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Abstract: We study Ly-approximation problems in the weighted Hilbert spaces in the worst case
setting. Three interesting weighted Hilbert spaces appear in this paper, whose weights are equipped
with two positive parameters 7; and «; for j € N. We consider algorithms using the class of
arbitrary linear functionals. We discuss the exponential convergence-(t, s)-weak tractability of these
Ly-approximation problems. In particular, we obtain the sufficient and necessary conditions on
the weights for exponential convergence-weak tractability and exponential convergence-(t, 1)-weak
tractability with ¢ < 1.
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1. Introduction

We study multivariate approximation problems APP = {APP,} ;- of functions de-
fined over Hilbert spaces with large or huge d in the worst case setting (approximation
error by the worst case error). Such problems appear in quantum physics (see [1]), com-
putational chemistry (see [2]), and economics (see [3]). We consider algorithms using the
class of arbitrary linear functionals. The information complexity (e, APP;) is the minimal
number 7 of linear functionals for which the approximation error of some algorithm is at
most e. Tractability describes the dependence of the information complexity n(e, APP;)
on the threshold ¢ and the dimension d. We consider the classical tractability which is
polynomially convergent, and the exponential convergence-tractability (EC-tractability)
which is exponentially convergent. Recently many authors discuss classical tractability
and EC-tractability in weighted Hilbert spaces (see [4] by linear information, ref. [5]
by standard information for functionals, and [6] by standard information for operators),
especially in analytic Korobov spaces, such as exponential convergence and uniform
exponential convergence (see [7]), classical tractability (see [8]) and EC-tractability for
Ly-approximation (see [9] for exponential convergence-(t, s)-weak tractability and [10] for
other EC-tractability results by algorithms using continuous linear functionals, and see
[11] for EC-tractability by algorithms using function values), and EC-tractability for L,-
approximation with 1 < p < co by algorithms using continuous linear functionals (see [12]).
Some authors consider tractability in weighted Hilbert spaces, such as classical tractability
in weighted Korobov spaces (see [13] for strong polynomial tractability and polynomial
tractability, [14] for other classical tractability results by algorithms using continuous linear
functionals, and [15] by algorithms using function values), EC-tractability in weighted
Korobov spaces (see [16]), and classical tractability in weighted Gaussian ANOVA spaces
(see [17,18] with different weights, respectively).

In this paper, we investigate EC-tractability of Ly-approximation problems from
the weighted Hilbert spaces with some weights. Let H(Kg d,w) be a Hilbert space with
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weight Ry, ., where v = {7} jen and & = {a;};cy are two positive sequences satisfying
1>9127>--->0and1 < a; <ap < --- . Inthe worst case setting, we consider the
Ly-approximation problem

APP; : H(Kg,, ) — Ly([0,1]7) with APP,(f) = f.

The classical tractability for L,-approximation problem APP = {APP;} in weighted Ko-
robov spaces H(Kg, . ) such as strong polynomial tractability and polynomial tractability
were discussed in [13,15,17]; quasi-polynomial tractability, uniform weak tractability, weak
tractability and (¢, s)-weak tractability were investigated in [14,17]. Additionally, ref. [17]
also discussed classical tractability in several weighted Hilbert spaces, including weighted
Korobov spaces and weighted Gaussian ANOVA spaces. The EC-tractability of the prob-
lem APP = {APP;} in weighted Korobov spaces such as EC-(t, 1)-weak tractability for
0 < t < 1 were studied in [16]. However, the above weighted Hilbert spaces H(Kg dM)
with weights Rj, , satisfy 1 > 1 > 7 > --- > 0and 1 <a; =ap = .

In this paper we present three cases of weighted Hilbert spaces H(Kg dary ) with weights
Rinqy forl>y > 922> --->0and 1 <y <ap <--- that appear in the reference [18].
These weighted Hilbert spaces are similar but also different. The authors in [18] studied
the polynomial tractability, strong polynomial tractability, weak tractability, and (¢, s)-weak
tractability for t > 1 and s > 0 of the problems APP = {APP;} in these three weighted
Hilbert spaces. However, there are no results about EC-tractability of the approximation
problems APP = {APP,;} in the above three weighted Hilbert spaces. We will study
exponential convergence-(t, s)-weak tractability (EC-(t,s)-WT) for some t > 0, s > 0 and
obtain the complete sufficient and necessary conditions fort =s =landt < 1,5 =1,
respectively.

