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Abstract: This study designed an adaptive neural network (NN) control method for a category of
multi-robotic systems with parametric uncertainties. In practical engineering applications, systems
commonly face design challenges due to uncertainties in their parameters. Especially when a system’s
parameters are completely unknown, the unpredictability caused by parametric uncertainties may
increase control complexity, and even cause system instability. To address these problems, an adaptive
NN compensation mechanism is proposed. Moreover, using backstepping and barrier Lyapunov
functions (BLFs), guarantee that state constraints can be ensured. With the aid of the transform
function, systems’ convergence speeds were greatly improved. Under the implemented control
strategy, the prescribed time control of multi-robotic systems with parametric uncertainties under
the prescribed performance was achieved. Finally, the efficacy of the proposed control strategy was
verified through the application of several cases.

Keywords: adaptive neural network control; parametric uncertainties; multi-robotic systems; barrier
Lyapunov functions (BLFs); prescribed time control

MSC: 37M05

1. Introduction

Multi-robotic systems have extensive applications across various domains [1–9], in-
cluding agriculture [10], healthcare [11], manufacturing automation [12,13], and other fields.
In multi-robotic systems, cooperative control primarily includes consensus, formation, and
containment control. Consensus control, considered the fundamental basis for cooperative
control in multi-robotic systems, has captured the attention and interest of scholars [14–16].
In [5], the authors tackled the problem of adapting to changes in robot types within multi-
robotic systems by introducing a collaborative relationship meta reinforcement learning
method, which emphasizes inter-robot relationships to enhance performance. The au-
thors in [15] introduced an echo control strategy to tackle multiagent consensus issues
with interaction distortions. By having agents relay information back to neighbors, this
approach forms a negative feedback loop, ensuring stability and convergence. In [17],
the authors directed attention to addressing the consensus control problem within state-
constrained nonlinear strict-feedback systems, introducing a pioneering distributed fuzzy
optimal control approach to resolve it. For second-order nonlinear multiagent systems, the
lag consensus problem was solved in [18]. As shown in [19], the authors tackled control
issues related to consensus attainment in higher-order multi-agent systems, considering
both leaderless and leader–follower disturbances. Note that it is necessary to consider the
characteristics of convergence time while reaching systems consensus.

Many practical systems have requirements for convergence time, convergence process,
and convergence accuracy. Prescribed time control methods [20–24] were suggested to
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secure system convergence within the prescribed time, irrespective of initial state and
controller parameter. In [22], a novel distributed controller was proposed, utilizing time-
varying control gains and a state transformation to achieve this objective. The focus of
the author in [25] laid in event-triggered control methods for attaining prescribed-time
bipartite consensus in first-order multiagent systems. They introduced efficient control
laws and conditions, while also preventing Zeno behavior. Based on a distributed observer
approach, a prescribed time observer-based controller for multiagent systems was proposed
in [26]. The above studies all achieved the goal of enforcing systems to object states, and
the convergence time remained preset, irrespective of these systems’ initial conditions.
However, in the process of rapid convergence, a system’s state may significantly change,
which may affect the system’s performance. How to guarantee the fast convergence of
systems while guaranteeing the systems’ performance is still a problem worth discussing.

Systems uncertainty is a common situation that can lead to a significant degradation
of control performance and may even affect the stability of the systems [27,28]. To end it,
many scholars have conducted extensive research on uncertain systems [29–31]. NN is a
promising tool for unknown uncertainty because of its out of the ordinary approximation
ability. In [29], a novel wavelet-TSK-type fuzzy cerebellar model neural network was
proposed for uncertain nonlinear systems. This neural network combines a cerebellar
model neural network framework with a wavelet-function-based Takagi–Sugeno–Kang
fuzzy inference model, offering enhanced effectiveness in handling system uncertainty.
The author in [32] proposed a pioneering strategy integrating an NN controller within the
approximate domain, providing a novel solution for global tracking control in uncertain
nonlinear systems with output feedback. To address uncertainties in nonlinear systems, a
novel adaptive event-triggered control strategy was proposed in [33]. The above studies
have effectively addressed uncertainty within systems. However, when facing entirely
unknown parameters, the application of an NN to handle this problem remains a topic
for discussion.

In practical applications, with increasing demands for safety performance, the issue of
handling state constraints has gained increasing attention in recent times [34–36]. The use of
BLFs has emerged as an effective strategy to restrict tracking errors within predetermined
ranges [37,38]. The authors in [35] introduced an innovative backstepping controller
for hydraulic systems, incorporating extended state observers (ESOs) and an adaptive
law to address uncertainties. The controller combines prescribed performance function
(PPF) and barrier Lyapunov function (BLF) synthesis to address specified performance
tracking. For a class of chained nonholonomic systems with full-state constraints, the
author in [39] proposed a systematic strategy for the tracking controller based on BLFs.
Further, considering full-state constraints and actuator failures, by incorporating BLFs and
the backstepping technique, the author proposed an adaptive consensus control approach
in [40]. It is noteworthy that the mentioned authors successfully addressed the issue of
rapid changes in systems convergence by introducing BLFs. Therefore, the effectiveness of
BLFs in solving constraint problems has been demonstrated, and were utilized in this study.

