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Abstract: Symbolic data analysis is an emerging field in statistics with great potential to become a
standard inferential technique. This research introduces a new approach to image feature extraction
using the empirical cumulative distribution function (ECDF) and distribution function of distribution
values (DFDV) as symbolic data. The main objective is to reduce the dimension of huge pixel data by
organizing them into more coherent pixel-intensity distributions. We propose a partitioning method
with different breakpoints to capture pixel intensity variations effectively. This results in an ECDF
representing the proportion of pixel intensities and a DFDV representing the probability distribution
at specific points. The novelty of this approach lies in using ECDF and DFDV as symbolic features,
thus summarizing the data and providing a more informative representation of the pixel value distri-
bution, facilitating image classification analysis based on intensity distribution. The experimental
results underscore the potential of this method in distinguishing image characteristics among existing
image classes. Image features extracted using this approach promise image classification analysis
with more informative image representations. In addition, theoretical insights into the properties of
DFDV distribution functions are gained.

Keywords: image features; symbolic data; empirical cumulative distribution function; distribution of
distribution values; image classification

MSC: 62P99

1. Introduction

In contemporary image processing, extracting image features holds significant impor-
tance and is required in a wide range of applications [1], including pattern recognition [2],
object detection [3–6], and other fields. In an era of abundant visual data, image features
are crucial for presenting relevant and structured information from complex images [7–12].
These features are numerical representations that describe various essential aspects of an
image, ranging from pixel values to texture and shape. While image feature extraction is
necessary for image analysis, using pixel values as the main feature can be challenging.
One of the main issues is the high dimensionality of the features, as well as their excessive
sensitivity to small changes in the image. In image classification, using pixel values as
random variables often results in an extensive representation of random variables, leading
to computational complexity and high memory requirements [13]. Additionally, pixel
values are sensitive to changes in scale, rotation, and illumination, where minor changes in
the image can result in classification errors [14]. Pixel values are also sensitive to lighting
variations, making it difficult for classification models to distinguish the same object under
different lighting conditions [15]. To overcome these problems, an alternative approach is
needed that can provide a more effective solution.
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This research proposes using symbolic data as no longer a single value as classical data.
Symbolic data are data that are represented in the forms of symbols, denoting categories,
intervals, distributions, and the like. Symbolic data summarizes or describes an extensive
database to make it easier to analyze and still contains relevant information from the original
database [16,17]. The symbolic data used in this study include the empirical cumulative
distribution function (ECDF), which provides an overview of the relative distribution of
pixel values in an image. The concept of ECDF has not been widely used as a feature in
image classification research. In another field, ECDF is used to classify regions based on
global atmospheric temperature and humidity profiles [18,19]. The subsequent symbolic
data presented in this study are the distribution function of distribution values (DFDV),
referring to the distribution of ECDF values at specific points. The subsequent section will
elaborate on this concept. The concept of distribution functions as image features is new in
image classification.

Using ECDF for symbolic data as image features offers several advantages: first, more
efficient processing. Symbolic data in the form of ECDF provide information related to the
distribution of pixel values and the patterns formed between pixel values. This provides
more detailed information about the characteristics of the image because, in addition to
the pixel value information, there is also information about the distribution of pixel values
in the image. Second, this approach benefits extensive image data by reducing dimen-
sionality and saving memory. By summarizing the pixel value distribution information
into a few change values, ECDF enables data dimensionality reduction without sacrificing
important information. This helps overcome the considerable memory challenges often
associated with extensive image data. Third, using ECDF provides better tolerance to
exposure, rotation, and scale variations in the image. If these aspects change, the distri-
bution of pixel values will remain relatively constant. This allows the model to recognize
objects or patterns better despite variations in the image. Therefore, using distribution
functions as image features can be an attractive alternative. Further exploration of empirical
cumulative distribution function-based approaches has the potential to improve image
classification quality.

This research aims to investigate a new method for image feature extraction using
symbolic data by depicting pixel value distributions through the ECDF. This initial study
aims to use the extracted features for classification analysis. This research contributes to
image feature extraction by introducing the use of ECDF and DFDV as symbolic data. The
ECDF and DFDV methods convert high-dimensional pixel data into structured formats,
which summarize pixel intensity distributions across an image. This approach seeks
to improve the robustness and effectiveness of feature representation, enhancing image
classification accuracy and efficiency. This research enhances the symbolic data analysis
approach by using ECDF and DFDV to represent pixel intensity data. This breakthrough
opens up opportunities for applying these techniques to a range of image processing
and computer vision tasks. Preliminary applications in image classification [20,21] have
shown promise.