The paper is structured in the following ways. We present three cases of weighted
Hilbert spaces in Section 2. Section 3 gives preliminaries about the Ly-approximation
problem in the weighted Hilbert space. Section 4.1 is devoted to recall some notions about
the tractability, such as classical tractability and exponential convergence-tractability and
state the main results. In Section 4.2 we give the proof of Theorem 1. In Section 5 we present
a summary.

2. Weighted Reproducing Kernel Hilbert Spaces

In this section we consider weighted reproducing kernel Hilbert spaces with different
weights.

Let H(K,) be a Hilbert space defined in [0, 1]9. The function K, (x,y) of x,y € [0,1]" is
called a reproducing kernel of H(Kj) if for every y € [0,1]¢ and every f € H(K,),

fy) = (%), Ka(x ) riky)-

The Hilbert space is a so-called reproducing kernel Hilbert space. We can study more
details on reproducing kernel Hilbert spaces in the reference [19].

In this paper, let ¥ = {7;}jeny and &« = {a;};cy be two positive sequences of the
Hilbert space H(Kg,, ) with Ry, , satisfying

12711272220, and 1 <a; <ap <---. 1

Assume that the function K, . of the space H(Kg,, . ) with Kg,, : [0, 1]4 x [0,1]¢
C is of product form

KRy (%) H Ry (XK Vi)

where Kg, . : [0,1] x [0,1] — C is a universal weighted function

KRy, (%, y) = Y Ray(h)exp(2mih(x —y)), x, y € [0,1].
heNy
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Here, let weight R, : Ny — R™ be a summable function, i.e., Y, Ry, (k) < co. Then we

kGNO
have
KRy, (¥,y) = Y Ranq(h)exp2ril- (x —y)), x, y € [0,1]7, )
heNd
the inner product
: = f(h)g 3)
Vsl = T Ry iy WS
and
fllbe,, ) = /U Py,
where
Rd,a'y HRN],')'] h - (hll h2/ . Ihd) € I\Id/
Z d
X-y:i= 2 Xp - Yn, X = (x1,x2,...,xd), y= (yl,yz,...,yd) (S [0,1] ,
h=1
and
= / f(x) exp(—2mih - x)dx
[0,1]¢
We can ascertain that Ky dary (x,y) is well defined for 1 < a3 < ap < --- and for all

x, y €10, 1]d, since

|KRd,ax,"y (x’ | < 2 Ry "‘r'Y H 2 R"‘] '7]

heNd j=1 heNy

Note that the Hilbert space H(Kg,,,) is a reproducing kernel Hilbert space with the
reproducing kernel K, . Indeed, for every f € H (Kr d,m) we have

fy) = ), Ky, (0 YDk, )

The kernel Kg, . with weight R, ,, is called a weighted reproducing kernel and the space
H(KR,,,) is called a weighted reproducing kernel Hilbert space. If y; = 7, = --- =1
and 1 < a1 = ap = ---, then the space H(Kg dlw) is called unweighted space. Here,
Nyo={0,1,...}andN={1, 2, ...}.

There are many ways to introduce weighted reproducing kernel Hilbert spaces with
weights R, . In this paper we consider three weights like the cases in the reference [18].

2.1. A Weighted Korobov Space
Let « = {aj}jeny and ¥ = {7;}jen be two sequences satisfying (1). We consider a
weighted Korobov space H(Kg,, . ) with weight

d
Rd,a,’y(h) = rd,a,’y(h> = Hr“jr'Yj (h]'>/
j=1

where

1, forh=0,
ray () = { h% , forh>1
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fora > 1 and y € (0,1]. We can see the case in the references [18,20]. Then we have the
kernel function (2) with

KRy (x,y) = KrdM XY Zd Tauy(h) exp(27tih - (x —y))
heNj

for x, y € [0,1]%, and the inner product (3) with

1 - =
iy TR0,

< , > :< ’ > r -
f8 H(KRd,a,'y) f.8 H(Krg,) heeld rd,ﬂr’y(

Remark 1. Obviously, the kernel K, . (x,y) is well defined for a and vy satisfying (1), due to
d
|K1’da7xy|< Zrda'y k) Hl'i'g [D‘]-I ')’])
keNd j=1

where {(-) is the Riemann zeta function.

2.2. A First Variant of the Weighted Korobov Space

Let« = {a;}jcy and v = {7;};cn be two sequences satisfying (1). We discuss a first
variant of the weighted Korobov space with weight

d
Rd,zx,'y(h) = lpd,zx,’y(h) = Hlpﬂﬂj (hj)/
j=1

where

1, for h=0,
Yay(h) = X for 1< h < [a],
’Y(h*h!("‘])!, for h > [a]

fora > 1land vy € (0,1].

