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Abstract: Let (M, F) be a Finsler surface with the isotropic main scalar Z = Z(x). The well-known
Berwald’s theorem states that F is a Berwald metric if and only if it has a constant main scalar
7 = constant. This ensures a kind of equality of two non-Riemannian quantities for Finsler surfaces.
In this paper, we consider a positively curved Finsler surface and show that H = 0 if and only if
Z = 0. This provides an extension of Berwald’s theorem. It follows that F has an isotropic scalar flag
curvature if and only if it is Riemannian. Our results yield an infrastructural development of some
equalities for two-dimensional Finsler manifolds.
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1. Introduction

By an investigation of the class of two-dimensional Finsler spaces, one can find that
these spaces have special geometric properties that separate them from the spaces of higher
dimensions [1-5]. For example, all two-dimensional Finsler metrics are C-reducible and do
not need to be Randers or Kropina metrics. This fact means that the well-known conclusive
theorem of Matsumoto-Hojo does not work properly for two-dimensional Finsler spaces.
Also, all two-dimensional Finsler spaces are relatively Landsberg spaces, implying that
the relative rate of change in the Landsberg curvature of Finsler surfaces along geodesics
is a scalar function on the tangent bundle. As another interesting subject, the study of
the flag curvature of two-dimensional Finsler spaces, shows that these spaces inherently
possess scalar flag curvature. Namely, the flag curvature is independent of the flag. It
was Ludwig Berwald who systemically studied two-dimensional spaces and made very
important pioneering works in this class of Finsler spaces [6].

Finsler surfaces have many geometric properties that are different from higher-dimensional
Finsler spaces. In particular, for two-dimensional Finsler metrics, there exists a notion of
the main scalar, denoted by Z = Z(x, y), which is characterized by the following properties.
The main scalar Z = Z(x,y) of the two-dimensional Finsler manifold (M, F) vanishes
identically if and only if the metric reduces to a Riemannian metric. Among the class of two-
dimensional Finsler metrics, those with an isotropic main scalar Z = Z(x) have interesting
curvature properties. In [6], Berwald proved that a two-dimensional Finsler metric with
an isotropic main scalar Z = Z(x) is a Berwald metric or Landsberg metric if and only if
Z(x) = constant. In [7], Matsumoto showed that a two-dimensional one-form metric is a
Landsberg metric if and only if it is a Berwald metric. Berwald metrics are divided into two
classes: either a T-Minkowskian metric or Z(x) = constant. Recently, Yang-Cheng proved
that a Finsler surface with an isotropic main scalar is locally conformally flat if and only if
Z(x) = constant [8].

In [6], Berwald studied Finsler surfaces with the isotropic main scalar Z = Z(x) and
showed that all such Finsler metrics can be expressed as one of the following cases:
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F=691"% (s=s(x) #£0, s(x) #1); 1)
F— \/(92 + 72)e2rarctan(%), r = r(x), (2)
F = 6ev, 3)

where 6 = 0;(x)y’ and 7y = 7;(x)y' are two independent one-forms. Their main scalars are
given, respectively, by

I(x) = i\/ T S(ZS)“‘ — 17 @)

A =
&) = £ e ©)
7 =42, (©)
where € in (4) is the index of F satisfying € = 1if s(x) > 1ors(x) < 0, and € = —1 if

0 < s(x) < 1. If the main scalar satisfies Z = 0, which is equivalent to s = 1/2 in (1)
or ¥ = 0in (2), then F reduces to a Riemannian metric. Based on the classification of
Finsler surfaces with an isotropic main scalar, as above, Berwald classified projectively flat
Finsler surfaces with an isotropic main scalar [6]. Moreover, Berwald proved the following
rigidity result.

Theorem 1 ([6] Berwald Theorem). Let (M, F) be a Finsler surface. Suppose that F has an
isotropic main scalar. Then, F is a Berwald metric if and only if it has a constant main scalar.

The E-curvature is obtained by taking a trace of the B-curvature. Also, the H-curvature
is obtained by taking a horizontal derivation of the E-curvature along Finslerian geodesics.