The structure of this paper consists of several primary segments. The Section 1 is the
introduction, which furnishes context regarding the significance of image feature extraction
in contemporary image processing. Next is the Section 2, which explains in detail the use
of ECDF in image feature extraction and the methods used in this study. The Section 3
presents the experimental results, where the data and findings from this research are
presented and analyzed. The discussion follows, where the findings are further discussed
and their implications explored. For the conclusion, the paper summarizes the fundamental
discoveries and outlines potential avenues for future research.

2. Cumulative Distribution Function for Image Feature Extraction

This research presents a method for extracting image features by using a distribution
function to uncover significant patterns and characteristics of the image’s pixel intensity
distribution. This section examines the application of ECDF for feature extraction, starting
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with the depiction of pixel intensity values and progressing to more sophisticated methods
such as symbolic data and DFDV. We utilize the Kolmogorov–Smirnov test to validate the
appropriateness of the employed distribution model, thereby enhancing the analysis in the
field of digital image processing.

2.1. Image Features Represented by Pixel Intensity Values

An image consists of several pixels represented in a matrix with a size equal to the
size of the image. The size depends on the number of rows and columns of pixels in the
image. If the row size equals the column size, the pixel value matrix representation will
be an m × m square, where m is the number of rows and columns. The pixel value matrix
consists of value elements that reflect the brightness of colors. In color images, these values
are represented by red, green, and blue, each with a brightness level of 0, 1, . . ., 255. In
gray images, the color brightness level reflects the gray level with a value of 0, 1, . . ., 255. A
value of 0 represents black, and 255 represents white. Values between 0 and 255 produce
various levels of gray; the higher the pixel value, the lighter the pixel’s gray [22].

The representation of an m × m image in a matrix of pixel values can be written as
matrix Am×m. The matrix element is denoted by xb,c, which is the image pixel value in
the row-b of the column-c, with b = 1, 2, . . . , m and c = 1, 2, . . . , m. In image processing
analysis, to facilitate data representation and analysis, the matrix of pixel values needs
to be converted into a vector form, referred to as vectorization. Two approaches can be
used: the row-by-row approach and the column-by-column approach. In the row-by-row
approach, each row of the pixel value matrix is taken sequentially and then combined
into a vector [23]. One pixel value matrix will become one data vector. If row-by-row
vectorization is performed on the matrix Am×m, the vector vec(A) will be formed, which is
illustrated in Figure 1.
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Figure 1. Illustration of vector formation vec(A) from pixel value matrix Am×m using row-by-row
vectorization.

The result of vectorization is the vector vec(A) with the vector elements represented
as xi, which is the value of the pixel i, where i = 1, 2, . . . , n and n = m × m is the number
of pixels in the image. If there are as many as N images, then matrices A1, A2, . . . , AN
will represent image j, with j = 1, 2, . . . , N. The vector representation for each image is
vecn

(
Aj

)
, with n = m × m. Thus, a data matrix X of size N × n is formed with matrix

elements denoted by xji, which is the value of the pixel i in the image j, with i = 1, 2, . . . , n
and j = 1, 2, . . . , N. The XN×n matrix and its elements can be written as follows:

XN×n =


vecn(A1)
vecn(A2)
vecn(A3)

...
vecn(AN)

 =


x11 x12 x13 x14 x15 · · · x1n
x21 x22 x23 x24 x25 · · · x2n
x31 x32 x33 x34 x35 · · · x3n

...
...

...
...

...
...

...
xN1 xN2 xN3 xN4 xN5 · · · xNn

 (1)
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Element x11 is the first-pixel value of the first image; element x12 is the second-pixel
value of the first image, and so on [24]. This XN×n data structure is a classic data structure
that represents pixel values as single values with a considerable size.

