 0.3) for all λ values.
The other is IFSEWMMP(ψ1

11, ψ2
11, ψ3

11) = (0.5, 0.3) when λ = ( 1
3 , 1

3 , 1
3 ). Let P = (1, 0, 0); the

IFSEWMM operator reduces to the intuitionistic fuzzy soft weighted averaging, which has
idempotency. When λ = ( 1

q , 1
q , · · · , 1

q ), the IFSEWMM operator reduces to the intuitionistic
fuzzy soft Einstein Muirhead mean (IFSEMM) operator. As a special case of the IFSEWMM
operator, we can infer that the IFSEMM operator is idempotent.

Table 1. Aggregation values by the IFSEWMM operator.

Weight Vector λ Parameter Vector P IFSEWMMP(ψ1
11, ψ2

11, ψ3
11)

(1, 0, 0) (0.5, 0.3)
( 1

3 , 1
3 , 1

3 ) (1, 1, 0) (0.5, 0.3)
(1, 1, 1) (0.5, 0.3)

(1, 0, 0) (0.5, 0.3)
(0.5, 0.3, 0.2) (1, 1, 0) (0.4818, 0.3324)

(1, 1, 1) (0.4690, 0.3452)

(1, 0, 0) (0.5, 0.3)
(0.35, 0.5, 0.15) (1, 1, 0) (0.4765, 0.3419)

(1, 1, 1) (0.4516, 0.3700)

Theorem 4 (Idempotency). Let ψk
ij(k = 1,2, · · · , q) be a set of IFSNs. If ψk

ij = (ξ, η) for all k values,
we have

IFSEMMP(ψ1
ij, ψ2

ij, · · · , ψ
q
ij) = (ξ, η).

Proof. The proof of Theorem 4 is shown in Appendix D.

4. Group Medical Diagnosis Model with Incomplete Intuitionistic Fuzzy Soft Information

In a group medical diagnosis problem, m possible alternatives {x1, x2, · · · , xm} with re-
spect to n parameters of symptoms {e1, e2, · · · , en} are evaluated by q doctors {D1, D2, · · · , Dq}.
Suppose that the weight λk of doctor Dk is completely unknown. The evaluation value
ψk

ij = (ξk
ij, ηk

ij) of xi with respect to ej is an IFSN given by the doctor Dk. These values

can be constructed as a series of IFSMs F̃k = (ψk
ij)m×n. After fruitful discussions among

the corresponding medical experts, a medical knowledge-base is expressed in terms of
F̄ = (ψ̄k

ij)m×n, which consists of a set of diseases and the related set of symptoms concerned
with a specific disease.

In real life, doctors have different abilities, experiences, and levels; therefore, they are
always classified into different grades. Without a loss of generality, we assume that doctors
can be divided into nine grades; see Table 2 for details. Moreover, owing to the complexity
of medical diagnosis problems, doctors sometimes provide incomplete evaluation values.
Subsequently, we address the medical diagnosis problems step by step, which is depicted
in Figure 1.



Mathematics 2024, 12, 1823 12 of 26

Table 2. Grades of doctors.

Level Years of Obtaining the Level Grade

Intern / 1
Resident doctor <5 2
Resident doctor ≥5 3

Attending doctor <5 4
Attending doctor ≥5 5

Associate chief physician <5 6
Associate chief physician ≥5 7

Chief physician <5 8
Chief physician ≥5 9

Figure 1. General framework of the proposed model.
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4.1. Estimation of the Missing Values of Intuitionistic Fuzzy Soft Matrices

Let F̃k = (ψk
ij)m×n be an IFSM with incomplete information. The elements ψk

ij

(i = 1, 2, · · · , m.j = 1, 2, · · · , n) in F̃k can be divided into two categories: known and
missing. They are denoted, respectively, as follows:

+Fk = {(+ξk
ij,

+ ηk
ij)| ξk

ij and ηk
ij are known},

∗Fk = {(∗ξk
ij,

∗ηk
ij)| ξk

ij and ηk
ij are missing}.

Obviously, +Fk ∩ ∗Fk = ∅.
Let Mk = {(i, j)|(∗ξk

ij,
∗ηk

ij) ∈ ∗Fk}. Ak
ij = {F̃l |(∗ξk

ij,
∗ηk

ij) ∈ ∗Fk, (+ξ l
ij,

+ ηl
ij) ∈ +Fl}

denotes the set of IFSMs that help estimate the missing value ψk
ij = (∗ξk

ij,
∗ηk

ij).

