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Abstract: A challenging part of studying geometric function theory is figuring out the sharp bound-
aries for coefficient-related problems that crop up in the Taylor-Maclaurin series of univalent func-
tions. Using Caputo-type fractional derivatives to define the families of Sakaguchi-type starlike
functions with respect to symmetric points, this article aims to investigate the first three initial coeffi-
cient estimates, the bounds for various problems such as Fekete-Szeg6 inequality, and the Zalcman
inequalities, by subordinating to the function of the three leaves domain. Fekete-Szeg6-type inequali-
ties and initial coefficients for functions of the form 7~ and % and % log (@) connected to the
three leaves functions are also discussed.
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1. Introduction, Definitions, and Preliminaries

Let U; = {¢ € C: |C] < 1} be an open unit disc of the complex plane C, and let A be
the space of all analytical functions in U;. An analytic function H is called univalent (a
conformal map) if it is injective. The class S consists of univalent functions H in Uy, and is
normalized by H’(0) — 1 = 0 = H(0). Thus, the power series representation of H € S is
given by

HE) =+ Y dil (LU 1)
t>2

Due to the Riemman Mapping theorem [1], we know that to study the univalent func-
tions in simply connected domains, it is enough to look at this functions at U;. Moreover,
they are unique if they satisfy #'(0) —1 = 0 = 7(0). Thus, we shall pay special attention
to the class S of univalent and analytic functions. Geometrically speaking, studying g
rather than H corresponds to first translating univalent functions theory the image do-
main by the vector #(0), dilating by the factor |H’(0)|, and rotating through the angle
arg(H(0)), which is reversible. Moreover, S is preserved under a number of elementary
transformations, as conjugation, rotation, disk automorphism, etc.

In Uy, let P represent the family of regular, positive-real part functions p(¢) that are
assumed as
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p(Q)=1+) i (L €Uy). )
t=1

We say that g7 is subordinated to g, for two functions g1,¢» € A, and that g1 < ¢
symbolically, if there exists an analytic function w with the properties |w({)| < |C| and
w(0) = 0 such that, for { € Uy, g1({) = g2(w({)). Additionally, in the event where g» € S,
the condition becomes

81 = 82 ¢ g1(0) = g2(0) and g1 (Ua) C 82(Ua).
Now, for brevity, we recall the following definitions of fractional derives.

Definition 1. Assume that, in a simply connected region of the {— plane including the origin, the
function H is analytic. For order T, the fractional integral of H is defined as

¢
D;TH() = F(l ) / @HS)let, >0, 3)
0

T

and the fractional derivatives of Y order T is

1 d
1-1)dl

[ M)
DEH(E) = g O/(Ct)Tdt, 0<t<l, @)

where the multiplicity of (T — t)' =" and (I — t)~7 is removed by requiring log({ — t) to be real
when { —t > 0.

Definition 2. The fractional derivative of H of order n + T is

d?‘l
= an

DITH(Q) DIN(C), 0<T<1;neN,. (5)

With the aid of the above definitions, and their known extensions involving fractional
derivative and fractional integrals, Srivastava and Owa [2] introduced the operator

e A—- A
defined by
OH({) =T(2— Q)CQDEH(C) =+ ) O(t0)dil!,
t=2

where
Ir(t+1)r((2-o)
I'(t+1-o0)
and ¢ € R; 90 # 2,3,4,---. For H € A, and various choices of 9, we obtain different
operators

@(t0) =

OH({) = H() =+ Y dil! 6)
t=2

OH(Q) = TH () =+ ) tel! )
=2

OH() =@ () =7+ i vdigt, j=1,2,3,... (8)
t=2
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which is known as the Salagean operator (see the article by Salagean, [3]). Also note that

g/ it = €+Z<t+1> il

and

OY() =0 O TTH({Q) =7+ Z(t—l—l) dilt, (j=1,23,..) ©9)

t>2

which is called the Libera integral operator; generalized by Bernardi [4], it is given by

1+v 1 1+v ¢ B
& /Ot H(t §+Z<t+1>dtg,v_1,z,3,...

which is commonly known as Bernardi integral operator. Throughout the article, we look
at Caputo’s definition (see the article by Caplinger and Causey, [5]) of the fractional-order
derivative, assumed as

DY (t L[ 10 d 10

()_F(t—zx)/(n—r)"‘“—t o (19)
a

where t —1 < R(«) <'t, t € N, and the parameter « is allowed to be real or even complex,

where « is the initial value of the function . In 2010, Salah and Darus, in [6], defined the

following operator:

L TQR+0-71) .9 (¢ OH(H)
C?H(@*Wg ﬂ/o Wdt (11)

where ¢ (real number) and (¢ —1 < 7 < ¢ < 2). With simple straightforward computations
for H € A, we obtain (see also [7])

_ 2
CIH(Q) = Z+Z 2t+—1919f)1)(2(t+191)9(£(7ti;) dilt, 7 ey (12)

= g_‘_ thdtgt/ g S Ud
=2
where
T2+8—1)I(2—8)(T(t+1))>
[t—0+1)r(t+0—1t+1)
Further, note that C§H () = H({) and C}H({) = TH (2).

