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Abstract: We propose the “Marshall-Olkin Bivariate Weibull Model with Modified Singularity
MOBW-u”, which focuses on bivariate distributions essential for reliability and survival analyses.
Distributions such as the Marshall-Olkin bivariate exponential (MOBE) and the Marshall-Olkin
bivariate Weibull (MOBW) are discussed. The MOBW-u model is introduced, which incorporates a
lag parameter y in the singular part, and probabilistic properties such as the joint survival function,
marginal density functions, and the bivariate hazard rate function are explored. In addition, aspects
such as the correlation structure and survival copulation are addressed and we show that the
correlation of the MOBW-y is always lower than that of its copula, regardless of the parameters. The
latter result implies that the MOBW-yu does not have the Lancaster’s phenomenon that explains that
any nonlinear transformation of variables decreases the correlation in absolute value. The article
concludes by presenting a robust theoretical framework applicable to various disciplines.

Keywords: Marshall-Olkin bivariate Weibull; singularity; copula; survival bivariate; Lancaster’s
phenomenon; correlation structure

MSC: 60A05; 60B11

1. Introduction

Bivariate and multivariate distributions with marginals set at (0, c0) play a crucial
role in the modeling used in reliability and survival analyses. Although it is commonly
assumed that the useful life of two random variables or a system with two components is
independent, in many practical situations it is essential to consider some form of depen-
dency between these components. Consequently, the bivariate distributions related to life
expectancy emerge as essential components in the joint study of this phenomenon.

Several useful bivariate distributions have been proposed; see, for example, Refs. [1-3].
In this article we focus our attention on an important family of bivariate distributions
introduced by [4] and called the Marshall-Olkin bivariate exponential (MOBE) distribution.
This family arises from a context of reliability.

To understand the essence of the MOBE distribution, let us consider a system com-
posed of two components that face three different types of impacts. These impacts, when
occurring, result in the immediate destruction of the affected component. The first two
types of impact exclusively affect the first and second components, separately. In contrast,
the third type of impact involves the simultaneous destruction of both components. It is for
this reason that the first two impacts are called “individual”, while the third is character-
ized as “common”. These impacts follow exponential waiting time distributions and occur
independently. Representing the lifetimes of the two components as X; and X5, the MOBE
model arises from the stochastic representation.
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(X1,X2) = (min(Ty, T3), min(T3, T3)), (1)

where T; are independent and exponentially distributed with parameters A;, i = 1,2, 3. The
only bivariate distribution with exponential marginals generated by (1) is

SX11X2<X1,JC2) = exp{—Alxl — )\23(2 — Agmax(xl,xz)}, (2)

which is called the MOBE distribution.

Due to the “common shock” identified by T3 in (2), we have to P(X; = Xp) =
% > 0, if A3 > 0, the distribution (2) has a singular component along the line
L : {x; = x2}. Therefore, the MOBE is not absolutely continuous and lacks a probability
density with respect to the two-dimensional Lebesgue measure.

The stochastic representation (1) and MOBE (2) have many applications in various
fields, standing out in disciplines such as engineering, survival analysis, reliability, quality
control, finance, insurance, and industry [5-9]. For example, Ref. [8] presents a review of
different applications and recent developments in MOBE. In reliability theory, the Marshall-
Olkin distribution has been applied in the context of dependent competing risks models,
where the failure of a system can be attributed to multiple causes or failure modes. These
models have been extended to accommodate different censoring schemes, such as type-I
progressive interval censoring, dependent left censoring, and type-II censoring.

In survival analysis, ref. [9] discusses the application of semiparametric Marshall-
Olkin models to the occurrence of metastases at multiple sites after breast cancer. The
authors propose four models to compare the risk of developing a metastasis at different
sites. The versatility and effectiveness of these tools make them fundamental resources for
addressing a variety of problems and challenges in these areas, providing robust theoretical
frameworks and models that can be adapted to different contexts and scenarios.