Step 1: Calculate the degree of similarity between F̃k and the other matrices F̃l (l ̸= k),

SI∗(F̃k, F̃l) =
1

n − nkl

n

∑
j=1


m
∑
i=1

(i,j)/∈Mk∪Ml

(1 − min{|ξk
ij − ξ l

ij|, |ηk
ij − ηl

ij|})

m
∑
i=1

(i,j)/∈Mk∪Ml

(1 − max{|ξk
ij − ξ l

ij|, |ηk
ij − ηl

ij|})

, (22)

where nkl = |{j|(i, j) ∈ Mk ∪ Ml , ∀ i}|.
Step 2: For unknown element ψk

ij, obtain the importance degree of F̃l ∈ Ak
ij,

λkl
ij =

SI∗(F̃k, F̃l)

∑
F̃l∈Ak

ij

SI∗(F̃k, F̃l)
. (23)

Step 3: Estimate unknown element ψk
ij = (∗ξk

ij,
∗ ηk

ij).

∗ξk
ij = ∑

l∈{t|F̃t∈Ak
ij}

λkl
ij
+ξ l

ij,
∗ηk

ij = ∑
l∈{t|F̃t∈Ak

ij}
λkl

ij
+ηl

ij, (+ξ l
ij,

+ηl
ij) ∈ +Fl . (24)

According to the method above, all missing values can be determined, and the IFSMs
are complete.

4.2. Evaluation of Weight Information

Based on the merits and demerits of the subjective and objective information, we use
the similarity measure of complete IFSMs and doctors’ grades to obtain the objective and
subjective weights, respectively. Subsequently, both weights are organically combined as
the comprehensive weights of doctors to overcome the shortcomings of the single-weight
method to a certain extent.

Suppose that λ1 = (λ1
1, λ1

2, · · · , λ1
q)

T and λ2 = (λ2
1, λ2

2, · · · , λ2
q)

T are the subjective and
objective weight vectors of the doctors, respectively. They are both completely unknown;

λ1
k , λ2

k ≥ 0, and
q
∑

k=1
λ1

k = 1,
q
∑

k=1
λ2

k = 1.

After obtaining the complete IFSMs using the method described in Section 4.1, the method-
ology for determining the comprehensive weights of the doctors includes the following steps:

Step 1: Calculate the subjective weight λk
1 of doctor Dk.

1.1: Use doctors’ grades to construct the preference relationship of q doctors according
to the information in Table 2.

H = (dkt)q×q = (
gk
gt
)q×q, (25)

where gk is the grade of doctor Dk.
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1.2: Determine subjective weight λk
1 of the doctor Dk by the analytic hierarchy process

(AHP) [67].
Step 2: Utilize Equation (2) to obtain the similarity degrees between F̃k given by doctor

Dk and the other doctor’s evaluation F̃l (l ̸= k).

SIk =
q

∑
t=1,t ̸=k

SI(F̃k, F̃t). (26)

Step 3: Compute the objective weight λk
2 of doctor Dk using the following formula,

λk
2 =

SIk
q
∑

k=1
SIk

. (27)

Step 4: Obtain the comprehensive weight of the doctor Dk.

λk = αλk
1 + (1 − α)λk

2, α ∈ [0, 1]. (28)

The appropriate parameter α can be chosen to describe people’s preferences for the
objective and subjective weights. In the doctors’ final weights, the proportion and role of
λ1 and λ2 will vary with the change of the parameter α in Equation (28). Different values
of α may make the weights of the doctors more elastic and produce distinct results.

4.3. Approach to Group Medical Diagnosis Problem

In this subsection, we construct a model to solve group medical diagnosis problems
with incomplete IFSMs, described as follows:

Step 1: Collect relevant information regarding the group medical diagnosis problems,
including sets of X and E. Simultaneously, select suitable doctors and determine their
grades. Later, obtain IFSM F̃(k) = (ψk

ij)m×n of the doctor Dk, k ∈ {1, 2, · · · , q}.
Step 2: Fill in the missing values in the IFSMs (see Section 4.1 for more details). Thus,

all IFSMs have complete information.
Step 3: According to the method in Section 4.2, the weight vector λ = (λ1, λ2, · · · , λq)T

is determined. Based on the unity of the subjective and objective weights, the compre-
hensive weights consider both people’s subjective preferences for doctors and objective
differences between pieces of evaluation information. This will produce a more reliable
medical diagnosis.

Step 4: Adopt the IFSEWMM operator m × n times to aggregate the values
ψk

ij (k = 1, 2, · · · , q). Construct the synthetic evaluation matrix F̃# = (ψij)m×n, where
ψij is the synthetic evaluation value of xi with respect to ej:

ψij = IFSEWMMP(ψ1
ij, ψ2

ij, · · · , ψ
q
ij), (i = 1, 2, · · · , m; j = 1, 2, · · · , n). (29)

Step 5: Compute the similarity degrees between F̃(xi) and F̄(xi) according to Equation (2).