2.2. The Empirical Cumulative Distribution Function (ECDF)

Suppose Xj is a random variable of pixel values in the image j, with j = 1, 2, . . . , N.
The ECDF of the pixel value in image j is denoted by Fj(x), where x is the realization of
the pixel value, which is 0, 1, 2, . . . , 255, defined as follows:

Fj(x) =
1
n∑n

i=1 1
{

xji ≤ x
}

(2)

where n is the number of pixels, and 1
(
xji ≤ x

)
is an indicator function that takes value 1 if

xji ≤ x and 0 otherwise; it can be written as follows:

1
{

xji ≤ x
}
=

{
1 i f xji ≤ x

0 else
(3)

The function Fj(x) is the proportion of the total observations with values less than or
equal to x [25].

2.3. Symbolic Data

In this research, the classical data structure in Equation (1) is converted into symbolic
data in the form of ECDF Fj(x) with j = 1, 2, . . . , N using Equation (2). The symbolic data
structure for the ECDF of pixel value Sj is defined as follows:

XN×n =


x11 x12 x13 x14 x15 · · · x1n
x21 x22 x23 x24 x25 · · · x2n
x31 x32 x33 x34 x35 · · · x3n

...
...

...
...

...
...

...
xN1 xN2 xN3 xN4 xN5 · · · xNn

 → Sj =


F1(x)
F2(x)
F3(x)

...
FN(x)

 (4)

The matrix element XN×n can be summarized into symbolic data Sj whose element Fj(x) is
the ECDF of the image j pixel value, with j = 1, 2, . . . , N given in Equations (2) and (3) [17]. The
formation of the ECDF of the pixel values of an image can be done by using the elements in the
row of the matrix XN×n or the elements of the symbolic data Sj in Equation (4). The formation of
the ECDF of the pixel values is illustrated in Figure 2.
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⋯ 

Figure 2. Illustration of ECDF formation for each image. The element Sj can be written as Fj(x) with
j = 1, 2, . . . , N and x = 0, 1, 2, . . . , 255 are the realized pixel values.

The ECDF function formed in Figure 2 represents the probability that the pixel value
in an image is less than or equal to a certain value. For example, F1(83) = 0.8 means that
in image 1, the probability that the pixel intensity value is less than or equal to 83 is 0.8. In
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other words, 80% of all pixels in the image have values less than or equal to 83. This is a
characteristic of imagery using pixel values that are less than or equal to x.

Datasets often used in image classification analysis consist of multiple image classes.
If the image classes are denoted in k = 0, 1, 2, . . . , v − 1, where v is the number of image
classes, and the number of images in class-k is denoted by Nk, then the symbolic data Sj in
Equation (4) can be written as follows:

Kk =


K0j
K1j
K2j

...
K(v−1)j

, with Kkj =


Fk1(x)
Fk2(x)
Fk3(x)

...
FkNk

(x)

 (5)

with k = 0, 1, 2, . . . , v − 1; ∑v−1
k=0 Nk = N. The symbolic data Kk with element Kkj is the

ECDF of the class image k. The number of images of all Nk classes equals the number of
images in the dataset. These forms of symbolic data are much more compact than classical
data, as they are no longer presented as single values but as symbolic distribution functions
for each image class [17].

The element Fkj(x) of symbolic data Kkj is the ECDF value of the image class k with
realized pixel values x ∈ {0, 1, 2, . . . , 255}. If it is assumed that all 256 pixel values appear,
then the element Fkj(x) can be written as follows:

Fkj(x) =
[
Fkj(0) Fkj(1) Fkj(2) Fkj(3) · · · Fkj(255)

]
(6)

This shows that classical data XN×n can be summarized by symbolic data Sj with a
maximum of 256. The sizes of these data will be smaller than the original data, especially if
not all realized pixel values appear.

2.4. Distribution Function of Distribution Values (DFDV)

In this research, an image will generate an ECDF. For example, if there are N images,
the set of ECDFs for those images will be generated. At a certain point, say T1 and T2, the
ECDF values of each function can be collected, and a distribution function of distribution
values (DFDV) is formed, representing the distribution functions of pixel ECDF values
that describe the usage characteristics of pixel values at points T1 and T2. The usage
characteristics of these pixel values can be different in different image classes. The selection
of different points will also give different characteristics. Furthermore, points T1 and T2
are distinguishing points. The DFDV formed will be as many as the distinguishing points
taken [26].