Theorem 2. Let (M, F) be a positively curved Finsler surface. Suppose that F has an isotropic
main scalar. Then, H = 0 if and only if F is Riemannian. Equivalently, H = 0 if and only if F has
a vanishing main scalar.

Here, we remark upon two important subjects. First, every Berwald metric satisfies
H = 0. Then, Theorem 2 implies that every positively curved Berwald surface with an
isotropic main scalar is Riemannian and then Z = 0. Obviously, Theorem 2 is an extension
of the Berwald Theorem for positively curved surfaces. Second, the positive-definiteness of
F in Theorem 2 is necessary. For an example, see the following.

Example 1. Consider the manifold M := R? with the local coordinates (x',x?) € R?. Then,
the coordinate basis (9/0x') induces the global coordinates (y',y*) € TRZ. Let us put a := x!,
b:=x%p:=y', q:=y% and r := p/q. The Berwald—Rund metric F(x,y) := q(e +r)%isa
solution of the PDE: €de/da = 0e/db, where ¢ = €(a, b) is a given function [9]. One can see that
ifq <0, then F < 0. Also, for ¢ > 0, F = 0 along the ray r = —e. Thus, F is a y-local Finsler
metric. This shows that F is only positive and strongly convex on the upper half (and with a ray
excluded) of each tangent plane TyR?. A simple calculation shows that F is a non-Riemannian

Berwald metric. This implies that H = 0 while T = 3/ \@

F has an isotropic mean Berwald curvature if its mean Berwald curvature satisfies
n+1
2F

where x = x(x) is a scalar function on M and h := hi]-dxidxj denotes the angular metric.
For y € TyM, define the Landsberg curvature by L, (u,v,w) := —1/2 g, (B, (1, v, w),y).

E= xh,
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The quantity L is called the Landsberg curvature. The Finsler metric F is called a relatively
isotropic Landsberg metric if it satisfies

L =vFC,

where v = v(x) is a scalar function on M and C denotes the mean Cartan torsion of F.
Also, the Finsler metric is called an isotropic Berwald metric if its Berwald curvature can be
written as follows

By (u,v,w) = %{h(u, v)(w — g, (w,0)f) +h(v,w)(u—g,(u,0)¢) +h(w,u)(v—g,(v,)f)
+2FCy(u, v,w)é},

where v = v(x) is a scalar function on M. There is a generalization of isotropic Berwald
metrics, namely, Douglas metrics.

Theorem 3. Let (M, F) be Finsler surface with an isotropic main scalar. Then, the following holds:

(i) F has a relatively isotropic Landsberg curvature and an isotropic mean Berwald curvature;
(i)  F is a Douglas metric if and only if it is an isotropic Berwald metric. In this case, F has an
isotropic S-curvature.

A Finsler manifold (M, F) is called homogeneous if its group of isometries acts transi-
tively on the manifold. For a homogeneous Douglas surface, we obtain the following.

Corollary 1. Every homogeneous Douglas surface with an isotropic main scalar is Riemannian or
locally Minkowskian.

Finally, we consider a regular Finsler surface with a constant main scalar and prove
the following.

Corollary 2. Every Finsler surface with a constant main scalar is Riemannian or locally Minkowskian.

2. Preliminaries
Let (M, F) be a Finsler metric and the following be the fundamental tensor of F:
10 1,
g, (1,0) := 33590 {F (v +su+ tv)th:O, u,v € TyM.
The Cartan torsion of F is defined by
19gi;

The tensor C;j is called the Cartan torsion.

For y € TxMy, define I, : T:M — R by

n

Iy(”) = ;gij(y)cy(uraira')/

where {9;} is a basis for TxM at x € M. The family I := {I,},cTp, is called the mean
Cartan torsion. By Diecke’s theorem, a positive-definite Finsler metric F is Riemannian if
and only if I, = 0.
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For a Finsler manifold (M, F), its induced spray on TM is denoted by G = G(x,y)
which, in a standard coordinate (x',y") for TMy, is given by G = y'd/dx’ — 2G'(x,y)d/dy’,

where

Gl %gil[

c o
axkay! S )

where G’ represents the geodesic coefficients of F in the same local coordinate system.