SI(F̃, F̄) =
1
n

n

∑
j=1


m
∑

i=1
(1 − min{|ξij − ξ̄ij|, |ηij − η̄ij|})

m
∑

i=1
(1 − max{|ξij − ξ̄ij|, |ηij − η̄ij|})

 (30)

where ψij = (ξij, ηij), ψ̄ij = (ξ̄ij, η̄ij).
Step 6: Based on the final ranking index, select the optimal result. The larger SI(xi) is,

the greater the disease xi is.
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5. Numerical Example

We select a group medical diagnosis problem from [36] to illustrate the feasibility and
practicality of the proposed model. Four doctors {D1, D2, D3, D4} are grouped to determine
the possible medical diagnosis of the patient. As presented in Table 2, the grades of these
four doctors are 7, 6, 8, 9, respectively. The five possible diseases are x1 = viral fever,
x2 = malaria, x3 = typhoid, x4 = gastric ulcer, and x5 = pneumonia. The set of symptom
parameters is E = {temperature, headache, stomach pain, cough, chest pain}.

Table 3 presents the medical knowledge-base. The four doctors provide their eval-
uation information by means of the IFSNs shown in Tables 4–7, respectively. (∗ξk

ij,
∗ηk

ij)

denotes the corresponding missing values of xi under parameter ej given by the doctor Dk.
Suppose that the doctors’ final weight vector λ = (λ1, λ2, · · · , λq)T is completely unknown,

where λk ≥ 0 and
q
∑

k=1
λk = 1.

Table 3. Medical knowledge-base table.

Temperature Headache Stomach Pain Cough Chest Pain

Viral fever (0.6, 0.3) (0.6, 0.1) (0.4, 0.5) (0.2, 0.7) (0.3, 0.5)
Malaria (0.7, 0.1) (0.3, 0.6) (0.1, 0.6) (0.5, 0.4) (0.1, 0.8)
Typhoid (0.4, 0.1) (0.3, 0.1) (0.2, 0.4) (0.4, 0.3) (0.1, 0.5)

Gastric ulcer (0.1, 0.7) (0.2, 0.4) (0.6, 0.2) (0.2, 0.7) (0.2, 0.7)
Pneumonia (0.1, 0.8) (0.2, 0.5) (0.3, 0.5) (0.4, 0.5) (0.6, 0.1)

Table 4. Evaluation values of doctor D1.

Temperature Headache Stomach Pain Cough Chest Pain

Viral fever (0.3, 0.1) (0.4, 0.1) (0.3, 0.6) (0.3, 0.1) (∗ξ1
15, ∗η1

15)
Malaria (0.4, 0.5) (0.1, 0.7) (0.6, 0.2) (0.4, 0.5) (0.1, 0.8)
Typhoid (0.6, 0.3) (0.4, 0.3) (0.5, 0.3) (0.6, 0.2) (0.1, 0.5)

Gastric ulcer (0.4, 0.1) (0.5, 0.2) (0.5, 0.1) (0.7, 0.2) (0.2, 0.7)
Pneumonia (∗ξ1

51, ∗η1
51) (0.2, 0.3) (0.5, 0.3) (0.8, 0.1) (0.6, 0.1)

Table 5. Evaluation values of doctor D2.

Temperature Headache Stomach Pain Cough Chest Pain

Viral fever (0.4, 0.2) (0.6, 0.1) (0.3, 0.2) (0.2, 0.7) (0.8, 0.1)
Malaria (0.3, 0.5) (∗ξ2

22, ∗η2
22) (0.3, 0.5) (0.5, 0.4) (0.4, 0.5)

Typhoid (0.5, 0.3) (0.5, 0.3) (0.2, 0.4) (∗ξ2
34, ∗η2

34) (0.6, 0.4)
Gastric ulcer (0.6, 0.2) (0.4, 0.2) (0.6, 0.3) (0.2, 0.7) (0.6, 0.2)
Pneumonia (0.4, 0.5) (0.2, 0.5) (0.4, 0.3) (0.4, 0.5) (0.4, 0.3)

Table 6. Evaluation values of doctor D3.

Temperature Headache Stomach Pain Cough Chest Pain

Viral fever (∗ξ3
11, ∗η3

11) (0.6, 0.1) (0.1, 0.9) (0.3, 0.6) (0.2, 0.4)
Malaria (0.1, 0.7) (0.9, 0.1) (0.1, 0.6) (0.4, 0.5) (0.8, 0.1)
Typhoid (0.5, 0.2) (0.6, 0.3) (0.2, 0.4) (0.7, 0.1) (0.9, 0.1)

Gastric ulcer (0.6, 0.2) (0.4, 0.5) (0.6, 0.2) (0.6, 0.2) (0.3, 0.2)
Pneumonia (0.7, 0.2) (0.3, 0.4) (∗ξ3

53, ∗η3
53) (0.5, 0.2) (0.5, 0.4)
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Table 7. Evaluation values of doctor D4.

