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Abstract: This paper presents a mathematical model derived from an equivalent electrical circuit to
describe the dynamic behavior of the high-voltage terminal of a tandem Van de Graaff accelerator.
Two approaches are presented for modeling the transit time of the current flowing through the corona
needles. The first one considers an equivalent self-inductance in the corona triode, whereas, in the
second one, the transit time is represented by a delay in the corona current. The validation of the
proposed models was carried out through experimental tests developed at the National Nuclear
Research Institute of Mexico. Furthermore, two strategies for controlling the slow variations of
the terminal voltage limited by the slow response of the control loop based on corona discharge
are evaluated: a Proportional–Integral–Derivative controller and a sliding mode controller. The
Root-Mean-Squared Error calculation leads to the conclusion that both control strategies are suitable
for regulating the voltage at the accelerator potential terminal. However, the sliding mode controller
leads to an overshoot-free response and a shorter settling time.

Keywords: tandem Van de Graaff accelerator; high-voltage terminal; PID controller; sliding mode
controller

MSC: 93-10

1. Introduction

Particle accelerators increase the energy of ions to make them collide at relatively
high speeds against the atoms of some material under study and generate a characteristic
response, which allows analyzing their properties. Some examples of the applications of
a tandem Van de Graaff accelerator are analyses of environmental samples and material
analysis like radiation damage or nuclear reactions by using different analytical techniques
such as Particle-Induced X-ray Emission (PIXE) or Rutherford Backscattering Spectrometry
(RBS) [1].

Acceleration of particles depends entirely on the voltage at the accelerator terminal,
which determines the velocity of the particle beam. This velocity dictates the intensity of
the magnetic field required by the analyzing magnet to steer the beam towards the target
chamber. Thus, the terminal voltage not only influences the acceleration of the beam, but
also its tuning. Stabilizing the voltage at the accelerator terminal is a crucial task since it
ensures that the voltage remains constant, thereby producing a mono-energetic particle
beam that can be used in a variety of experimental setups.

Over the years, several techniques have been proposed for stabilizing the voltage
at the terminal in electrostatic particle accelerators. The methods and technologies for
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implementing these strategies have also significantly evolved. In the last six decades, we
have seen the emergence of discrete solid-state devices such as diodes and transistors for
this purpose [2,3]. These devices were followed by more advanced devices like operational
amplifiers [4–8]. In recent reports, it has been observed that there is a growing inclination
towards digital circuits, particularly microcontrollers, which utilize Analog-to-Digital
Converters (ADC), and Digital-to-Analog Converters (DAC) [9–11].

Different control strategies have been reported for terminal voltage regulation. Among
them, we can mention proportional compensators in phase advance [2,3,5], Proportional–
Integral (PI) [4] or Proportional–Integral–Derivative (PID) controllers [11], and predictive-
based control strategies [9]. In these works, fluctuations up to ±1 kV in SLIT mode have
been reported [7].

There are various techniques to regulate the voltage at the terminal: one involves using
the corona needles’ discharge process through the control grid of a vacuum tube. Voltage
regulation can also be achieved by controlling the load band current source connected to
the terminal in Van de Graaff-type accelerators or by controlling the charge chains of the
terminal potential in Pelletron-type accelerators [2,7,8,10].

An essential aspect to take into account in the analysis of the behavior of the accelerator
is the transit time in the corona discharge current (explained in detail in Section 3) [2,3].
It should be mentioned that, in some of the reported works, this transit time is not considered.

This paper presents a mathematical model of the terminal of a tandem Van de Graaff
accelerator that considers the transit time in the corona discharge current. This transit time
is represented as an equivalent self-inductance in the corona triode. Also, for comparison
purposes, this transit time is modeled as a delay in the corona current. Experimental tests
were carried out using the Van de Graaff tandem accelerator at the National Institute of
Nuclear Research of Mexico to assess the accuracy of the proposed models.

Furthermore, two strategies for controlling the voltage at the terminal of the accel-
erator were analyzed: a PID controller and a sliding mode controller (SMC). Numerical
simulations were conducted to verify the effectiveness of these controllers in regulating the
terminal voltage.