The Busemann-Hausdorff volume form dV := op(x)dx! - - - dx" on an n-dimensional
Finsler manifold (M, F) can be written as follows:

o (1) Vol(B" (1))
FlX) = .
Vol{(yi) eR" | F(yi%h) < 1}

The S-curvature of F is given by

oG 9
S(x,y) = ay -y @[IHUF] (7)
The distorsion of F is given by
oy, Vet (8ij(x,))
T(x,y) — HT.

By definition, the distortion T is homogeneous of a degree of one with respect to y.
For a vector y € TyM)y, the Berwald curvature B, : TxM x TyM x TyM — TyM is
defined by By (u,v,w) := Bijkl (y)wokw'd/dx!|,, where

Bi o PG
TR yiaykoyt

F is called a Berwald metric if B = 0. Every Berwald metric satisfies S = 0 (see [10]).

For y € TxM, define the Landsberg curvature L, : TyM x TyM x TxyM — R by

1
L, (u,0,w) := —Egy(By(u, v,W),Y).
A Finsler metric F is called a Landsberg metric if L = 0.

The E-curvature of F is defined by

n Py

E,(1,0) = % Y ¢ (1)gy (By (1,0,3:),9;), (8)
i=1

where {9} is a basis for T,M at x € M. In the local coordinates, E,(u,v) := E;j(y)u'v/,
where

1

Using a horizontal derivation of the mean of the Berwald curvature E along Finslerian
geodesics give us the H-curvature H = H(x,y), which is defined by H, = H;;dx' ® dx/,
where

Hij = Eij|mym'

The notation “|” denotes the horizontal derivation with respect to the Berwald connection.

1/|r/
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The Douglas curvature is defined by

;¥ 2P
T yiavkayl  n+ 1 ayiaykay!

oG™
ay™ Y

If D = 0O, then F is a Douglas metric.

For a non-zero vector y € TyM)y, the Riemann curvature isa family of linear transfor-
mations Ry : TeM — TyM, which is defined by Ry (1) := Ri(y)ufd/0x!, where

, oG'  *Gl - 92G' aG'aG/
Ri(y) =2— — —— 426/ — - ==
k) axk axfayky * ayloyk oy ayk

(10)
The family R := {Ry }ycTp, is called the Riemann curvature.
The flag curvature is denoted by K = K(y, P) with the flag P := span{y,u} and
given by
gy (1, Ry (1))
8y (v, y)gy(u,u) — gy(y, u)?
F is of the scalar flag curvature K = K(x, y) if its Riemannian curvature satisfies the
following

K(x,y,P) =

(11)

i _ per2yi
R; = KF*h;.

Also, F is of isotropic and constant flag curvature if K = K(x) and K = constant,
respectively.

Theorem 4 ([11] Akbar-Zadeh Theorem). Let F be a Finsler metric of the scalar flag curvature
K = K(x,y) on a manifold M. Then, F has the isotropic flag curvature K = K(x) if and only if
H=0.

In [12], Najafi, Shen, and Tayebi generalized the Akbar-Zadeh Theorem and proved the
following.

Theorem 5 ([12] Najafi-Shen-Tayebi Theorem). Let F be a Finsler metric of a scalar flag
curvature on an n-dimensional manifold M. Let 0 be an arbitrary one-form on M. Then

_ (n®—1)6
H= T (12)
if and only if F is of a weakly isotropic flag curvature
k=210 (13)

where 0 = o(x) is a scalar function on M.

Throughout this paper, we use the Berwald connection on Finsler manifolds. Let {e;}
denote the local frame for 77" TM. Suppose that {w!,w"*"} denotes the corresponding local
co-frame for T % (TM)). Let the set {w}} denote the local Berwald connection forms with

respect to {¢;}. In this case, the connection forms of the Berwald connection satisfy the
following structure equations:

e  Torsion freeness

dw' = Wl A cuij; (14)
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¢ Almost metric compatibility
dgij — g’ — g’ = —2Law® + 2C; W™, (15)

