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Abstract: Accurate measurement of track irregularity and the corresponding spectrum is essential for
evaluating the performance of transportation systems. Chord measuring methods can achieve fine
accuracy but are limited by waveform distortion and a restricted range of recoverable wavelength.
To address this, this work explores the effectiveness of integrating inclination data in chord-based
measurement to obtain a higher precision and more reliable spectrum. Firstly, the theoretical prin-
ciples and mathematics of the proposed method are described. We demonstrate that by utilizing
inclinometer sensors, the measuring reference can be maintained throughout the measurement,
therefore obtaining an authentic waveform of track irregularity. Adaptive technics are employed to
examine and extract cumulative components in the measured signal, which also benefits the accuracy
of spectral estimation. Error analysis is then conducted by simulated sampling. Furthermore, a
case study of field measurement and numerical simulation via multi-body dynamics for a monorail
system is presented. The results verify the accuracy and robustness of the proposed method, showing
that it provides a broader range of recoverable wavelength, minimum parametric interference, and
advantages of signal authenticity. The simulation results prove the significant effects of track irregu-
larity on the dynamic response of the monorail system, hence revealing the value of the presented
methods and results.

Keywords: track irregularity; measurement; inclination; chord reference methods; trend extraction;
monorail transit systems

MSC: 60G35; 62-07; 62P30; 74H99

1. Introduction

Track irregularity refers to the surface irregularity in general supporting structures in
transportation systems including highway [1], railway [2,3], and monorail systems [4,5].
Current studies have shown that track irregularity is the main excitation of effects of the
vehicle–bridge interaction [6,7]. This is because the presence of track irregularity will
directly change the contact relationship between the vehicle and the track, which in turn af-
fects the position of the bogie and the car body, and ultimately affects the dynamic response
of the transportation system including the running safety and riding comfort. Hence, an
accurate measurement of track irregularity in the time or spatial domain is essential for
the evaluation of track irregularity and its potential effects on transportation systems. In
engineering applications, spectral estimation is employed to obtain the power spectral
density (PSD) versus wavelength curve (known as the spectrum) of track irregularity so that
its non-stationary features in the frequency domain can be characterized. Such approaches

Mathematics 2024, 12, 2197. https://doi.org/10.3390/math12142197 https://www.mdpi.com/journal/mathematics

https://doi.org/10.3390/math12142197
https://doi.org/10.3390/math12142197
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-4887-5581
https://doi.org/10.3390/math12142197
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12142197?type=check_update&version=3


Mathematics 2024, 12, 2197 2 of 21

allow us to propose a general spectrum fitted by various mathematical forms. For instance,
many regions including the U.S., Germany, and China have developed their own standard
spectra of track irregularity for railway systems based on detailed measurements. These
spectra generally contain multi-level curves to meet different conditions of the track line.
In addition, the spectral characteristics of different transportation systems typically differ
because of diverse structural configurations. Therefore, the choice of spectrum curve in
research generally depends on the problem to be solved and the true states of the track line.

In general, two main principles have been applied to measure track irregularity, i.e.,
the inertial reference method (IRM) and the chord measuring method (CMM, also known
as the chord reference method). IRM-based methods construct a relatively static reference
by making use of the fact that the vibration frequency of vehicular parts is much higher
than the natural frequency of the detecting system. Then, track irregularity is measured
by accelerometers, global navigation satellite systems, etc., as described in [8]. CMM-
based systems [9,10] take a completely different approach—they construct the reference by
connecting the measuring points fixed at both ends of the testing systems and then measure
the relative distance between the reference and track surface.

Significant works have been reported on the design or application of measuring
processes in railway systems based on IRM or CMM. Peng et al. [11] designed a compre-
hensive detection system for rail track geometry by fusing visual and inertial sensors. An
accelerometer and a Kalman filter were used to eliminate accumulated unrealistic drifts of
the accelerometer and gyroscope. Lee et al. [12] described a method of estimating irregular-
ities in railways using acceleration data measured from high-speed trains. Sun et al. [13]
developed an algorithm via IRM and multiple digital filters to derive longitudinal level
irregularity from the acceleration measured in the axle box of a high-speed train. Similarly,
the application of inertial sensors (e.g., accelerometers) mounted on an in-service train and
Kalman-based filter (e.g., the extended Kalman particle filter) can be found in the works
by Muñoz et al. [14] and Lathe et al. [15]. Relevant works have also been performed in
other rail transportation such as maglev systems [16]. It should be noted that inspections of
track geometry can be also divided into static and dynamic phases depending on whether
dynamic axle loads are used. Static inspection of track geometry reflects the long-term
accumulation of residual track deformation. IRM systems are generally integrated into
dynamic inspection to capture the track irregularity under loading conditions, while CMM
systems are applicable in both scenarios. In addition, IRM systems are more easily affected
by vibration factors such as the testing speed [17], and the realization of IRM systems is
more complicated and costlier compared with CMM systems.

However, there are certain limitations in the use of CMM, including the distortion of
measured waveform and restricted ranges of recoverable wavelength (i.e., frequency range
in the spectrum). This is because the measuring baseline of CMM varies with the change
in random measuring position and cannot reflect the actual track irregularity. Despite
their transfer functions being definable, the values of these functions inevitably fluctuate
across the entire frequency domain. Consequently, complementary functions for signal
reconstruction are naturally volatile within the frequency domain as well. Therefore, the
recoverable range is restricted to avoid the occurrence of high errors in reconstruction.
Restoration methods including multipoint chord reference systems [18,19] were developed
to address these issues and achieve fine results in numerical analysis.