The main contribution of the paper is the experimental validation of the proposed
mathematical models derived from an equivalent electrical circuit of the high-voltage
terminal. Besides, we have found that, with the PID and SMC controllers, better results
than those reported in previous works can be obtained, since the steady-state voltage
fluctuations are smaller than ±1 kV.

The rest of the paper is organized as follows. Section 2 describes the main characteris-
tics of the tandem Van de Graaff accelerator, as well as the operation modes of the Terminal
Potential Stabilizer. Section 3 presents the mathematical model of the system, considering
the aforementioned approaches to represent the transit time of the corona discharge cur-
rent. Section 4 presents two different control strategies for the voltage stabilization of the
accelerator terminal: PID control and SMC. Finally, in Section 5, some concluding remarks
are given.

2. Tandem Van de Graaff Accelerator: General Overview

A scheme of the tandem Van de Graaff accelerator is shown in Figure 1. The operation
principle is described below. The high-voltage terminal (1) is a fundamental component for
the acceleration of particles. It is charged by a Van de Graaff system, consisting of a direct
current source (2) and a belt (3), which transports the charge to the high-voltage terminal
(in tandem Van de Graaff accelerators, a voltage of up to 6 MV is produced). A beam of
negative ions is produced in an ion source (4) [12]; these negative ions are accelerated by
the voltage applied to the high-voltage terminal. The terminal has a positive potential
(1–6 MV), reaching a charge exchange channel (5) located at its central part, where it loses
electrons, transforming them into positive ions, which are repelled and accelerated towards
the other end of the acceleration tube (6). The particles leave the accelerator with an energy
of approximately twice the voltage of the terminal. Subsequently, the particle beam passes
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through the analyzer electromagnet (7) to remove particles with charge states that are
not required. Finally, the beam is directed to an experimental line (8) using a selector
electromagnet (9) [13,14].

Figure 1. Tandem Van de Graaff accelerator scheme.

The function of the Terminal Potential Stabilizer (TPS) is to ensure that the voltage at
the terminal remains constant and produces a mono-energetic particle beam [15].

The main components of the TPS and its associated elements, shown in Figure 2, are
briefly described below:

• Corona needles drain current from the terminal potential and, thus, vary its voltage.
• The generating voltmeter measures the terminal voltage in direct current (DC).
• The Pick-Off Capacitor (POC) measures voltage variations in Alternating Current (AC).
• SLITs monitor the position of the beam downstream of the analyzer electromagnet.
• The high-voltage terminal produces a high voltage that allows the acceleration of

the particles (in the remainder of the document, the term “terminal” refers to the
high-voltage terminal).

• The direct current source performs the transfer of the charge to the the terminal.
• The analyzer electromagnet behaves as a filter, which selects particles of a given energy.

Figure 2. Tandem Van de Graaff accelerator TPS and associated components.
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The TPS operates in the following basic modes:

• Generating voltmeter mode (GVM): This mode is used when it is desired to set the
terminal voltage to a specific value given by a reference signal associated with the
energy of the particles to be accelerated. In this mode, a fast feedback signal from the
POC is used to reduce the short-term ripple in combination with a slow feedback signal
from the voltage measured by the generating voltmeter. A compensator provides
a signal to control the current drained through the corona needles using a 6BK4
vacuum tube control grid (Radio Corporation of America (RCA), Harrison, NJ, USA.).
The current drained through the corona needles provides the voltage control at the
accelerator terminal.

• SLIT mode: This mode is put into operation when the particle beam is present after
the analyzer electromagnet, which generates a current whose value is proportional to
the beam position upon colliding with the SLITs. Once this position is monitored, it
can be controlled by increasing or decreasing the terminal voltage by draining current
from the terminal through the corona needles.

• Automatic mode: This mode allows an automatic switching between the GVM and
the SLIT mode, depending mainly on the current in the SLITs. If the value of a current
is greater than a previously set value on the SLITs, the system remains in SLIT mode.
Otherwise, if the value of the current is less than that of the SLITs, the system switches
to GVM mode, where the user can manually vary the terminal voltage until the beam
current required to switch to SLIT mode is obtained.