Then we have the kernel function (2) with

KRd,tx,"y (x’ y) Klpdlx Y X, y Zd 1Pd 119 ’}’ exp(znZh ( y))
heNj

for x, y € [0,1] and the inner product (3) with

-~

<fr8>H(I<RdM) = <fr8>H(I<¢dM) = ( ) (h )?( )-

heeNd Py
Lemma 1 ([18] Lemma 2). Forall j, k € N we have

Pay iy (k) <[]V ().
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Remark 2. From Lemma land 1 < o < ap < --- we get

d
Ky ) < ) aay (k) = ]1(1 +k%¢aj,y,~(k))

keNd =

d
=TT+ a1 ¢([a;T)77)

Hence, the kernel Ky, (x,y) is well defined.

2.3. A Second Variant of the Weighted Korobov Space

Let« = {a;};cn and v = {;};en be two sequences satisfying (1). We study a second
variant of the weighted Korobov space H(Kg d,w) (see the references [18,21]) with weight

d
Rd,a,'y(h) = wd,a,'y(h) = Hwtxjﬁj (h])/
=1

where : »
We,y () = (1 + = % 91(h)>

fora > 1and y € (0,1] and

W for h>1,
0,(h) := ¢ V) B
0, for 0<h<l

Then we have the kernel function (2) with

KRy, (%, Y) = Kay,, (%, y) = Zd Wa,a () exp(27tih - (x — y))
heNg

for x, y € [0,1]%, and the inner product (3) with
1 ~ =
Wf (h)3(h).

w,
neeny “day

<fr8>H(I<RdM) = <frg>H(1<de) =

Lemma 2 ([18] Lemma 3). Forall j, k € N we have

Wa (k) < 11y o ().
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Remark 3. We note that the kernel Kg, (x,) is also well defined. Indeed, it follows from
Lemma2and 1 < a7 < ap < --- that

d

|Kwd,a,'y (x/y)‘ < Z wd,a,’y(k) = H(l + Z waj,’yj (k))

keNd j=1 keN

Lemma 3. Let Ry, € {T’a;,v;rlpvcj,vjrwa/,vj} forall j € N. Then we have for all j € N, k € Ny

Ra; (k) < Taj] (4] o (K).
Particularly, we have for all j € N, k € N
Ra (k) < [a1] Ml]rﬂél/’rj(k)-
Proof. On the one hand, it is obvious from Lemma 1 and Lemma 2 that
Rajy (k) <[] g, () (4)
forallj, k € N. Since forall j € N
Tugyg (0) = lPlXj/Yj (0) = Wa,y 0)=1,

we have
Ry, (0) = 1 < [a;]19" = Ta;7 1%, (0).

Thus we have for all j € N, k € Ny that
R“j/')’j(k) < [a;] kd Tajj (k).
On the other hand, noting forall j, k € N
Tay; (k) < Tay,yj (k), lp“j/}‘j(k) < I/JM/’Yj(k)f Wa;,y (k) < wﬂélm(k)f
and forallj € N
Tajy (0) = Tay,j 0)=1, lPDéj,’Yj (0) = 4’111,7/'(0) =1, Wa,y; (0) = Way 0)=1,
we have forall j € N, k € Ny that
Ro‘j/'Yj (k) < R"‘lr"/j (k)
Hence, by (4) we further get for all j € N, k € Ny that

Ry, (K) < Ray oy (k) < [y 119 rg ().
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Remark 4. Let Ry, € {r“],,yj,tp,xﬂj,wawj } forall j € N. Then we obtain

f)/.
Ra;y;(0) =1 and Re,q,(1) > ?] (5)
forall j € N. Indeed, for all j € N we have
%j,vj(o) = Tajy; (0) = Wa,y 0)=1,

which means Ry q,(0) = 1. As a result of all j € N, we get

-1
1
Va7, (1) = 1oy (1) = 7 and - W (1) = (1 + ) Z 5

. . i
which yields Ra;, (1) > 4.

3. Lr-Approximation in the Weighted Hilbert Spaces
In this paper we investigate the Ly-approximation APP; : H(Kg,,.) — La([0, 1]9)
given by
APP4(f) = f forall f € H(Kg,,,)

in weighted Hilbert space H(Kg d,m) with weight Ry € {Tdays Pdnqy Vdaqy - We note
from Remark 1, Remark 2, Remark 3, and [15] that this Ly-approximation is compact for
<o <ap <---.