It should be noted that the existing research on track irregularity predominantly
concentrates on railway systems, and there are very few studies and datasets available
regarding monorail systems. Monorail systems have been widely used in urban and tourist
transportation because of their superior security, strong line adaptability, and environ-
mental friendliness [20]. In monorail tour transit systems (MTTSs), a monorail vehicle
constantly encircles and runs along a steel single-track beam during vehicle operations (see
Figure 1). The use of a steel beam satisfies the requirements of efficient prefabrication and
installation. However, it also results in a more flexible structure with a relatively higher
live load, thereby causing problems in the control of track irregularities. A previous study
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presented the measured spectrum of track irregularity in various MTTS projects but still
lacks details for signal processing and corresponding error analysis [21]. It is also worth
noting that the existing research predominantly utilizes an irregularity spectrum derived
from a 34.8 m long track beam [22]. For instance, Gou et al. [23] adopted it and studied the
dynamic response of a long-span arch bridge under monorail and truck loadings by com-
bining numerical analysis and field tests. Kim et al. [24] used it and investigated the effect
of monorail trains on the seismic responses of a monorail bridge under ground motion.
Nevertheless, owing to the random and nonstationary features of track irregularity [25],
the sample size of Japanese data is far from sufficient. Generally, the calculation length of
track irregularity should be greater than five times its maximum wavelength (generally,
30–100 m). Additionally, although extensive data on track irregularity are available for
railway and highway systems, directly applying those spectra to a monorail system is not
suitable because of the significant differences in track configuration. Simply put, there is
limited information available on the track irregularity in monorail systems.

Mathematics 2024, 12, x FOR PEER REVIEW 3 of 21 
 

 

installation. However, it also results in a more flexible structure with a relatively higher 
live load, thereby causing problems in the control of track irregularities. A previous study 
presented the measured spectrum of track irregularity in various MTTS projects but still 
lacks details for signal processing and corresponding error analysis [21]. It is also worth 
noting that the existing research predominantly utilizes an irregularity spectrum derived 
from a 34.8 m long track beam [22]. For instance, Gou et al. [23] adopted it and studied the 
dynamic response of a long-span arch bridge under monorail and truck loadings by com-
bining numerical analysis and field tests. Kim et al. [24] used it and investigated the effect 
of monorail trains on the seismic responses of a monorail bridge under ground motion. 
Nevertheless, owing to the random and nonstationary features of track irregularity [25], 
the sample size of Japanese data is far from sufficient. Generally, the calculation length of 
track irregularity should be greater than five times its maximum wavelength (generally, 
30–100 m). Additionally, although extensive data on track irregularity are available for 
railway and highway systems, directly applying those spectra to a monorail system is not 
suitable because of the significant differences in track configuration. Simply put, there is 
limited information available on the track irregularity in monorail systems. 

 
Figure 1. Overview of an MTTS project located in Liupanshui, China, and the typical configuration 
of the bogie of a monorail vehicle: (a) traveling wheels; (b) steering wheels; (c) stabilizing wheels; 
(d) hydraulic shock absorber; (e) air suspension; and (f) car body. 

In this work, we further examine the effectiveness of using inclination data in chord 
methods to form a measured dataset. Moreover, simulations and field tests are presented 
to provide evidence of applicability. To promote the use of CMM-based methods in gen-
eral transportation systems, the presented case study was carried out in a practical MTTS 
project. The rest of this work is structured as follows. Section 2 gives a comprehensive 
description of methodologies for measuring and signal processing. Moreover, relation-
ships between CMM and the proposed method are revealed. Section 3 presents the data 
analysis and results of simulation sampling and a case study based on the field test and 
numerical simulation for an MTTS project. Finally, the conclusions are drawn in Section 4. 

2. Methodologies 
2.1. Measuring Method 

As previously discussed, implementing IRM-based systems is time-consuming and 
expensive, whereas CMM-based systems have their own set of limitations. To address 
this, we propose measuring the true waveform of track irregularities by incorporating an 
inclinometer into the conventional measuring process, referred to as the inclination cor-
rection method (ICM). It should be noted that the measured dataset for ICM can be ob-
tained either automatically (e.g., using laser displacement transducers, digital theodolites) 
or manually. For easy demonstration, this work presents a manual method for measuring 
the longitudinal track irregularity (LLI) of monorail systems, as shown in Figure 2. Here, 

Figure 1. Overview of an MTTS project located in Liupanshui, China, and the typical configuration
of the bogie of a monorail vehicle: (a) traveling wheels; (b) steering wheels; (c) stabilizing wheels;
(d) hydraulic shock absorber; (e) air suspension; and (f) car body.

In this work, we further examine the effectiveness of using inclination data in chord
methods to form a measured dataset. Moreover, simulations and field tests are presented
to provide evidence of applicability. To promote the use of CMM-based methods in general
transportation systems, the presented case study was carried out in a practical MTTS
project. The rest of this work is structured as follows. Section 2 gives a comprehensive
description of methodologies for measuring and signal processing. Moreover, relationships
between CMM and the proposed method are revealed. Section 3 presents the data analysis
and results of simulation sampling and a case study based on the field test and numerical
simulation for an MTTS project. Finally, the conclusions are drawn in Section 4.