The key contributions of this study are summarized as follows:

1. To achieve the balance between rapid convergence and systems performance, a trans-
form function was constructed, integrating the speed function into the prescribed
performance function. In addition, employing this method, which merges the pro-
posed transformation function with BLFs at every step, guarantees that all errors of the
systems converge to prescribed regions during the prescribed time. Simultaneously, it
effectively prevents violations of state constraints.

2. Acquiring complete parameters for multi-robotic systems in actual applications is
difficult, introducing complexity to control design. Based on backstepping technique,
an adaptive NN method was developed to solve it. At the same time, considering that
the systems have a large number of variables, it was difficult to choose an appropriate
NN. Designing a suitable adaptive law to estimate the parameter boundary simplified
control design while compensating for systems uncertainties.
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Notations: In this paper, diag[·] stands for diagonal matrix, and · represents the symbols
of all elements on the diagonal of the matrix. R and RN×N denote the real numbers set
and the real numbers in N × N size space, respectively. Then, max{· · · } is the maximal
function, which express the maximum value among · · · , and · · · can be a dimensional
arbitrary array. XT describes the transposed matrix of the original matrix X. ∥ Y ∥ stands
for the Euclidean norm of vector Y.

2. Preliminaries
2.1. System Description

In the domain of uncertain multi-robotic systems, there exists a virtual leader ac-
companied by N followers. Each follower, identified by i (ranging from 1, 2, · · · to N), is
characterized by the following model

.
xi,1 = xi,2.
xi,2 = J−1

i (ui − (Bixi,2 + Gili sin(xi,1)))
yi = xi,1, (i = 1, 2, · · · , N)

(1)

where xi,1 and xi,2 express angle and angular velocity, respectively, ui represents the input,
and yi represents the output of the uncertain multi-robotics systems. Ji is the rotational
inertia of the robotic arm. Bi represents the frictional viscous coefficient, Gi = mg denotes
the gravitational force acting on the robotic arm, and li represents the length from the joint
axis to the center of mass.

2.2. Graph Theory

In a one-way directed topology, a virtual leader is present alongside N followers.
The communication between them is depicted by digraph G =

(
V, E, A, B

)
. The virtual

leader 0 and followers i(i = 1, 2, · · · , N) are denoted as V = {0, 1, · · · , N}, and E ∈ V × V
represents a set of edges. A =

[
aij
]

N×N represents the weighted adjacency matrix of
the digraph G, and the edges between follower j and follower i are denoted as V j ×
Vi ∈ E. If follower j can obtain data from follower i, then aij > 0; if not, aij = 0. And
the i-th follower degree is represented by di = ∑N

j=1,j ̸=i aij. Its diagonal matrix is D =

diag[d1, d2, · · · , dN ], and its Laplacian matrix L is L = D − A ∈ RN×N . Connections from
the leader to the followers are symbolized by the weighted adjacency matrix, labeled as
B = diag[b1, b2, · · · , bN ] ∈ RN×N . The usage of bi > 0 signifies that the i-th follower can
receive messages from the virtual leader, whereas bi = 0 indicates the absence of such
communication. There exists at least one bi, such that bi > 0 ensures L + B is non-singular.
At least one path exists from the root node leader 0 to every follower node, and the digraph
can generate a directed tree with the leader 0 as the root.

Definition 1. Define the synchronization error of the follower i as follows

ei,1 =
N

∑
j=1

aij
(
yi − yj

)
+ bi(yi − y0) (2)

where the reference signal of the leader is denoted by y0.

2.3. Transform Function

Introduce the prescribed performance function as follows

E(t) = (E0 − E∞) exp(−t) + E∞ (3)

where E(0) = E0 is the function’s starting value, and E(∞) = E∞ is the function’s end
value, and they satisfy the condition E0 > E∞ > 0.
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With the aim of enhancing the systems convergence rate, introduce the following
speed function

s(t) =
(T − t)2

T2 , t ∈ (0, T] (4)

where a prescribed time is denoted by T.
Combining Equations (3) and (4), obtain the speed performance function as out-

lined below

Es(t) =

{
(E0 − E∞)e−t (T − t)2

T2 + E∞, 0 < t ≤ T
E∞, t > T

(5)

Its inverse satisfies

1/Es(t) =

{
T2 exp(t)

(E0 − E∞)(T − t)2 + E∞T2 exp(t)
, 0 < t ≤ T

1/E∞, t > T
(6)

According to the above equation, with Λ being a positive definite parameter (Λ ≤ E0),
constructed as follows is the transform function

ki(t) =


T2 exp(t)

(1 − P−1)(T − t)2 + P−1T2 exp(t)
, 0 < t ≤ T

P, t > T
(7)

where the positive definite parameter P satisfies ΛP−1 ≤ E∞.