We approximate APP; by using the algorithm A, ; of the form

n

Ana(f) =) Ti(f)gi for f € H(KR,, ), (6)

i=1

where g1, 2, ..., gn belong to Ly ([0, 1}"’) and Ty, Ty, ..., T, are continuous linear function-
alson H(Kg,,. ).

We consider the worst case setting in which the error of the algorithm A, ; of the form
(6) is defined as

e(Aug) = sup  |[APP4(f) — Awa(f)||L,-

<1
||f|\H(1<Rd’W)_

The error e( A, 4) is also called the worst case error. The nth minimal worst case error is
defined as
e(n, APPy) := qunf e(A,q) for n>1,

n,d

which is the infimum error among all algorithms (6). For n = 0, we set Ay ; = 0. We call

e(0,APP;) =  sup  [||[APP4(f)|lL,

||f||H(I<Rd1”)§1

the initial error of the problem APP,.
We are interested in how the worst case error for the algorithm A, ; depends on the
numbers n and d. We define the information complexity as

n(e, APP;) := min{n € Ny : e(n, APP;) < ¢},

where ¢ € (0,1) and d € N. In this paper, we set Ny = {0,1,...} and N = {1,2,...}.
By the references [2,4] we know that the nth minimal worst case errors e(n, APP,;) and
the information complexity n(e, APP;) are related to the eigenvalues of the continuously



Mathematics 2024, 12, 2067

8 of 20

linear operator Wy = APP3APP; : H(Kg,, ) — H(Kg,,, ), where APP} is the operator
dual to APP,. The eigenvalues of W are denoted by {A ;} jen satisfying

Aig 2 Agp 220
and the corresponding orthogonal eigenvectors of {1, ;}jen by {14, }en satisfying
<77d,i/ Wd’j>H(KRd.x'y) = 5,‘,]‘, foralli, j €N,

where
Watlaj = Ad il forall j € N.

Here 6;j = 1fori = jand ¢;; = 0 for i # j. Then the nth minimal worst case error is
attained for the algorithm

n
Asaf =Y (f, 77d,i>H(KRdM)7]d,i/ foralln € N
i=1 '/

and
e(n,APPy) = e(A; ;) = \/Aans1, forallneN.

The initial error (0, APP;) = /A, 1. Hence, we have e(n, APP;) = /A 41 foralln € N.
This deduces that the information complexity is equal to

n(e, APP,;) = min{n €Np:y/Agpir < e} - min{n €Np: Agui1 < 82}. %
Since the eigenvalues A4 ; with j € N of the operator W are Ry (k) with k € Ng
(see [4] p. 215), by (7) the information complexity of APP,; from the space H(Kg dM) is

equal to

n(e, APP,) = min{n €Np: Agpp1 < 52} = Hn eN:Agy, > sz}’

.8

d
= |{n €N Ryuy () > 2} = Hh € N¢ : T Ray () > 82}
j=1

withe € (0,1) and d € N, where |A| denotes the cardinality of set A.
Note that for the L-approximation APP; from the space H(Kg,, ) the absolute
error criterion and the normalized error criterion are the same, since the initial error

E(O,APPd) = W/Ad,l =1

4. Tractability in Weighted Hilbert Spaces and Main Results

In this paper we will study the classical tractability and the exponential convergence-
tractability (EC-tractability) for the problem APP = {APP,;} .y in the weighted Hilbert
space Hy g -

4.1. Tractability and Main Results

We focus on the behaviours of the information complexity n(e, APP,;) depending on
the dimension d and the error threshold e. Hence, we will study several notions about the
classical tractability and the exponential convergence-tractability (EC-tractability) notions
(see [4-9,11,12,16,22]).
Definition 1. Let APP = {APP;} en. We say the following:

»  Strong polynomial tractability (SPT) if there are positive numbers C and p such that

n(e, APPy) < C(e 1) forall d € N,e € (0,1).
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In this case we define the exponent ps'" of SPT as
P :=inf{p : 3 C > 0 such that n(e, APP;) < C(e 1)P,¥d € N,e € (0,1)}.
Polynomial tractability (PT) if there are positive numbers C, p, and q such that
n(e, APP;) < Cdi(e )P forall d € N,e € (0,1).
Quasi-polynomial tractability (QPT) if there are positive numbers C and t such that
n(e, APP;) < Cexp (t(1+1Ind)(1 +1Ine™')) forall d € N,e € (0,1).