2. Methodologies
2.1. Measuring Method

As previously discussed, implementing IRM-based systems is time-consuming and
expensive, whereas CMM-based systems have their own set of limitations. To address
this, we propose measuring the true waveform of track irregularities by incorporating
an inclinometer into the conventional measuring process, referred to as the inclination
correction method (ICM). It should be noted that the measured dataset for ICM can be ob-
tained either automatically (e.g., using laser displacement transducers, digital theodolites)
or manually. For easy demonstration, this work presents a manual method for measuring
the longitudinal track irregularity (LLI) of monorail systems, as shown in Figure 2. Here,
the LLI refers to the deviation between the actual and designed position of the top plate of
the track beam.
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Figure 2. (a) Definition of the LLI for the track beam in monorails. (b) Configuration of equipment
and measuring process of ICM. In each segment, the inclination of the level bar and the gap between
the bar and track surface are measured, respectively.

The basic equipment used by ICM is the level bar, high-precision inclinometer, and
feeler gauge. Field measurement is conducted in segments. To ensure continuity in the
measured data, the starting point of each segment is set to the terminal point of the previous
segment. Note that the feeler gauge measures the average value of the track irregularity on
the track cross-section, which is especially suitable for monorail beams since the rubber
tires of monorail vehicles have a certain thickness. The processes of ICM in each segment
are illustrated in Figure 3 and described as follows.
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Figure 3. Measuring principle of ICM: (a) definition of track irregularity Irri,j and (b) mathematical
relationship in the measurement of each segment.

(i) Take the i-th segment as an example. As Figure 3a shows, the green line indicates the
uneven surface of the track beam. Then, the track irregularity at point j is the distance
between the green curve and the real baseline (unknown), denoted by Irri,j.

(ii) The inclination of the level bar θi is obtained by the inclinometer, while the gaps
between the level bar and the track surface fi,j are measured by the feeler gauge, as
shown in Figure 3b. With the inclination θi and the known total length of the level
bar (Lj), the distance between the calculated baseline and the track baseline (Mi) is
constant and, hence, we have Equation (1):

Irri,j = Mi − fi,j − Lj × sin θi; Mi = Irri,1 + fi,1

⇒ Irri,j = Irri,1 − Ci,j

(1)

where i, j denotes the j-th point in the segment i and Ci,j is the measurable data,
given by Ci,j = f i,j + Lj × sin θi − fi,1. Based on sign rules, Irr i,j is positive when

the surface elevation is over the baseline; otherwise, it is negative (e.g., Irr i,4 in
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Figure 3). θi is positive when the calculated baseline is obtained by rotating the ruler
counterclockwise (e.g., θi in Figure 3); otherwise, it is negative.

(iii) Equation (1) relates the track irregularity of the first point to the others in each segment.
For the end point in the segment i, we have Irri,End = Irri,1 −Ci,End using Equation (1).
Since the true value of track irregularity at each point depends only on the track
condition, we have Irri+1,1 = Irri,End. Repeatedly, using Equation (1), the values in
segment i + 1 can be determined by Irri+1,j = Irri+1,1 − Ci+1,j. Then, the entire data
can be obtained by using Equation (2).

Irri,j = Irr1,1 − ∑i−1
m=1 Cm,End − Ci,j (2)

where End means the end point.

Thus far, we can obtain the values of track irregularity by determining Irr1,1—the value
of the global starting point. In fact, the value of Irr1,1 does not affect the relative magnitude
of any other points but the overall translation of the distribution curve. Two methods can
be used to determine this value. First, a leveling elevation survey can be conducted. Second,
studies have proven that track irregularity can be regarded as a stationary random signal
approximately in engineering applications. That is, the value of Irr1,1 can be assigned
based on the statistical characteristics of the overall measured data. For example, it can be
set to satisfy the condition that the mean value of the entire dataset is zero.

For track lines with a specific alignment (e.g., slope), the track baseline is no longer
straight but follows the variation in it, resulting in a long-term trend (Gi,j) in the measured
data. A detailed trend extraction method is present in Section 2.3, but it is recommended
to remove this term in advance simply using Ii,j − Gi,j if the original design blueprint
is available.

2.2. Relationship between ICM and CMMs

According to the parametric settings, such as the total number and intervals of mea-
suring points, CMMs can be divided into various categories such as the three-point equal
method, three-point offset method (TPOM), four-point offset method (FPOM), etc. Taking
the TPOM as an example, let us review its principle shown in Figure 4 first. As shown, the
reference of TPOM is established by connecting the measuring points at both ends of the
equipment; the chord value g(x) is measured with the use of CMM.
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Figure 4. Testing principle of TPOM. Note, the green line is the real elevation of track surface, Irr(x)
is the actual value of track irregularity, while g(x) is the measured value, and their relationship is
shown in Equations (3) and (4).

Then, since the chord length (l) is much greater than the value of track irregularity, we
use lA′B ≈ lAB to depict the relationship between the measured value g(x) and the track
irregularity Irr(x), as defined in Equation (3). Obviously, the reference of TPOM is variable
at different position of the track surface with the movement of the measuring instrument.
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lA′B = g(x)− b
l g(x − a)− a

l g(x + b) = m(x)

lAB = Irr(x)− b
l Irr(x − a)− a

l Irr(x + b)

⇒ m(x) = Irr(x)− b
l Irr(x − a)− a

l Irr(x + b)

(3)

where m(x) is the measured chord value using CMM and a, b, and l are parameters of CMM.
By transforming Equation (3) of the space domain into Equation (4) of the frequency

domain, we can discover this effect more clearly. That is, the value of m(x) is precise
when that of H(ω) equals 1, which can never be assured under the whole frequency range.
In fact, the magnitude of H(ω) varies from 0 to 2 with the change in frequency (i.e., the
wavelength from another perspective)—just like a wave filter. Consequently, the data
measured by TPOM are not the actual value of the track irregularity, nor are other CMMs
with different parameters.

m(ω) = Irr(ω)(1 − b
l

e−jωa − a
l

ejωb) = Irr(ω)H(ω) (4)

where H(ω) is the so-called transfer function, ω = 2π/λ refers to the spatial frequency,
and λ is the wavelength of the track irregularity.