3. Mathematical Modeling

As mentioned before, the transit time of the corona triode discharge current used to
regulate the terminal voltage, hereinafter denoted by τ, is a crucial aspect to be considered
in the mathematical model of the system under study. The transit time of the corona
triode is the time required by the charge carriers to cross the discharge path (see Figure 3).
This time depends on the cathode–anode distance, the inertia of the charge carriers, the
dielectric gas used as an insulator, as well as the pressure of the gas. Both electrons and
ions contribute to the charge transport, although the transit time for a positive potential at
the terminal is determined primarily by the negative ions. Transit times of approximately
30 ms have been reported in the literature for accelerators of this type [2,3,16].

Figure 3. Corona triode scheme.

The phase shift method is used to determine the transit time τ. A low-frequency
sinusoidal signal is put on the grid of the triode 6BK4. The phase shift ϕtr between the
signal of the pick-up amplifier and the signal on the anode of the 6BK4 is measured using
an oscilloscope. From the measured phase shift ϕtr, the transit-time is calculated as [16]:

τ =
∆ϕ′

tr
f · 360◦

(1)

where
∆ϕ′

tr = ϕtr − 90◦ (2)
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and f is the frequency in Hertz. The 90◦ subtracted from the measured phase shift ϕtr
corresponds to the contribution to the phase shift due to the terminal capacitance Ct. From
Equations (1) and (2), transit times of 12 ms to 26 ms were obtained, for a distance between
the corona needle and the terminal ranging from 20 to 80%.

Two different approaches were considered for describing the transit time of the corona
discharge current. The first one considers an equivalent self-inductance in the corona triode.
In the second one, the transit time is represented as a delay in the corona current.

3.1. Model Considering an Equivalent Self-Inductance of the Corona Triode

An electrical circuit representing the terminal of the tandem Van de Graaff accelerator [16]
is shown in Figure 4. The circuit consists of a voltage source Vg representing the corona
triode in series with the control triode, that is the vacuum valve 6BK4 (Radio Corporation
of America (RCA), Harrison, NJ, USA), and a dimensionless amplification factor K, which
is defined as the product of the amplification factor of both triodes. The internal resistance
Rp and the equivalent Self-Inductance of the Corona Triode (SICT) Lp are in series with
this source. The terminal capacitance Ct and the column resistance Rc make up the external
load of this circuit. The terminal charge current is represented by the current source Ig.

Figure 4. Equivalent electrical circuit of the terminal considering the SICT Lp.

The electrical circuit shown in Figure 4 is represented in the frequency domain, as
shown in Figure 5. This representation allows obtaining the mathematical model of the
accelerator that relates the voltage at the terminal Vt(s) as a function of the load current
Ig(s) and the control voltage KVg(s), which are the inputs of the system.

Figure 5. Equivalent circuit of the high-voltage terminal for analysis in the frequency domain.
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This model is derived as follows. From the circuit shown in Figure 5, the equations that
describe the dynamic behavior of the system are obtained by assuming initial conditions
equal to zero. The voltage at the terminal Vt(s) is given by:

Vt(s) =
I2(s)− I1(s)

Cts
(3)

From Equation (3), it can be observed that the output voltage Vt(s) is a function of
the currents I2(s) and I1(s), which are, respectively, the load and discharge currents of the
capacitor Ct, which represents the terminal. These currents are given by:

I1(s) =
Vt(s)− KVg(s)

Lps + Rp
(4)

and
I2(s) = Ig(s)− Ic(s) (5)

where Ig(s) is the current provided by the terminal charge source and Ic(s) is the column
current obtained from Equation (6).

Ic(s) =
Vt(s)

Rc
(6)

To obtain the voltage at the terminal Vt(s) as a function of the inputs defined by the
voltage source −KVg(s) and the load current source Ig(s), the superposition principle is
applied. The system response is computed individually for each input, and then, the
responses are added. The transfer function relating the voltage output Vt(s) to the voltage
input −KVg(s) (considering Ig(s) equal to zero) is shown in Equation (7).

Vt(s)
−KVg(s)

=
−Rc

CtLpRcs2 + (CtRcRp + Lp)s + (Rc + Rp)
(7)

The transfer function relating the voltage output Vt(s) to the load current input
from the terminal Ig(s) (considering the voltage input −KVg(s) equal to zero) is given
by Equation (8).