Numerous generalizations of bivariate Marshall-Olkin-type distributions have been
proposed in the literature, as evidenced in previous studies [10-14]. Typically, authors
assume several distributions for T;, T, and T3 in (2), but always maintaining their in-
dependence. Recently, many articles have been devoted to bivariate distributions of the
Marshall-Olkin type: Ref. [15] proposed a bivariate Weibull distribution; Ref. [12] sug-
gested a bivariate Kumaraswamy-exponential distribution; Ref. [13] introduced a bivariate
Pareto distribution; and Ref. [14] introduced a new probabilistic model derived from the
Marshall-Olkin shock model and applied it to data representing the failure times of a
parallel system consisting of two identical motors in days.

In practice, we can find systems with two components that do not stop working
immediately after a common collision. In this sense, Ref. [16] proposes an alternative to the
model (2), called the modified Marshall-Olkin bivariate:

Sx,,x, (X1, %2) = exp{—A1x1 — Apxp — Azmax(xq, uxz)}, 3)

generated by the stochastic representation

(Xl,Xz) = (min(Tl,Tg),min<T2,Y;)>, (4)

where the random variables T; are independent and exponentially distributed with param-
eters A; > 0,i=1,2,3,and p > 0. That is, the failure times due to the common shock for
the two devices will not necessarily be the same.

One can recognize that there is a positive mass concentrated on the line L, : {x; = pxz}

and it can be verified that the contribution to the singularity is P(X; = uXs) = #ﬁ% > 0.
Clearly, X; and X, are independent if A3 = 0. The stochastic representation (4) has an
added value with respect to the relationship (1), since it takes into account the asymmetric

behavior of the two devices X; and X5.
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In practice, if in a bivariate data set in some cases two components take equal values,
the MOBE distribution can be used quite effectively to analyze such data sets. Since the
MOBE distribution has exponential marginals, if the bivariate data indicate a unimodal
marginal probability density function or a non-constant hazard function, then the MOBE
distribution may not be appropriate. Due to this restriction, Ref. [17] suggested a more
flexible bivariate Weibull distribution, where the marginals are Weibull distributions and
can be obtained along the same lines as the MOBE model.

The bivariate Weibull distribution proposed by [17] is

Sx.,x, (X1,%2) = exp{—)\lxll — Apx5? — A3max(xl13],x§2) }, B1>0, B2 > 0. )

If B1 = B2 = B, the distribution (5) is called Marshall-Olkin Weibull bivariate (MOBW),

if A3 > 0, this distribution has a singular component along the line L : {xl’g = xg } Several

papers have been published with theoretical developments on the properties of the MOBW
model, analysis of its correlation structure, and also inference on the model parameters,
see [15,18-21].

In the context of two-component systems, it is common to find situations where the
failure of one component due to a “common shock” can affect the operation of the other,
either directly or indirectly [22]. However, in some cases, this effect may not be immediate
and there may be a delay between the failure of one component and the failure of the other.
This delay may be caused by a variety of factors, such as the time required to detect and
respond to the failure, the duration of the repair or recovery processes, or the intrinsic
characteristics of the system.

These situations can occur in different contexts. Think of a twin-engine aircraft; if it
experiences a traumatic event, such as a collision, it is possible that both engines will be
affected differently [23]. For example, one of the engines could be irreparably damaged
while the other continues to function properly. In this situation, the aircraft can still be
kept in flight, but it is now completely dependent on the one operational engine, which
may eventually fail some time later. Also, in the case of certain eye diseases or injuries, a
person may experience vision loss in both eyes. However, this loss of vision may not occur
simultaneously. This situation is common in patients with diabetic retinopathy [24,25].

When the common shock does not cause the simultaneous failure of a system with
two failure modes as described above, it is necessary to include a parameter that captures
this difference between these failure times.

There is no statistical literature, theory, or applications related to the MOBW distribu-
tion with modified singularity such as that suggested by [16], in which, due to a common
collision, in a system with two components, one of the components fails and the other
component remains functional.

In this work, we propose an MOBW model incorporating a delay parameter y in
the singular part, which we call MOBW-y. For the proposed model we study different
probabilistic properties, we find the survival copula to model the dependence structure in
the bivariate case, and we study its correlation structure; we show that the MOBW-u does
not have Lancaster’s phenomenon.