Typically, we can adopt an accordingly designed filter whose magnitude response
is reciprocal to that of H(ω) to address this effect. Specific examples will be given in the
simulation and case study later. By comparing the principle of ICM with CMM, we can
easily discover their relationship. Specifically, ICM measures the track irregularity under a
steady reference in each segment, and the differences between different segments can be
modified by the measurement of inclination. As for CMM, it measures the amplitude of
midpoint(s) relative to the endpoints; therefore, the calculated result by using Equation (3)
is constant if the references are all straight. On these bases, data obtained by ICM can be
analyzed via the CMM process. For example, assuming that the parametric settings of the
TPOM are a = 300 mm, b = 700 mm, and g(x) = fi,j, with the sampling interval of 50 mm
in ICM, we have g(x − a) = fi,j−6 and g(x + b) = fi,j+14. In addition, when the group data
span two testing segments—in this case, when j ≥ 21—we adopt Equation (5) to ensure
the data are obtained under the same reference of ICM, as shown in Figure 5.{

Ii,End+j = Ii+1,j+1 − A
A = Ii+1,j+1 − Ii+1,1 + Ii,End + j∆(tanθi − tanθi+1)

(5)
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Figure 5. Extrapolation at the ending point of segment i using data from segments i and i + 1 Note,
the orange and green lines are the level bar and track surface, respectively.

2.3. Trend Extraction Method

Track irregularity is generally expressed by the function of its PSD to express its
characteristics and allow application in subsequent studies. Nevertheless, owing to manual
calibration, temperature drift of the sensors, or data transmission, the measured data of
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track irregularity usually contain global trend components [17]. Similarly, while using ICM,
the process of obtaining the cumulative sum of the correctional value (i.e., ∑i−1

m=1 Cm, End in
Equation (2)) may result in a low-frequency and high-amplitude trend, thereby bringing
high error in subsequent spectral analysis. Moreover, the composition and causes of the
trend components are too complex to identify immediately. Therefore, research on the
trend extraction of measured track irregularity is necessary. In addition, the application of
trend extraction will serve to eliminate the error caused by the alignment settings (i.e., Gi,j
mentioned in Section 2.2) of the track beam.

The process of trend extraction mainly includes two phases, i.e., decomposing the
original signal into several components and then determining the trend components among
them. In order to minimize the error caused by data analysis, the extraction process should
be as adaptive as possible. For example, the well-known empirical mode decomposition
(EMD) [26] can be adopted since it decomposes the signal totally based on its own charac-
teristics. It should be noted that according to the principle of EMD, intrinsic mode functions
(IMFs) of high frequency will be obtained first. Since the trend is a slowly varying and
long-term component, it is intuitive to construct it by summing the low-frequency modes
(i.e., the posterior IMFs) and the residue. Significant works have been reported on this
issue, and three of them [27–29] are illustrated in Figure 6. To examine the applicability
of different identification methods, let us first examine an artificial signal Y consisting of
two trigonometric functions (Y1,2) of distinct dominant frequencies plus a long-term trend
component (Y3). Then, we decompose the artificial signal by EMD, as shown in Figure 7.
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HMS refers to the Hilbert marginal spectrum of each IMF.

Figure 7b indicates that the decomposed residue is not exactly the long-term com-
ponents we predefined, nor is any IMF is consistent with the predefine trigonometric
functions. The main reason for this is the existence of mode mixing, which is one of the
principal deficiencies of EMD. Mode mixing is defined as a single IMF either comprising
signals of widely disparate scales or a signal of a similar scale residing in different IMFs [26].
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In Figure 7, mode mixing occurs in the first IMF, thereby affecting the following IMFs and
the residue. Since mode mixing directly affected the characteristics of all these components,
the identification process is influenced consequently.
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Figure 7. Decomposition result of an artificial signal using EMD. (a) Signal Y and its components:
Y = Y1 + Y2 + Y3, Y1 = sin 10πx, x ∈ [0, 2], Y2 = 0.5 sin50πx, x ∈ [0.8, 1.2], and Y3 = 0.01e2x,
x ∈ [0, 2]; the analog sampling frequency is 200 Hz. (b) IMFs 1 to 4 and the residue decomposed
by EMD.

To solve this, we recommend decomposing the signal by an improved EMD—complete
ensemble empirical mode decomposition with adaptive noise (CEEMDAN) [30]. CEEM-
DAN solves mode mixing by performing EMD over an ensemble of the signal plus selected
white Gaussian noise and populating the whole time–frequency space; moreover, the
residue at each mode is uniquely computed. The specific process can be found in [30]. For
comparison, the decomposition result of signal Y using CEEMDAN is shown in Figure 8. A
comparison of Figures 7 and 8 clearly shows that the components obtained by CEEMDAN
are more consistent with the predefined items. Specifically, IMF 1 and IMF 2 of CEEMDAN
agree well with Y2 and Y1, respectively, although a small fluctuation in amplitude can
be found. Next, we apply the above identification methods and use the residual sum
of squares (RSS, see Equation (6)) to quantify the proximity of the obtained trend to Y3.
Relevant results are shown in Figure 9.