where
i g ntk . gk ik
whi=dx, O i=dyt YWl

Then, the following holds
ijik = —2Lijk,  Qijk = 2Cijk-

3. Proof of Theorem 2

For any Minkowskian plane (V, F) and any vector v € V with F(v) # 0, there is a
non-zero vector w € V such that it is orthogonal to v with respect to the fundamental tensor
raised by the Minkowski functional F. The special and useful Berwald frame was founded
and developed by L. Berwald to study Finsler surfaces [6]. It works under the assumption
that the fundamental tensor is positive definite. Let (M, F) be a two-dimensional Finsler
manifold. It is easy to see that for every y € TyM, x € M, there is a vector y* € T:M
such that

gy(y,y') =0, gy(y"y")=F(y).

The pair {y, y*} is called the Berwald frame at y.
Based on the Berwald frame, the Cartan torsion can be determined by a scalar function
on the slit tangent bundle. Let us define
Z(y) == Sbyyoy)
F(y)

One can see that Z(Ay) = Z(y) holds for YA > 0 and Vy € Ty M. We call Z the main
scalar of the Finsler metric F.

In most of the literature regarding Finsler geometry, the special notion (¢,m) was
used instead of {y, y}. By considering this notion, for a scalar T = T(x,y), we define the
horizontal scalar derivatives (T};, T|;) and vertical scalar derivatives (T, T) as follows

T\i = T|1£i —+ T|2ml-, FT’I = T,lei + Trzml', (16)
where aT aT aT
Tj:=55—Gi==, FT;i:=F—
ox! Loy ’ ay

denote the horizontal and vertical derivations with respect to the Berwald connection of F.
To prove Theorem 2, we need to the explicit construction of the flag curvature of a
two-dimensional Finsler manifold. Then, we prove the following.

Lemma 1. The flag curvature of every two-dimensional Finsler manifold (M, F) satisfies the
following
Kyi + TTyi =0, (17)

where 5 , )
U= _fIH’ T(x,y) = Z (4K + 2_ f“l/l|k]/k)

Proof. The curvature form of the Berwald connection is given by

1. .
fR’]-klwk Aot — Bljklwk AWt (18)

O S S
O = do’, cu]/\wk 5

J ]
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Differentiating (15) implies that
$pi Y + gip ]” = — 2Lk A @ = 2Ly sk A @™ = 2C kA WS — 2C;;0°
—2C;js " T A WS (19)
Putting (18) into (19) gives us the following
8piBly + gipBF;'kl = 2Cyjix + 2Lijx- (20)
By (20), we have
ngBr;jl +8jpB i = 2Cjui + 2Lijk 1, (21)
gpiB’}kl + 8kpB€-ﬂ = 2Ciy)j + 2Lijk,1- (22)
From (20)+(21)-(22), we obtain
B’;kz =g {Cijl|k + Citt}j — Cinaji + Lij } (23)
On the other hand, the Cartan torsion of a Finsler manifold (M, F) has no components
in the direction ¢, i.e., Cl-jkyZ = 0. Then, it can be written in the Berwald frame (¢, m)
as follows
FCijk = Imimjmk. (24)

Using a horizontal derivation of (24) implies that
FCijjs = (Zpls + Lipms) mym;my. (25)
Contracting (25) with y° yields
FLij = I‘lmimjmk. (26)
By putting (25) and (26) in (23), we obtain
FB = { =220 + (Tpo + Tp)m' pgmgom. 27)

Let us put
Iz = I‘LZ +I|2 (28)

Thus, the Berwald curvature of Finsler surfaces is given by

‘ 1 . .
Bljkl = 7 (Izml — ZI|1€l)mjmkml. (29)
By (24) and (29), we have
. 27 T . . .
Bl = — b iy’ + 52 {hyehi + uah + hujhi }, (30)

where h = hijdxidxf denotes the angular metric and is defined by the following
hij = gij — F2yy;.
Then, for a Finsler surface, the Berwald curvature can be written as follows

