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Abstract: In this paper, we present an efficient method for solving a class of higher order fractional
differential equations with general boundary conditions. The convergence of the numerical method
is proved and an error estimate is given. Finally, eight numerical examples, both linear and nonlinear,
are presented to demonstrate the accuracy of our method. The proposed method introduces suitable
base functions to calculate the approximate solutions and only requires us to deal with the linear or
nonlinear systems. Thus, our method is convenient to implement. Furthermore, the numerical results

show that the proposed method performs better compared to the existing ones.
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1. Introduction

The study of nonlinear fractional differential equations has attracted a lot of attention
in recent years due to their widespread applications in the natural sciences. The history
of fractional differential equations can be traced back to three hundred years ago. Leibniz
and Euler first studied such equations. Then L’'Hospital, Laplace, and Caputo made great
contributions to fractional differential equation theory. In recent years, more and more
researchers have devoted themselves to working on such equations. The application and
theory of fractional equations are developing rapidly. The reader may refer to [1-5] for
recent developments in fractional differential equations.

In this paper, we study the numerical method for solving nonlinear fractional BVPs:

po () (x) + p1 (x)u ) () + - 4 1 (1)) (2) + pn (x)u ) (x) = f(x,m),

. @
/\iu =7, (l = 1,2,..., N),

where 0 < x < 1,mj—1 < a; < mj, mjis a positive integer, m = max{m;}. p;(x) € L[0,1],

(j=0,1,2,..,m). Aju(i=1,2,...,N) are boundary conditions. If A;u = fo ((Hu(t)dt(i =
1,2,..,N), problem (1) is a nonlocal problem. If A;u = u(x;)(i = 1,2,...,N), problem (1)
isa multl -point problem, and so on. The a-order Caputo derivative of u( ) is defined in
Definition 1.

Definition 1. The Caputo fractional derivative of order o > 0 is defined as

Dhu(x) = r(Nl_“) / " — N1, N () @)

where0 < x <1, N—1<a < N,and N € N.
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Based on Definition 1, the problem is equivalent to the following problem:

L . p(x) * mj—a;—1, (m;) _
L”_].Z(;)r(néwj)/o (x— ™~ ") (Dt = f(x,u), x € 0,1],

Au=r;, (i=1,2,..,N),

©)

where m; —1 < a; < mj, m = max{m;}. Over the last couple of years, many numerical
methods [6-18] have been developed for solving problem (3). However, the accuracy of the
above method cannot meet our requirements. In this paper, we introduce polynomial base
functions to solve (3). The proposed method only requires dealing with a nonlinear system;
thus, it is easy to implement. Furthermore, the proposed method is more accurate than the
other numerical methods.

This paper is organized as follows. In Section 2, we propose the method for solving
problem (3). Then, we analyze the convergence and give an error estimate in Section 3.
In Section 4, we present eight numerical examples to show the accuracy of the method.
Finally, the conclusions are drawn in Section 6.

2. Numerical Method

Now, we will examine the method for solving problem (3). Considering the function
space whose base functions are

X = [go(x), p1(x), 2(x), p3(x), ...},

then, the true solution of (3) can be given by

u(x) = ¥ Begelx), @
k=0

where By is to be determined.
Let

Xn = [o(x), 91(x), 92(x), -, @n(x)],

and
Y, = [,30/ ﬁl/ ﬁZ/' . -r,Bn]T/

then, the n-th order approximate solution of (3) can be expressed by

un(x) = 3 Brge(x) = X Yo )
k=0

Furthermore, the higher derivatives of u,(x) can also be calculated by
) = X,B'Y,,i > 1, ©)

where matrix B is dependent on the choice of X,.
Assuming H = L?[a, b] is the working space with inner product,

b
<fig>= [ f@sx)x
Substituting Equation (6) into (3), we have

Luy, = f(x, up). (7)
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Assume that Q = [¢g(x), P1(x), P2(x),...,Pn(x)] is a linear independent set in H.
Taking the inner product of Equation (7) with the element in Q, two new matrices S, 1)1
and T, 1) are defined as