Pommerenke [8] introduced the Hankel determinant Hy ;(H ), where the parameters
q,t€ N=1{1,2,3,---} for function H € S of the form (1) are as follows:

My = (13)

dn d}’l—‘rl ve e dﬂ+q—1
dnt1 dur2 . dnig

Hys(H) = | | " : : . (14)
dn+q—l dnJrq s dn+2q72

By fixing the values for g and n, the Hankel determinants for various orders can be
obtained. For instance, if g = 2if n = 1, then

[Ha ()| = |ds — 3,

where d; = 1.
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Note that Hy1(H) = d3 — d% is the classical Fekete-Szeg6 functional. Furthermore,
when g = 2 and n = 2, the second Hankel determinant is

|Hap(H)| = |dady — d3).

For various subclasses of class .4, several authors investigated the optimal value of the
upper bound for |Hp 1 (H)| and |Hp ()| (see [9-14] for details). Remember that the Hankel
determinant has a wide range of applications, such as linear filtering theory [15], discrete
inverse scattering, and discretization of specific integral equations from mathematical
physics. In the recent past, a number of researchers have investigated the subclasses
of starlike functions by defining as follows: If H &€ A holds the following criteria, it is
considered starlike:

¢H'(0) }
S*Y:{HEA: <Y(C) ¢, (15)
where Y({) = (1+)/(1 — ). Lately, by varying Y in (15), some subclasses of S whose
image domains have some interesting geometrical configurations have been extensively
studied for initial coefficient bounds, and we list a few Hankel inequalities from the
literature below:

1. Choetal. [16] fixed Y() = 1 + sin{ and Mendiratta et al. [17] considered Y({) = ¢,
and discussed the class S on certain geometric properties and radii problems.

2. Sharma et al. [18] developed Y({) = 1+ %g + %gz, a pedal shaped domain, and
a Wani and Swaminathan [19] fixed Y({) = 14+ — %g?n which maps U; onto the
interior of the 2-cusped kidney-shaped region, and examined applicability for certain
subclasses S in the general coefficient problem.

3. Raina and Soko¢l [20,21] developed Y({) = { + +/1 + {2, which maps U, to a crescent
shaped region, also assuming Y () = /1 + {, which is bounded by lemniscate of
Bernoulli in right half plan they found the initial Taylor coefficients for subclasses S,
and discussed various geometrical inequalities.

Various subclasses of starlike functions were introduced and discussed (see [22-25]) by
choosing a particular Y in (15), such as those related to Bell numbers, the shell-like curve
associated with Fibonacci numbers, conic domain functions, van der Pol Numbers (VPN) and,
rational functions. Gandhi [26] recently defined the class of starlike functions linked to three
Leaf functions, i.e.,

gH' (D)
H(Z)

Sakaguchi [27] investigated the family of star functions in 1959, S of starlike functions
with respect to other points, which helped to popularize the S* family of star functions.
Later, Das and Singh [28] developed a family of convex functions ks with symmetry
elements in 1977. In two articles, they provided the following description:

S;EZ{HEA: <1+§§+;€4} (€ e Ua).

St = {HEA:%eM>O, (geIUd)},

_ : 20H'(2))
Ks = {HEA'W(H(Q—H(—Q)’ >0, (geIUd)}.

Sakaguchi further stated in the same study that the families of convex and odd starlike
functions are contained in the class S;, which is a subfamily of the set C of close-to-convex
functions that perform in relation to the source. After that, a number of mathematicians
presented a plethora of novel subfamilies of univalent functions with regard to sym-
metric points, and examined issues of the coefficient kind, a few of which are shown
in [29-33], etc. Influenced by the books and references mentioned above, and the reference
therein, in this article, we present a new class SS7 3¢, making use of Caputo’s defini-
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tion (see Caplinger and Causey, [5]) of the fractional-order derivative operator (CFD), as
defined below,

20 (CPH(T))
CIH(T) - COH(—0)

SST‘;'Z—{HGA: <1+§§+;§4} (T eUy) (16)

and examine, for coefficient bounds, the Fekete-Szeg6 inequality and Zalcman conjecture
for H € SST7;.