. 1 ) ) ) .
By = —nCiay’ -+ A{ i -+ gk + hujhi }, (31)
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where
2 1
Taking a trace of (31) yields
3.
Ejj = SAF Thyj. (33)
Contracting (31) with y; implies that
1
For the Finsler metrics of the scalar flag curvature, the following holds
Lot = — P2 LK iy + K jhye + Kol + 3KC, 35
ijkmy" = 3 { i + K jhi + Kghij + z/k} (35)
and
m 1 2
Jemy" = —3F {(n F 1)K+ 31<Ik}. (36)
Taking a trace of (34) implies that
1
Ji = = 5HFl. (37
Taking a horizontal derivation of (37) along Finslerian geodesics yields
m 1 1 2
ey = =5 F (holk + k) = = F (200 — #2F ) k. (38)

By (36), (38), and Iy = T, we obtain (17). O

Now, we are ready to present the key lemma that enables us to prove Theorem 2. More

precisely, we prove the following.

Lemma 2. Let (M, F) be a positively curved Finsler surface. Suppose that F has an isotropic main

scalar. Then F has an isotropic Gaussian curvature if and only if it is Riemannian.

Proof. Let Z = Z(x). Then, by (28) and (32), we obtain

1 1

(39)

Equation (39) shows that if Z = Z(x), then A = A(x). Then, (33) and (39) imply that F

has an isotropic mean Berwald curvature

3
where p := 1/3Z,. Taking a horizontal derivation of (40) along Finslerian geodesics
gives us
3
Hij = oppn (X)y" hij. (41)

Every Finsler surface has a scalar flag curvature K = K(x, y). According to Theorem 5,

we find that F is of a weakly isotropic flag curvature

m
K— 739"’”;’% +0,

(42)
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where ¢ = (x) is a scalar function on M. On the other hand, by (17), we have
Kyi(%%ﬂ@f—K—%fWDQL (43)
Putting (42) in (43) gives us
Ky = (gm0 = 2o =0 = 17207y @

If F is Riemannian, then 7; = I; = 0, and (44) implies that Kyz- = 0. It follows that
K = K(x).

Conversely, suppose that K = K(x). We prove that F is Riemannian. First, we show
that K = ¢. On the contrary, suppose that K # ¢. Then, by (42), we obtain

— 3 m
F= P (x)y (45)

which contradicts the positive-definiteness of the Finsler metric F. Then, p,n (x)y™ = 0,
and we obtain
K=c. (46)

Therefore, (44) reduces to the following
1 k 1, o
(ﬁ‘uxk(x)y —O— g (x))Tyl =0. (47)

We claim that F is a Riemannian metric. On the contrary, suppose that F is not Rie-
mannian. According to (47), we have two main cases as follows:

Case (i): p%(x) # —4o. Since F is not Riemannian, there is an open subset I such that
T,i(x,y) # 0 for any x € U. Then, (47) implies that

ot (O = 2(0(x) + () F =0, 8)
which is equal to
2 m
F= —mﬂxm(x)}/ : (49)

Equation (49) contradicts the positive-definiteness of F. Then, this case does not hold.

Case (ii): Suppose that p?(x) = —40. By assuming that K > 0 and by (46), we have
o > 0. This is a contradiction. Thus, this case does not hold either. [

Proof of Theorem 2. By Theorem 4, a Finsler metric of the scalar flag curvature K =
K(x,y) has an isotropic flag curvature K = K(x) if and only if H = 0. By assumption, we
obtain K = K(x). By Lemma 2, F reduces to a Riemannian metric. If F is Riemannian, then
by (24), we obtain Z = 0. This completes the proof. O

Proof of Theorem 3. Let F be a two-dimensional Finsler metric with an isotropic main
scalar Z = Z(x). We prove Theorem 3, part by part, as follows.