The rest of the article is organized as follows. In Section 2, we introduce the new
bivariate distribution MOBW-y. In Section 3, we provide some probabilistic properties of
the proposed model. In Section 4, we furnish and discuss the bivariate hazard rate function
and hazard gradients. In Section 5, we find the survival copula that generates the proposed
bivariate distribution. In Section 6, finally, we present the conclusions.

2. Bivariate Marshall-Olkin Weibull Model with Modified Singularity (MOBW-u)

In this section, we present the survival function of the Bivariate Marshall-Olkin
Weibull Model with Modified Singularity; we show that this distribution has an absolutely
continuous component and a singular component. For this we start from the following;:
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If (X1,X;) has an MOBW distribution with modified singularity along the line
Ly : {x1 = pxp, u > 0} with parameters (Aq, A2, A3, B), which we will denote MOBW-
#(A1, Az, Az, B), then the joint survival function of (X;, Xp) can be written as

p

SXI/XZ(xl,)Q) = exp{f)\lxl — /\zxg — A3max(xf, (]JXz)/g) },

for x;1 > 0,x > 0, and 0 elsewhere.
The marginal survival functions have a Weibull distribution:

Swe (13,41 +A3) = exp{ — (A1 +A9)x} |,

Swe (xz; B, A2+ Aa#ﬁ> = eXP{— (?\2 + )\3]4/5) xg},

with marginal density functions

fwe (1B, A1+ As) = B(A1 + Mg

fwe (xz; B, Ax + A3y5) = ,5()\2 + A3yﬁ>x§7

1exp{—()\1 + )L3)xf},

Model (6) can be written as

Sx,,x, (%1, %2) =

Sl(xl, XZ), if X1 > Uxp

Sx,,%, (¥1,X2) =  Sa(x1,x2), if x1 < pxy

So(x), if x; = pxy = x.

exp /\1 + /\3 xl - )szz} if x1 > pxy
exp —Alxl (A2 +)\3y5)x§}, if x1 < pxp
)\1 + + /\3)9(?}

exp if x1 =pxy=x

exps — (A1 +/\3 xl exp{ Azxg} if x1 > pxp

o

ex —Alxl exp /\2+A3y5)x2ﬁ} if x1 < pxy

Al + 2 +A3)x/5}

ae]

ex

o)

Swe(x1; B, A1+ A3)SwE(x2; B, A2), if x1 > pxo
Swe(x1; B, /\1)SWE (x2; B, A2 + AgpP), if x1 < pxo
SWE(X ‘B )\1+ +/\3),

3. Properties of the Proposed Model

1exp{— (Az + A3yﬁ)x§}.

if X1 =puxy;=x

if x1 =pxy =x.

(6)

(7)

(10)

In this section, we describe some probabilistic properties of the proposed MOBW-p
model, such as the definition of the bivariate density function necessary for the study of

the bivariate hazard.

Theorem 1. Given the joint survival function of (X1, Xy) as in (6), then the joint density function

of (X3, Xp) is written as

fi(xi,x2), if x1 > pxp

fxux(x1,%2) = 4 fa(x1,x2), if x1 < pxp

fo(x), if x1=px2=1x,

(11)
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where

fi(x1,x2) = fwe(x1; B, A1+ A3) fwe (x2; B, A2)

fa(x1,%2) = fwe(x1; B, M) fwe (Xz;ﬁ, A2 +)\3Mﬁ)

AspP

fO(x) = Alﬂﬁ+/\2+/\3ﬂ

A
5 fwE <X;l3,7\1 + ]/Tz + /\3>-
The proof of Theorem 1 is given in Appendix A.

It is clearly seen that the joint density function of (X3, X») is expressed as the product of
Weibull-distributed marginals for the absolutely continuous part and a Weibull-distributed
marginal for the singular component. This joint density function can take different forms
depending on its parameters. In addition, when y = 1, the MOBW-y distribution reduces
to the MOBW distribution.