RSS = ∑n
i=1(yi − ŷi)

2 (6)

where n is the sample size, yi are the observed values, and ŷi are the estimated values.
Clearly, the identification result is not the same. Specifically, for the components

obtained by EMD, the method in [27–29] demonstrates that the trend should be the sum of
IMF 4 and the residue, IMF 3 to the residue, and the residue alone, respectively. In addition,
the residue alone has the smallest value (1.36) of RSS, indicating the method in [29] is more
suitable in this case. As for the CEEMDAN-based methods, the method of the ‘cumulative
ratio’ indicates that the residue is the only trend item, while others choose the sum of IMF
3 to the residue. The RSS value of identification proves that the latter two methods provide
a better solution, especially when the trend amplitude is relatively higher. Nevertheless, no
matter what kind of combinations we select, the RSS values of the reconstructed trend using
CEEMDAN-based methods are lower than those of EMD-based methods. In summary, the
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calculation results of signal Y demonstrate the effectiveness and accuracy of the proposed
method. For future studies on signal processing (e.g., signal of track irregularity, vibration,
time-series datasets, etc.), we recommend decomposing by CEEMDAN to obtain better
IMFs and identify them adaptively by calculating the correlation coefficient of the Hilbert
marginal spectrum of adjacent IMFs.
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Figure 8. Decomposition results of Y using CEEMDAN. Although the same number of components
as EMD is decomposed, here, IMFs 1 and 2 are much more consistent with the predefined Y1 and Y2.
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Figure 9. Results of trend extraction. (left) Identification results by different discriminants in current
works; note, ‘E/C-27/28/29’ means the method in [27–29] was applied to components decomposed
by EMD (E) or CEEMDAN (C), and Th is the threshold value. (right) Comparison of the predefined
trend and reconstructed trend items; note, ‘C-3 to Res’ means the trend is the sum of IMF 3, IMF 4,
and the residue that was decomposed by CEEMDAN. C-Res and E-4 to Res, E-3 to Res, E-Res, and
C-3 to Res are determined by the method in [27], [28], [29], and [28,29], respectively.

3. Simulation and Case Study

In this section, computer simulations will be first introduced to verify the effectiveness
of proposed methods; then, a case study will be presented based on the measurement of
the LLI of an MTTS project.

3.1. Computer Simulation

Consider an artificial zone plotted in Figure 10 to represent the track beam. Assuming
the baseline is the zero axis, then the upper envelope of this zone, i.e., the orange line
Y(x), becomes the elevation of the top plate and, in the meantime, the LLI of the track
beam. The simulated sampling frequency and total signal length here are 100 Hz and 40 m,
respectively. The measured data are divided into 20 segments, each with a length of 2 m to
realize the corresponding processes of ICM.
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For the measurement of each segment, the position of the level bar is first determined
by the following steps, as illustrated in Figure 11a.
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Figure 11. (a) Processes of determining the correct position of the level bar (in the 10-th segment).
Afterward, its slope and distance to the track surface (area covered by red slashes) can be measured.
(b) Comparison between the distribution curve obtained by ICM and the original data.

Step 1: Discover the maximum point of the curve on each side (denotes max-point-
left/right, MP-L/R) and construct a straight line l1, then obtain the distance between the
formed line and the original curve by calculating {D}1 = l1 − Y(x).

Step 2: If the minimum value of {D}1 is zero, then l1 is the needed line; if not, find the
position of the minimum value, make it the updated point, and build the updated straight
line l2 and sequence {D}2. Repeat this step until {D}i = 0.

Step 3: Finally, obtain the correct position of the simulated level bar (denotes lcor),
where the whole measured value is assured to be non-negative.

Thus far, the sequence {D} measured under lcor is the measured value Irri,j of ICM in
Equations (1) and (2), while the slope of lcor is the measured inclination. With these data,
the distribution curves of LLI can be obtained by using ICM, as shown in Figure 11b.

Clearly, the simulated LLI with the actual inclination is entirely coincident with the
original data. The only difference between them is due to the discrete sampling process—just
as it happens in field tests. Furthermore, observation of Equations (1) and (2) shows that the
performance of ICM is mainly affected by the trend caused by the cumulative error of the mea-
sured inclination, which we discussed earlier. To examine the robustness of ICM under trend
items, we simulate three sequences of {θ} as follows: {θ}2 = {θ}1 + 0.05◦ ×Rand[−1, 1],
{θ}3 = {θ}1 + 0.15◦ × Rand[−1, 1], and {θ}4 = {θ}1 + 0.25◦ ×Rand[−1, 1]. Here, {θ}1 is
the true value, and Rand[−1, 1] means a random value between −1 and 1, as shown in
Figure 12a. It should be pointed out that the nominal precision of the inclinometer we use in
this work is 0.05. That is, the simulated values of 0.15◦ and 0.25◦ are three and five times the
nominal precision, respectively, which is far greater than the expected error while using ICM.
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With the same sequence of {D}, the simulated results of the LLI are obtained by the same
process of ICM, as shown in Figure 12b.
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and its spectrum.