Temperature Headache Stomach Pain Cough Chest Pain

Viral fever (0.5, 0.1) (0.2, 0.4) (0.4, 0.6) (0.9, 0.1) (0.2, 0.4)
Malaria (0.3, 0.5) (0.5, 0.1) (0.3, 0.5) (0.4, 0.5) (0.8, 0.1)
Typhoid (0.6, 0.2) (0.5, 0.3) (0.2, 0.5) (0.7, 0.1) (0.9, 0.1)

Gastric ulcer (0.6, 0.3) (0.4, 0.3) (0.4, 0.6) (0.6, 0.2) (0.3, 0.2)
Pneumonia (0.4, 0.2) (0.3, 0.5) (0.8, 0.2) (0.5, 0.2) (0.5, 0.4)

5.1. The Group Medical Diagnosis Process

According to the method presented in Section 4, the group medical diagnosis steps for
the most likely disease the patient suffers from are described as follows:

Step 1. Estimate the missing values in the IFSMs.
1.1 Using Equation (22), the similarity measures between Fk and Fl (k ̸= l) are

obtained (See details in Table 8).
1.2 Obtain the weights of Fl to aid Fk by using Equation (23). See details in Table 9.
1.3 By using Equation (24), the filled values of intuitionistic fuzzy information are as

follows:

(∗ξ1
15,∗ η1

15) = (0.4082, 0.2959), (∗ξ1
51,∗ η1

51) = (0.4955, 0.3041), (∗ξ2
22,∗ η2

22) = (0.5062, 0.3099),

(∗ξ2
34,∗ η2

34) = (0.6773, 0.1364), (∗ξ3
11,∗ η3

11) = (0.4078, 0.1332), (∗ξ3
53,∗ η3

53) = (0.5786, 0.2627).

Table 8. Similarity measures between Fk and Fl (k ̸= l).

F1 F2 F3 F4

F1 / 0.6983 0.6405 0.6739
F2 0.6983 / 0.7219 0.6971
F3 0.6405 0.7219 / 0.8100
F4 0.6739 0.6971 0.8100 /

Table 9. Weights of Fl to aid Fk.

F1 F2 F3 F4

F1 / 0.3469 0.3182 0.3348
F2 0.3298 / 0.3410 0.3292
F3 0.2948 0.3323 / 0.3729

Step 2. Determine the weight vector of the doctors.
2.1 The preference matrix according to the grades of the doctors is

H =


1 7

6
7
8

7
9

6
7 1 6

8
6
9

8
7

8
6 1 8

9
9
7

9
6

9
8 1

.

By the analytic hierarchy process (AHP), the subjective weight vector of the doctors is
obtained as

λ1 = (0.2333, 0.2, 0.2667, 0.3)T .

2.2 Utilize Equation (2) to calculate the similarity measures between IFMSs with the
complete information obtained in Step 1. See details in Table 10.
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Table 10. Similarity measures between Fk and Fl .

F1 F2 F3 F4

F1 / 0.6869 0.6666 0.6838
F2 0.6869 / 0.7268 0.7117
F3 0.6666 0.7268 / 0.8164
F4 0.6838 0.7117 0.8164 /

By using Equation (27), the objective weight vector of the doctors is obtained as

λ2 = (0.2373, 0.2476, 0.2574, 0.2577)T .

2.3 α = 0.5, so the weight vector of the doctors is λ = (0.2353, 0.2238, 0.2621, 0.2788)T .
Step 3. Let P = (1, 1, 1, 1). Using Equation (29), obtain the collective evaluation value

ψij of xi with respect to the ej in Table 11.

Table 11. Collective evaluation values.

Temperature Headache Stomach Pain Cough Chest Pain

Viral fever (0.4029, 0.0983) (0.4318, 0.1248) (0.2592, 0.3681) (0.3603, 0.2669) (0.3663, 0.2185)
Malaria (0.2613, 0.3605) (0.4144, 0.2295) (0.2917, 0.3127) (0.4316, 0.3267) (0.4174, 0.2704)
Typhoid (0.5419, 0.1889) (0.4968, 0.2238) (0.2696, 0.2871) (0.6456, 0.0993) (0.4875, 0.2060)

Gastric ulcer (0.5380, 0.1467) (0.4316, 0.2234) (0.5220, 0.2228) (0.4840, 0.2467) (0.3407, 0.2470)
Pneumonia (0.4922, 0.2259) (0.2587, 0.3007) (0.5396, 0.2002) (0.5362, 0.1880) (0.4972, 0.2199)

Step 4. Compute the similarity degrees SI(xi) between F̃(xi) and F̄(xi) (i = 1, 2, 3, 4, 5),
which yields the following:

SI(x1) = 0.7896, SI(x2) = 0.6965, SI(x3) = 0.7910, SI(x4) = 0.6682, SI(x5) = 0.7146.