Two symbolic datasets were used in this research. The first is the symbolic dataset for
the ECDF of the image class k, defined as follows:

Kkj =
[
Fk1(x) Fk2(x) Fk3(x) · · · FkNk

(x)
]T (7)

where Kkj denotes the symbolic data for the class image k, with k = 0, 1, 2, . . . , v − 1, and
Nk is the number of images in the class k. The element Fk1(x) is the ECDF of class k of
the first image. Then, Fk2(x) denotes the ECDF of class k of the second image, and so on,
until FkNk

(x) is the ECDF of class k of the image Nk. The element Fkj(x) can be written
following Equation (6).

The symbolic data, Kkj, in Equation (5) contain the ECDF value Fkj(x). This symbolic
data summarize the classic data of pixel values into symbolic data of distribution functions
with much smaller data sizes. The second symbolic dataset denotes DFDV, which summa-
rize the symbolic data Kkj into Gkt, denoting the symbolic data of the DFDV at image class
k of the discrimination point, with k = 0, 1, 2, . . . , v − 1 and t = 1, 2. The symbolic data, Gkt,
are defined as follows:
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Gkt =
[
GkT1(y) GkT2(y)

]T (8)

where GkT1(y) is the DFDV of image class k of discrimination point T1, and GkT2(y) is the
DFDV of image class k of discrimination point T2. The DFDV is the CDF of the ECDF
values, where y is the Fkj(T) value, so y ∈ [0, 1]. Gkt symbolic data are much smaller than
classical data.

The DFDV is the probability that a distribution will have a value smaller than or equal
to a certain value at a certain point in the distribution. Suppose Xj is a random variable of
pixel values in the image j with j = 1, 2, . . . , N, and N are many images. Random variable
X1 is the pixel value in image 1, random variable X2 is the pixel value in image 2, and
so on. The ECDF function of N images can be written as F1(x),F2(x), . . . ,FN(x). Let
F = {F1(x),F2(x), . . . ,FN(x)} be the set of ECDF Fj(x) with j = 1, 2, . . . , N.

Consider a particular point, say T ∈ {0, 1, 2, . . . , 255}, and a probability value of
y ∈ [0, 1]. Then, the DFDV at point T can be interpreted as the probability that F will have
a cumulative distribution value less than or equal to y at that point T. The DFDV function
at point T, denoted by GT(y), is a function from [0, 1] to [0, 1] defined as follows:

GT(y) = P
({

Fj(x) ∈ F
∣∣Fj(T) ≤ y

})
(9)

with Fj(T) representing the ECDF value of Fj(x) at point T [18].
A distinction point T ∈ {0, 1, 2, . . . , 255} is a particular pixel value used to measure

the ECDF value at that point. Furthermore, a change value of y ∈ [0, 1] is required, which
is the realization of the ECDF value Fj(x) at point T, denoted Fj(T). The DFDV function
denoted by GT(y) calculates the probability that Fj(T) is less than or equal to y.

2.5. Goodness of Fit: Kolmogorov–Smirnov Test

The Kolmogorov–Smirnov test evaluates how well the empirical distribution of a
sample of data (FN(y)) matches a specified theoretical distribution (F(y)). The hypothesis
is formulated as follows:

H0. FN(y) = F(y)(Data follows a particular distribution).

H1. There is at least one value of y for which FN(y) ̸= F(y)(data do not follow a particular
distribution).

The test statistics used are as follows:

D = max|FN(y)− F(y)| (10)

In this equation, D is the KS statistic, quantifying the maximum difference between
the ECDF of the sample, denoted as FN(y), and the cumulative distribution function (CDF)
of the reference distribution, denoted as F(y). The critical value for the test statistic D,
denoted by Dα, where α is the actual level or limit used to determine whether H0 is rejected.
If D ≤ Dα, H0 is accepted, the data follows a particular distribution. Conversely, if D > Dα,
H0 is rejected, meaning the data do not follow a particular distribution. Testing can also
be done using the pvalue. If pvalue < α, then H0 is rejected; if pvalue ≥ α, then H0 is not
rejected [27]. Parametric distributions are not always appropriate for describing data
distributions. Non-parametric approaches, such as kernel density estimation, can be an
alternative to describe data that does not follow a particular distribution pattern.