Sti1yx1 = Tur1)x1s
and
Sq,l =< Lun/ lqul >,

Tq,l =< f(x,un>/ lpq—l(x) >,

wherel <g <n+1.
Considering the boundary conditions in problem (3),

)L,-un =71, (Z = 1,2,..., N), (8)

these N equations just modify N rows of S,, ;1)1 and T(,,, 1), respectively. If the linear or

nonlinear system S = T is solved, the coefficients Y, = [Bo, B1, B2, -- -, ,Bn]T are determined
uniquely. Then, the numerical solution of (3) can be expressed by

up(x) = f Brpr(x). )
k=0

Notice that continuous polynomials {x* : k € Z} are recommended when X, is
chosen since they are calculated rapidly, precisely defined, and can represent a variety of
functions [19].

3. The Convergence of the Method and Error Estimate

Suppose that H = L2[a, b] is the working space, P, = {¢o,$1, -+, ¢n} is the set of
polynomials of n-th degree and Y = span(P,). Then, the Ly-error can be achieved [19,20].
For Vu € H, u has the unique best approximation in Y. That is to say that there exists 7 € Y,
such that

lu—idill2 < ||lu—h|a, forVheY.

Let ® = [¢o, 1, ,qbn]T; there exists unique coefficients A = [ag, a1, - - -, a,] such
that

=

1

u~i= ﬂi(Pi:Aq),
0

A can be obtained by
A<P,P>=<ud® >,

where
b T
<u® >:/ y()®(x) dx = [<u,po >, < u,p1 >, , < U, Py >],
a
and < ®,® >isa (n+1) x (n+ 1) matrix. Let
b
C=<®,&>= / ®(x)®(x) dx,
a

then,
A=<ud®>CL
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Since the coefficients A are determined, we obtain the approximate solution 7. We
have the following conclusion. Since we have defined the inner productin Hby < f,g >=

fuh f(x)g(x)dx and Y = span(P,), then Ly-error can be obtained by

where @ = [4)0/4)1/ T /(PH]T and ¥ = []//(PO/ (P]/ e /(Pn]T-
Next, we will prove that the approximation # converges to u.

Lemma 1. A function u(x) is continuous on [a, b] if and only if

lim w(u,d) =0,

6—0

w(u,6) = sup |u(xy) — u(xy)| where x1,x; € [a,b] and |xq — xz| < 4.

Proof. Refer to [21]. O

If u(x) is bounded on [a, b], we come to the following conclusion.

3 1
< — _
_2w<ul n)/

Lemma 2. If u(x) is bounded on [a, b], then

G

k=0

where || f(x) oo = sup{|f(x)] : x € [,]}.

Proof. Refer to [21]. O

Theorem 1. If u(x) is bounded on interval [a,b] and Y = span{Py }, then

3 /1
— < — —
|lu — A®|, < 2w<u, n>' (10)

where A® is the best approximation tou in'Y.
Proof. Since A® is the best approximation to u in Y, then
Z k & k
B 2B
k=0 \" 5 k=0 \"

[u— Ay <

3 1
<2 =.
(o)
e}
If u(x) is continuous on [a, b], then we have the following conclusion by Lemma 1

lim w (u, \/T> =0,
n—o0 n

which means that A® converges to u when n — oo.
If u is n + 1 times continuously differentiable, the following conclusion can be obtained.