Step 5. Based on the ranking index for each disease, the diseases are ranked as
x3 ≻ x1 ≻ x5 ≻ x2 ≻ x4. Obviously, typhoid is most likely the disease that the patient
suffers from.

5.2. Discussion
5.2.1. Comparative Analysis

To illustrate the superiority of the proposed group medical diagnosis model further,
we use the methods described in Refs. [7,8,36,55,62] to solve the medical diagnosis problem
above. Table 12 shows the diagnosis results obtained using the different methods. It has
been documented that the results obtained by the proposed method are comparable to
those obtained by the predominating methods. This indicates that the proposed model is
valid and feasible.

Table 12. Diagnosis results obtained by different methods.

Method Parameter Values Ranking Order Diagnosis Result

Mao (2013) [8] / x1 ≻ x3 ≻ x5 ≻ x2 ≻ x4 Viral fever
Das (2014) [7] / x3 ≻ x1 ≻ x5 ≻ x2 ≻ x4 Typhoid
Hu (2019) [36] p = 1, q = 1 x3 ≻ x1 ≻ x5 ≻ x4 ≻ x2 Typhoid
Arora (2020) [55] / x3 ≻ x1 ≻ x5 ≻ x4 ≻ x2 Typhoid
Chen (2020) [62] / x3 ≻ x1 ≻ x5 ≻ x4 ≻ x2 Typhoid

P = (1, 0, 0, 0) x3 ≻ x1 ≻ x5 ≻ x4 ≻ x2 Typhoid
The proposed P = (1, 1, 0, 0) x3 ≻ x1 ≻ x5 ≻ x4 ≻ x2 Typhoid
method P = (1, 1, 1, 0) x1 ≻ x3 ≻ x5 ≻ x2 ≻ x4 Viral fever

P = (1, 1, 1, 1) x3 ≻ x1 ≻ x5 ≻ x2 ≻ x4 Typhoid
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As presented in Table 12, the diagnosis results of the six methods are slightly differ-
ent. Comparative analyses of the proposed method with the prevailing approaches are
elaborated as follows:

(1) The intuitionstic fuzzy soft weighted Einstein averaging operator is based on Einstein
operations [55], which is the same as the IFSEWMM operator. The intuitionstic
fuzzy soft weighted Einstein averaging operator can fuse fuzzy information easily.
However, it considers that the aggregated arguments are independent. The IFSEWMM
operator captures the interrelationships among the input arguments, whereas the
intuitionstic fuzzy soft weighted Einstein averaging operator does not possess this
property. By taking the parameter P = (1, 0, · · · , 0), the IFSEWMM operator reduces
to the intuitionstic fuzzy soft weighted Einstein averaging operator. Hence, the
IFSEWMM operator can handle both cases, that is, whether the input arguments are
dependent or independent. Therefore, the IFSEWMM operator is more general and
flexible than the intuitionstic fuzzy soft weighted Einstein averaging operator in [55];

(2) The weighted intuitionstic fuzzy soft Bonferroni mean operator was constructed based
on the BM operator [36]. It considers only the relationships between any two input ar-
guments [36]. In actual decision-making problems, the interrelationship among more
than two input arguments must be considered. The weighted intuitionstic fuzzy soft
Bonferroni mean operator cannot solve this problem. Similar to the MM operator, the
presence of parameter P makes the IFSEWMM operator consider the interconnection
among two or more arguments. Compared to the weighted intuitionstic fuzzy soft
Bonferroni mean operator, the IFSEWMM operator is more flexible;

(3) In [62], missing values of F̃k were estimated according to the average of known values
in other IFSMs F̃l (k ̸= l). Owing to the relationship between doctors, the IFSMs
given by different doctors work differently. Therefore, we cannot ignore the degree
of importance of other IFSMs. Evidently, the higher the degree of similarity between
IFSM F̃k and IFSM F̃l is, the closer the values are. Thus, the higher the degree of
similarity between F̃k and F̃l , the greater the weight of the doctor Dl that should
be assigned in the estimation of unknown values process. In this study, we use the
similarity degrees between F̃k and the other matrices F̃l (l ̸= k) to determine the
importance degree of F̃l for F̃l . Those estimated values are closer to reality.

5.2.2. Sensitivity Analysis

This subsection analyzes the influences of parameter vector P on the IFSEWMM
operator and α in Equation (28) for the diagnosis results.

To recognize the impact of parameter vector P during group medical diagnosis, an
analysis is conducted to choose different values of P. Let the weight vector of doctors
be λ = (0.2353, 0.2238, 0.2621, 0.2788)T . The realization of the IFSEWMM operator is
performed according to the parameter vector P. Figure 2 provides an intuitive sense of
the influence of the parameter P on the medical diagnosis results. When P is (1, 1, 1, 0),
the patient is most likely to suffer from viral fever. All the other cases are typhoid. When
P = (1, 0, 0, 0), (2, 0, 0, 0), or (3, 0, 0, 0), the interrelationships among the attributes are not
considered. The vectors P = (1, 1, 0, 0) and P = (1, 1, 1, 0) capture the interrelationship
between any two or three attributes. However, P = (1, 1, 1, 1) and P = (0.25, 0.25, 0.25, 0.25)
both recognize the interrelationships among all objects.
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Figure 2. Diagnosis results of different parameter vector P.