The graphs in Figures 1 and 2 are generated for two values of the delay parameter,
u = 0.5 and 1, and three values of the shape parameter, § = 0.5, 1, and 2. Figures 1 and 2
correspond to the graph of the bivariate density function and the contour lines for the
bivariate density function of the proposed MOBW-u model, respectively. We can see how
the parameter p controls the singularity and the parameter § the shape of the concentration
of the bivariate data. In Figure 2, the colors represent different levels of the density function
in two-dimensional space. The green-colored areas indicate lower values of density, and as
the colors become warmer (towards yellow), they indicate higher values of density. The
warmest areas are observed in the center of the graphs, indicating that this is the region
with the highest probability of occurrence of the values of the variables X; and X,.

When the parameter § is equal to 1, this corresponds to the graphs of the density
function and contour lines of the MOBE model presented in [16].

Lemma 1. If (Xq, Xp), it is distributed like the MOBW-u with modified singularity along the line
Ly : {x1 = pxp, u > 0} of (11).

1. P(Xi < 4Xo) = wﬁﬁifwﬂ
2 P(uXe < X1) =t
3. P(Xg=pXp)= m
4. P((min(Xy, uXp)) >t) = exp{— (Al + % + /\3) }

The proof of Lemma 1 is given in Appendix B.

One of the important results of Lemma 1 is associated with property 3. Where it is
easy to verify that the correlation between the random variables X; and X, is completely
determined by the singularity, thatis, p = P(X; = uX»).
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Figure 1. Bivariate density function for fx, x,(x1,x2) in (11), with Ay =1, A, =1, A3 = 1 and
different parameter values y and f.

H=05,R=05 H=05,R=2

04 08 12 16 04 08 12 16 04 08 12
Xy Xy Xy

Figure 2. Contour lines for the function fx, x,(x1,x2) in (11), with Ay = 1, A, = 1, A3 = 1 and
different parameter values y and B.
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Theorem 2. The conditional probability density functions of X;, given X; = xj, fx,| X; (xilxj),
i,j =1,2;i # j, have the following formulas:

fwe(x2; B, A2), if X1 > 1
A fwe (xz;ﬁ,)»z+)\3yﬁ) i
7 < x2
fX2|X1 (x2]x1) = A+ exp{—/\3x1ﬁ} if x1 <p

p )
Al)}f;%exp{—/\z(;ﬁ) }, if X1 <= puxpy = Xx.

Ay fwe(xpBMAA)
,if x1 > ux
/\2+/\3f'{‘5 L’Xp{f)\g,(‘u?@)ﬁ} f 1 ]/l 2
fxax (2lx1) = S fve (x1; 8, A1), if x1 < pxo
AaubP .
Azfiyﬁexp{—)\lxﬁ}, if X <= uxp = x.

Proof. The proof follows immediately by substituting the joint pdf of (X7, X») discussed
in (11) and the marginal probability density function of X; (i=1,2) givenin (9) and (10),
using the following formula:

fxix; (xi, %))

,1=1,2.
fX]-(xj)

fX,|X,- (xilx;) =

O

4. The Hazard Rate Function

In this section, we furnish and discuss the bivariate hazard rate function and hazard
gradients of the hazard rate function for the MOBW-p.

4.1. Hazard Rate Function

In the literature, the bivariate failure rate function is described in various methods.
One of these ways was defined by [26] as

fxy,%,(x1,%2)
hx,x, (%1, X%2) = =2
v (¥1,32) Sx,, %, (X1, %2)

Theorem 3. If (X1, Xp) ~ MOBW-u(A1, Ay, Az, B), then the joint hazard rate function has the

following form:
hy(x1,x2), if x1 > pxy
hx, x,(x1,%2) = ha(x1,x2), if x1 < pxy
ho(x), if x1 = pxy; = x
with

h(x1,%2) = B2(A1 + A3) Az (x122)P 7,

ha(x1,%2) = B*(A2 + A3pP) A1 (x1x2)P 1,
ho(x) = ﬁ)\3xﬂ71.

