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1. Introduction

Throughout this article, # denotes an associative ring with center Z(%). Z is called a
prime ring if a%2b=0 implies a = 0 or b = 0 and a semi-prime ring if a%a = 0 impliesa = 0
foralla,b € Z. A ring is said to be two-torsion free if 2a = 0 (where a € &) implies a = 0.
In [1], the authors provide a more detailed definition. For all a,b € %, [a, b] denotes the Lie
product ab — ba and a o b denotes the Jordan product ab + ba.

An additive mapping *: # — Z is called an involution if * is an anti-automorphism
of order 2 such that (ab)* = b*a* and (a*)* = aforalla,b € Z. If an element r in a ring
with involution (%, ) satisfies the condition r* = r, then it will be termed as Hermitian.
Similariy, r is termed skew-Hermitian if r satisfies r* = —r. The sets of all Hermitian
and skew-Hermitian elements of % will be denoted by H(Z) and S(#), respectively. The
involution is classified as the first kind if Z(#) C H(Z); otherwise, it is classified as the
second kind. In the latter case, S(#Z) N Z(#) # {0}. Itis clear that any prime ring with an
involution * is also semi-prime (i.e., aZb = aZb* = {0} yields thata = 0 or b = 0), but the
converse is in general not true; an example is given to illustrate this in [2].

An additive mapping d: # —> Z is called a derivation if d(ab) = d(a)b + ad(b) for all
a,b € #. An additive mapping .#: # — Z is called a generalized derivation if there exists
a derivation d such that .# (ab) = % (a)b + ad(b) holds for all a,b € %, and d is called the
associated derivation of .%.

In ring theory, the commutativity of a prime ring % is a classic topic. The relation
between the commutativity of the prime ring % and some special maps in % was surveyed
by numerous scholars. In [3], the authors proved if an Artinian ring has a nontrivial
commutative self-isomorphism, then the ring is commutative. In [4], Posner proved that a
prime ring Z is commutative if it has a nonzero centralizable derivation (Posner’s second
theorem). To this day, there are still many scholars exploring the topic (see [5-10]). In [11],
the author investigates the commutativity theory of two-torsion free prime ring &# with
involution of the second kind under one of the following conditions:

0)  F([aa"]) £ [F(a),a’] = 0;

(i) F(aoa*)xZF () a*=0;
(i) 7 ([a,a*])£[7 (a), 7 (a*)] = 0;
(iv) [Z(a),a*|%[a, ( *)] =0foralla € Z.

Mathematics 2024, 12, 2286. https:/ /doi.org/10.3390/math12142286

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math12142286
https://doi.org/10.3390/math12142286
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math12142286
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12142286?type=check_update&version=1

Mathematics 2024, 12, 2286

20f12

In the paper, our purpose is to continue this line of investigation by studying the
commutativity criteria for rings with involution that admit two generalized derivations
satisfying certain algebraic identities. We consider two generalized derivations .# and ¢
on a two-torsion free prime ring & with involution of the second kind, which satisfy any of
the following properties:

(i) F([a,a*]) £[9(a),a*] =0foralla € %;
(i) F(aoca*)x¥Y(a)oa* =0foralla e %;
(i) [F#(a),a*] +[a,9(a*)] =0foralla € Z.

Moreover, we will generalize some theorem of [11] from another perspective, and we
will prove that on a two-torsion free prime ring % with involution of the second kind, a
generalized derivation .7 satisfies one of the following equations:

(i) F(a,a*])£[F(a),a*) € Z(Z) foralla € %,
(i) F(aoa*)xF(a)oa* € Z(Z)foralla € #.

Then, % is commutative.

2. Some Preliminaries

We will introduce some of the basic identities in [11], which will be used frequently in
the following proofs.

[ab,c] = alb,c] + [a,c]band [a,bc] = b[a,c] + [a, b]c,
ao(bc) = (aob)c—bla,c]=blaoc)+ [a,blc,
(ab)oc=ua(boc)—[a,c]b= (aoc)b+alb,c|.
Subsequently, we provide some results concerning prime and semi-prime rings, which

will be frequently used in the demonstration of theorems.