2. Initial Bounds for H € §S ng
We recall the following lemmas, which are required for the proofs of our main findings.

Lemma 1 ([34]). Let p € P and be given as in (2). Then, for x and o with |x| < 1,|c| <1,
such that

Lemma 2.
2co = +x(d—c2), (17)

diz=c3+2(4 —Hepx — (A — A +2(4 - 3) (1 - |xH)o, (18)

Lemma 3. If p € P, and is assumed to be as in (2), then

lciik —perce] < 2,for 0< ¢ <1 (19)

lee] < 2fort>1, (20)

lp —ved| < 2max{1,[2v—1]},{eC (21)

T} = Keiea + Les| < 2|T|+2IK-2T|+2|T —K+ L], (22)

We note that Inequalities (19), (20) and (22) in the above can be found in [8], that (21)
is from [10], and also that (22) was evaluated in [35] (see also [36]).

Lemma 4 ([37]). Let m, t,landrwith0 <m <1, 0 <r < 1,and
8r(1—r) [(mt — 21 + (m(r+m) — t)z] +m(1— m)(t — 2rm)?
< 4mP(1—m)*r(1—r).

If p € P, and is given as in (2), then

3
lc‘l1 + rc% + 2mcqic3 — ftc%cz —cy| <2

2

Theorem 1. Let H € SST5 and be given by (1). Then,

2
dr| < ——, 23
|da| < 5, (23)
2
da| < —— 24
|d3| < S (24)
Ay < o 25)
4| > 59:)?4,
and ;
de| < —— 2
|ds| < S (26)

where My (t € {2,3,4,5}) is defined by (13).
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Proof. LetH € SS Tg’g . Then, (16) can be expressed in Schwarz function w as
2 (CIH (D) 41
=1+ -w(l)+ =(w e Uy). 27
) ety — T 5P@ + 5w @) €T @)
Also, if p € P, then it can be stated using the Schwarz function w as
1+ w()
— 2 3., =7
p(0) =1+ c1l+cal” + 3l = ()
equivalently,
w(7) = p(e)—1 _  al+el®+al®+ (28)
p(Q)+1 2+cil+cl?>+c3l3+
From (27), by simple computation,
2@(637{(@)/ 2 3 2002 74
=1+ 2Mpdr{ + 283d30 + (49Mydy — 290 M3dyd + (4M5ds — 2d5M + 29
CTHQ) — COH(D) 2020 + 283d30" + (49M4dy 2M3dad3) ] ( 5d5 — 2d3 3)5 (29)
By using the series expansion (28), we have
4 1 4 _ 2 1\, (1ls_2 2.\
1+ @)+ to@)t = 1+ Zag+ (Ra-18)e+ (g - Saa+ )
3 3 2 1 2
—|—< 80C1 + 1OC1C2 56301 — gc% + 5C4) o+ (30)
Comparing (29) and (30), we obtain
d, = ic (31)
2 = 5m2 1,
_ 1 I >
dy = %02 mclr (32)
- 1 35 8
d4 = m |:10C1 5C1C2 + 2C3:| (33)
and 1 7 3 3
4
= — . 4
d5 1090t <160 1+ 10C2+C3C1 20C1€2 C4> (3 )

Using (20) in (31), we have
2

|da| < 5,

By (32), we obtain

now, by relating (19), we have
|ds| <

- 593?3 ’
Expending (33), we attain
1 |3 8
|d4| = m’mC? — EC1C2 +2C3 .

By applying (22), we obtain

8 3
1< 210|252 | 20 54 =

[1]
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Using Lemma 4 in (34), we obtain

1
ds| < ——.
|5|_5§m5

O

Next, we find Fekete-Szeg6 inequality for H € SS 7'139'2 .
Theorem 2. If H € §S Tg’g , and is given as in (1), then

2 2[R9
dy — Nd3| < —— 1, , NecC
\ 3 2| < 55 max{ 5931% } ( )

where My (t € {2,3}) is defined by (13).

Proof. Using (31) and (32), we can write

|d3 — Nd3| =

By rearranging, we have

1
w2l —
45— N3] = g

2RM3 + 575 ,
= | — €I
10901

Applying (21), we obtain

2 2|X|M1
N2 < 2
|d3 — Nd5| < SO max{l, }

593
O

Fixing \ = 1, then we have the following result.
Corollary 1. If H € SSTS], and is of the form (1), then

2 2005
dy—d3] < = max{1, =2 |
a3 = d3| < 5zm3max{ ’59325}

where My (t € {2,3}) is defined by (13).