Vt(s)
Ig(s)

=
LpRcs + RcRp

CtLpRcs2 + (CtRcRp + Lp)s + (Rc + Rp)
(8)

The voltage at the terminal Vt(s) as a function of voltage −KVg(s) and current Ig(s) is
described by Equation (9).

Vt(s) =
KVg(s)Rc + Ig(s)(LpRcs + RcRp)

CtLpRcs2 + (CtRcRp + Lp)s + (Rc + Rp)
(9)

The inductance Lp, the resistance Rp, and the amplification factor K change with
respect to the terminal position of the corona needles. This distance is expressed as a
percentage: when the corona tips are at the closest point to the terminal, this percentage is
zero, and when they are at the farthest point from the terminal, it is 100%. The numerical
values of these elements were calculated experimentally, according to the procedure pre-
sented in [3,16], and they are shown in Table 1. The capacitance Ct = 81.49 × 10−12 F
and the resistance Rc = 33.91×109 Ω are considered constant for any position of the
corona needles.

Numerical simulations of the proposed model were performed using Matlab® R2020a
–Simulink. For the simulations, it was considered that the corona needles are 70% away
from the terminal. Typical values for the accelerator operation were considered for the
input signals, i.e., current Ig(s) = 60 × 10−6 A. For the control voltage Vg(s), a square
signal taking values from 0 to −8 V, and a period of 17 s was considered.
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Table 1. Calculated values for the elements that make up the terminal.

Elements
Distance 20% 30% 40% 50% 60% 70% 80%

Lp (H) 8.5 × 107 1.2 × 108 1.4 × 108 2.0 × 108 2.6 × 108 3.4 × 108 4.6 × 108

Rp (Ω) 9.6 × 109 1.3 × 1010 1.7 × 1010 2.2 × 1010 3 × 1010 3.9 × 1010 5.1 × 1010

K 4 × 104 5.4 × 104 7.1 × 104 9.5 × 104 1.3 × 105 1.7 × 105 2.2 × 105

Figure 6 shows the simulation outcomes of the system described by Equation (9).
The red curve shows the voltage at the terminal Vt(s); the black curve shows the voltage
generated by the current Ig(s); the blue one shows the potential generated by the input
voltage Vg(s). It is observed that the sum of the input current Ig(s) and the control voltage
Vg(s) contributes to generating the terminal voltage.

Figure 6. Simulation results of the system considering the equivalent SICT.

To validate the proposed model, experimental tests were conducted in the tandem
Van de Graaff accelerator at the National Institute of Nuclear Research of Mexico. This
accelerator has the following main characteristics: It is manufactured by the company
High Voltage Engineering Corporation (Burlington, MA, USA). It has an accelerator tank
with a 6 MV high-voltage band-type generator. It is a Source of Negative Ions by Cesium
Sputtering (SNICS).

Figure 7 compares the voltage Vt(s) obtained through simulations of the terminal
model (Sim) with the experimental results (Exp) obtained in the tandem Van de Graaff
accelerator. The corona needles move away from the terminal in a percentage ranging from
20 to 80% of the total distance. The terminal voltage was measured using the generating
voltmeter by connecting a Tektronix® digital oscilloscope model MSO2014B (Tektronix Inc.,
Shanghai, China) to this sensor.

In Figure 7, the red and black curves, representing the simulation and experiment
results, respectively, are remarkably close. This close alignment instills confidence in the
accuracy and reliability of our proposed model, reinforcing its potential to reproduce the
behavior of the terminal voltage. Note that, at the beginning of the simulation (t = 0 s),
a significant discrepancy between the simulation and experimental results can be observed
because the simulation was initialized considering zero initial conditions, placing the
system in a transient regime, whereas the experimental data were collected during steady-
state conditions of the accelerator. Note also that, at t = 35 s, there was a delay in the
simulated response, primarily due to the effect of the inductance Lp in the model. The
inductance opposes current changes, causing a delay in the response. Now, for the sake of
comparison, we adapted the model by considering that the corona’s current transit time is
represented by a delay, instead of the equivalent SICT.



Mathematics 2024, 12, 2335 8 of 19

Figure 7. Terminal voltage Vt(s) for different positions of the corona needles.