Lemma 1 ([7], Fact 1). Let (%, %) be a two-torsion free prime ring with involution provided with
a derivation d. Then, d(h) = 0 forall h € Z(%) (\ H(Z) implies that d(z) = 0 forall z € Z(%#).

Lemma 2 ([7], Fact 2). Let (%, %) be a two-torsion free prime ring with involution. If “*” is of the
second kind, then H(%) N Z(%) # {0}.

Lemma 3 ([5], Remark 1). Let % be a prime ring with center Z(Z). If a,ab € Z(Z) for some
a,be %, thena=0orb e Z(Z).

Lemma 4 ([6], Lemma 2.3). If Z is a prime ring in which [a,b] € Z(Z) for all a,b € X, then #
is commutative.

Lemma 5 ([12], Theorem 2). Let & be a two-torsion free prime ring and F a generalized derivation
associated with a nonzero derivation d of % such that [.F (a),a] € Z(Z) for all a € ], where ] is
nonzero Jordan ideal. Then, % is commutative.

Lemma 6 ([4], Theorem 2). Let & be a prime ring and d a nonzero derivation of % such that
[d(a),al =0foralla € #. Then, # is commutative.

Lemma 7 ([8], Theorem 2.1). Let (%, *) be a two-torsion free prime ring with involution of the
second kind. If % admits a generalized derivation & associated with a nonzero derivation d such
that F ([a,a*]) = 0 forall a € Z#, then X is commutative.
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Lemma 8 ([8], Theorem 2.2). Let (%, ) be a two-torsion free prime ring with involution of
the second kind. If % admits a generalized derivation & associated with a derivation d such that
F(aoa*)=0foralla € %, then F = 0.

Lemma 9 ([10], Theorem 2). Let (%, *) be a two-torsion free prime ring with involution of the
second kind. If % admits a nonzero generalized derivation .% associated with a derivation d such
that [F (a),a*] € Z(Z) forall a € Z, then X is commutative.

3. Commutativity of Prime Ring with Involution by Generalized Derivations

Theorem 1. Let (%, *) be a two-torsion free prime ring with involution of the second kind, and let
(Z,f)and (¥4,g) be generalized derivations associated with derivations f and g of %, respectively,
where g # 0 or f # 0. Then, the following assertions are equivalent:

(1) Z([a,a*])+[¥9(a),a*] =0foralla € %;
(2)  Z is commutative.

Proof. If # = 0or ¥ = 0, it follows that % is commutative by Lemma 9 and Lemma 7.
Now, we only consider the case .# # 0 and ¢ # 0. By the hypothesis, we have

F([a,a*])+[¥9(a),a"] =0foralla € Z. (1)
The linearization of (1) indicates that
F([a,b"]) + Z([b,a*]) + [9(a),b"] + [¢(b),a"] =0 foralla,b € #. ()
By replacing b with b* in (2), we can derive that
Z([a, b)) + Z([b*,a*]) + [4(a),b] + [4(b*),a*] =0 foralla,b € %. (3)

Since * is the second kind and Lemma 2, we can obtain H(%) N Z(#) # {0}. Substituting
bh for bin (3), where h € H(%Z) (N Z(%) # {0}, we obtain

(la,b] + [6%,a*]) f(h) + ([b*,a*])g(h) = O for all a,b € %. @)

Case 1: f(h) # 0.
If g(h) = 0, by Equation (4), we have

([a,b] + [b*,a*])f(h) =0foralla,b e Z. (5)

Since f(h) # 0, we can obtain [a, b] + [b*,a*] = 0 for all a,b € % by Equation (5). Substitut-
ing bs for b in above equation where s € S(Z) N Z(#) # {0}, we obtain that

2([a,b])s =0foralla,b € #. (6)

Since Z is two-torsion free prime and s # 0, we arrive at [a,b] = 0 for alla,b € #. Hence,
% is commutative.
If g(h) # 0, replacing b by bs in (4), we find that

[([a,b] — [b", a*]) f(h) — ([b%,a*])g ()]s = O for all a,b € %. @)
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Comparing (4) and (7), we find that
[a,b]f(h) =0foralla,b e Z%. 8)
Because f(h) # 0, we obtain that [a,b] = 0 for all a,b € #Z and # is commutative.
Case 2: f(h) =0.
By Equation (4), we have
([b*,a*])g(h) =0foralla,b € Z. )