The simulated results illustrate that under the nominal error, the distribution curve ob-
tained by ICM is consistent with the true value. When the error level grows unpredictably—in
this case, three and five times the nominal error—we cannot simply ignore their influence.
Nevertheless, the inclination error can only affect the global trend in LLI, not its inherent
variation in amplitude. In other words, only periodic, linear translation occurred in the
original data. Therefore, after eliminating the trend components via the proposed method,
the effect of inclination error can be adaptively offset to a significant extent. Afterward, the
overall characteristics of the distribution curves obtained by ICM in the space and frequency
domains are highly consistent, as shown in Figure 12c.

In addition, we also examine the principle shown in Figure 5 by comparing the CMM
results extrapolated from the measured data of ICM with those directly obtained using
TPOM in a computer simulation, as shown in Figure 13. The process of data extrapolation
is essentially translating the data from the next segment, which is also measured under a
straight reference lcor,2nd. As we discussed earlier, by using Equation (3) or Equation (4),
any difference between two good references can be offset, which means the data measured
by ICM can be analyzed using a CMM approach after data extrapolation. As we discussed
earlier, the value measured by CMM is not true, and a special inverse filter [31] whose
magnitude response is reciprocal to that of the transfer function within the recoverable
range—empirically, when H(ω) > 0.1—can be adopted to restore the signal. Here, we select
TPOM with parameters a = 200 mm and b = 800 mm. Its recoverable range is 208 to
5535 mm (i.e., 0.18 to 4.81 Hz). Three finite impulse response (FIR) filters with an order of
200, 400, and 800, respectively, are adopted to restore the data.

Figure 14a shows the magnitude response of filters and that of the H(ω) of the selected
TPOM, as well as the restored signal of LLI and the result obtained by ICM. It is demon-
strated that the magnitude of the designed FIR filter is reciprocal to that of the transfer
function of TPOM. After filtering, the distribution curves of LLI are well restored, as shown
in Figure 14b. Note that the signal length will decrease during filtering, which can be offset
by simply extending the raw data length.
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obtained by ICM and TPOM with various filters.

Compared with the results obtained by ICM, however, TPOM, or any other CMM, can
never obtain the actual waveform of track irregularity since some components outside the
recoverable range are ignored. In addition, although the increase in filter order improved
the magnitude response resolution of FIR filters, they still failed to enhance the performance
of data restoration in this case. Furthermore, let us examine the results obtained by
ICM and TPOM from a quantitative view via the root-mean-square (RMS) value of the
sequences defined as the simulated value minus the true value. In this case, the results of
{ICM_θ1,2,3,4} − Y(x) and {TPOM_200,400,800} − Y(x) are 3.58 × 10−4, 0.31, 0.59, 0.86, 1.25,
1.26, and 1.31 mm, respectively, indicating the performance of ICM is much better. Not to
mention the simulated error of ICM here has far exceeded expectations.

In summary, the simulation results above strongly verify the proposed methods.
A comparison of results indicates the advantages of ICM in measuring accuracy and
waveform authenticity of track irregularity since it is not limited by the wavelength range
or the specific selection of parameters or function types.

3.2. Measurement in an MTTS Project

As a case study, we measured the LLI of the track beam of an MTTS project. The
project is located in San-zhao-lun (SZL) city, China. The project adopts a steel box section
for the track beam. The testing path, as we introduced, is the running path of the monorail
vehicles; note that the slight difference in the width direction of the track beam is averaged
by using the feeler gauge. The length of the level bar is 2 m, and the total measured length
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is 220 m with a sampling interval of 5 mm. The original data obtained by the inclinometer
and feeler gauge are presented in Figure 15a. It can be observed that the range of data
measured by the gauge feeler varies with the testing mileage of the track beam. As for
the inclination obtained by the inclinometer, the measured values are all positive, mainly
because a certain longitudinal grade was designed in the track beam. The distribution
curve of the LLI of the track beam can be obtained, as shown in Figure 15b.
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In addition, considering the widely used CMM in railway systems, the measured
data are analyzed in a general CMM manner by using the discussed approach of data
extrapolation. To this end, the results of using TPOM and FPOM are explored. As shown in
Equation (4), the transfer function of CMM is entirely dependent on the parametric setting.
In addition, the change in parameters would make up distinctly different features of H(ω),
such as the distribution of zero points and, more importantly, recoverable ranges of wave-
length. The recoverable threshold of amplitude gains of H(ω) is 0.1—to avoid abnormal
restoration errors. After practical calculation, the parameters in Table 1 are selected. As
shown in Table 1, FPOM can recover components of relatively shorter wavelengths, while
TPOM provides a mildly higher value of the maximum recoverable range.

Table 1. Selected value of parameters adopted in different types of CMMs.

Method Transfer Function Parametric Value (mm) Recoverable Wavelength (mm)

TPOM 1 − b
l e−jωa − a

l ejωb
a = 200, b = 800, l = 1000 208–5535
a = 300, b = 700, l = 1000 102–6369
a = 400, b = 600, l = 1000 207–6821

FPOM m
m+n+k ejω(n+k) − m

m+n ejωn + mk
(m+n+k)(m+n) e−jωm

m =200, n =150, k = 650 51–4979
m = 300, n = 50, k = 650 51–6134
m = 400, n = 50, k = 550 51–6526

Note: l is the chord length; a and b are the measuring spacing of TPOM while m, n, and k belong to FPOM.