Uniform weak tractability (UWT) if for all t,s > 0,

lim 2M&APPa) o
e 1tdoco df+ (e71)3
Weak tractability (WT) if
lim Inn(e, APP,) _o.

eltdooo d+el

(t,s)-weak tractability ((t,s)-WT) for fixed positive t and s if

lim Inn(e, APP4) _
e lrdooo df+ (871)5

We find that (1,1)-WT is the same as WT and

SPT = PT = QPT =— UWT = WT.

In the above definitions regarding classical tractability, replacing e~ with (1 +1In(e™1)),
we will have the following definitions about exponential convergence-tractability (EC-
tractability).

Definition 2. Let APP = {APP;} cn. We say we have the following:

Exponential convergence-strong polynomial tractability (EC-SPT) if there are positive numbers
C and p such that

n(e, APP;) < C(1+1In(e™"))? forall d € Ne € (0,1).
The exponent of EC-SPT is defined as
inf{p : 3 C > 0 such that n(e, APP;) < C(1+In(e *))",¥d e Ne € (0,1)}.

Exponential convergence-polynomial tractability (EC-PT) if there are positive numbers C, p,
and q such that

n(e, APP;) < Cd(1+1In(e™1))” forall d € N,e € (0,1).
Exponential convergence-uniform weak tractability (EC-UWT) if for all t,s > 0

Inn(e, APP;)

lim =0.
eltd—oo df 4+ (14 In(e1))°
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*  Exponential convergence-weak tractability (EC-WT) if

lim lnn(s,APIid) _0
e l+d—oo d+1In(e™1)

*  Exponential convergence-(t, s)-weak tractability (EC-(t,s)-WT) for fixed positive t and s if

. lnn(s,APPd)
lim s =
e ld—co df + (1+In(e71))

We note that EC-(1,1)-WT is the same as EC-WT, and
EC-SPT = EC-PT = EC-QPT = EC-UWT — EC-WT.

Obviously, if the problem APP has exponential convergence-tractability, then it has classical
tractability and

EC-(t,5)-WT = (t,5)-WT, EC-UWT =—> UWT, EC-WT — WT.

In the worst case setting the classical tractability and EC-tractability of the problem
APP = {APP4}4ey in the weighted Hilbert space H(Kg,, ) withy = {7;}jen and & =

{a;}jen satisfying
1271272220, and 1<£X*:[X1:(X2:---

have been solved by [13,14,16,18] as follows:
e For Ryusy € {7duy Waur ys Wd,axy }, SPT holds iff PT holds iff

(o]
syzzinf{x>0:z'y}‘<00} < oo
j=1
and the exponent of SPT is
1
str __ -
p°" = 2max (Sw a>'

*  For Ryu+ = 14+, QPT, UWT, and WT are equivalent and hold iff

= infvy; < L.
1 N Yj
For Rd,:x*,’y € {lpd,a*/yr wd,a*,’y}l
Y <
implies QPT.
o ForRyu: .y € {Tauryr Wauryr Wi} and t > 1, (t,5)-WT holds forall 1 > 91 > 7, >
>0

*  For Ryu+ = ria+, EC-WT holds iff

lim ; = 0.

j—oo
* For Ry, = rqarq and t <1, EC-(t,1)-WT holds iff

Inj

lim =
j=eIn(7; )
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In the worst case setting the classical tractability such as SPT, PT, and WT of the
problem APP = {APP;}4cy in the weighted Hilbert space H(Kg,,, ) with v = {7;}jen
and & = {«;} ey satisfying (1), i.e.,

1>2m>7>-->0, and T < <ap <---

has been solved by [18] as follows:
*  ForRyu., € {7auy Yiny Wdany ), SPT holds iff PT holds iff

-1

Inv;
¢ := liminf —L— > 0.
j—eo  Inj
The exponent of SPT is
1 1
ST — D2max {=, —=1.
P U5 Tar])

* FPorRyuy = Tdaaq, WT holds iff
lim v < 1.

]—0
e ForRj,, € {rd,zx/yr wd,,w,wd/,w} and t > 1, (¢,5)-WT holds.
In this paper, we investigate the EC-tractability of the problem APP = {APP;} ¢y in
the weighted Hilbert space H(Kg,, ) with v = {7;}jen and & = {a;} e satisfying (1). We
obtain sufficient and necessary conditions for EC-(f,1)-WT with0 < t < land f = 1.

Theorem 1. Let v = {7 }jen and « = {aj}jen satisfy (1). Then the problem APP =
{APP;} gen in the weighted Hilbert spaces H(Kg,, . ) with Rauq € {Tduy Yday Wdaq}
(1) is EC-WT, if and only if

1irn Yi = 0.