Remark 1. From the previous derivation and scrutiny, it becomes apparent that the systems’
starting states and systems design parameters have no impact on the prescribed time. The inequal-
ity Λki

−1(t) ≤ Es(t) always holds, and it holds immense importance for the subsequent deductions
and proofs.

2.4. Radial Basis Function Neural Networks

This experiment utilized radial basis function neural networks (RBFNNs) to approxi-
mate continuous uncertain nonlinear functions. For function f

(
X
)

and a positive definite
parameter σ they satisfy

sup
X∈R

∣∣∣ f (X)− ΓTΘ
(
X
)∣∣∣ ≤ σ (8)

where X =
[
x1, x2, · · · , xp

]T represents the input vector, Γ =
[
Γ1, Γ2, · · · , Γq

]T denotes the weight

vector, q > 1 stands for the quantity of NN nodes, and then Θ
(
X
)
=
[
Θ
(
X
)

1, Θ
(
X
)

2, · · · , Θ
(
X
)

q

]T

represents Gaussian basis functions, which can be expressed as outlined below

Θi
(
X
)
= exp

−

(
Xi − X∗

i

)T(
Xi − X∗

i

)
υ2

i

 (9)

where the center and width of the Gaussian function are denoted by X∗
i and υi, respectively.

Describing Γ∗ as the optimized weight parameter vector, one can achieve it in the
following way

Γ∗ = argmin
W∈R

{
sup
X∈Ω

∣∣∣ f (X)− ΓTΘ
(
X
)∣∣∣} (10)

On the compact set Ω, RBFNNs can accurately approximate f
(
X
)

with an accuracy
of σ

(
X
)

f
(
X
)
= Γ∗TΘ

(
X
)
+ σ

(
X
)

(11)
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where
∣∣σ(X)∣∣ ≤ σ.

Assumption 1 [41]. y0 expresses the leader reference output signal; it can be denoted by a differen-
tiable, continuous, and bounded function.

3. Control Design and Analysis
3.1. Adaptive NN Prescribed Time Control Design

Coordinate transformations are defined as{
ei,2 = xi,2 − αi,1, i = 1, 2, · · · , N
zi,k = kiei,k, k = 1, 2

(12)

where αi,1 denotes the virtual control input and ei,1, ei,2 express error variables.
In accordance with definition (12), the derivative of zi,1 is

.
zi,1 = ki

.
ei,1 +

.
kiei,1

= ki

(
(bi + di)

.
yi − bi

.
y0 −

M
∑

j=1
aij

.
yj

)
+

.
kiei,1

= ki

(
(bi + di)(ei,2 + αi,1)− bi

.
y0 −

M
∑

j=1
aij

.
yj

)
+

.
kiei,1

= ki

(
χei,1 + (bi + di)(ei,2 + αi,1)− bi

.
y0 −

M
∑

j=1
aij

.
yj

)
(13)

where χ = k−1
i

.
ki.

Utilizing the BLFs, select the following BLF Vi,1

Vi,1 =
1
2

log
Λ2

i,1

Λ2
i,1 − z2

i,1
+

1
2λi,1

ϕ̃2
i,1 (14)

where the positive parameter is λi,1. The error in adaptive estimation of an unknown

constant ϕi,1 = max
{∥∥∥K∗

i,1

∥∥∥2
, 1
}

is denoted by ϕ̃i,1 = ϕi,1 − ϕ̂i,1, then ϕ̂i,1 is the estimation

value.

Remark 2. Later, controllers and adaptive laws are established to maintain the boundedness
of Vi,1. And combined with the transform function (7) and BLFs (14), prescribed time control
under the given performance is achieved. To further enhance the performance of the systems, similar
applications are demonstrated at each step.

Using the derivative of zi,1 as a basis, the derivative of Vi,1 is

.
Vi,1 =

zi,1ki

Λ2
i,1 − z2

i,1

(
(bi + di)(ei,2 + αi,1) + fi,1

(
Xi,1

))
− 1

λi,1
ϕ̃i,1

.
ϕ̂i,1 (15)

where function fi,1
(
Xi,1

)
= χei,1 − bi

.
y0 −

N
∑

j=1
aij

.
yj, using an NN to deal with it

fi,1
(
Xi,1

)
= Γ∗T

i,1 Θi,1
(
Xi,1

)
+ σi,1

(
Xi,1

)
, σi,1

(
Xi,1

)
≤ σi,1 (16)

where Xi,1 =
[
xi,1, xj,1, xj,2, y0,

.
y0
]T .
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The subsequent inequalities are established based on Young’s inequality as follows

|zi,1ki|(bi + di)