Proof. Using Equations (6) and (11), it is easy to prove the theorem. [

4.2. Hazard Gradients

The hazard rate function quantifies the failure rate in the univariate state, but in
multivariate cases, the failure rate depends on the altered variable. As such, risk gradients
for modeling bivariate and multivariate lifetime data are defined in [27,28].
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The bivariate hazard gradient for continuous random variables X; and Xj is given by

Yy, %, (%1, %2) = (77, (x¥1,%2), Y, (%1, %2))

d 9
= (—aXlIOgSXLXZ (xl, XQ), —ElogSXLXZ (xl, x2)> .
For (X7, X5) ~ MOBW-1i(A1, Ay, A3, B), the hazard gradients are given by

B(A1+ A3)1X1ﬁ_1, X1 > pxo
rx, (x1,%2) = M < (12)
ﬁ()\l + 272; +)\3)Xﬂ71, X] = Uxy =X

and

Alxg_l, x| > px
X, (X1, %2) = B(Aa+Aspb)xb ™", x1 < px (13)
ﬁ(/\l + ::—f; + )\3)36/5’1, X1 = UXp = X.

From (12) and (13) we can conclude that for fixed x5, yx, (x1, x2) assumes the same
shape as a Weibull distribution according to the value of 8. This hazard function can be
increasing, decreasing, or constant according to whether the parameter f is greater than,
less than, or equal to one. Similarly, the hazard function yx, (x1, x2) holds for a fixed x;.

5. Copula and Dependency Measures

The dependence between two random variables X; and X» is completely determined
by their joint distribution Fx, x,(x1, x2). The copula is a powerful tool to study the depen-
dence between variables. Any distribution function can be expressed in copula form, in
which dependence and marginals can be studied separately [29].

The most central theorem within the theory of copulas is Sklar’s theorem. This theorem
states that every multivariate distribution function can be expressed through its univariate
marginals and a copula that describes the dependence between the random variables [29].
Copulas are of interest primarily because they act as a link between random variables
and their joint distribution function, and this is what we will focus our attention on in
this section.

Definition 1. Let C : 1> — T be a copula. The complement of the union of all open sets in 12 that
have C-measure zero is called the support of C, and is denoted by supp(C). If supp(C) = 12, we say
that C has full support.

Again, let (Uj, Uy) be a random vector with standard uniform marginals and joint dis-
tribution function C. The support of C is the subset of I? in which (Uj, Uy) can take
values. Conversely, given a subset A C 12 which satisfies A Usupp(C) = @, then
P[(Uy,Up) € Al = 0.

Definition 2. Let C : 12 — 1 be a copula. Then, C can be split into an absolutely continuous
component Ac and a singular component Sc, where

Ac(u,v) = Ou OU %C(s, t)dsdt (14)
and Sc(u,v) = C(u,v) — Ac(u,v).
Note that C is singular if and only if the Lebesgue measure of its support is zero. Addi-

tionally, the C-measures of the absolutely continuous component and singular component
are given by Ac(1,1) and Sc¢(1,1), respectively.
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Lemma 2. If (X1, Xp) is distributed as the MOBW-u with a modified singularity along the line
Ly : {x1 = pxp} like in (6), the survival copula for (Xq, X3) is

ulflxlvl if u® 2 U“Z(V)

Calla2(”l)(u’ v) - {uvllxz(]’l), if y* S ’U“Z(l’l) (15)

with g
_ s _ A
= M+ A3 az(“l/l) o As +/\3]4/3'

The proof of Theorem 1 is given in Appendix C.

Remark 1. When u = 1 and B = 1, the copula in (15) belongs to the two-parameter Marshall—
Olkin family. The range of variability in the parameters in (15) is 0 < a1, ap(p) < 1. If we extend
the range of variability to 0 < aq,ax (1) < 1,50 Coy 0 = Il and Cyy = M, these are the copulas of
independence and the upper Fréchet—Hoeffding, respectively [30].

The copulas in this family have full support, but they are neither absolutely continu-
ous nor singular. We compute the absolutely continuous component by first finding the
partial derivatives:

02 c ) (= aq)u, if uv >yl
ouodv () (#/0) = (1—ag(p))o220, if y* < el

and then, evaluating the double integral in (14), we obtain

g +ap () —agan (1)
B “10‘2(P‘) {min(uallvm(y))} agap (i)
ay +ap(p) — aqan(p)

Aﬂll,ﬂtz(ﬂ) (u’ v) = C(X],ﬂ(g(}l) (u’ v)

and is supported on the line u*1 = v*2(1), The C
nent is given by

ay,02() — Measure of the singular compo-

w102 (1)
ay + () — araa ()
Returning to the initial configuration, the singular component corresponds to the case
in which, due to the common collision, component 1 fails and sometime later component 2
fails, which is when X, = uXj, (4 < 1). When p = 1, this corresponds to the standard case
in which, due to the common collision, the two components fail simultaneously.