3.2. Model Considering a Delay to Represent the Transit of the Current through the Corona Triode

The mathematical model of the terminal of the tandem Van de Graaff accelerator that
considers a delay τ corresponding to the transit time of the current through the corona
triode (described in Section 3) is determined from the electrical circuit shown in Figure 8.
The circuit elements Vg, K, Rp, Ct, Rc, and Ig are the ones described in Section 3.1.

Figure 8. Equivalent electrical circuit of the high-voltage terminal.
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The equivalent electrical circuit in the frequency domain that describes the accelerator
operation is shown in Figure 9. The mathematical model of the accelerator terminal
behavior is obtained by defining the expression that relates the voltage Vt(s) at the terminal
as a function of the charge current Ig(s) and the control voltage KVg(s).

Figure 9. Equivalent electrical circuit of the high-voltage terminal for analysis in the frequency domain.

From the circuit in Figure 9, we obtain the equations describing the dynamic behavior
of the system assuming initial conditions equal to zero. The voltage at the terminal Vt(s) is
given by Equation (10).

Vt(s) =
I2(s)− I1(s)e−sτ

Cts
(10)

It is observed that Equation (10) is similar to Equation (3) only with the corresponding
time delay τ in the current I1(s). The currents I1(s) and I2(s) are defined in (11) and (12),
respectively.

I1(s) =
Vt(s)− KVg(s)

Rp
(11)

I2(s) = Ig(s)− Ic(s) (12)

where Ig(s) is the current provided by the terminal charge source and Ic(s) is the column
current obtained from Equation (13).

Ic(s) =
Vt(s)

Rc
(13)

By applying the superposition principle, we obtain the voltage at the terminal Vt(s)
as a function of the inputs defined by the voltage source −KVg(s) and the load current
source Ig(s). The transfer function that relates the voltage output Vt(s) to the voltage input
−KVg(s) (considering Ig(s) equals zero) is given by Equation (14).

Vt(s)
−KVg(s)

=
−Rce−sτ

CtRcRps + Rp + Rce−sτ
(14)

To obtain the transfer function relating the voltage output Vt(s) to the load current
input Ig(s) of the terminal, the voltage input −KVg(s) is considered equal to zero, resulting
in Equation (15).

Vt(s)
Ig(s)

=
RcRp

CtRcRps + Rp + Rce−sτ
(15)
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The voltage at the terminal Vt(s) as a function of voltage −KVg(s) and current Ig(s) is
shown in Equation (16).

Vt(s) =
KVg(s)Rce−sτ + Ig(s)RcRp

CtRcRps + Rp + Rce−sτ
(16)

As before, numerical simulations and experimental tests were conducted to assess the
reliability of this model.

Regarding the terminal voltage Vt(s), Figure 10 compares the simulation results (red
curve) and the experimental outcomes (black curve) when the corona needles move away
from the terminal potential by a percentage ranging from 20 to 80% of the total distance.
Note that there is a significant discrepancy observed near t = 0 s, attributable to the same
scenario described in Section 3.1 for the SICT model.

Figure 10. Voltage Vt(s) at the terminal for different positions of the corona needles.

Table 2 shows the Root-Mean-Squared Error (RMSE) calculation of the simulation of
the two models concerning the experimental data when the corona needles move away from
the terminal by a percentage ranging from 20 to 80%. The RMSE measures the square root
of the average of the squared deviations between two signals that highly discriminate their
differences. An RMSE equal to zero (optimum value) occurs when the signals are identical;
the smaller the value, the greater the similarity is. The RMSE is an approximation of the
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error’s standard deviation. The RMSE has the same units as the signals being analyzed,
making it an intuitive metric for understanding the discrepancy between signals [17].

Note that the calculated RMSE is lower for the SICT model than the delayed model
when the corona needles are separated by a distance between 20% and 80%. This indicates
that the SICT model exhibits a closer resemblance to the actual behavior of the terminal
than the delayed model.

Table 2. RMSE of the two models.