Λ2
i,1 − z2

i,1
ei,2 ≤

e2
i,2

2
+

(bi + di)
2k2

i z2
i,1

2
(

Λ2
i,1 − z2

i,1

)2 (17)

|zi,1ki| fi,i

Λ2
i,1 − z2

i,1
≤

k2
i z2

i,1

∥∥∥Γ∗T
i,1

∥∥∥2
∥Θi,1∥2

2ℏ2
i,1

(
Λ2

i,1 − z2
i,1

)2 +
ℏ2

i,1

2
+

k2
i z2

i,1

2/λ
2
i,1

(
Λ2

i,1 − z2
i,1

)2 +
σ2

i,1
/λ

2
i,1

2
(18)

where positive designed parameters are denoted as ℏi,1 and /λi,1.
Based on the above derivation, one has

.
Vi,1 ≤ zi,1ki

Λ2
i,1 − z2

i,1
(bi + di)αi,1 +

k2
i z2

i,1∥Γ∗T
i,1 ∥

2∥Θi,1∥2

2ℏ2
i,1(Λ2

i,1 − z2
i,1)

2 +
ℏ2

i,1
2 +

k2
i z2

i,1

2/λ
2
i,1(Λ2

i,1 − z2
i,1)

2

+
σ2

i,1
/λ
2
i,1

2 +
(bi+di)

2k2
i z2

i,1

2(Λ2
i,1 − z2

i,1)
2 +

e2
i,2
2 − 1

λi,1
ϕ̃i,1

.
ϕ̂i,1

(19)

Define parameter Qi,1 =
k2

i,1
2(Λ2

i,1−z2
i,1)

(
1

/λ
2
i,1
+

∥Θi,1∥2

ℏ2
i,1

+ (bi + di)
2
)

, and the following

inequality can be obtained

.
Vi,1 ≤ zi,1ki

Λ2
i,1 − z2

i,1
((bi + di)αi,1 + ei,1Qi,1ϕi,1) +

ℏ2
i,1

2
+

σ2
i,1

/λ
2
i,1

2
+

e2
i,2

2
− 1

λi,1
ϕ̃i,1

.
ϕ̂i,1 (20)

The virtual controller αi,1 and adaptive law
.
ϕ̂i,1 are crafted in the subsequent manner

αi,1 =
(
−𝓁i,1ei,1 − ei,1ϕ̂i,1Qi,1

)
(bi + di)

−1 (21)

.
ϕ̂i,1 = −ξi,1ϕ̂i,1 +

z2
i,1λi,1Qi,1

Λ2
i,1 − z2

i,1
(22)

where 𝓁i,1 and ξi,1 are design parameters that satisfy 𝓁i,1 > 0 and ξi,1 > 0.
Integrating controller (21) and adaptive law (22) into Equation (19), it can be obtained

that
.

Vi,1 ≤ −
𝓁i,1z2

i,1

Λ2
i,1 − z2

i,1
+

ξi,1

λi,1
ϕ̃i,1ϕ̂i,1 +

ℏ2
i,1

2
+

τ2
i,1

/λ
2
i,1

2
+

e2
i,2

2
(23)

The derivative of ei,2 can be obtained as follows

.
zi,2 =

.
kiei,2 + ki

.
ei,2

=
.
kiei,2 + ki

(
J−1
i (ui − Gili sin(xi,1)− Bixi,2)−

.
αi,1

)
= ki

(
χei,2 + J−1

i ui − J−1
i Gili sin(xi,1)− J−1

i Bixi,2 −
.
αi,1

) (24)

Choose the Lyapunov function below

Vi,2 = Vi,1 +
1
2

log
Λ2

i,2

Λ2
i,2 − z2

i,2
+

1
2Jiδi

φ̃2
i +

1
2λi,2

ϕ̃2
i,2 (25)

where λi,2, δi are the design parameters; δi > 0, λi,2 > 0, ϕi,2 = max
{∥∥∥K∗

i,2

∥∥∥2
, 1
}

, and

φi = Ji are the unknowns; ϕ̂i,2 and φ̂i are the estimation values; and ϕ̃i,2 = ϕi,2 − ϕ̂i,2 and
φ̃i = φi − φ̂i are parameter estimation errors.
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Given Equation (13), this leads to the derivative of Vi,2

.
Vi,2 =

.
Vi,1 +

zi,2ki
Λ2

i,2 − z2
i,2

(
χei,2 + J−1

i ui − J−1
i Bixi,2 − J−1

i Gili sin(xi,1)−
.
αi,1

)
− 1

λi,2
ϕ̃i,2

.
ϕ̂i,2 − 1

Jiδi
φ̃i

.
φ̂i

(26)