Salraz(}'{) (1, 1) =

S(x1,x2) = C(S(x1),5(x2)) = Ac(S(x1),S(x2)) + Sc(S(x1),S(x2))-

Ll
The singular component, S¢, has its support on the line v = u®# . Remembering
o

what we defined in Equation (A2), we obtain that v = u*® evaluated at u = S(x1) and
v = S(x7) corresponds to

a A2+A3;lﬁ

S(x2) = [S(x1)] 27 = [$(xy)] (170,

by making easy developments we arrive at ux; = x1, and to conclude, we have

' ayao (@) AspP
P[T; < min(Ty, T»)] = - '
(T <min(Ty, T2)l = 22000 — w9 Az + (A1 + As)pf

which is coherent with what we would obtain from manually computing this probability
for the survival function of the proposed MOBW-1 model.
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Figure 3 shows a series of graphs representing bivariate data simulated with the
copula Cy, 4,(u)(#,0). The parameters y and p affect the shape and orientation of the
copula-simulated data as follows:

*  Parameter y: Controls the location or center of the data, this location is associated
with the uniqueness of the data. As the value of i decreases, the concentration of the
data shifts toward the lower left corner of the graph. This suggests that a higher u
places the concentration of the data towards the upper right, while a lower u shifts it
towards the lower left. This can be seen as a lag parameter in bivariate data.

e Parameter §: This parameter seems to influence the dispersion and correlation between
the variables u and v. When B is 0.5, the data are more spread out and the contour
lines show a less pronounced positive correlation. As 8 increases to 1 and then 2, the
data show a stronger positive correlation, evidenced by the steeper slope of the blue
contour lines becoming tighter around a curve passing from the lower left corner to
the upper right corner of the graph.

Figure 3. Bivariate data simulated with copula Cy, 4,(;,)(#,v) with A3 = 1,1, =1, A3 = 1, and
different parameter values y and B.

Measures of Association

In the context of Marshall-Olkin copula models, various measures of association are
used to quantify the relationship of random variables. For the copula associated with
the model we propose, we present the correlation coefficient and compare it with the
correlation coefficient of the random variables X; and X5.

»  Correlation of the Marshall-Olkin copula
For the Marshall-Olkin survival copula given in (15), the correlation coefficient is
Baqan (1) AspP

= = . 16
PC= 20 + 205 — arao(p)  FAqpP + 3Ao + AgpP (16

We note from (16) that the copula correlation is still affected by the scale and singularity
parameters of the original marginals. As a result of Lemma 1 we have that the correlation

- . . B
coefficient of the random variablesis p = P(X; = uXp) = m,
1 2 3

transformation of the copula MOBW-y increases the correlation; this behavior can be ob-
served in Figure 4. This implies that MOBW-1 does not have the Lancaster’s phenomenon.
This result is similar to that found by [31] in the study of the correlation structure of the
MOBE distribution.

showing that the
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Lancaster’s phenomenon holds significant relevance within the realm of neural net-
works, as expounded upon in [30]. This principle, which posits that any nonlinear transfor-
mation of variables leads to a reduction in correlation, has been extensively explored in
the academic literature concerning various bivariate distributions. Examples include distri-
butions with Poisson, negative binomial, and gamma marginals, as detailed in references
such as [1,31].

0.754

— 01

-—1

Correlation
o
n
o

pC
—

0.001

Figure 4. Correlation behavior (p) of MOBW-y and the correlation (p¢) of the survival copula
C >(u, v) for different values of y and B, with A} = A, =1, and A3 = 5.

g0 (p
6. Conclusions

In this work, the MOBW-u model was introduced, which incorporates a delay pa-
rameter in the singular part, which allows systems with two components that do not stop
working immediately after a common collision to be addressed. This approach extends
the versatility of the MOBE model by considering asymmetric behavior between devices
X1 and X;. Furthermore, the importance of this model in practice is highlighted, since it
can be adapted to situations where two components do not fail simultaneously after a com-
mon event, which makes it relevant for applications in various areas such as engineering,
survival analysis, quality control, and insurance.