3. Coefficient Inequalities for the Function 7!

(35)

(36)

(37)

Theorem 3. H € SSTg’T, and is of the form (1). If the analytic continuation to Uy of the
inverse function of H with |w| < ro, (rg > 1) the radius of the Koebe domain, and H~' (w) =

w4+ Y hwt, then
t=2

Theorem 4.

IN

|72

s < zmx{l,%}

(38)

(39)
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and then, for p € C,
o 2 493 + 20M3
| iy — ph3 |< %max {1r W }, (40)
where My (t € {2,3}) is defined by (13).
Proof. If
HH(w) =w+ Z ! 41)
t>2
it can be seen that
HH©) = H(HT(©D) = ¢ (42)
From (42), we obtain
HC+ Y 4l =t (43)
t>2
Thus, (42) and (43) yield
Gt (do +12)8% + (ds + 2oy + 1) - = . (44)
Thus, it is evident from equating the corresponding coefficients of { that
Ty = —d, (45)
h3 = 2d3 —ds = —(d3 — 2d5). (46)

The estimate for |fip| = |dp| follows immediately from (23). Letting X = 2 in (35),
we obtain the estimate |f13]. To find the Fekete-Szeg® inequality for the inverse function,
consider

‘h3 —Ph%‘ = ’2‘15 —ds —Pd%’ = ‘—ds —(p —2)‘15’ = ‘ds —(2-p)d3|.
Thus, by fixing ® = (2 — p) in (35), we obtain the desired result. [

4. Coefficient Associated with -

H(E)
The coefficient bounds and Fekete-Szeg® results for the function H({) are given by
H@) = 5 =1+ Lul' €Uy, @)
H(E) =1

where H € SS ng are found in this section.

Theorem 5. If H of the form (1) belongs to SS TZZ; - and H(Q) is given by (47), then

u < -, 48
| < 50, (48)
2 2903
< — 1 4
|12 5oy ™ { e } (49)
2 2(1— p)Ms
2
lup — puy| < G max{l, 52 , for p € C, (50)

where My (t € {2,3}) is defined by (13).
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Proof. By routine calculation, we obtain
HQ) = g =1 + (B~ )22
H(Z)
+ (d3 + 2dady — da) B+ - . (51)

Comparing the coefficients of {, 2 and ¢ on both sides of (47) and (51), we obtain

uy = —dz, (52)
and
uy =dy —ds = —(d3 — d3) (53)
_ 3 _ 3
Uz = ¢y +2cpc3 —c4 = — <C4 —2cpc3 — c2>. (54)
The estimate for |u1| = |dz| follows immediately from (23). The bound for u; is

followed by Corollary 1. For p € C, we obtain

| —ds +d5 — pd3|
= |d3—(1—p)d3],

|“2—@u%|

Thus, by taking X = (1 — ) in (35), we obtain the desired result.
O

5. Initial Logarithmic Coefficient Bounds for H € SS Tgﬁr
The logarithmic coefficients of a given function #, denoted by 7; := 7:(#), are defined as

L (HON

The theory of Schlicht functions is significantly impacted by these coefficients in
various estimations. In 1985, de-Branges [38] determined that

3 t

Yo k(t—k+1) |y < Z L fort >1,

and for the particular function () = ¢/ (1 —¢7) with § € R, equality is attained. This
inequality is the source of the most general version of the famous Bieberbach-Robertson-Milin
conjectures concerning the Taylor coefficients of # € .A. To learn more about the explanation of
de-Brange’s claim, one refer to [39-41]. Kayumov [42] in 2005 answered Brennan’s conjecture
in terms of conformal mappings by converting the logarithmic coefficients. Several studies on
logarithmic coefficients have made significant progress [43—45]. From the above definition, in
the following section, the logarithmic coefficients for H € A are as given below:

1
"M = Edz (56)
_ 1 Lo
Y2 = 2(‘7[3 2d2) (57)
1 1
—— 2<d4—d2d3+3dg). (58)
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Theorem 6. Let H € SSTg'LT, and be as in (1), then

1
< -
Iml < 50,
1 M,
< 1/ 7
2l < 5y max{ Smtg}
1
< -
vl = 1oam,

where My (t € {2,3,4}) are defined by (13).