By the primeness of Z, it follows that ([b*,a*]) = 0 for all a,b € #Z or g(h) = 0. If
[b*,a*] = 0 forall a,b € %, then % is commutative. If g(h) = 0, then g(z) = 0 for all
z € Z(Z#) by Lemma 1. For the same reason, we can obtain that f(z) = 0 forall z € Z.
Substituting bs for b in (3), where s € S(Z) N Z(#) # {0}, we have

Z([a,b]) +[¥4(a),b] =0foralla,b e Z%. (10)
By replacing b with ba in (10), we obtain that
[a,b]f(a) +b[9(a),a] =0foralla,be Z%. (11)
Substituting cb for b in (11), where ¢ € %, we obtain
[a,c]bf(a) =0foralla,b,c € %. (12)

Since Z is prime, by Equation (12), we have [a,c]|Zf(a) = 0 for all a,b,c € #. Once again,
by the primeness of %, we arrive at [a,c] = 0foralla,c € Zor f(a) =0foralla € Z. If
f #0, then [a,c] =0 forall a,c € #Z, and we can conclude that % is commutative. If f = 0
and ¢ # 0, by Equation (11), we can obtain b[¥(a),a] = 0 for all a,b € #. This means
[4(a),a] =0, and it follows that #Z is commutative by Lemma 5.

This completes the proof. [

Use similar techniques, we can obtain the following theorem.

Theorem 2. Let (%, *) be a two-torsion free prime ring with involution of the second kind, and let
(F,f)and (¢,g) be generalized derivations associated with derivations f and g of %, respectively,
where g # 0 or f # 0; then, the following assertions are equivalent:

(1) ZF(la,a*]) — [9(a),a*] =0foralla € %;

(2) % is commutative.

Corollary 1 ([11] Theorem 3.1). Let (£, *) be a two-torsion free prime ring with involution of
the second kind, .F be a generalized derivation associated with nonzero derivation d of % such that
F([a,a*])+ [#(a),a*] =0 forall a € %; then, Z is commutative.

Corollary 2. Let (%, *) be a two-torsion free prime ring with involution of the second kind, and
let (Z,f), (4,g) be generalized derivations associated with derivations f and g of %, respectively,
where g # 0 or f # 0; then, the following assertions are equivalent:

(1)  Z([a,b]) = [4(a),b] =0foralla,b € %;
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(2)  Z is commutative.

The following example demonstrates that the condition “* is of second kind” is neces-
sary in Theorems 1 and 2.

Example 1. Let S be the ring of integers and % = { la Z] ,a,b,c,d € S}. Define maps la Z] *
c c

d —b
= l ] . It is straightforward to check that % is a two-torsion free prime ring and * is an
—c a

) = . Then,
d —c 0

F = f is a generalized derivation and f # 0. It is easy to see that & and 4 = I satisfy the
condition of Theorems 1 and 2. But % is not commutative.

involution of the first kind. Let us define a derivation f on % by f( [a b 0 b
c

The subsequent example demonstrates that Theorems 1 and 2 are not applicable to
semi-prime rings.

Example 2. If we consider C to be a field of complex numbers with the conjugation involution and
define R = (%, C), then it is easy to see that R is a semi-prime ring with involution of the second
kind, where (%,C)* = (%*,C). If we define the maps F :R — R by F(a,b) = (Z(a),0),
G:R — R by G(a,b) = (a,0), for all (a,b) € R, it is clear that F and G create a generalized
derivation, which satisfies the conditions of Theorems 1 and 2, but % is not commutative.

Theorem 3. Let (%, *) be a two-torsion free prime ring with involution of the second kind, while
(Z, f)and (4, g) are generalized derivations associated with derivations f and g of %, respectively,
where g # 0or f # 0, such that # (aoa*)+ ¥ (a) oa* = 0 forall a € XZ; then, % is commutative.