3. Applications and Theoretical Results

This section explores practical applications and theoretical insights into ECDF usage
in specific contexts. It begins with essential data preprocessing steps to prepare research
data. The section then discusses outcomes from using ECDF to describe empirical data
distributions, alongside theoretical discoveries and the application of DFDV to identify
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significant differences among tested distributions. Validation of distribution models using
the Kolmogorov–Smirnov goodness of fit test is also covered. This section provides an
exploration of CDF application in data analysis, emphasizing practical uses and theoretical
insights.

3.1. Research Data and Pre-Processing

This research uses the Modified National Institute of Standards and Technology
(MNIST) dataset, which is widely used in experiments and the development of machine
learning models. The MNIST dataset contains a set of handwritten number images from
0 to 9, gray in color with a black background. Each image has a resolution of 28 × 28 pixels
(784 pixels in total) and is labeled according to the number contained in the image. An
illustration of the MNIST data is given in Figure 3.
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The initial stage in performing image feature extraction is pre-processing. Pre-processing
aims to prepare data and improve image quality for better analysis results. One technique that
is often used in pre-processing is cropping. Cropping involves taking a portion of the original
image to obtain an essential area of the image object. The most common cropping is taking
the center of the image [28]. Image cropping reduces the image’s background and makes the
image more focused on the object to be analyzed. The goal is to reduce visual complexity and
focus attention on the main object. Reducing visual complexity can improve data quality, allow
algorithms to work more efficiently, reduce computational load, and speed up analysis time.

In addition to pre-processing in the form of image cropping, this research also involves
image partitioning. This research uses the empirical cumulative distribution function
(ECDF) pixel value feature, a method to describe the distribution of pixel value usage in an
image. If the number of pixels with the same value is high, the distribution of pixel values
is likely to be uniform. Therefore, a partitioning technique is used to capture object pixels
in more detail and distinguish the distribution between image classes. Partitioning aims to
capture a more detailed representation of an object or image pattern. Partitioning allows
for a better distinction between the characteristics of image pixel intensity values.

The choice of partition shape depends on the properties and characteristics of the
image objects. Each partition shape provides a different analytical perspective and can
significantly impact the final image processing outcome. This study uses distribution-based
features, so the chosen partition should effectively capture image value characteristics.
In the MNIST dataset, which consists of handwritten digits 0–9, for example, the digit ‘1’
has a distinctive single vertical line, and column or diagonal partitions might contain no
objects since the single line may fall into one specific column or diagonal, leaving others
empty. This affects the stability of the resulting pixel value distribution function. However,
row partitions are likely to contain objects in each partition. An illustration of cutting and
partitioning the image into two rows is provided in Figure 4.
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Figure 4. Illustration of the center image cropping. The result is a 20 × 20 image with a more
focused object.

Image partitioning is performed on the data matrix XN×n in Equation (4), where N is
the total number of images and n is the number of pixels. A two-row partition can be made
like in the following matrix:

XN×n =
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2
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2
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2
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2
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. . . . . .
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
(11)

The sub-matrix indicates the element of the partition. In two-row partitioning, the
partitioning is done at the pixel

( n
2
)
. In the image class k, the number of images is Nk. In

this case, n is the number of pixels of a 20 × 20 image, therefore n is 400.
The data matrix elements need to be transformed into the interval [0, 1] to avoid the

risk of the mathematical calculation results being too large or too small. This transformation
will make the calculation result more stable. In addition, machine learning algorithms can
work better when the input values are in a smaller and uniform range. There are several
transformation methods; this research uses the min–max transformation.

Suppose X is the original image with features represented by a matrix, and xbc is
the matrix element in the row b and the column c. The transformation equation is given
as follows:

∼
xbc =

xbc − min{xbc}
(max{xbc} − min{xbc})

; b = 1, 2, . . . , mand c = 1, 2, . . . , m (12)

where
∼
xbc is the transformed feature value in the bth row and cth column, and xbc is the

feature value in row b and column c of the original image. This transformation will convert
image feature values that range between min{xbc} and max{xbc} into values that range
from [0, 1] [29].

3.2. Results of ECDF Application

There are ten image classes k = 0, 1, 2, . . . , 9, each with j = 1, 2, . . . , Nk images with
l = 1, 2 partitions. Each partition has a distinguishing point t = 1, 2. Partitioning is done
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in two rows with two distinguishing points at points T1 = 0.03 and T2 = 0.6. The ECDF
pixel values are formed in Equation (2) using pixel values transformed using Equation (12).
One image in one class and one partition produces ECDF, as illustrated in Figure 2, so a set
of images will form a set of ECDF given in Figure 5.
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The results are divided into two subsets, l = 1, 2, with distinguishing points T1 = 0.03 (black vertical
dotted line) and T2 = 0.6. (red vertical dotted line).