]

(2) is EC-(t,1)-WT with t < 1, if and only if

. Inj
lim —
j=eIn(7; )

4.2. The Proof
In order to prove Theorem 1 we need the following Lemmas.

Lemma4. Lety > 0, ¢ € (0,1). We have for any d € N

d
(e, APPy) < T (14 ] Mg (aaT)a] ).
=1
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Proof. By Lemma 3 we have

0o d 00
k; Mg = 2 (Riaq(K)" = H(l + 2 (Re, (k))}7>

keNd =1

This yields

d
b < LM< YA < TI(1+ Tl M2 (Taalpa)),

T
—_
T
—
~.

Il
—_

which means .
1/n
[1(1+ ] 11g ([arTp)r!)

nl/n

j=1

)\d,n <

It follows from the above inequality and (7)
n(e, APPy) = min{n €Ny Ay < 82},

that
d

n(e, APPg) < e T (1+ (1117 ([ar]m)).
=1

This proof is complete. [J

Lemma 5. Let € € (0,1). We have for any d > 2

(e, APPO) > [(e2far] 1) ™7 .

Proof. Set

H=H(ed,a) := {h eENyg:h < [(Sz[al][”‘ﬂ'yd) Mlﬂ—‘ — 1}.

1

Ifth > ’7(8_2 [aq] 1] ”Yd) 21 —‘ —1landd > 2, by Lemma 3 we have

i1
[T Raj; (Bj)Rayyy () < Rayy (1) < [a1] 1Ty g (1) = [o1] Mﬂh?Tdﬂ <&
=1
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forany {hy,--- ,hg 1} € Ng*l, which means
i1 2
j=1
_—
forall h > [( “2[aq] "‘ﬂ'yd) ]-‘ — 1. It follows from (8) and (9) that

n(e, APPy)

= Hh eNd: ]i[RW(hj) > eZH
j=1
‘{ H R“J i R”‘d Yd (ha) > 2}|
Z
€Ny

{h e Ni-1. H Ray; (1) Rag g () > EZH
j=1

=L
heH

d—1
{h € Ngil : I—! RU(;’/'Yj<hj)R“dr'Yd (h) > 52}‘
]:

= X

he(H\{0})
d—1

+ {h € Ngfl : HR,X].,%.(h]-) > 52}|
=1

= Y n(eR.}42(h), APPy_q) + n(e, APP;_1)
he(H\{0})

-1
{h e Ni-1. HR,X],,% i) > eZR;”d(h)H
]:

r 1
(e72[ag] 11 1qy) Tea] W -1

= ). n(eRy'12(h), APPy_1) + n(e, APP4_1)
=1

> ( e 2[ar]I™ ’Yd) ;ﬂw

This finishes the proof. O

d /o
Lemma 6. For I"[l(%) > e?and e € (0,1) we have
]:

n(e, APP) > 2%
Proof. Set

d
j=1

Ifh = {hy,hy,..., h;} € {0,1}9, we have from (5) that

d d Vi
Ras 09 = [T 00 2 T1(3)

/=1
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d .
Thus, we have {0,1}4 € A(e, d) for I] (%) > ¢2. Hence, it follows from (8) that
j=1

n(e, APPy) = |A(e, d)| >

d
{h € {0,134 : T Ray (1)) > 52}‘ =24
i=1

d .
for Hl (%) > ¢2. This proof is complete. [
]:

Proof of Theorem 1.
If there are infinitely many y; = 0 for j € N, the results are obviously true. Without
loss of generality we discuss only that the 7; are positive for j € N.
1+6

d oy 150
(1) Letd > 0andtakee = [] (7’) , then we have

j=1
d .
H(g) > &,

j=1
It follows from Lemma 6 that

Inn(e, APP) S din2

d+1In(e71) — d
d+ 2 . In .Hl(z“Yfl)

]:

S dIn2

Td+ 504 In(29, 1)

-— In2 — (10)
14+ 432 (ln2+ln('yd_ ))

Assume that App is EC-WT, i.e., for the above fixed ¢

lim Inn(e, APP;)
d—o0 d+ln(£*1)

Combing (10) and the above equality we have

. Inn(e, APPy) - In2
ozlundli,lzhm 145 1)
d—eo d+1In(e~1) d—ooq 4 % . <ln2+ln(’)’,; ))