Proof. First, we claim that.# # 0 and ¢ # 0.
If 4 = 0, we can obtain .# = 0 by Lemma 8, which is a contradiction.
Now, we assume that .# = 0. By the hypothesis, we have

4(a)oa* =0foralla € #. (13)
The linearization of (13) gives that
G(a)ob* +%9(b)oa" =0foralla,b € Z. (14)
Replacing b* by b in (14), we obtain that
G(a)ob+9(b*)oa* =0foralla,b e %. (15)
Replacing b by bh in (15), for all h € H(Z) N Z(%) # {0} and b € %, we have
(b*oa*)g(h) =0foralla,b e Z%. (16)

By virtue of the primeness hypothesis, we can derive that either g(h) =0orboa = 0 for
alla,b € Z. In the latter case, it is obvious that % = 0, which is impossible. Consequently,
we only need to consider the case g(h) = 0forallh € H(#) N Z(Z) # {0}. By Lemma 2,
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we have ¢(Z(#)) = 0. Replace b by bs in (15), where s € S(#Z) N Z(Z) # {0}, and we
obtain that
(9(a)ob—94(b*)oa")s=0foralla,b € #. (17)

Multiplying by s in the right side of (15), we obtain
(“G(a)ob+94(b*)oa*)s=0foralla,b € Z. (18)

Combining (17) with (18) yields that 4(a) o b = 0. Substituting h € Z(#) # {0} for b,
we obtain 2¢(a)h = 0 for all a € Z. Since Z is two-torsion free prime and / # 0, which
implies ¢4 = 0, a contradiction. Accordingly, we conclude that .# # 0.

By the hypothesis, we have

F(aoa*)+Y(a)oa* =0foralla,b e Z%. (19)
Using the linearization of (19), we find that
F(aob*)+ F(boa™)+9(b)oa"+9(a)ob” =0foralla,be Z. (20)
Replacing b* by b in (20), we obtain that
F(aob)+ F(b*oa*)+9(b*)oa*+%(a)ob=0foralla,b e Z. (21)
Substituting bh for b in (21) , where h € H(Z) N\ Z(#) # {0}, we have
(aob+0b*oa®)f(h)+ (b*oa*)g(h) =0foralla,bec Z%. (22)

We divide the proof of the theorem into the following two steps.
Stps 1. We claim that g(h) = 0and f(h) =0forallh € H(Z) N\ Z(%).
If g(h) # 0and f(h) =0forallh € H(#)NZ(Z) # {0}, by Equation (22), we can
obtain Equation (16). By the above proof, we know this is contradictory.
If g(h) # 0and f(h) # 0, substituting bs for b in (22) , where s € S(Z) N Z(Z) # {0},
we obtain
2(aob)f(h)s =0foralla,b € Z. (23)

Since Z is two-torsion free prime and f (1) # 0, this implies that a o b = 0; thus, it is easy
to see that #Z = {0}, which is impossible.

If g(h) = 0 and f(h) # 0, by Equation (22), we obtain (a o b+ b* oa*)f(h) = 0.
Since Z is a prime ring and f(h) # 0, we obtain that a o b+ b* o a* = 0. Replacing
bby h € HZ)NZ(#) # {0}, we arrive at a + a* = 0 by Lemma 3. Similarly, for
s € HZ)NZ(#) # {0}, we can obtain that a — a* = 0 for all 4 € #. Accordingly, we find
thata = 0 for all 2 € #Z, which is a contradiction. Hence, g(h) = 0 and f(h) = 0.

Step 2. We claim that f(h) = 0 and g(h) = 0 forall h € H(Z)NZ(#) and Z
is commutative.

By Lemma 1, we have f(Z(#)) = 0and g(Z(#)) = 0. Replacing b by bs in (21) for all
se€S(Z)NZ(Z) # {0} and b € #, we can obtain

(F(aob)—F(b*oa*)—4(b*)oa"+9(a)ob)s =0foralla,b € Z. (24)
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Multiplying by s in the right side of (21), and combining with (24) yields that
F(aob)+¥(a)ob=0foralla,b € Z%. (25)
Replacing b by ba in (25), we have
(aob)f(a) —b|9(a),a] =0foralla,b e Z. (26)
Substituting tb for b in (26), where t € %, we arrive at
[a,t]bf(a) =0foralla,b € Z. (27)

By Equation (27), we have [a,t]Zf(a) = 0 for all a,t € %, which implies either [a,t] = 0 for
alla,t € Zor f =0.1If f # 0, we can obtain [4, {] = 0 and Z is commutative.
If f =0, by Equation (26), we have

b[4(a),a] =0foralla,b € Z. (28)

Once again invoking the primeness, it follows that [¢(a),a] = 0; the application of Lemma 5
yields that Z is commutative.
This completes the proof. [

By using the same techniques as previously mentioned, with appropriate adjustments,
we are able to obtain the following theorem.