Secondly, the contribution of the article is proposing the MOBW-u model as an exten-
sion of the MOBE model, providing a robust theoretical framework to address reliability
and survivability problems in bivariate systems. The introduction of a delay parameter y
in the singular part of the model allows the asymmetric dynamics between the components
to be better captured, resulting in a more flexible tool applicable to a variety of contexts.
The correlation structure investigated for the proposed model and its copula indicate that
the correlation of the MOBW-y is always lower than that of its copula, regardless of the
parameters, thus showing that MOBW-y does not have Lancaster’s phenomenon.

These conclusions underline the relevance and potential of the MOBW-u model to
improve the analysis and understanding of systems with two components in various
disciplines, offering a more realistic and adaptable approach to practical situations where
the dependency between components is crucial.
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Future Work
As potential future work, the following topics can be identified:

¢ Explore the problem of parameter identification.

e  Estimation and inference of the parameters of the proposed model with different
methods, following the approach of [32-34].

¢ Incorporation of a Bayesian approach for parameter estimation, following the ap-
proach of [35].

e Carry out a simulation study comparing the estimates of the proposed model with
modified singularity with the Marshall-Olkin models when the singularity is assumed
to be on the straight line X; = Xo.

*  Present applications of Marshall-Olkin models with modified singularity in depen-
dency problems in different areas.

* Incorporate covariates to study bivariate regression models in the context of the
MOBW-u models.
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MOBE Marshall-Olkin bivariate exponential
MOBW Marshall-Olkin Weibull bivariate
MOBW-u  Marshall-Olkin Weibull Bivariate Modified

Appendix A

Proof of Theorem 1. The expressions of fi(x1,x2) and f>(x1,x2) can be obtained simply

by taking +%—S (x1,x7) for x1 > pxp and x1 < uxp respectively, but naturally, fo(.)
y a g E)xlaxz X1,X2 1,42 1 AM 2 1 I’l 2 p yl Yr o\

cannot be obtained similarly. To find fy(.), let us use the fact that

f0°° f::z f1(x1, x2)dx1dxs + fooo f%f fa(x1, x0)dxpdxy + fooo fo(x)dx =1,

where
I :/ / f1(x1, x2)dx1dx;
0 Jpxy
= i fwe(x1; B, M + A3) fwe (x2; B, A2)dx1dxa
2

= /000 AleleeXP{_)\szﬁ}exp{_()\l + )\3)}lﬁxg}dx2
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L=Jy f%f fa(x1, x2)dxodxy

= fwe(x1; B, A1) fwe (xz; B, A2+ /\3;1/g)dx2dx1

:/Ooo <fWE(x1;ﬁ,/\1) x:OfWE(XZ;,B,/\z+/\3#ﬁ>dxz>dx1
—/ <[3/\1x1 lexp{— Ale}/ B(Aa+ A5 x5 Texp{ = (A0 + Aapef ) x }dx2>dx1
- mle-lexp{-Ale}exp{—(Azwﬂ) (j;)ﬂ}dxl_

Then,
/Ooofo(x)dx =1-L-Dh
.00 B—1 B
1 x (A ub AYEA S
1 /0 l@b(ﬂ) eXp{ (AW +A2—|—/\3y> P ;4+
/sAlxﬁlexp{— <A1 + 2; + /\3) xﬂ}] dx
:1/(;00[3<)\1+2ﬁ)xﬁ 1exp{ </\1+;\ll25+)\3>xﬁ}dx
—/ [ <)\1++A3>xﬁ 1exp{—<)t1+2§+)\3)xﬁ}—
Ao A
[S(Alﬁ-yﬁ)xﬁ lexp{ <)\1+V§+/\3)xﬂ}]dx
e A
= 16_1 — 72 ,B
/0 PAsx eXp{ (A1+yﬁ+/\3)x }dx