RMSE (Volts)

Model
Distance 20% 30% 40% 50% 60% 70% 80%

SICT 32,012 24,932 30,834 35,514 32,407 24,830 17,526

Delayed 39,038 30,460 42,844 46,402 31,861 25,680 21,655

With the proposed models, it was possible to reproduce the behavior of the terminal
voltage of a real tandem Van de Graaff accelerator; the obtained results are similar to the
results reported in other works (see, for example, Refs. [7,18]). From the data presented in
Figures 7 and 10, we can conclude that the voltages obtained using the model that takes
into account the SICT have similar behavior to the one of the real accelerator terminal in the
whole variation range of the corona needles’ distance. In contrast, the model that considers
the transit time τ has noticeable deviations when the corona tips are at 50, 60, and 80%.

Based on the model that considers the equivalent SICT, two different control strategies
for regulating the accelerator’s terminal voltage were examined: PID controller and SMC.

4. Terminal Voltage Regulation Problem

Two control strategies, PID and SMC, were evaluated to solve the voltage regulation
problem. A PID controller was selected as the first option since this type of control is
a classical strategy for solving the regulation task in dynamic systems [11,19]. On the
other hand, SMC is a powerful strategy that can operate even in the presence of system
disturbances that may arise from mechanical and electrical elements, for example problems
with the electrical insulating, charge carrying, the mechanical movement of the generator
belt, its spontaneous electrification, and the non-uniformity of the belt properties, especially
variations in the belt joint, resulting in a significant disturbance of the high voltage at the
accelerator terminal [9]. It is important to highlight that, in the forthcoming developments,
ideal operating conditions and a well-conditioned accelerator are assumed.

The results obtained with each of the proposed controllers are presented in Sections 4.1
and 4.2.

4.1. PID Controller

Figure 11 shows a block diagram of the system described by the model that consid-
ers the equivalent SICT in a closed loop with the PID controller defined by the transfer
function (17).

GPID(s) = P + I
1
s
+ D

N
1 + N 1

s
(17)

The controller has Proportional P, Integral I, and derivative D gains and a first-order
derivative filter with divider N.

It is important to note that the values of the parameters Lp, Rp, and K vary according
to the distance of the corona needles, while the parameters Ig, Rc, and Ct remain constant.
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Figure 11. Block diagram of the closed-loop system.

Table 3 shows the values of the PID control gains found using the Matlab® R2020a
PID Tuner, considering different distances between the corona needles and the terminal,
expressed in percentages from 10 to 90%.

Table 3. PID controller gains for different distances between the corona needles and the terminal.

Distance (%) P (Proportional) I (Integral) D (Derivative) N

10 76 301 0.59 15
20 78 306 1.00 15
30 72 243 1.20 10
40 75 207 2.36 7
50 61 138 2.12 5
60 85 212 3.94 8
70 85 199 4.13 9
80 83 209 4.20 9
90 84 227 4.30 11

Figure 12 shows the simulation results of the system in a closed loop with the PID
controller (the controller gains are reported in Table 3). For this simulation, an input
current of Ig(s) = 60 × 106 A and a square signal voltage Vg(s) with a period of 17 s were
considered. The system response presented a maximum overshoot of Mp = 5% since
the damping ratio was ξ = 0.82 (underdamped system). The overshoot decreased when
the tips were closer to the terminal, having a damping ratio of ξ ≈ 1 (critically damped
system). Observe that the settling time was ts ≈ 4.5 s. According to the results obtained in
the transient response, it can be seen that, with the gains obtained for the PID controller,
the voltage at the terminal Vt can be adjusted from 400 kV to 1800 kV, which corresponds
to a variation in the entire distance interval of the corona needles (10–90%) with a load
current Ig = 100 × 10−6 A. From the above, the PID controller can stabilize the voltage at
the accelerator terminal over the entire distance range of the corona needles.

4.2. Sliding Mode Control

Output feedback tracking sliding mode control is a technique applied in a wide range
of areas of control engineering [20–23]. One of the reasons for the success of the SMC
approach is its robustness against disturbances. In addition, sliding mode controllers have
other remarkable properties such as accuracy and easy tuning and implementation for
linear and nonlinear systems with multiple inputs and outputs [21].

A sliding mode controller is proposed for the voltage regulation of a tandem Van de
Graaff accelerator with the aim of maintaining the voltage at the terminal Vt at a desired
level by high-frequency switching of the 6BK4 power vacuum tube. For the design of this
control, a state space time domain representation of the system is obtained, as shown in
Section 4.2.1.
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Figure 12. Simulation results of the system in closed loop with the PID controller.