Theorem 4. Let (%, *) be a two-torsion free prime ring with involution of the second kind, and
let (Z,f), (¥4,g) be generalized derivations associated with derivations f and g of %, respectively,
where g # 0or f # 0, such that F(aoa*) — ¥ (a)oa* = 0foralla € %; then, Z is commutative.

Corollary 3. Let (%, x) be a two-torsion free prime ring with involution of the second kind, and
let (Z,f), (¥4,g) be generalized derivations associated with derivations f and g of %, respectively,
where g # 0or f # 0, such that F(aob) £ 4 (a)ob = 0foralla,b € X; then, Z is commutative.

Theorem 5. Let (%, *) be a two-torsion free prime ring with involution of the second kind, and
let (F,f)and (¥,g) be generalized derivations associated with nonzero derivations f and g of Z#,
respectively; then, the following assertions are equivalent:

(1) [Z(a),a*] + [a,9(a*)] =0foralla € %;
(2)  Z is commutative.

Proof. By the hypothesis, we have
[F(a),a*] +[a,9(a")] =0foralla € Z. (29)
The linearization of (29) gives that

[Z(a),b*] + [Z(b),a*] + [a,9(b*)] + [b,%4(a*)] =0 foralla,b € %. (30)
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Replacing b* by b in (30), we have
[Z(a),b] + [F(b%),a"] + [a,9(b)] + [b*,%4(a*)] =0foralla,b € #. (31)
Substituting bh for b in (31), where h € H(Z) N Z(Z#) # {0}, we obtain
([b*,a*])f(h) + ([a,b])g(h) =0foralla,b € Z. (32)

Case 1. f(h) # 0.

If g(h) = 0, we have ([b*,a*]) f(h) = 0. Because Z is a prime ring and f(h) # 0, we
conclude that [b,a] = 0 forall a,b € Z. Thus, #Z is commutative.

If g(h) # 0, replacing b by bs in (32), where s € S(#Z)NZ(#) # {0}, we arrive
at ([a,b])g(h) — ([b*,a*])f(h) = O for all a,b € #. Comparing with (32), we obtain
([a,b])g(h) = 0 for all a,b € %. Since Z is a prime ring and g(h) # 0, we conclude
that [a,b] = 0 for alla,b € %Z. Hence, #Z is commutative.

Case 2. f(h) =0.

If g(h) # 0, by Equation (32), we have ([a,b])g(h) = 0 for alla,b € %. Using the same
proof as above, we conclude that # is commutative. If g(h) = 0, we have g(z) = 0 and
f(z) = 0 by Lemma 1. Replacing b by bs in (31), where s € S(#) N Z(#) # {0}, we obtain

[#(a),b] + [a,%9(b)] = 0foralla,b € Z. (33)

By [[9], Theorem 2.5] and [[10], Lemma 3], % is commutative.
This completes the proof. [

By using the same techniques as previously mentioned, with appropriate adjustments,
we are able to obtain the following theorem.

Theorem 6. Let (%, *) be a two-torsion free prime ring with involution of the second kind, and
let (Z,f)and (¥,g) be generalized derivations associated with nonzero derivations f and g of Z#,
respectively; then, the following assertions are equivalent:

(1) [Z(a),a*] —[a,9(a*)] =0foralla € %;

(2) X is commutative.

The following example demonstrates that the condition “* is of second kind” is neces-
sary in Theorems 5 and 6.