The results of the ECDF indicate that there are variations in the distribution patterns
among different image classes. The resulting ECDF in class 1 of the picture dataset does not
exhibit a widely dispersed distribution throughout the images. This is a result of using a
smaller number of pixels that are less diverse. On the other hand, certain other categories of
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images exhibit a more scattered distribution pattern. This is attributed to the use of a wider
range of pixels, resulting in a more diverse distribution. The distribution patterns offer
crucial data regarding the attributes and fluctuations in pixel intensity within each image
category. Subsequent image analysis and classification can utilize this information. This
thorough research allows for a comprehensive comprehension of how various partitions
and distinguishing points impact the ECDFs across different image classes. Preprocessing
the pixel values before generating the ECDF enhances the reliability of comparing the
distributions of pixel intensities. This approach offers a systematic approach to capturing
the range of pixel intensities, enabling more accurate categorization and examination of
images using their ECDF.

3.3. Theoretical Results and DFDV Application

We can determine the distinguishing points, which distinguish characteristics between
image classes for each image partition, from the ECDF symbolic data. In this case, take the
distinguishing points T1 = 0.03 and T2 = 0.6. At the separator point, Equation (8) DFDV
function can be defined. As an illustration, consider the formation of the DFDV in the
image class k = 0 with the partition l = 2 in Figure 6.
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The set of ECDF values at each distinguishing point forms a DFDV. This DFDV charac-
terizes the image features in the partition and describes the likelihood that the distribution
of image features has a value less than or equal to a certain threshold. For each image class
k and partition l, Fklj(T) represents the symbolic data of the ECDF value for the image class
k, the partition l, and the image j at point T. If F =

{
Fkl1(T),Fkl2(T), . . . ,FklNk

(T)
}

is the
collection of Fklj values at point T, we can then form a DFDV, denoted as GT(y), where
y represents the realized ECDF probability value at point T. The DFDV provides a com-
prehensive statistical depiction of the variability and distribution of pixel intensity across
various image classes and partitions. The DFDV utilizes symbolic ECDF data to translate
raw pixel values, enabling a systematic approach to image comparison and analysis. In the
upcoming sections, we will clearly define and thoroughly examine the characteristics of
the DFDV.

Definition 1. Distribution Function of Distribution Values (DFDV).
The distribution function refers to the mathematical function that describes the probability

distribution of a given value in a statistical distribution. The distribution function GT is defined as
the function that represents the distribution value at point T. GT : [0, 1] → [0, 1], y 7→ GT(y) with

GT(y) = P
(
Fklj ∈ F

∣∣∣Fklj(T) ≤ y
)

(13)

The function GT(y) maps the value of y in the interval [0, 1] to the associated probability, with
the domain of y ranging from [0, 1] to [0, 1]. Multiple points, T, can be defined, leading to different
distribution functions GT(y). Let us represent this as T = (T1, T2, . . . , Ts) and = (y1, y2, . . . , ys).
Each point Tt, where t is a positive integer ranging from 1 to s, corresponds to a unique distribution
function GTt(yt).

Each function GTt(yt) is a distribution function of a random variable Fklj(Tt) with
values in the interval [0, 1]. As a distribution function, each function GTt(yt) has the
properties of a distribution function, which yields the following theorem:

Theorem 1. The properties of distribution functions of distribution values.
The following conditions apply to every continuous random variable F (Tk) that has a cumula-

tive distribution function GTt(yt) :

1. The function GTt(yt) is monotonically increasing, which implies that if y1 < y2 then
GTt(y1) < GTt(y2).

2. As yt approaches negative infinity, the limit of the distribution function, denoted as GTt(yt) is
equal to zero: lim

yt→−∞
GTt(yt) = 0

3. As yt approaches positive infinity, the limit of the distribution function, denoted as GTt(yt), is
equal to: lim

yt→∞
GTt(yt) = 1

4. The distribution functions of distribution values is right-continuous: lim
δ→0

GTt(yt + δ) = GTt(yt).