Define the input as ui = Jiαi,2, where αi,2 express the intermediate control input. As φi
is unknown, the input can be reformulated as

ui = φ̂iαi,2
= Jiαi,2 − φ̃iαi,2

(27)

The following equation is obtained by substituting into Equation (26)

.
Vi,2 =

.
Vi,m−1 +

zi,2ki
Λ2

i,2 − z2
i,2

(
αi,2 − J−1

i φ̃iαi,2 + fi,2
(
Xi,2

))
− 1

λi,2
ϕ̃i,2

.
ϕ̂i,2 − 1

Jiδi
φ̃i

.
φ̂i

(28)

where function fi,2
(
Xi,2

)
= χei,2 − J−1

i (Bixi,2 + Gili sin(xi,1))−
.
αi,1, which can be obtained

by applying RBFNNs as follows

fi,2
(
Xi,2

)
= Γ∗T

i,2 Θi,2
(
Xi,2

)
+ σi,2

(
Xi,2

)
, σi,2

(
Xi,2

)
≤ σi,2 (29)

where Xi,2 =
[
xi,1, xi,2, xj,1, xj,2, ϕ̂i,1,

.
y0
]T .

The subsequent inequalities can be derived by utilizing Young’s inequality

|zi,2ki| fi,2

Λ2
i,2 − z2

i,2
≤

k2
i z2

i,2

∥∥∥Γ∗T
i,2

∥∥∥2
∥Θi,2∥2

2ℏ2
i,2

(
Λ2

i,2 − z2
i,2

)2 +
ℏ2

i,2

2
+

k2
i z2

i,2

2/λ
2
i,2

(
Λ2

i,2 − z2
i,2

)2 +
σ2

i,2
/λ

2
i,2

2
(30)

where ℏi,2 and /λi,2 are design parameters that satisfy ℏi,2 > 0 and /λi,2 > 0.
Replacing these inequalities (30) into Equation (28), this yields

.
Vi,2 ≤

.
Vi,1 +

zi,2ki
Λ2

i,2 − z2
i,2

αi,2 +
k2

i z2
i,2∥Γ∗T

i,2 ∥
2∥Θi,2∥2

2ℏ2
i,2(Λ2

i,2 − z2
i,2)

2 +
k2

i z2
i,2

2/λ
2
i,2(Λ2

i,2 − z2
i,2)

2 +
ℏ2

i,2
2

+
σ2

i,2
/λ
2
i,2

2 − 1
λi,2

ϕ̃i,2

.
ϕ̂i,2 − J−1

i φ̃i

(
zi,2kiαi,2

Λ2
i,2 − z2

i,2
+ δ−1

i

.
φ̂i

) (31)

Define Qi,2 =
k2

i
2(Λ2

i,2−z2
i,2)

(
∥Θi,2∥2

ℏ2
i,2

+ 1
/λ
2
i,2
+ 1
)

, hence

.
Vi,2 ≤

.
Vi,1 +

zi,2ki
Λ2

i,2 − z2
i,2
(αi,2 + ei,2Qi,2ϕi,2) +

ℏ2
i,2
2 +

σ2
i,2

/λ
2
i,2

2

− 1
λi,2

ϕ̃i,2

.
ϕ̂i,2 − J−1

i φ̃i

(
zi,2ki

Λ2
i,2 − z2

i,2
αi,2 + δ−1

i

.
φ̂i

) (32)

To ensure the boundedness of Vi,2, select the intermediate control input αi,2, adaptive

law
.
ϕ̂i,2 and

.
φ̂i as

αi,2 = −𝓁i,2ei,2 − ei,2ϕ̂i,2Qi,2 −
Λ2

i,2 − z2
i,2

k2
i

ei,2 (33)

.
ϕ̂i,2 = −ξi,2ϕ̂i,2 +

z2
i,2λi,2Qi,2

Λ2
i,2 − z2

i,2
(34)
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.
φ̂i = −ςi φ̂i −

zi,2kiδiαi,2

Λ2
i,2 − z2

i,2
(35)

where 𝓁i,2, ξi,2, and ςi are design parameters that satisfy 𝓁i,2 > 0, ξi,2 > 0 and ςi > 0.
Substituting controller (33) and adaptive laws (34) and (35) into Equation (32), one has

.
Vi,2 ≤

.
Vi,1 −

𝓁i,2z2
i,2

Λ2
i,2 − z2

i,2
+

δi,2

λi,2
ϕ̃i,2ϕ̂i,2 +

ςi
Jiδi

φ̃i φ̂i +
ℏ2

i,2

2
+

σ2
i,2

/λ
2
i,2

2
−

e2
i,2

2

= −
2
∑

j=1

𝓁i,jz2
i,j

Λ2
i,j − z2

i,j
+

2
∑

j=1

δi,j

λi,j
ϕ̃i,jϕ̂i,j +

ςi
Jiδi

φ̃i φ̂i +
2
∑

j=1

ℏ2
i,j

2
+

σ2
i,j

/λ
2
i,j

2

 (36)