Let P = (1, 1, 1, 1). The medical diagnosis results with different α values in Equation (28)
are illustrated in Figure 3. As shown in Figure 3, the ordering of alternatives is slightly different,
with a varying value of α, which confers people’s preferences. Thus, when a different α is
chosen, the decision-making results will be changed accordingly. This can provide more
flexible and reasonable choices for doctors. Therefore, the significance of α must be precisely
considered in group medical diagnosis problems. This also shows that doctors’ weights
affect the diagnosis results. Additionally, the weights of doctors are determined either by a
completely subjective method or by the established norms in Refs. [7,8,55,62]. As in [36],
we obtain the comprehensive weight information for each doctor by considering both
subjective and objective weights. The objective weights are calculated based on similarity
measures between IFSMs. Conversely, according to the doctor’ grades, a comparison matrix
is constructed to obtain subjective weights. The comprehensive weights of doctors are
obtained using a linear combination, and are more reasonable and comprehensive than the
results obtained by a single method.

Figure 3. Diagnosis results under different α values when P = (1,1,1,1).

Based on the comparison and sensitivity analysis, the advantages of the proposed
approach for group medical diagnosis problems with incomplete intuitionistic fuzzy soft
information are summarized as follows:
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(a) Different parameter vectors may produce different ranking results because parameter
vector P represents the risk preferences of people. Additionally, many operators
become special cases of the proposed operators under some suitable conditions (when
P or λ is assigned a specific number). Novel operators are more generalized and
flexible in handling different GDM problems;

(b) Weight information about experts obtained by combining subjective and objective
weights can reflect people’s preferences while reducing the randomness of the results;

(c) Considering the different influences of other IFSMs, the estimated values in an incom-
plete IFSM are more in line with the actual situation.

In summary, the proposed method is more comprehensive, and can provide more
flexible and reasonable choices for GDM models.

6. Conclusions

This study combines the MM operator with Einstein operations to develop two novel
intuitionistic fuzzy soft weighted Muirhead mean operators. These two novel operators
are bounded and monotonic with respect to the input arguments but not idempotent.
Furthermore, a group decision-making model with incomplete intuitionistic fuzzy soft
information for medical diagnosis is constructed. The similarity measures of IFSMs given
by experts fill in the missing values in a mathematical manner that differs from previous
works. Subsequently, the grades of the doctors and similarity degrees of the IFSMs are
utilized to obtain the subjective and objective weights, respectively. Simultaneously, the
combined weights, which can overcome the shortcomings of the single-weight method to
some extent, are determined. Finally, the GDM model is implemented to investigate its
applicability to a group medical diagnosis problem. Through comparison and analysis of
the practical diagnosis process, the proposed model is demonstrated as being effective.

The following are limitations and future research directions: (1) Unlike the basic
algebraic sum and product operations, the calculations for the Einstein sum and product
are more complicated. Therefore, when the newly constructed intuitionistic fuzzy soft
operators based on Einstein operations are used to aggregate information, the number
of calculations increases. The question of how to use a simple and appropriate method
to solve GDM problems quickly and effectively requires further study; (2) The proposed
model will be adjusted or improved for application to other extensions of fuzzy sets, and
different decision problems will be handled according to different application backgrounds;
(3) Using relevant data from the machine learning repository dataset, medical diagnoses
will be simulated to further validate the rationality of the algorithm and optimize the model.
We will consult doctors and use clinical data to determine the main diagnostic features and
medical knowledge-base of different diseases. It can be used to provide basic diagnostic
consulting services.
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Appendix A. Proof of Lemma 1

Proof.

(1) Since x1 ≥ y1, x2 ≥ y2, we have 1 − x1 ≤ 1 − y1, 1 − x2 ≤ 1 − y2.
Obviously,

x1x2 ≥ y1y2 and (1 − x1)(1 − x2) ≤ (1 − y1)(1 − y2).

It is easily obtained as

x1x2

1 + (1 − x1)(1 − x2)
× 1 + (1 − y1)(1 − y2)

y1y2
=

x1x2

y1y2
× 1 + (1 − y1)(1 − y2)

1 + (1 − x1)(1 − x2)
≥ 1, (y1 ̸= 0, y2 ̸= 0),

which indicates that (18) holds.
Similarly, we can prove that (18) also holds when y1 = 0 or y2 = 0 after similar analysis.