The restored distribution curves of LLI can be obtained after designing the correspond-
ing inverse filters (Figure 14a) and filtering the extrapolated data, as shown in Figure 16.
As shown, the distribution curves obtained by ICM and CMM are well consistent with
each other, especially those obtained by CMMs. There are some fluctuations between the
distribution curves obtained by ICM and those of CMM since the latter ignores certain
components out of the recoverable range. In addition, mild differences between various
types of CMMs can be observed, which means the selection of CMM types and parameters
will affect the distribution curves of LLI to a certain extent. Note, the filtering process may
have slightly affected the signal before that. The data analysis in ICM, however, does not
need to take these into account.
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Figure 16. Distribution curves of LLI obtained by various methods. T/F-200/300/400 means
TPOM/FPOM with a/m = 200/300/400, see Table 1. The phase delay of CMM curves was eliminated
in advance.

To better compare the performance of different methods, PSD curves are calculated to
demonstrate the characteristic of LLI in the frequency domain. In addition, the form of PSD
(or the spectrum) is beneficial to the subsequent application of track irregularity, including
vibration tests of monorails, vehicle (-structure) systems, and engineering management.
The classic method for spectral estimation called ‘Periodogram’ (see Equation (7)) is applied
to obtain the PSD of distribution curves, as shown in Figure 17. In addition, the spectrum of
the Japanese monorail [22], the most widely used spectrum for monorail systems thus far,
is also included. Before estimation, the distribution curves of CMM are averaged to offset
the differences caused by data filtering and parametric selection. The sampling frequency
is 20 Hz in this case. Therefore, wavelengths below 0.1 m are not considered. Nevertheless,
ICM can consider a broader frequency range theoretically once the sampling frequency is
increased. Furthermore, an improved fractional function (see Equation (8)) is used to fit the
estimated spectrum and obtain the results of A = 0.11, B = 0.28, and n = 3.83.

P̂( fm) =
1

N∆t

∣∣∣∑N−1
n=0 x[n]·e

−j2πmn
N

∣∣∣2 (7)

where P̂( fm=0,1,2,··· ,N−1), fm, N, ∆t, and x[n] are the estimated value, sampling frequency,
sample length, sampling period, and the input of a discrete time series, respectively.

S( f ) =
A f

( f n + Bn)
(8)

where A, B, and n are parameters to be fitted, S is the PSD, and f is the spatial frequency, Hz.
The results in Figure 17 demonstrate that whether it is within the recoverable range or

not, the overall characteristics of the PSD of LLI measured by ICM and CMM are consistent
with each other, although there is certain fluctuation in the PSD values, which verifies the
correctness of proposed methods. For CMM, the magnitude of the PSD is distorted because
of the unreal time/mileage curve. Significant differences in the magnitude can be found
between the PSD obtained by ICM and CMM in the medium- and long-wave area (about
5 to 200 m). Specifically, as Table 1 shows, the magnitude of the transfer function of CMM is
too small to be recovered from 5.535 m, 6.369 m, etc. In addition, the comparison between
the measured PSDs with the Japanese spectrum shows that more attention should be paid
to the low-frequency or long-wavelength range (lower than 12.5 m) of track irregularity.
For example, track irregularity is adopted in high-frequency vibration test of vehicle



Mathematics 2024, 12, 2197 15 of 21

components. Note that in the long-wave ranges, the measured PSD value in this work
is approximate to that of the original data of the Japanese monorail. After curve fitting
conducted in [22], however, the magnitude of its PSD value is relatively overestimated.
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3.3. Numerical Simulation Using Multi-Body Dynamics

To further demonstrate the significance of the obtained results, including the measured
data and related spectrum of track irregularity, a numerical simulation is presented in this
section. The simulation is conducted by using a joint model based on multi-body dynamics
(MBD) and the finite element method (FEM). MBD is utilized to simulate the monorail
vehicle via SIMPACK (2021x), while FEM is employed to simulate the track beam via
ANSYS software (19.2). Afterward, the established model of the track beam is transferred
into SIMPACK and serves as a flexible body. The coupling between the vehicle and track
beam is then realized using move markers. Extensive studies have proven the effectiveness
of using a joint MBD-FEM model for the simulation of vehicle–track interactions in various
transportation systems including monorails [32–34].

Regarding the modeling, a 15 m long steel track beam is modeled using a solid element;
minor details such as the upper stiffener are not considered as long as the overall stiffness
is consistent with the actual one. The general configuration of the track beam is shown in
Figure 18a; more details can be found in the Supplementary Files. A modal analysis is then
conducted, and the results of the first four deformed shapes are plotted in Figure 18b,c.

As for the modeling of the monorail train, all the major components of the train are
simulated as separate rigid objects and connected to the other objects through mechanical
joints or constraints that define their relative motion. The monorail train generally contains
many identical carriages and hence, each carriage can be modeled as a substructure and
assembled directly into the vehicle system. Likewise, each bogie is a substructure of the
carriage, and the wheels are the substructure of the bogie. The major configuration of the
vehicle bogie is shown in Figure 1, the assembled train model and the transferred model of
the track beam are shown in Figure 19, and details about the train model can be found in
the Supplementary Files.
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and their numbers on each bogie are 4, 4, and 2, respectively. (a) A monorail train running on the
track beam. (b) Topology of the carriage of the modeled train.