Applying Young’s inequality enables the derivation of the following inequalities

δi,j

λi,j
ϕ̃i,jϕ̂i,j ≤

δi,j

2λi,j
ϕ2

i,j −
δi,j

2λi,j
ϕ̃2

i,j (37)

ςi
Jiδi

φ̃i φ̂i ≤
ςi

2Jiδi
φ2

i −
ςi

2Jiδi
φ̃2

i (38)

According to [40], following result holds

log
Λ2

i,j

Λ2
i,j − z2

i,j
≤

z2
i,j

Λ2
i,j − z2

i,j
(39)

Substituting Equations (37)–(39) into Equation (36), it can be obtained, as follows, that

.
Vi,2 ≤ −

2
∑

j=1
𝓁i,j log

Λ2
i,j

Λ2
i,j − z2

i,j
−

2
∑

j=1

ξi,j

2λi,j
ϕ̃2

i,j −
ςi

2Jiδi
φ̃2

i

+
2
∑

j=1

 ξi,j

2λi,j
ϕ2

i,j +
ℏ2

i,j

2
+

σ2
i,j

/λ
2
i,j

2

+
ςi

2Jiδi
φ2

i

≤ −ΦiVi,2 + Ψi

(40)

where Φi =
2
∑

j=1

 ξi,j

2λi,j
ϕ2

i,j +
ℏ2

i,j

2
+

σ2
i,j

/λ
2
i,j

2

+
ςi

2Jiδi
φ2

i , Ψi = min
{

𝓁i,j
2 , ξi, ςi

}
.

3.2. Multi-Robotics Systems Stability Analysis

For constrained multi-robotic systems with parametric uncertainties, the construction of
virtual controllers (Equations (21) and (33)) and adaptive laws (Equations (22), (34) and (35))
enables the realization of the following outcomes:

1. Signals in multi-robotic systems remain within certain bounds, and systems conver-
gence within a prescribed time T, then convergence errors converge in the prescribed
regions

∣∣ei,j
∣∣ ≤ P−1Λi,j.

2. The systems’ error meets the prescribed performance function Ei,j(t), and the con-
straints are adhered to by the system states.

Proof of Theorem 1. Formulated below is the constructed entire Lyapunov function V
as follows

V =
N

∑
i

Vi,2 (41)

Based on Equation (40), the subsequent equation is derived

.
V ≤ −ΦV + Ψ (42)
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where Φ =
N
∑

j=1
Φi, Ψ = min{Γi, i = 1, 2, · · · , N}.

By integrating Equation (42), one can derive the resulting expression

0 ≤ V ≤ Ψ
Φ

+ e−Ψt
(

V(0)− Ψ
Φ

)
(43)

The boundary of the systems’ errors zi,j, φ̃i, and ϕ̃i,j is evident, and ϕi,j and φi are
bounded constants, then the boundedness of the estimates ϕ̂i,j and φ̂i implies that the
virtual controllers αi,j are also bounded, according to the definition of virtual controllers.
Consequently, both the input and the systems’ signal are bounded.

The function is specified as follows, according to the Lyapunov function

1
2

log
Λ2

i,j

Λ2
i,j − z2

i,j
≤ e−Ψt

(
V(0)− Ψ

Φ

)
+

Ψ
Φ

(44)

Define variable h = 2
(

e−Ψt
(

V(0)− Ψ
Φ

)
+ Ψ

Φ

)
> 0, and the integration of Equation

(44) can be acquired through ∣∣zi,j
∣∣ ≤ Λi,j

√
1 − z−h < Λi,j (45)

According to Equation ki(7), it can be obtained, as follows, that

∣∣ei,j
∣∣ ≤

Λi,j

ki
=

{ (
1 − P−1)( T − t

T

)2
exp(−t)Λi,j + P−1Λi,j, 0 ≤ t < T

P−1Λi,j, t ≥ T
(46)

According to Equation (46), under the prescribed time T, the error attains prescribed
areas convergence, satisfying

∣∣ei,j
∣∣ ≤ P−1Λi,j. □

Proof of Theorem 2. Combined with Λi.1 ≤ E0 and P−1Λi.1 ≤ Z∞, it can be obtained that(
1 − P−1)Λi.1 ≤ E0 − E∞. In accordance with the function definitions of (5) and (3), the

convergence process of error ei,j(t) satisfies

ei,j(t) ≤ Es
i,j(t) ≤ Ei,j(t) (47)

Hence, the error ei,j satisfies the prescribed performance Ei,j(t).

Remark 3. Drawing from the earlier derivation, the systems’ convergence time T and the prescribed
convergence region

∣∣ei,j
∣∣ ≤ P−1Λi,j are preset. By enhancing the design parameters 𝓁i,j, λi,j, and δi,

and diminishing the design parameters ξi,j and ςi, it is evident that
∣∣ei,j
∣∣ can be reduced. However,

regardless of how the aforementioned five design parameters are adjusted, the convergence time and
area remain unaffected.