O
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Theorem 2. Suppose u(x) is the true solution and u, (x) is the approximate solution to problem (3),
Y = span(P,) and u, is the best approximation to u in Y, u € C"1[a, b], an Ly-error estimate is
given by

2n+3

M(b—a)—2
V2n+3-(n+ 1)

[ = unl2 <

(11)

where M = max |u("™+1(x)|.
x€|a,b]

Proof. Using Taylor’s formula,

"(a 1M (a
un(x) =u(a) +u'(a)(x —a)+ 2(! )(x—a)2+ + n!( )(x—a)”—i-Rn( ),
where R, (x) = u((’;t:)l()’z) (x —a)"™1, 57 € (a,b). And let
p(x) = u(a) +u'(a)(x —a)+ ”2(!(1) (x—a)*+ -+ u(*:!(a) (x —a)"

Then, we have

o= wallz < = plz < \//f [9(x) = p(x)PPdx < Wab R} (x)dx

)

< M(b—a
T V2n+3-(n+1)

where M = max [u("t)(x)|. O
x€[a,b]

4. Applications of the Method

In this section, eight numerical examples are presented to demonstrate the accuracy of
the proposed method.

Example 1. Consider the following Bagley—Torivik equation [22]:

2 3/2 0 _ 2 M
D%+ D24 DOJu(x) = 2%+, x € (0,1, )

The exact solution is u(x) = x. Our results are shown in Equation (13). The exact solution
can be obtained by our method. The numerical result is shown in Figure 1.

up(x) =0,
ui(x) =0, (13)
un(x) =%, n>2.
Example 2. Consider the following fractional differential equation [23]:
8
DY2u(x) + vmu(x) = —— 4+ V7x%, x € [0,1],
()\f()3ﬁf [0,1] 14)

u(0) = 0.
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The exact solution is u(x) = x?. The results are shown in Equation (15). The true solution is
achieved by the proposed method. The numerical result is presented in Figure 2.

up(x) =0,
32+ 107
uy(x) = ————x, 15
T (15
un(x) = a2, n>2.
10
— n=0,1
0.8 n=2,Exact
0.6
0.4
0.2
0.0
0.0 0.2 0.4 0.6 0.8 1.0
Figure 1. Numerical result for Example 1.
1.0
— n=0
0.8 n=1
n>2,Exact
06
0.4
02
0.0
0.0 0.2 0.4 0.6 0.8 1.0
Figure 2. Numerical result for Example 2.
Example 3. Let us consider the following fractional differential equation [23]:
3 11/4
X 64x 32x — 15
[DV* 4+ DOu(x) = — = + x* ( 3 ),
2 1155I°(3) (16)
u(0) = 0.
4_ 2

The exact solution is u(x) = x* — %-. Our solutions for various n are shown in Equation (17).
The plots of the numerical solutions and the exact solution are shown in Figure 3. It can be found
that the numerical solutions converge to the exact solution quickly.

up(x) =0,
—26624 — 13167Cx
4180(32 + 21c)

() — 687863856 — 728437248 - 1943209752 3(26214400 + 28519568¢ + 7772919¢%)
2V T TT8740(262144 + 303072 + 88935¢2) 437(262144 + 303072c + 88935¢2) '

3 (x) = 4(140737488355328 + 215214653964288¢ -+ 110716498835712¢2 + 19167948297729¢3) X
3933(1099511627776 + 1753074892800c + 941834456640¢? + 170576707455¢3 ) 17)
2(35184372088832 + 54747587411968¢ + 28650322067136¢% + 5044196920455¢%) ,
69(1099511627776 + 1753074892800c + 9418344566402 + 170576707455¢3)
—25288767438848 — 39712678477824c — 20978221978560c2 — 3728319462945¢%
18(1099511627776 + 1753074892800c + 941834456640c2 + 170576707455¢3) o

uy(x) =

+

1
Uy (x) = f§x3 +xt n>4,
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where ¢ = 1"(%). Aguain, the true solution is obtained by the proposed method.

06 — n=0
n=1
05
n=2
0.4
— n=3
7 03F  —— nz4,Exact
0.2
0.1
0.0
0.0 02 04 0.6 0.8 1.0

X

Figure 3. Numerical result for Example 3.

Example 4. Now consider the following Liouville—Bratu—Gelfand equation [6,14,24,25]:

" u(x) _
u'(x)+ A 0, (18)
u =0.

e
(0) =0, u(1)

Y

The exact solution is u(x) = —2 ln[%], where 0 is the solution of = v/2A cosh( ).
1

The absolute errors when n = 10 are shown in Table 1. It can be found that our method performs

better than the other methods. The curves of the absolute errors are plotted in Figures 4 and 5 for

A =1and A = 2 respectively.