(2) Obviously, x1 − y1 ≥ 0, x2 − y2 ≥ 0.
According to 0 ≤ xi, yi ≤ 1, we have 1 − x1y1 ≥ 0, 1 − x2y2 ≥ 0. Therefore,

x1 + x2

1 + x1x2
− y1 + y2

1 + y1y2
=

(x1 − y1)(1 − x2y2) + (x2 − y2)(1 − x1y1)

(1 + x1x2)(1 + y1y2)
≥ 0.

It is easy to see that (19) is valid.

Appendix B. Proof of Theorem 2

Proof. Let f (x) = (1+x)λ−(1−x)λ

(1+x)λ+(1−x)λ , x ∈ [0, 1], λ > 0. Then,

f ′(x) = − 4λx(1 − x2)λ−1

((1 + x)λ + (1 − x)λ)2 ≤ 0,

which means f (x) is a decreasing function on [0, 1].

Let g(y) = 2yλ

(2−y)λ+yλ , y ∈ [0, 1], λ > 0. We have

g′(y) =
4λyλ−1(2 − y)2−λ(1 − y)

((2 − y)λ + yλ)2 ≥ 0,

i.e., g(y) is an increasing function on [0, 1].
Because ξk

ij ≥ ςk
ij for all k values, then f (ξk

ij) ≤ f (ςk
ij) for all k values. That is,

µθ(k) =
(1 + ξ

θ(k)
ij )qλθ(k) − (1 − ξ

θ(k)
ij )qλθ(k)

(1 + ξ
θ(k)
ij )qλθ(k) + (1 − ξ

θ(k)
ij )qλθ(k)

≤
(1 + ς

θ(k)
ij )qλθ(k) − (1 − ς

θ(k)
ij )qλθ(k)

(1 + ς
θ(k)
ij )qλθ(k) + (1 − ς

θ(k)
ij )qλθ(k)

= µ
′
θ(k).

Because g(y) is an increasing function on [0, 1],

2µ
pk
θ(k)

(2 − µθ(k))
pk + µ

pk
θ(k)

≤
2(µ

′
θ(k))

pk

(2 − µ
′
θ(k))

pk + (µ
′
θ(k))

pk
.
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From Equations (18) and (19), we have

∏
θ∈κq

(1 +
2

q
∏

k=1
(ξ

θ(k)
ij )pk

q
∏

k=1
(2−ξ

θ(k)
ij )pk+

q
∏

k=1
(ξ

θ(k)
ij )pk

)− ∏
θ∈κq

(1 −
2

q
∏

k=1
(ξ

θ(k)
ij )pk

q
∏

k=1
(2−ξ

θ(k)
ij )pk+

q
∏

k=1
(ξ

θ(k)
ij )pk

)

∏
θ∈κq

(1 +
2

q
∏

k=1
(ξ

θ(k)
ij )pk

q
∏

k=1
(2−ξ

θ(k)
ij )pk+

q
∏

k=1
(ξ

θ(k)
ij )pk

) + ∏
θ∈κq

(1 −
2

q
∏

k=1
(ξ

θ(k)
ij )pk

q
∏

k=1
(2−ξ

θ(k)
ij )pk+

q
∏

k=1
(ξ

θ(k)
ij )pk

)

≤

∏
θ∈κq

(1 +
2

q
∏

k=1
(ς

θ(k)
ij )pk

q
∏

k=1
(2−ς

θ(k)
ij )pk+

q
∏

k=1
(ς

θ(k)
ij )pk

)− ∏
θ∈κq

(1 −
2

q
∏

k=1
(ς

θ(k)
ij )pk

q
∏

k=1
(2−ς

θ(k)
ij )pk+

q
∏

k=1
(ς

θ(k)
ij )pk

)

∏
θ∈κq

(1 +
2

q
∏

k=1
(ς

θ(k)
ij )pk

q
∏

k=1
(2−ς

θ(k)
ij )pk+

q
∏

k=1
(ς

θ(k)
ij )pk

) + ∏
θ∈κq

(1 −
2

q
∏

k=1
(ς

θ(k)
ij )pk

q
∏

k=1
(2−ς

θ(k)
ij )pk+

q
∏

k=1
(ς

θ(k)
ij )pk

)

.

(A1)

Using the monotonicity of f (x) and g(y) again, we can obtain

2(U1 − U2)

1
q
∑

k=1
pk

(U1 + 3U2)

1
q
∑

k=1
pk
+ (U1 − U2)

1
q
∑

k=1
pk

≥
2(U′

1 − U′
2)

1
q
∑

k=1
pk

(U′
1 + 3U′

2)

1
q
∑

k=1
pk
+ (U′

1 − U′
2)

1
q
∑

k=1
pk

.