Additionally, based on Equation (46), it is evident that |ei,1| ≤ Λi,1/ki. Referring to

(40), the inequality |yi − yd| ≤
|ei,1|
πmin

holds, where πmin represents the smallest singular

value of L + B. As yd satisfies yd ≤ yd, one can derive that xi,1 ≤ Λi,1
kiπmin

+ yd. Define
Λi,j = kiπmin(Πi,1 − yd); hence, xi,1 ≤ Πi,1 holds.

Equally, from Equation (46) it is evident that |ei,2| ≤
Λi,2
ki

holds. Because ei,2 = xi,2 − αi,1,
therefore xi,2 ≤ P−1Λi,2 + αi,1. Define Λi,2 = P(αi,1 + Πi,2); hence, xi,1 ≤ Πi,2 holds.

Remark 4. Although most prescribed time controls emphasize systems convergence time, most
of them overlook the issue that rapid convergence progress might lead systems states beyond safe
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ranges. To tackle this problem, BLFs, prescribed performance function, and speed function are
simultaneously applied to achieve quick convergence while ensuring state constraints.

The proof is concluded. □

The proposed adaptive NN control method successfully demonstrated achieving sys-
tems convergence with prescribed performance in the presence of parametric uncertainties.

Remark 5. By constructing BLF and utilizing transform function at every step, the control approach
ensures swift convergence of the systems within the prescribed area while avoiding violations of
constrained states. Through the incorporation of RBFNNs and the formulation of adaptive laws,
systems with uncertain parameters attain the prescribed state within the prescribed time.

4. Simulation Example

The communication topology of the multi-robot system is visualized in Figure 1,
including a virtual leader and four followers.
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Figure 1. Communication topology.

Example

The systems dynamic of follower robotics i (i = 1, 2, 3, 4) can be described as
.
xi,1 = xi,2, (i = 1, 2, · · · , N)
.
xi,2 = 1

Ji
(ui − (Bixi,2 + Gili sin(xi,1)))

yi = xi,1

(48)

where xi,1 and xi,2, respectively, represent the i-th link angle and angular velocity. Then,
Ji = 0.8 is the inertia moment. Bi = 2 denotes the viscous friction coefficient of robotics,
and Gi = mg = 0.2× 9.8 and li = 1 are the mass and length of the i-th robotics, respectively.

In this example, the system’s prescribed time T was designed as T = 1 s, and the
prescribed performance functions were designed in two steps as Ei,1(t) = (2.5 − 0.05)e−t +
0.05 and Ei,2(t) = (5 − 0.1)e−t + 0.1. Moreover, the parameter of transform function ki(t)
was designed as Λi,1 = 2.5, Λi,2 = 5, and P = 50. And selecting parameters as Πi,1 = 2
and Πi,2 = 5, the multi-agent Laplacian matrix L and the degree matrix D were defined as
shown below

L =


0.1 0 0 −0.1
−0.9 0.9 0 0

0 −0.8 0.8 0
0 −0.7 −0.7 1.4

, D =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 (49)

The developed adaptive NN control approach is outlined below

αi,1 =
(
−𝓁i,1ei,1 − ei,1ϕ̂i,1Qi,1

)
(bi + di)

−1 (50)
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αi,2 = −𝓁i,2ei,2 − ei,2ϕ̂i,2Qi,2 −
Λ2

i,2 − z2
i,2

k2
i

ei,2 (51)

.
ϕ̂i,1 = −ξi,1ϕ̂i,1 +

z2
i,1λi,1Qi,1

Λ2
i,1 − z2

i,1
(52)

.
ϕ̂i,2 = −ξi,2ϕ̂i,2 +

z2
i,2λi,2Qi,2

Λ2
i,2 − z2

i,2
(53)

.
φ̂i = −ςi φ̂i −

zi,2kiδiαi,2

Λ2
i,2 − z2

i,2
(54)

Below, radial basis functions’ parameters are indicated as

Θi
(
X
)
= exp

−

(
Xi − X∗

i

)T(
Xi − X∗

i

)
υ2

i

, i = 1, 2, · · · , 5 (55)

where X1,1 =
[

x1,1 , x2,1 , x2,2 , y0 ,
.
y0
]T , X2,1 =

[
x2,1 , x3,1 , x3,2 , y0 ,

.
y0
]T , X3,1 =[

x3,1 , x4,1 , x4,2 , y0 ,
.
y0
]T , X4,1 =

[
x4,1, x1,1, x1,2,y0,

.
y0
]T, X1,2 =

[
x1,1, x1,2, x2,1, x2,2, ϕ̂1,1,y0,

.
y0
]T,

X2,2 =
[
x2,1, x2,2, x3,1, x3,2, ϕ̂2,1,y0,

.
y0
]T, X3,2 =

[
x3,1, x3,2, x4,1, x4,2, ϕ̂3,1, y0,

.
y0
]T , and X4,2 =[

x4,1, x4,2, x1,1, x1,2, ϕ̂4,1, y0,
.
y0
]T are the inputs of the RBFNNs. Then, υ2

i = 2. Table 1
provides the remaining parameters and initial states.