Table 1. Comparison of absolute errors for Example 4.

. Present
A Node LGSM [6] B-spline [7] Laplace [8] ADM [9] RKSM [23] Method
0.1 7.5 x 1077 3.0 x 10°° 2.0 x 107° 2.7 x 1073 6.2 x 107> 2.8 x 10710
0.2 1.0 x 106 55 x 1076 39 % 10°° 2.0 x 1073 1.1 x 1074 3.6 x 10710
A=1 04 52 x 1077 85 x 107° 7.7 x 107° 22 %1073 1.7 x 1074 25 % 10°10
0.6 51 x 1077 85 x 107 1.1 x 107° 22x107°3 1.6 x 1074 2.5 % 10710
0.9 7.4 x 1077 3.0 x 107 12 x 107° 2.7 x 1073 5.6 x 107° 2.8 x 10710
0.2 5.7 x 107° 1.9 x 10~° 42 x 1073 1.5 x 1072 58 x 1074 5.0 x 1078
0.3 52 x 107° 2.8 x 107> 6.2 x 1073 59 x 1073 79 x 1074 2.0 x 1078
A=2 0.5 1.5 x 10~ 1.1 x 107° 9.6 x 1073 7.0 x 1073 9.7 x 1074 6.6 x 1078
0.7 52 x 10° 69 x 107° 1.2 x 1072 59 x 1073 78 x 1074 2.0 x 1078
0.9 40 x 10 2.6 x 107> 1.1 x 1072 1.5 x 1072 3.0 x 1074 44 x 1078
‘ N ‘ ‘ ~ P s A A ]
15x10° //r\\ s/‘ \\ ‘/f\‘\ S axao® N / \\ c( \‘ / \\ N
5 oo N / \ sf \ s/ \ - \"\\ f \ r“ | \ \/‘\ -
5 oos N S | fon E%axm"“ Y V) |
i AW YRR WARE W VAT IR
/ S 7 0 A VAR VAR O Y IR
0002 / \/ \“g “\“ \“‘\ 1.x10° J’H ‘ “‘ \| | ” |/ “H
ool ‘ ‘ N\ oW J | RS W \/ \V ‘U' \.’ | ‘V I\
@n=3 (b)n=56 (c)n=10

Figure 4. Absolute error for various # in Example 4 when A = 1.
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ool ‘ T e
-/ o A
5.x10° J\‘\‘e\‘/\,‘\
ek Sewaw NLULLULN
3o : Y ‘/\\[H‘\“‘H‘”\/\
g/ i A
=
o N IR RAL
@n=3 (b)n=6 (c)n=10
Figure 5. Absolute error for various n in Example 4 when A = 2.
Example 5. Consider the following nonlinear boundary value problem [13,26-29]:
(5) _ X2
u\(x) =e "u(x),
(¥) = e 02 (x) 1)

u(0) = u'(0)

The exact solution is u(x) = e*. Our result when n

u"(0) =1, u(l) =u'(1) =e.

= 10 is shown in Equation (20). The

comparison with the other methods is shown in Table 2. The proposed method is more accurate. The

absolute errors are shown in Figure 6.