4.2.1. Time Domain Model of the Tandem Van de Graaff Accelerator Terminal

The voltage output Vt(s) of the tandem Van de Graaff accelerator terminal as a function
of the voltage −KVg(s) and current Ig(s) in the frequency domain is shown in Equation (9).
By applying the inverse Laplace transform, one obtains:

CtLpRcV̈t + (CtRcRp + Lp)V̇t + (Rc + Rp)Vt = KVgRc + LpRc İg + RcRp Ig (18)

Since the terminal charge current Ig is constant, then İg = 0. From Equation (18),
one obtains:

CtLpRcV̈t + (CtRcRp + Lp)V̇t + (Rc + Rp)Vt = KVgRc + RcRp Ig (19)

The system inputs are Vg and Ig. The charging current Ig is constant, and the system is
controlled through the voltage Vg. The above system can be represented in the state space
by defining the state variables x1(t) = Vt and x2(t) = V̇t and output y as follows.

ẋ1 = x2

ẋ2 = −C1x1 − C2x2 + C3u + C4 Ig (20)

y = x1

where C1 =
(Rc + Rp)

Ct LpRc
, C2 =

(CtRcRp + Lp)
Ct LpRc

, C3 = KRc
Ct LpRc

, C4 =
RcRp

Ct LpRc
, and u = Vg.
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Figure 13 shows the numerical simulation results of the system defined in (20) when
the corona needles are at a distance of 70%. The voltage reference signal is given by a
square signal of amplitude 8 V and a period of 17 s. The system parameters are given
by Ig = 100 × 10−6 A, C1 = 98.9543 s−2, C2 = 111.8397 s−1, C3 = 4.9211 × 106 s−2, and
C4 = 1.3762 × 1012 Ω s−2.

Figure 13. Simulation result of the system defined in (20).

4.2.2. Sliding Mode Control Design

System (20) can be represented as follows:

ẋ1 = x2

ẋ2 = ū + f (x1, x2)

y = x1

(21)

where ū = C3u and f (x1, x2) = −C1x1 − C2x2 + C4 Ig. The problem involves designing
a sliding mode control law ū = ū(x1, x2) to guarantee that the output y asymptotically
follows a predefined reference yc, i.e., limt→∞(yc(t)− y(t)) = 0.

By defining the tracking error as e = (yc(t)− y(t)), the sliding variable is chosen as:

σ = ė + ce c > 0 (22)

The next step is to design a conventional sliding mode control ū that guarantees σ → 0
in finite time and keeps it at zero. When the sliding variable reaches zero, the output
tracking error e obeys the reduced first-order differential equation ė = −ce.

The time derivative of the sliding variable σ is given by

σ̇ = ÿc + cẏc − f (y, ẏ)− cẏ − ū (23)

If we define
φ(y, ẏ) = ÿc + cẏc − f (y, ẏ)− cẏ, (24)

then Equation (23) can be rewritten as follows:

σ̇ = φ(y, ẏ)− ū (25)

where yc, ẏc, and ÿc are known at any time and the term φ(y, ẏ) is considered bounded, i.e.,∣∣φ(y, ẏ)
∣∣ ≤ M.

Conventional sliding mode control is designed by using the sliding mode existence
condition [22]:

σσ̇ ≤ −ᾱ
∣∣σ∣∣, ᾱ =

α√
2

, α > 0 (26)
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From the above, it follows that:

σσ̇ = σ(φ(y, ẏ, t)− ū) ≤
∣∣σ∣∣M − σū (27)

Select ū as:
ū = ρ(sign(σ)) (28)

where

sign(σ) =


1 if σ > 0
0 if σ = 0
−1 if σ < 0

(29)

Substituting Equation (28) in Equation (27), one has

σσ̇ ≤
∣∣σ∣∣(M − ρ) = −ᾱ

∣∣σ∣∣ (30)

The control gain ρ is obtained from Equation (30) as follows:

ρ = M + ᾱ (31)

It is important to point out that the SMC is a robust control strategy that is able
to operate even in the presence of bounded nonlinear disturbances. This fact can be
identified from Equation (21), where the nonlinearities and disturbances of the system can
be encompassed in the bounded term f (x1, x2). The controller will perform satisfactorily
as long as the gain ρ is greater than the bound M.