Proof. Applying (20) and (33) in (56), (57), and (58), we obtain

1
_ 9
T 10%261, (5 )
oyt o1 s o
727 2\ 52T 10w T 5002 )
1 593 + M5
= -2 T2, 60
10771 <CZ 1002 ! (€0)

The bounds of 7 and 1, are clear. Now, to find 3 using (58), we obtain

- 2c—§ 1+ ol c102 + i—l— 2y —|—4im4 c
737 Gomm, |7 T 5\ T 29, ) 12T\ 10 T s 252 ) Y|
then

3= G0,

Zc—§ 1+ My c1c2 + 34- 2y —|—4m4 c
75 29M,9; )71\ 10 T 5o, 250m2 ) 1|

Using (22) and a triangle inequality, we obtain

< —.

O

Theorem 7. If H € SS 32:7, and is as in (1), then for X € C,

(L4 X)7s
593

1
"yz — N’y%‘ < %max{l'

where My (t € {2,3}) are defined by (13).

Proof. From (59) and (60), we have

1 ( 5£m§+sm32> R,
Cy —

N2 = —
72— ] 10001 1002 ') 100m2|
1 593 + M , N
10901 1092 1092
_ 1 o 593 + (1+ N)9ﬁ3C2
100 |\ 2 1002 !
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Using (21) and the triangle inequality, we have

(1+ )95

3 593?%

"yz—Nﬁ‘ < 591ﬁmax{1, }
O
Fixing N = 1, we obtain the following consequence.

Corollary 2. Let H of the form (1), and belong to STS. Then,

pA S
5903

}.

One of the main theories of geometric function theory, put forth by Lawrence Zalcman
in 1960, holds that the inequality held by the coefficients of class S is

1
2
"72 —71| < %max{ll

6. Zalcman Functional

|dF — dar | < (t=1)% (61)

The Koebe function k({) = ﬁ is widely recognized, and the above expression

represents the equality of rotations. When t = 2, the widely known Fekete-Szeg6 inequality
holds true. Many researchers have examined the Zalcman functional (see [46—48]).

Theorem 8. If H € Aand isin SSTM, then

|d3 — ds| < (62)

1
= 595
where M5 is defined by (13).

Proof. Using (32) and (34) to obtain Zalcman functional,

&+L f — %4-3 cteo + dsc %—Fi 5 —c
109m2 160 )71 \om3 20 )1 T T 52 T 10 )72 T

Using Lemma 4, we can obtain the desired result (62). O

’d3 d5’ - 1oam5

7. Krushkal Inequality for the Class SS ng

For a choice of t =4, p = 1, and for t = 5, p = 1, Krushkal introduced and proved
the inequality

‘df _ dé’(t_l)‘ < op(t=1) _yp (63)

for the whole class of univalent functions in [49]
Now, in the below theorem for H € SSTY} 57 » we will give direct proof of (63).

Theorem 9. If H € 887?)9”, then

1
d —d3‘
‘4 = 50,

where My is defined by (13).
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Proof. From Equations (31) and (33), we obtain

1 3 4m 8
( 4 )C% — =C2C1 + 2C3

2090ty

a3 = 10 5mz )% 5

By using (22) with the above condition, we obtain the desired result. [

Theorem 10. Let H of the form (1) belong to SS 7"39’2 . Then,

1

where M5 is defined by (13).

Proof. From Equations (31) and (33), we obtain

1 7 1095 3 3
d—d”":—i 7 4, 9 2 _ 22
’ 5 2 100, l<160 + 625937%)01 + 10C2+C3C1 20C1C2 C4
Using Lemma 4, we can obtain the necessary result for the last expression. [

8. Conclusions

This study focuses on using the analytic coefficients of a subclass of Sakaguchi-type
functions that are subordinated to a domain with a three-leaf domain. In function theory,
one of the main challenges is estimating the coefficients that arise in analytic univalent
functions. The general principle underlying determining the boundaries of the coefficients
in various the expression of univalent function families’ coefficients into Carathéodory
function coefficients. Inequalities known for the class of Carathéodory functions can be used
to explore coefficient functionals. We used a novel approach in the current study to find
the bounds for a number of coefficient-related problems, such as the second-order Hankel

determinant, the Zalcman inequalities, and the Fekete-Szeg6 inequalities, and also for H !

and %~ and % log(%> linked with the function of the three leaves. The study can also

H(C)
be extended to bi-univalent function classes (see [7,50]. Since power law transformation

and analytic coefficients derived from complex functions are being used more and more in
digital image processing (DIP) these days, a solid foundation for the examination of phase
information in pictures and the improvement of particular aspects of the picture are needed.
Complex image processing tasks, including contrast enhancement, spatial filtering, and
picture segmentation, can be accomplished by combining power law transformation with
analytical coefficients. The value of analytical coefficients and power law transformation
will be useful tools for processing digital images in the future; thus, we hope the coefficients
derived in this article may find more applications in DIP (see [51]).
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