Similarly, we have the following inequality:

(V1 + 3V2)

1
q
∑

k=1
pk − (V1 − V2)

1
q
∑

k=1
pk

(V1 + 3V2)

1
q
∑

k=1
pk
+ (V1 − V2)

1
q
∑

k=1
pk

≤
(V′

1 + 3V′
2)

1
q
∑

k=1
pk − (V′

1 − V′
2)

1
q
∑

k=1
pk

(V′
1 + 3V′

2)

1
q
∑

k=1
pk
+ (V′

1 − V′
2)

1
q
∑

k=1
pk

.

Hence, the inequality (20) always holds, where U1, U2, V1, and V2 are the same as the
definitions in Theorem 1.

Appendix C. Proof of Theorem 3

Proof. Because ψk
ij
−
= (min(ξk

ij), max(ηk
ij)), ψk

ij
+
= (max(ξk

ij), min(ηk
ij)), we have

ξk
ij ≥ min(ξt

ij), ηk
ij ≤ max(ηt

ij).

It implies ψk
ij
− ≤ ψk

ij.
According to Theorem 2, the following can be obtained:

IFSEWMMP(ψ1
ij
−

, ψ2
ij
−

, · · · , ψ
q
ij
−
) ≤ IFSEWMMP(ψ1

ij, ψ2
ij, · · · , ψ

q
ij).

In the same way, we can obtain that

IFSEWMMP(ψ1
ij, ψ2

ij, · · · , ψ
q
ij) ≤ IFSEWMMP(ψ1

ij
+

, ψ2
ij
+

, · · · , ψ
q
ij
+
).

This completes the proof.

Appendix D. Proof of Theorem 4

Proof. Let IFSEMMP(ψ1
ij, ψ2

ij, · · · , ψ
q
ij) = (u, v).
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Since ψk
ij = (ξ, η) (k = 1, 2, · · · , q), according to Equations (15) and (16) in Theorem 1,

we obtain

µ =

1 + 2ξ

q
∑

k=1
pk

(2−ξ)

q
∑

k=1
pk
+ξ

q
∑

k=1
pk


q!

−

1 − 2ξ

q
∑

k=1
pk

(2−ξ)

q
∑

k=1
pk
+ξ

q
∑

k=1
pk


q!

1 + 2ξ

q
∑

k=1
pk

(2−ξ)

q
∑

k=1
pk
+ξ

q
∑

k=1
pk


q!

+

1 − 2ξ

q
∑

k=1
pk

(2−ξ)

q
∑

k=1
pk
+ξ

q
∑

k=1
pk


q!

=

(2 − ξ)

q
∑

k=1
pk
+3ξ

q
∑

k=1
pk

q!

−

(2 − ξ)

q
∑

k=1
pk
− ξ

q
∑

k=1
pk

q!

(2 − ξ)

q
∑

k=1
pk
+ 3ξ

q
∑

k=1
pk

q!

+

(2 − ξ)

q
∑

k=1
pk
− ξ

q
∑

k=1
pk

q! ,

ν =

2

 (1+η)

q
∑

k=1
pk
−(1−η)

q
∑

k=1
pk

(1+η)

q
∑

k=1
pk
+(1−η)

q
∑

k=1
pk
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pk
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pk

(1+η)
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q
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pk
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+
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pk
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q
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pk
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q
∑
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pk


q!

=

2

(1 + η)

q
∑

k=1
pk
− (1 − η)

q
∑

k=1
pk

q!

(1 + η)

q
∑

k=1
pk
+ 3(1 − η)

q
∑

k=1
pk

q!

+

(1 + η)

q
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pk
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q
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pk
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Let δ =
q
∑

k=1
pk. We have

u =
2
((
(2 − ξ)δ + 3ξδ

)
−
(
(2 − ξ)δ − ξδ

)) 1
δ((

(2 − ξ)δ + 3ξδ
)
+ 3
(
(2 − ξ)δ − ξδ

)) 1
δ +

((
(2 − ξ)δ + 3ξδ

)
−
(
(2 − ξ)δ − ξδ

)) 1
δ

=
2 × 4

1
δ ξ

4
1
δ (2 − ξ) + 4

1
δ ξ

= ξ,

v =

((
(1+η)δ+3(1−η)δ

)
+3
(
(1+η)δ−(1−η)δ

)) 1
δ−
((
(1+η)δ+3(1−η)δ

)
−
(
(1+η)δ−(1−η)δ

))
δ((

(1+η)δ+3(1−η)δ
)
+3
(
(1+η)δ−(1−η)δ

)) 1
δ+
((
(1 + η)δ+3(1 − ν)δ

)
−
(
(1 + η)δ−(1 − η)δ

)) 1
δ

=

(
4(1 + η)δ

) 1
δ −

(
4(1 − η)δ

) 1
δ(

4(1 + η)δ
) 1

δ +
(
4(1 − η)δ

) 1
δ

=
(1 + η)− (1 − η)

(1 + η) + (1 − η)
=

2η

2
= η.

Idempotency is proven.
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