Numerical simulations were performed considering the initial conditions x1(0) = 0,
x2(0) = 0, ρ = 12, c = 2, and f (x1, x2) = −C1x1 − C2x2 + C4 Ig. The considered reference
profile yt corresponds to a square signal with an amplitude of 200 kV, an offset of 750
kV, and a period of 17 s. The corona needles are considered to be in a 50% position. The
derivative of the error ė, is calculated using the numerical differentiation operation, s

0.01s + 1
and a charging current of Ig = 100 × 10−6 A.

Figure 14 shows the simulation results of the terminal voltage Vt and the reference
signal yc(t). Note that the controlled voltage output y = Vt follows the input reference
profile yc(t). Figure 15 shows the sliding variable σ behavior, which reaches zero in a finite
time of tr ≈ 0.05 s.

Figure 16 shows the behavior of the sliding mode control signal ū, where the high-
frequency switching of the controller can be observed. Figure 17 shows the terminal voltage
Vt when a step function is considered as the reference signal. Variations from 10 to 90% in
the distance between the corona needles and the terminal are considered. With the proposed
sliding mode control, the terminal voltage Vt can be adjusted from 400 kV to 1800 kV, which
corresponds to a variation in the entire range of distance from the corona needles.

Table 4 presents the obtained values for the RMSE of the steady state terminal voltage
for the responses obtained with the SMC and PID controllers for different values of the
corona needles’ distance. The considered error percentage criterion is 0.15%. Table 5
and Table 6 indicate the numerical values of the maximum overshoots and settling times
observed in the responses. Note that, in all cases, the RMSE is lower for the PID controller
compared to the SMC. However, the SMC leads to shorter settling times, and the system
response is overshoot-free.
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Table 4. RMSE of the two controls: SMC and PID controller.

RMSE (Volts)

Controller
Distance 10% 20% 30% 40% 50% 60% 70% 80% 90%

SMC 652 660 1078 664 534 494 650 870 1014

PID 171 151 167 200 205 314 438 541 580

Table 5. Maximum overshoot of the two controls: SMC and PID controller.

Maximum Overshoot (Volts)

Controller
Distance 10% 20% 30% 40% 50% 60% 70% 80% 90%

SMC none none none none none none none none none

PID 15 15 4400 16,043 29,070 35,280 45,010 51,740 52,630

Table 6. Settling time of the two controls: SMC and PID controller.

Settling Time (s)

Controller
Distance 10% 20% 30% 40% 50% 60% 70% 80% 90%

SMC 2.6 2.7 2.7 2.8 2.9 3.5 3.3 3.4 3.5

PID 3.8 3.9 3.9 4.3 4.4 4.6 4.6 4.7 4.7

Figure 14. Tracking of the reference signal to the terminal voltage Vt.

Figure 15. Behavior of the sliding variable σ.
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Figure 16. Zoom of the sliding modes control signal.

Figure 17. Simulation results of the system in closed loop with the SMC controller.

5. Conclusions

Two mathematical models are reported in this paper. These models are aimed at
contributing to the study of the dynamic behavior of the potential terminal of tandem Van
de Graaff accelerators since they, analytically, describe the behavior of each of the variables
involved in the operation.

The two reported models provide responses that are close enough to the experimental
one. It is important to highlight that, due to its accuracy, the model that considers the
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equivalent SICT was chosen to evaluate two control strategies to address a control regula-
tion problem: a linear control strategy (PID) and a nonlinear control strategy (SMC). The
SMC strategy was selected due to its well-known robustness against external disturbances,
parametric uncertainties, and unmodeled dynamics.

Both control strategies were implemented to regulate the terminal voltage over the
entire operating range of the corona needles. The RMSE was calculated to evaluate the
performance of both control strategies. The PID allows an improvement in the system
response with respect to the SMC controller since smaller values of the RMSE were obtained
for each one of the experimental tests. However, SMC has the advantage of operating with
a shorter settling time and without overshoot.

The practical implementation of the proposed controllers in a digital device for in-
tegrating a new TPS in the Van de Graaff tandem accelerator at the National Institute of
Nuclear Research is a direction for future work.
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