Thus,

fo(x) = ,B/\gxﬁ_lexp{ — ()\1 + ::; + /\3) xﬁ}
A3

Ay
(e )
A1+ +Af <ﬁ ub

_ /\311'3
MuP + Ay + Asp

As
5fWE <X B, A1+ e +/\3)

O

Note that the function fx, x,(x1, x2) may be considered to be a density function for
the MOBW-y distribution if it is understood that the first two terms are the densities with
respect to the two-dimensional Lebesgue measure and the third term is a density function
with respect to the one-dimensional Lebesgue measure; see for example [36]. It is clear that
the joint cumulative distribution function of X; and X, can be written as a mixture of an
absolute continuous part and a singular part, as follows.
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Appendix B

Proof of Lemma 1. In an experiment, the three results X1 < uXp, X1 > uXp,and X; = uX»
are mutually exclusive. Below is the proof of Lemma 1 for each item.
Foritem 1,

"X

P(Xy < uXp) = /0 /OWZ fwe(x1; B, M) fwe (xz; B, A2 + Aaﬂﬁ)dxldxz
= /OCX fwe (xz; B, A2+ /\3Vﬁ) UOWZ fwe(x1; B, M)dxl] dx;
= /le ﬁ(Az + /\3wg> xg_lexp{— (/\2 + /\3yﬂ> xg} (1 — exp{—/\lyﬁxgbdxz

B Ay + )\3]4/3 _ /\1]4/3
Ay + (/\1 +)\3)‘uﬁ )L1;4/5+/\2+/\3y/3'

For item 2,

o o1
P(uXp < Xp) = /0 /o} fwe(x1; B, M 4 A3) fwe (x2; B, A2)dxodxy

- 3
:/0 fwe(x1; B, M + As) /Oi fWE(xz;ﬁ,)\z)dle dxy
” p-1 p X
:/0 B(A1 + Az)x] exp{—()\1+)\3)x1}exp 1—exp _Azﬁ dxq
A+ A3 Ay

_A1+%+A3 P+ A+ Aspf

For item 3,
P(Xy = puXp) =1—P(X; < uXy) — P(uXy < X1)
4 )\1]1/5 . AZ
MuP+ A2+ AP AP + Ay + AgpP
B AspP
MuP + Ay + Azub’
For item 4,

t t
P(min(Xy, uXp) > t) = P(X] >t,Xo > ]/l) = 5x,,%, (t, ‘u>

£\ P £\P
=expld —MtP — A () — Azmax tﬁ,( )
P{ 1 2 i 3 < VV
A2
=expd —( A ++/\3)t}.
p{ <1 HP
]

Appendix C
Proof of Lemma 2. We know that

max(xf, (yxz)ﬁ> = xl’5 + (;wcz)/S - min(xf, (‘uxz)ﬁ). (A1)

Substituting (A1) into (6):
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Sx,,%,(x1,%2) = exp{—/\le — Azxzﬁ - /\ng — Ag(]/txz)ﬁ + )L31’1’1i1’1(9€'f, (yxz)’g) }

= exp{—(/\1 + )‘\3)x1/S - ()\2 + )\3;45)3(2/3 + Azmin (xf, (‘uxz)ﬁ> }

= Sx, (xl)sz(xz)exp{)\gm'm(xf, (yxz)ﬂ) }

Let u = Sx,(x1), the u = exp{—()\l +A3)xlﬁ} and we arrive at the following:

A A3;ll3

3 —
exp (/\39(5) =u ™M™ and for v = Sx, (x2) we have exp{/\g(yxz)ﬁ} = Ml

Therefore, the survival copula of (X3, X3) is given by

B
A3 _ A
-1 —1 . M 5
Ctxl,zxz(y)(u/ v) = Sx,,%, (le (”)’SXz (v)) =yovmin | u Mt v A2tAsw
= uvmm@*al,v*“ﬂ”)) = min(ul*"‘1 0, uvl’“Z(”))
_ ul="y, if ut > o
uol=2() | if yt < pr2(W)
with

A3 AspP

— 5. == A2
A+ Az 22(p) Ar + /\3}1/5 (A2)

L5
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