Proof of Part (i): By (32), we have

2 1 1
In this case, (33) and (34) imply that F has an isotropic mean Berwald curvature and a
relatively isotropic Landsberg curvature.
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Proof of Part (ii): By part (i), F has an isotropic mean Berwald curvature. In [13], it is
proved that every Douglas metric with an isotropic mean Berwald curvature is an isotropic
Berwald metric. On the other hand, every isotropic Berwald metric is a Douglas metric.
In [10], it is shown that every isotropic Berwald metric has an isotropic S-curvature. This
completes the proof. [

Proof of Corollary 1. By part (ii) of Theorem 3, F has an isotropic S-curvature, S = 3cF,
where ¢ = ¢(x) is a scalar function on M. In [14], it is proved that every homogeneous
Finsler metric with an isotropic S-curvature satisfies S = 0, i.e.,, c = 0. In this case, F
reduces to a Berwald metric. By Szabd’s Theorem in [15], F is Riemannian or locally
Minkowskian. [

Proof of Corollary 2. Let F be a two-dimensional Finsler metric with a constant main scalar
I = constant. In this case, (50) implies that A = y = 0, and then, F satisfies E = 0 and
L = 0. Then, F reduces to a Berwald metric and Szab6’s Theorem completes the proof. [

Author Contributions: Writing—original draft, A.T. and W.S.K. All authors have read and agreed to
the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: Data Sharing not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Bao, D.; Chern, S.S.; Shen, Z. Rigidity issues on Finsler surfaces. Rev. Roum. Math. Pures Appl. 1997, 42, 707-735.

2. Sabau, S.V.,; Shimada, H. Riemann-Finsler surfaces. Adv. Stud. Pure Math. 2007, 48, 125-162.

3.  Shen, Z. Two-dimensional Finsler metrics with constant flag curvature. Manuscripta Math. 2002, 109, 349-366. [CrossRef]

4.  Tayebi, A ; Najafi, B. On homogeneous Landsberg surfaces. J. Georm. Phys. 2021, 168, 104314. [CrossRef]

5. Tayebi, A.; Najafi, B. A rigidity result on Finsler surfaces. Balk. ]. Geom. Appl. 2018, 23, 34-40.

6. Berwald, L. On Finsler and Cartan geometries III, Two-dimensional Finsler spaces with rectilinear extremals. Ann. Math. 1941, 42,
84-112. [CrossRef]

7. Matsumoto, M. The main scalar of two-dimensional Finsler spaces with special metric. ]. Math. Kyoto Univ. 1992, 32, 889-898.
[CrossRef]

8.  Yang, G.; Cheng, X. Conformal invariances of two-dimensional Finsler spaces with isotropic main scalar. Publ. Math. Debrecen.
2012, 5191, 327-340. [CrossRef]

9. Bao, D.; Chern, S.S.; Shen, Z. An Introduction to Riemann-Finsler Geometry; Springer: Berlin/Heidelberg, Germany, 2000.

10. Tayebi, A.; Rafie-Rad, M. S-curvature of isotropic Berwald metrics. Sci. China Series A Math. 2008, 51, 2198-2204. [CrossRef]

11. Akbar-Zadeh, H. Sur les espaces de Finsler 4 courbures sectionnelles constantes. Bull. Acad. Roy. Bel. 1988, 74, 281-322. [CrossRef]

12.  Najafi, B.; Shen, Z.; Tayebi, A. Finsler metrics of scalar flag curvature with special non-Riemannian curvature properties. Geon.
Dedicata 2008, 131, 87-97. [CrossRef]

13.  Chen, X;; Shen, Z. On Douglas metrics. Publ. Math. Debrecen. 2005, 66, 503-512. [CrossRef]

14. Xu, M.; Deng, S. Killing frames and S-curvature of homogeneous Finsler spaces. Glasgow Math. ]. 2015, 57, 457-464. [CrossRef]

15. Szabé, Z.1. Positive definite Berwald spaces. Structure theorems on Berwald spaces. Tensor (N.S.) 1981, 35, 25-39. 2001.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://doi.org/10.1007/s00229-002-0311-y
http://dx.doi.org/10.1016/j.geomphys.2021.104314
http://dx.doi.org/10.2307/1968989
http://dx.doi.org/10.1215/kjm/1250519412
http://dx.doi.org/10.5486/PMD.2012.5191
http://dx.doi.org/10.1007/s11425-008-0095-y
http://dx.doi.org/10.3406/barb.1988.57782
http://dx.doi.org/10.1007/s10711-007-9218-9
http://dx.doi.org/10.5486/PMD.2005.3192
http://dx.doi.org/10.1017/S001708951400041X

	Introduction
	Preliminaries
	Proof of Theorem 2
	References