up(x) = 14 x + 0.5x% + 0.166667x> 4 0.0416667x* + 0.00833331x° + 0.00138905x°

7 8 6.9 7..10 (20)
+ 0.000197971x” 4 0.0000254219x° + 2.27637 x 10" °x” 4+ 4.63724 x 10~ "x"".
Table 2. Comparison of absolute errors for Example 5.
VIMHP B-Spline Method in  Method in Present
Node ADM [10] HPM [11] [11] VIM [11] [12] [13] [14] RKSM [23] Method
0.1 1.0x107? 10x10? 10x10° 1.0x10? 70x10"* 23x1077 0 71x10710 11x10°18
0.2 20x107°  20x107° 20x10? 20x10? 72x107% 16x10° 10x10° 46x10° 1.7x10712
0.3 1.0x108% 10x10® 10x10% 10x10®% 41x10* 46x10°% 10x10° 12x10% 54x10"12
0.4 20x107%  20x10% 20x108% 20x10% 46x10* 89x10° 10x10* 22x10% 7.6x10712
0.5 31x108% 31x108 31x10% 31x10% 47x10% 13x10° 32x10% 31x108 56x1012
0.6 37x107%  37x10% 37x10% 37x10% 48x10* 16x10° 36x10* 35x10% 1.7x10712
0.7 41%x107% 41x108% 41x10®% 41x10% 39x10% 16x10° 14x10* 33x10% 34x101
0.8 31x108% 31x108 31x10% 31x10% 31x10% 12x10° 31x10% 22x108 11x1013
0.9 14x108% 14x10% 14x10% 14x10% 16x10% 51x10° 58x10*% 81x10? 16x101
2 R Ml a - 2D
» \ /SN e /
g‘ \ § oot \\ g axir /
§ ao0s / \ E - \ é axw
\ \ i 2x10 H
000002 2x10% \ H
\ P \‘ - 1.x10° —
(@Q)n=>5 (b)yn=6 (c)n=7
1x10 //\ N\ o /,/\ AN 7 7101 / \\\ ,
axio / \ / B // \
/ \ , / D / \
3 o / \ s / EL / \
B / \ LI / [ / \ E
/ 1 i
- 7\ \ A B \
b WV ‘ . b RN N ‘ e
(d)n=38 (e)n=9 (f)n=10

Figure 6. Absolute errors for various n in Example 5.
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Example 6. Consider the nonlinear four-point BV, which has widely been given as an example in [30-33].

u® (x) +u(x)u'(x) —4x” =24 =0, x € [0,1],
1 1 (21)

Z) =6,u"(3)=3, u(l) =1

u(0) =0, u®( 5

Using the present method, we can obtain the approximate solutions which are shown in
Equation (22). The exact solution is obtained when n > 4. The result is presented in Figure 7.

y3(x) = o, )
ynlx) = 24, n > 4
1.0
— n=3
0.8 n>4,Exact
0.6
0.4
0.2
0.0
0.0 0.2 0.4 0.6 0.8 1.0
Figure 7. Numerical result for Example 6.
Example 7. Consider the following linear fourth order problem [15].
@) (x) — " il
u™(x) — (1 +c)u” (x) + cu(x) sex -1, xe 0,1], 23)

u(0) =1, u'(0) =1, u(1) =1 +sinh(1), u/(1) = 1+ cosh(1).
The exact solution is u(x) = 1+ "2—2 + sinh(x). The numerical results are shown in Table 3
when ¢ = 10° and n = 10. Compared to the other existing method, the present method performs

better. Proceeding as before, we describe the absolute errors of the numerical results in Figure 8.

Table 3. Comparison of absolute errors for Example 7.

Node ADM [15] HPM [15] DTM [15] RKSM [23] Present

Method
0.1 6.5 x 10° 6.5 x 103 15 x 1010 1.8 x 108 1.2 x 1074
0.2 8.8 x 10* 8.8 x 10* 3.7 %1078 2.8 x 1078 4.6 x 10714
0.3 3.6 x 10° 3.6 x 10° 9.0 x 1077 46 x 1078 6.5 x 10714
0.4 9.1 x 10° 9.1 x 10° 85 x 107 5.5 x 1078 1.8 x 10714
0.5 1.6 x 10° 1.6 x 100 48 x10°° 6.3 x 1078 3.6 x 10714
0.6 2.3 x 106 2.3 x 10° 19 x 10~* 6.4 x 108 12 x 10714
0.7 2.6 x 10° 2.6 x 10° 64 x 1074 58 x 1078 49 x 10715
0.8 2.1 x 10° 2.1 x 10° 1.7 x 1073 45 %1078 1.9 x 1074

0.9 9.1 x 10° 9.1 x 10° 42 %1073 2.1 %1078 33 x 10715
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[\ 12107 [
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sx100f | \ / [l \/
\ 2x100f | \| \
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x
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1o 3
Tx10 e N A a0 N .
610 AT I\ ]
6x10 [ [\ :
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51012 | [ 1 [\ -
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x x x
(g)n=9 (h)n=10 (i)n=11

Figure 8. Absolute error for various # in Example 7.