Example 3. Let S be the ring of integers and % = { [g b] ,a,b,c € S}. Define maps [?) b] *
c c

c —b . . . . L o . )
= [O ] . It is obvious that Z is a two-torsion free prime ring and  is an involution of the first

a
) . L. a b 0 b . )
kind. Let us define a derivation f on % by f( 0 )= 0 ol Then, & = f is a generalized
c
derivation and f # 0. It is easy to see that ¥ = F and & = —.F satisfy the condition of

Theorems 5 and 6, respectively. But % is not commutative.

Next, we will generalize the results of the [11] theorem from another perspective.
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Theorem 7. Let (%, *) be a two-torsion free prime ring with involution of the second kind. If
% admits a generalized derivation & associated with a nonzero derivation d, then the following
assertions are equivalent:

(1)  F([a,a*]) + [F(a),a*] € Z(Z) forall a € %;
(2) % is commutative.

Proof. By the hypothesis, we have
F([a,a"])+ [F(a),a*] € Z(Z) foralla € Z. (34)
The linearization of (34) shows that
Z([a,b*]) + F([b,a*]) + [Z (a),b*] + [Z (b),a*| € Z(Z) foralla,b € Z. (35)
By replacing b with b* in (35), we can derive that
Z ([a,b]) + F([b*,a"]) + [Z(a),b) + [F(b*),a*] € Z(Z) for alla,b € Z. (36)
Substituting bh for b in (36), where h € H(%) N Z(#) # {0}, we obtain
([a,b] +2[b*,a*])d(h) € Z(#Z) foralla,b € Z. (37)
Using the fact that d(Z(#)) € Z(#) and Lemma 3, we obtain d(h) = 0 for all h €
H(Z)NZ(Z) or [a,b] + 2[b*,a*] € Z(#) foralla,b € #.

We assume that [a, b] + 2[b*,a*| € Z(Z) for all a,b € #. Substituting bs for b in the
above equation, where s € S(#Z) N Z(#) # {0}, we can obtain [a,b] — 2[b*,a*] € Z(Z)
for all a,b € #. Combining the above eqations, we can obtain [a,b] € Z(Z#) and Z is
commutative by Lemma 4.

Now, we consider that d(h) = 0 forall h € H(#) (N Z(Z#). By Lemma 1, we obtain
d(z) = O forall z € Z(#). Replacing b by bs in (36), where s € S(Z)NZ(#) # {0},
we have

F([a,b]) — F([b*,a"]) + [F(a),b] — [F(b"),a"] € Z(#Z) foralla,b € #. (38)
Comparing (36) and (38), we have
Z([a, b)) + [Z(a),b] € Z(#) foralla,b € %. (39)
Substituting ba for b in (39), we obtain
F([a,b))a+ [a,bld(a) + ([#(a),b])a+b[F(a),a] € Z(Z) forall a,b € #. (40)
Replacing b by h in (40), where h € H(#Z) N Z(%) # {0}, we can obtain

h[F(a),a] € Z(Z) foralla € #. (41)

By Lemma 3, we have [.# (a),a] € Z(Z) for all a € %, which means that # is commutative
by Lemma 5.
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This completes the proof. [

Using the similar techniques, we can prove the following theorem.

Theorem 8. Let (%, x) be a two-torsion free prime ring with involution of the second kind. If
X admits a generalized derivation % associated with a nonzero derivation d, then the following
assertions are equivalent:

(1) Z(la,a*]) — [F(a),a*| € Z(Z) forall a € %;
(2)  Z is commutative.

Corollary 4. Let (%, *) be a two-torsion free prime ring with involution of the second kind. If
X admits a generalized derivation % associated with a nonzero derivation d, then the following
assertions are equivalent:

(1)  F([a,b]) = [F(a),b] € Z(Z) forall a,b € %;
(2) % is commutative.

Theorem 9. Let (%, *) be a noncomutative two-torsion free prime ring with involution of the
second kind. If # admits a generalized derivation F associated with a derivation d, then the
following assertions are equivalent:

(1) F(aoa*)+ F(a)oa* € Z(Z) forall a € %;
(2 F=0.