This implies lim y; = 0.
d—o0
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On the other hand, assume that we have dlim Y4 = 0. For 7 > 0 we obtain from the
—00

upper bound in Lemma 4 that

2nin(e ) + f In(1+ [a]™19g ([ 17)77 )
j=1

lim sup Inn(e, APPy) < limsu
d+e"1—0e0 d+In(et) d+s*1—>Io)o d+1In(e)
1 d n
210(e) + £ Far] 4 T
< limsu -
= et d+In( 1)
far] Y
[ e ([aa ) X v
< 2+ limsup =
d—o0 d
= 217,
Z’.j:l 71.7
where we used In(1 + x) < x for all x > 0 and limsup =——L = 0 if dlim 74 = 0.
d—o0 e
Setting 7 — 0, we have
hmwpkﬂiﬁgﬁza
d+el—oo d+ln(£ )

which yields that ET-WT holds.
(2) Assume that APP is EC-(t,1)-WT for t < 1. First, we note that dlim Y4 = 0. Indeed, if
—00

dlim Y4 # 0, we deduce from Theorem 1 (1) that EC-WT doesn’t hold, i.e.,
—» 00

Inn(e, APP)

Inn(e, APPy) _ limsup = ne 1)
n

li —_—
0< Jmsup d+ ln(s_l) B d+e~1—00

d+e 100

This deduces that EC-(¢,1)-WT for < 1 does not hold.

Next, we will prove lim Inj _— 0 Lete= ¢4 € (0,1) such that

—1
j—oo 111('7]' )

1
In(e 2w ][]y, ™7 = o
for large d € N. From the lower bound in Lemma 5 we obtain

1

1
-2 o TaqT m
Inn(e, APP,) S In[(s [ 11 1]7‘1) 1 —‘ - ln<e_2 MHMH'Yd) o

d'+1n(e ) = d'+1In(eT) - dtIn(e)
d! d!
CdtIn(eTh)  dt 4 [ag]dt/2+In(v; ) /2 — [ar ] (Infag]) /2
1

T 1+ [ /2+ In(y; 1)/ (2d) — [ar] (inag])/ (2d")

It follows from the assumption that

. Inn(e, APPy) . 1
0= limsup ——————¢ > limsup — ; ;
dre oo 4 HIN(ET) T 1 T ]/2 4+ In(ygt) /(2dY) — [y ] (Infaq )/ (24Y)
. 1
= limsup

dre 1o L+ [1]/2+In(y, 1)/ (241
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which implies
4t

lim —
d—oo ln(f)/d_ )

Using the fact that d > Ind’ = tInd > 0 for large d € N, we have

t
0<tim M <gim T
d=eoln(y, ") — doeo tin(y, ")

:0,

ie.,

Ind
m ———-—
deoIn(y, 1)

On the other hand, assume that lim ln(ﬁi = 0. Then we obtain that for all 6 > 0
there exists a positive number N; > 0 such that

vj < j° forall j > N. (11)

Let 7 > 0. We get from Lemma 4 that

Inn(e, APP;) < 2y71n(e 1) + f 1n(1 + [a1] W’fg(mw)fy]’-?)
j=1

d
<2pln(e ") + ) [m] [“1]'75([061117)771 (12)

j=1
where we used In(1 + x) < x for all x > 0. Choose § = % By (11) and (12) we get

Ny/y—1 max{d,Na/, }
2nin(e") + '21 [ g (faa Ty + X ]l l7g(Tar )]
]:

=Ny /y

Inn(e, APP,) <
dt+1In(e~1) — dt +1In(e~1)

max{d,Np/, }
[y 1117 (Tay 1) 9] (Nayy — 1) + [ag 1011 ([aq T7) D R e

:]\]2/;7

<2
= & +1n(e 1)

It follows that

max{d,Nz/U} 5

]
Inn(e, APP,)

dt+1In(e~1)

j:NZ/ry

< 20+ [aa] VI ([anT) limsup -

d+e 100

lim sup
d+e=1—00

Y2
=1

<27+ [ ] ([a1]7) limsup d'+In(e1)

d+e 100

=27.