Example 8. Finally, we consider the BVP governed by integro-differential equation involving
nonlocal integral boundary conditions [34]:

u® (x) + e*u(x) + /Ox u(s)ds = (1+e€*)sinh(x) + cosh(x) — 1, x € [0,1],

w(0) = 0, (%) 3u(3)(i) n /01 u(t)dt = sinh(%) +4cosh(411) -1,

1
2//7
W'(3)

1
4

4

(24)

_u6wé)+:ﬂ%M%ﬂdtzZShm(;)—coﬁﬂlLzdl)zsmhﬂy

The exact solution of this problem is given by u(x) = sinh(x). The numerical results are shown in
Table 4. It can be observed that our method works well for this nonlocal boundary value problem.

Table 4. Comparison of absolute errors for Example 8.

Node

| — us| | — w10} [t — u1a| |u — us| |u — w1 |u — w1
Method in [34] Method in [34] Method in [34] Present Method Present Method Present Method
0.1 6.2 x 1077 42 x107? 1.1 x 10°10 3.7 x 108 2.2 x 10710 2.6 x 10711
0.2 12 x 10 8.1 x107° 2.3 x 10710 6.7 x 108 45 x 10710 51 x 10711
0.3 1.6 x 107° 12 x 1078 42 x 10710 9.1 x10°8 7.4 x 10710 7.6 x 10711
0.4 2.0 x 107 1.4 x 108 49 % 10710 1.1 x 1077 1.1 x107° 1.0 x 1010
0.5 2.3 x 107 1.7 x 10~8 5.2 x 10710 12 x 1077 1.3 x 107? 1.2 x 10710
0.6 2.5 % 107 2.0 x 1078 7.6 x 10710 12 x 1077 14 x107° 1.2 x 10710
0.7 2.6 x 1070 2.1 %1078 7.3 x 10710 1.1 x 1077 1.3 x107° 1.1 x 1010
0.8 2.4 x10°° 2.1x10°8 12 x107° 82 x 1078 1.0 x 107° 9.0 x 10711
0.9 1.8 x 10 1.7 x 10~8 1.1 x 107? 47 x 1078 6.6 x 10710 55 x 10711
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5. Results and Discussion

In this part, we give a brief discussion on the numerical results. For the numerical
example whose exact solution is polynomial, the proposed method performs well and
can give the true solution. And the numerical solution converges to the true solution
quickly, as shown in Examples 1, 2, 3, and 6. The present method performs better than the
other numerical methods for the remaining numerical examples. That is to say the current
method is more accurate. Although the presented problems are subject to different types
of boundary conditions, the numerical results show that the current method can handle
these boundary conditions conveniently. The main difficulty of the proposed method is
that we need to deal with the nonlinear system S = T. Since all the computations are
performed by Mathematica, we can use ‘FindRoot” or ‘NSolve’ command to solve such
nonlinear equations.

6. Conclusions

In this paper, we give an efficient and reliable method for solving a class of nonlinear
fractional differential equations. We have proved the convergence of the current method and
give an error estimate. The proposed method is convenient to implement and only requires
us to solve linear or nonlinear systems. Also, we present several numerical examples to show
the accuracy of the method. Compared to the other existing methods, our method performs
better. We can even achieve the exact solution if the true solution of the problem is in the
polynomial form. In our future work, we may extend the proposed method to solve problems
with boundary layers (singularity), such as Troesch’s problem [35].
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