Proof. By the hypothesis, we have
F(aoa*)+.F(a)oa* € Z(Z) foralla € #. (42)
The linearization of (42) shows that
F(aob*)+ F(boa™)+ F(a)ob" +.F(b)oa* € Z(Z) foralla,b € X. (43)
By replacing b with b* in (43), we can derive that
Flaob)+ F(b*oa*)+ F(a)ob+ F(b*)oa* € Z(Z) foralla,b € %. (44)
Substituting bh for b in (44), where h € H(Z) N Z(Z%) # {0}, we obtain
(aob+2b*oa*)d(h) € Z(#Z) foralla,b € Z. (45)

Using the fact that d(Z(#)) C Z(#) and Lemma 3, we arrive d(h) =0oraob+2b* o
a* € Z(#) for all a,b € Z. In the latter case, as above, we obtain thataob € Z(Z) for
alla,b € Z. Replacing b by h, where h € H(#) N Z(Z) # {0}, we have ah € Z(#) and
a € Z(#) by Lemma 3; thus, % is commutative, which is a contradiction.

Now, we consider the case that d(h) = 0; replacing b by bs in (44), where s €
S(Z)NZ(%) # {0}, we have

F(aob)— F(b*oa*)+ F(a)ob— F(b*)oa" € Z(Z) foralla,b € Z. (46)
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Comparing (46) and (44), we can obtain
F(aob)+ F(a)obe Z(Z) foralla,b € %. (47)
Replacing b by hin (47), where h € H(#) (" Z(#) # {0}, we obtain that
F(a)h € Z(#) foralla € %. (48)

By Lemma 3, we obtain that .#(a) € Z(Z) for all a € #. Therefore, we can obtain
[#(a),b] = 0, for all a,b € %#. If d # 0, replacing b by a in [F(a),b] = 0, we can
obtain [Z (a),a] = 0, for all a € #Z and # is commutative by Lemma 5, contradiction.
Accordingly, we have d = 0. Replacing a by ac in the above equation, where r € %, we
have .7 (a)[c,b] = 0 for all a,b,c € Z. The primeness of Z yields that either .% (a) = 0 for
alla € Zor [c,b] =0forallb,c € Z. If [b,c] = 0, then Z is commutative by Lemma 4,
which is a contradiction. Therefore, we obtain that .% = 0.
This completes the proof. [

Using the similar techniques, we can prove the following theorem.

Theorem 10. Let (%, x) be a noncommutative two-torsion free prime ring with involution of
the second kind. If 7 admits a generalized derivation F associated with a derivation d, then the
following assertions are equivalent:

(1) F(aoa*)+ F(a)oa* € Z(ZR) foralla € %;

2 F=0.

Corollary 5. Let (%, *) be a two-torsion free prime ring with involution of the second kind. If
X admits a nonzern generalized derivation .% associated with a derivation d, then the following
assertions are equivalent:

(1) F(aoca*)+F(a)oa* € Z(X) foralla € %;

(2)  Zis commutative.

4. Conclusions

In this article, we generalize the theorem of commutativity of a prime ring with
involution of the second kind from a few perspectives in [11], provea two-torsion free
prime ring % with involution of the second kind admits a generalized derivation .#, and ¢
satisfies one of the following equations:

(i) F([a,a*]) £[9(a),a*] =0foralla € %;
(i) F(aoa*)+¥(a)oa* =0foralla € %Z;
(iti) [ZF(a),a*]x[a,4(a*)] =0foralla € %;
(iv) Z(la,a*]) +[F(a),a*] € Z(Z) foralla € %;
(v) F(aoa*)+F(a)oa* € Z(Z#) foralla € %.

Then, #Z is commutative.

At the end of this section, we present the following several problems. These problems
not only constitute our upcoming research content but also embody the trajectory of our

future research endeavors.
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Problem 1. Let (%, *) be a two-torsion free prime ring with involution of the second kind, and
let (Z,f), (4,g) be generalized derivations associated with derivations f and g of %, respectively,
where ¢ # 0or f # 0, such that 7 ([a,b]) + [4(a),9(b)] = 0 forall a,b € #. Then, what
conclusions can we draw about the structure of %27

Problem 2. Let (%, *) be a prime ring and % admit a generalized derivation .7 associated with a
nonzero derivation d such that 7 ([a,b"]) + [F (a),b"] € Z(Z) forall a,b € X, wheren > 2isa
fixed integer. Then, what conclusions can we draw about the structure of %?
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