Table 1. The initial states and controller parameters of the system.

Case xi,1 xi,2 𝓁i,1 𝓁i,2 λi,j ξi,j δi ςi

I [0.1, 0.3, 0.5, 0.2] [0.2, 0.4, 0.6, 0.5] [30, 20, 15, 22] [20, 10, 8, 18] [0.1, 0.5] [5, 4] 1 0.1
II [0.1, 0.3, 0.5, 0.2] [0.2, 0.4, 0.6, 0.5] [25, 18, 12, 20] [18, 13, 6, 12] [0.08, 0.6] [3, 5] 1.5 0.2
III [0.1, 0.3, 0.2, 0.4] [0.5, 0.6, 0.7, 0.8] [30, 20, 15, 22] [20, 10, 8, 18] [0.1, 0.5] [5, 4] 1 0.1

Figure 2 displays simulation outcomes. The display features both the leader output
signal and the follower output signal in Figure 2a. Meanwhile, each follower’s states
can be observed in Figure 2b. The followers tracked the leader quickly while adhering
to the specified state constraints without any violations, a clarity evident in Figure 2a,b.
Figure 2c,d display each follower’s synchronization error and dynamics error. Within the
prescribed time T = 1 s, the convergence of all errors in the prescribed area became evident,
meeting the prescribed performance for convergence progress.

To validate that the starting states and control parameters do not affect the convergence
performance and time, while still adhering to the state constraints, two additional simula-
tion experiments were conducted. Each experiment involved different design parameters
and varying initial states. Figures 3 and 4 display two simulations’ states and errors. Each
follower swiftly converged to the leader without violating state constraints, demonstrating
this capability when different parameters or initial states were used. Meeting the prescribed
performance within the prescribed time, all errors converged.
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Figure 2. Simulations results for Example case I. (a) Outputs of all followers; (b) states of all followers;
(c) synchronization errors of all followers; and (d) dynamics errors of all followers.
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Figure 3. Simulations results for Example case II. (a) Outputs of all followers; (b) states of all followers;
(c) synchronization errors of all followers; and (d) dynamics errors of all followers.
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Figure 4. Simulations results for Example case III. (a) Outputs of all followers; (b) states of all
followers; (c) synchronization errors of all followers; and (d) dynamics errors of all followers.

Two simulation experiments were carried out (as depicted in Table 1) after adjusting
the various design parameters and different initial states listed. Figures 3 and 4 depict
the states of the systems and the progress of error convergence. Results from Figures 2–4
distinctly indicate that the systems quickly converged within the prescribed performance
and prescribed area, even when the parameters were unknown. Furthermore, the state
constraints were reliably obeyed. Thus, the confirmation of the effectiveness and feasibility
of the advocated control method is evident from these outcomes.

In order to further verify the effectiveness and generality of the proposed method, the
authors conducted experiments for different initial states and different control parameters,
and the specific initial states and controller parameters are shown in Table 1.

Figures 3 and 4 depict the states of the systems and the progress of error convergence,
and similar control effects were obtained. Results from Figures 2–4 distinctly indicate that
the systems quickly converged within the prescribed performance and prescribed area,
even when the parameters were unknown. Furthermore, the state constraints were reliably
obeyed. Figures 3 and 4 display two simulations’ states and errors. Each follower swiftly
converged to the leader without violating state constraints, demonstrating this capability
when different parameters or initial states were used. Within the prescribed time, all errors
converged under the prescribed performance. Thus, the confirmation of the effectiveness
and feasibility of the advocated control method is evident from these outcomes.

5. Conclusions

Under the influence of parametric uncertainties, this study explored achieving pre-
scribed performance in constrained multi-robotic systems. Using an adaptive NN control
approach, the challenge was tackled. Adaptive laws and RBFNNs, employed to manage
the impact of unknown parameters, effectively countered their effects. Regardless of any
existing parametric uncertainties, the proposed control approach ensured that all followers
achieved the predefined precision within the prescribed time. The viability demonstrated
here pertains to the proposed control approach through some simulations. In future, we
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will focus on refining our control strategy to address a broader range of uncertainties
and exploring its applicability to various robotic applications. This includes examining
additional uncertainties, such as environmental disturbances, sensor noise, and communi-
cation delays, as well as adapting our strategy for use in autonomous vehicles, industrial
automation, and unmanned aerial vehicles (UAVs).
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