Proof of Theorem 1.

1. Given that y1 < y2, our objective is to demonstrate that GTt(y1) < GTt(y2). According
to the definition, GTt(y1) = P(F (Tt) ≤ y1), whereas GTt(y2) = P(F (Tt) ≤ y2). Given
that y1 < y2, we can conclude that the set of values for which {F (Tt) ≤ y1} is a subset
of the set of values for which {F (Tt) ≤ y2}. Simply expressed, {F (Tt) ≤ y1} ⊆
{F (Tt) ≤ y2}. Given that the likelihood of a set being a subset of another set can
never exceed the probability of the larger set, we can conclude that P(F (Tt) ≤ y1) ≤
P(F (Tt) ≤ y2). This expression represents GTt(y1) < GTt(y2).

2. Consider the series {yt : t = 1, 2, . . .}, which consists of real integers that are infinitely
negative and decreasing. We observe that when yt → −∞ when t → ∞ . Define the
set Ayt = {F (Tt) ≤ yt} = GTt(yt) for each t. Put simply, Ayt is the set ω in the sample
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space Ω where the value of F (Tt) is smaller than or equal to yt. Consider Ω as the
sample space that encompasses all the values of the random variable F (Tt), and let
ω represent one of the possible values of F (Tt). Given that yt is a decreasing sequence,
if yt > yt+1, then there exists a set Ayt ⊇ Ayt+1 . Put simply, every set Ayt includes
all the components found in set Ayt+1 . Given that Ayt is a superset of Ayt+1 , we can
conclude that the intersection

⋂∞
t=1 Ayt = ∅. Therefore lim

t→∞
GTt(yt) = lim

t→∞
P
(

Ayt

)
=

P
(⋂∞

t=1 Ayt

)
= P(∅) = 0. Given that it applies to every sequence {yt}, in whatever

order, we may deduce that when {yt} → −∞ , concluded lim
yt→−∞

GT(yt) = 0.

3. Idem for point 2.
4. A function GTt(yt) is considered to be right-continuous if lim

δ→0
GTt(yt + δ) = GTt(yt).

Consider a sequence of real numbers {yt : t = 1, 2, . . .} that is decreasing. As t → ∞ ,
then yt → y . For every value of yn, there exists a set Ayt = {F (Tt) ≤ yt}}, such
that Ayt ⊆ Ayt+1 . Further Ay is defined as the intersection of all sets Ayt , denoted as⋂∞

t=1 Ayt = Ay. Therefore, lim
t→∞

GT(yt) = lim
t→∞

P
(

Ayt

)
= P

(⋂∞
t=1 Ayt

)
= P

(
Ay

)
= GT(y).

Given that it applies to every sequence {yt} regardless of the order, we can deduce that
as {yt} → −∞ , the limit as lim

δ→0
GTt(yt + δ) = GTt(yt) for all values of y. Therefore,

GT(y) exhibits the right continuity. □

3.4. Results of the Kolmogorov–Smirnov Goodness of Fit Test

The DFDV function will adhere to a specific distribution established by the Kolmogorov–
Smirnov model fit test, which utilizes Equation (10). Based on the results we saw, this DFDV does
not follow a parametric distribution. This means that a non-parametric kernel density estimation
(KDE) distribution has to be used. For instance, there is a set of ECDFs at a specific point T, and
we are interested in determining the distribution function. We calculate the KDE estimate at
position y using the following procedure:

f̂ (y) =
1

Nk
∑Nk

j=1 K
(y − yj

h

)
(14)

where Nk represents the number of data points, K represents the kernel function, yj repre-
sents the data point j, and h represents the bandwidth width.

The probability density function f̂(y) is estimated to characterize the data’s probability
distribution. The parameter h will influence the level of smoothness and sharpness in the
KDE estimation. The estimation uniformly spreads the estimated probabilities across the
curve as the value of h increases. Conversely, the smaller h value will generate a probability
estimator with more distinct and pronounced peaks. This implies that the probability
estimate will be more sensitive to fluctuations in the data [30]. Figure 7 provides the DFDV
findings for each class, each partition, and each differentiating point. Table 1 presents the
results of the Kolmogorov–Smirnov distribution matching test.