To verify the established model, a field dynamic test was conducted in an MTTS project.
In this test, the dynamic displacement of the track beam at the mid-span was obtained by
using a linear variable differential transformer (LVDT), as shown in Figure 20a. It should be
noted that the measured track irregularity was applied during the simulation (original TI
in Figure 20b). Time integration was then conducted in SIMPACK with the vehicle speed of
30 km/h, and the results obtained by the model and field test are illustrated in Figure 20c.
As shown, the overall simulation result is highly consistent with the test. The simulated
result is able to capture the skeleton of the time history curve of the vertical displacement
and reflect the impact of the carriage sequence, although the transferred model of the track
beam exhibits a slightly lower stiffness. The overall condition of the track condition is good
because the measurement was performed shortly after the project was completed. Hence,
the effect of track irregularity on the displacement of the track beam is not significant.
However, the applied track irregularity still induced significant effects on the vibration of
the monorail train under different running speeds. As shown in Figure 20d, the vehicle
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body experiences approximately twice the maximum vertical acceleration when accounting
for track irregularity.
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Figure 20. Verification of the model and the responses of MTTS train and track. The simulated TI
is generated based on the data measured in the YN project located in Yunnan, China. Note, TI_30
means the running speed is 30 km/h with the existence of track irregularity. (a) Set up of the field
test. (b) Track irregularity used in the model. (c) Comparison of displacement. (d) Comparison
of acceleration.

Moreover, to examine the sensitivity of the dynamic response to the track irregularity,
a track irregularity sequence measured in another project was chosen and used to generate
a simulated sequence with a similar amplitude level compared to the original sequence,
as shown in Figure 20b. Figure 21 illustrates the results of the dynamic responses under
various track conditions and running speeds. As shown, although having similar levels
of irregularity amplitude, the dynamic responses are much more significant under the
simulated track irregularity, which is believed to be due to the characteristics in the fre-
quency domain. A more detailed simulation process was conducted under the measured
signal in the YN project. The results indicated that the dynamic response does not strictly
follow the increase in the running speeds but achieves the maximum value at the speed
of 30 km/h rather than 50 km/h or 60 km/h. Under the same parameters of the structure
(e.g., wheelbase, length of the car body), the change in running speed directly affects the
induced frequency of the track beam. Observation of the PSD curves of the acceleration
response indicates that the main frequency induced by the train with a speed of 30 km/h
is 16.9 Hz, which is close to the natural frequency of the track beam and one of the main
frequencies of track irregularity data. Of course, more efforts should be made to provide a
more credible explanation for this phenomenon. Nevertheless, we can still conclude that
MTTS is sensitive to the frequency information of track irregularity and hence, it is of great
value to obtain a high-precision dataset, including the distribution curve and its spectrum
of track irregularity.
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In summary, the results of the case study are coincident with the field tests, simulation,
and theoretical analysis, and all indicate the potential value of the proposed methods.
The comparison of PSD curves shows the advantages of ICM in the available frequency
range and precision level, which are meaningful to its engineering applications because
different systems are sensitive to diverse wavelengths of excitation. In addition, the
proposed method is applicable for the design of automatic measuring systems since it
adopts a distinct principle, thereby proving higher efficiency in the measuring process. The
established MBD-FEM model demonstrates the great effects of track irregularity on the



Mathematics 2024, 12, 2197 19 of 21

dynamic responses of MTTS and reveals the importance of using an accurate signal of track
irregularity and its spectrum in the dynamic studies of MTTS.

4. Conclusions

In this work, to address the lagging research on the track irregularity of monorail
systems, we explore the effectiveness of using ICM to measure track irregularity con-
veniently and introduce an adaptive method for its trend extraction before subsequent
spectral analysis. The principle of ICM as well as its relationship to the conventionally
used CMM is revealed. All proposed methods are carefully examined and verified under
computer simulation. Afterwards, a case study including the field measurement of LLI and
a numerical simulation in an MTTS project is performed. The comparison of data obtained
in the simulation and case study are consistent, both indicating the accuracy, robustness,
and advantages of the proposed methods. The main conclusions are as follows:

1. The proposed ICM is derived from general chord-based methods and can maintain the
initial baseline by utilizing inclination data, thereby obtaining an authentic waveform
of track irregularity. Hence, it has advantages in waveform fidelity, recoverable range
of wavelength, and resistance to interference parametric selection. In addition, it has
the potential to be integrated into current chord-based systems conveniently.

2. All the measurement and signal processing methods were successfully validated by
computer simulations. Simulations of using ICM at predetermined errors demon-
strated its accuracy and robustness both qualitatively and quantitatively. The RMS
values of the ICM measurement differences were 3.58 × 10−4, 0.31, 0.59, and 0.856 mm
(under an actual, 1, 3, and 5 times the nominal error), respectively, compared with an
averaged value of 1.27 mm for CMM.

3. An adaptive method for trend extraction was summarized as follows: decomposing
signals by CEEMDAN and identifying trend components based on HMS. Calculation
proved that such a combination improves the performance of signal decomposition,
thereby enhancing the quality of trend identification and subsequent spectral estima-
tion, especially for those nonstationary signals with trend items of high amplitude.

4. The longitudinal level irregularity of an MTTS project was successfully measured and
a high-precision spectrum was obtained. Comparison of results further proves ICM in
obtaining the actual value and corresponding high-precision PSD of track irregularity.
Results show that more attention should be paid to LLI with a wavelength smaller
than 12.5 m when adopting the Japanese spectrum. A more recommended spectrum
is provided by S( f ) = 0.11 f /

(
f 3.83 + 0.283.83).

5. The results of the numerical simulation indicate that both the amplitude and the
frequency features are essential for the evaluation of the dynamic responses of MTTS.
Under the excitation of track irregularity, the fluctuation amplitude of the simulated
vertical displacement and the maximum acceleration response can even reach two to
three times the original amplitude.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/math12142197/s1, S1: Modelling details of the track beam; S2:
Modelling the monorail train.
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