Setting 7 — 0, we have

lim sup 711’1:1(8, AP_Pld) =0.
die 10 A+ In(eT)

Therefore, Theorem 1 is proved.
O
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Example 1. An example for EC-WT.
Assume that vy; = =2 and aj = j+1forall j € N. Next, we will study EC-WT for the

weighted Hilbert spaces H(Kg dw) with weight Ry g € {Tdny Yduy Vduy )
Obviously, we have lim vy; = 0. By Lemma 4 we get
]—r00

2in(e1) + £ In(1-+ a7 (s ) )
j=1

) Inn(e, APP;) .
limsup ——————% < limsu
P T (e ) e d+In(e 1)
d
2tn(e ) + £ ] 17 (1)1
< limsu /=
e d+In(z 1)

d
)02 ([ Tn) 12 !
z

< 25 + limsup

d—o0 d
d . 5
a1l Ty £ 2
= 21 + lim sup y =
d—o0

= 2]7,

d =2y
where in the second inequality we used In(1 + x) < x for all x > 0 and lim sup Z’ZlT] =0.
d—ro0

Setting § — 0, we have

, Inn(e, APP;)
lim sup —— 1 =0
d4e 1300 d+ ln(s )

Hence, APP is EC-WT.

Example 2. An example for EC-(t,1)-WT for t < 1.
Assume that 7y; = 27/ and «; = 2j for all j € N. Next, we will study EC-(t,1)-WT for t < 1
for the weighted Hilbert spaces H(Kg,, . ) with weight Ry s € {Td .09 Paay ©daq -

. In . Inj
Note that lim L = lim —~L = 0. It follows from Lemma 4 that
jl>oo ln('Yj_l) ]Loo jIn2 f f

Inie,APP,) < 27In(e) + 3 n (14 0] MG [ 1)1 )
j=1

=2y ln(sfl) + i ln(l + a1 Ml]”@([aﬂn)Z*’”)
j=1

d
<2yIn(e ") + Y [aa 11 11g (Tar]y)277,
j=1
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where in the last inequality we used In(1+ x) < x for all x > 0. It yields that

2pin(e ) + ;:1 (a1 19 (Tay )27
p:

limsu Inn(e, APPy) < limsu
P g In(e ) T A+ In(e 1)
d .
[ 1Tl (Tar 1) L2
<25 + li =
S T e
[ 11017 (ay 1) L 27
<25 + li =
S R T d )
=27.
Setting § — 0, we have
lim sup qu(&iAp_Pld) = 0.
d4e 1300 d +11’1(€ )

Hence, APP is EC-(t,1)-WT fort < 1.

Remark 5. We note that for Example 1 with vy; = j % and aj =j+1forall j € N, APP is
EC-WT, but not EC-(t,1)-WT for t < 1. Indeed, let ¢ = ¢4 € (0,1) such that

1 ded[rxﬂ/Z

TSR 7% DU o AN TP R
ln(s [a1] 1%1) 1 d, ie., ¢ Ml]f«ﬂﬁ

forlarge d € N. From Lemma 5 we have

1

1
-2 fag] "
Inn(e, APP,) N ln{(s [val}(al]ryd) 1 -‘ ln<8_2 Mlval]’Yd) fag]

F+ln@e1) = J+in( 1) T i (e D)
T d
Cdt+In(el) A+ [wq]d/2+Ind — [aq](In[aq]) /2
!

T AT+ [ag]/2+1Ind/d — [aq](n[aq])/(2d)°
For the above fixed € and t < 1 we obtain

lim Inn(e, APPy) > lim 1 2
i A In(e1) — dom @1+ [a1]/2 + Ind/d — [ar|(n[ar])/2d)  [aa]’

This means that APP is not EC-(t,1)-WT for t < 1.

Remark 6. Obviously, for Example 2 with «y; = 2~  and aj = 2jforall j € N, APP is also EC-WT.
Indeed, if APP is EC-(t,1)-WT for t < 1, then it is EC-WT. Assume that APP is EC-(t,1)-WT for

t < 1, then we have

) Inn(e, APP;)
| —= =0.
dretne df+In(e 1)

Since Inn(e, APP Inn(e, APP
0< lim Inn(e, APP;) lim (e, APPg)

dteioco d+1In(e™) T gre i df 4 In(el)
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we further get
lim Inn(e, API;d) _o,
d+e-1 00 d + 111(8_ )

which means that APP is EC-WT.

5. Conclusions

In this paper we discuss the EC-WT and EC-(+,1)-WT with t < 1 for the approximation
problem APP in weighted Hilbert spaces Hg,,  for R, € {Tduyr Wiy Wiy b With
parameters 1 > 91 > 9 > -+ > 0and 1 < a3 < ap < ---. We obtain the matching
necessary and sufficient condition

lim v; =0

J—00

on EC-WT, and the matching necessary and sufficient condition

Inj

lim =0

e n(y; )

on EC-(t,1)-WT with ¢ < 1. The weights are used to model the importance of the functions
from the weighted Hilbert spaces, so we will further research the other EC-tractability
notions such as EC-SPT, EC-PT, EC-QWT, and EC-UWT.
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