The Kolmogorov–Smirnov distribution fit test for the kernel density estimation (KDE)
yielded pvalue < α for all picture classes. This suggests that the DFDV adheres to the non-
parametric distribution of KDE. Table 1 demonstrates that the estimation of the bandwidth
width parameter (h) yields a diminutive result. A lower bandwidth value indicates that the
KDE produces a more precise and sensitive density curve to variations in the data. The
KDE density curve yields the following results (Figure 8):

The distributions formed show different distribution patterns, which highlight the
unique characteristics of each image class. Appropriate bandwidth values ensure that KDE
effectively captures the variations and nuances in the data for each image class.
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1 0.0081 0.0504 0.0067 0.0502 0.0094 0.0502 0.0081 0.0505

2 0.0145 0.0852 0.0124 0.0537 0.0193 0.1910 0.0179 0.0903

3 0.0151 0.0741 0.0137 0.0506 0.0165 0.1347 0.0151 0.0751

4 0.0125 0.0545 0.0110 0.0529 0.0152 0.0830 0.0139 0.0561
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7 0.0137 0.0597 0.0110 0.0567 0.0109 0.0037 0.0096 0.0010

8 0.0152 0.0632 0.0138 0.0546 0.0152 0.0765 0.0138 0.0751

9 0.0124 0.0575 0.0110 0.0059 0.0138 0.0560 0.0124 0.0154
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4. Discussion

Symbolic data analysis is an emerging discipline within statistics, showing promising
potential to become a widely accepted inferential technique in the future. Unlike stan-
dard methods, symbolic data analysis prioritizes group-level data summaries, referred
to as symbols, for both exploratory analysis and statistical inference. It uses group-level
summary distributions as a specific statistical unit of focus [31]. Symbolic data offer the
benefit of minimizing computational requirements by consolidating individual-level data
into a smaller number of group-level symbols. This methodology is ideal for examining
extensive and intricate datasets by condensing them into more understandable formats.
By considering distribution as a key unit of analysis, symbolic data analysis aligns with
the belief that future data analysis will increasingly rely on comprehending and handling
aggregated data.

Image features can be extracted as symbolic data using the empirical cumulative
distribution function (ECDF), an alternative to traditional image analysis. The ECDF can
reduce large pixel data dimensions to pixel intensity distribution values. The ECDF value
describes the proportion of pixel intensity that is less than a given value. From a set of ECDF
values at a specific differentiation point, we can form the distribution function distribution
(DFDV), which describes the probability that a distribution will have a value less than
or equal to a specific value at a specific point. The ECDF and DFDV represent images
using distribution functions, allowing for image classification based on differences between
various image classes.
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This research aligns with other studies that depict image features not just as a single
pixel intensity value. Among these are image feature extraction using color and texture [32],
and spectral feature extraction [8,11]. Recent developments include image representa-
tions in the form of graphs and hypergraphs [9], as well as deep learning [10]. These
image features provide richer and more detailed information than pixel value information
alone. Using these representations makes image analysis more accurate and comprehen-
sive, enabling more complex pattern identification and improved performance in various
applications, such as image classification and segmentation.

The ECDF results provide a strong basis for image grouping based on pixel value
distribution. Understanding these patterns allows for the development of more effective
and accurate clustering algorithms. Furthermore, machine learning models can utilize
these results as features to enhance the accuracy of image classification. We can also use
DFDV symbolic data representations for clustering analysis. Despite the useful information
provided by the ECDF results, this study faces challenges and limitations. Selecting
an optimal differentiation point and correctly transforming pixel values require careful
adjustment. Furthermore, more in-depth analysis is necessary to fully understand the
variations in pixel value distributions within different classes.

Future research will focus on using ECDF and DFDV as random variables in joint
distribution function-based classification. This research is in line with studies that use a
joint distribution function approach for image classification [33–38]. By leveraging the
joint distribution of pixel values, we aim to enhance the accuracy and effectiveness of
image classification methods. This approach represents a shift from traditional pixel-based
classification to a more sophisticated method that considers the distributional properties of
image features.

5. Conclusions

Image feature extraction using symbolic data with ECDF and DFDV offers an efficient
way to analyze large and complex images by reducing the dimensions of pixel data. This
method allows for more accurate grouping and classification of images. Although useful,
this method requires adjusting the differentiation point and transforming the correct pixel
value. Further research is needed to optimize this method and test its reliability on more
diverse datasets.
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