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Abstract: The evolution of the population ecosystem is closely related to resources and the environ-
ment. Assuming that the environmental capacity of a predator population is positively correlated
with the number of prey, and that the prey population has a sheltered effect, we investigated a
predator–prey model with a juvenile–adult two-stage structure. The dynamical behaviour of the
model was examined from two distinct environmental perspectives, deterministic and stochastic,
respectively. For the deterministic model, the conditions for the existence of equilibrium points
were obtained by comprehensive use of analytical and geometric methods, and the local and global
asymptotic stability of each equilibrium point was discussed. For the stochastic system, the effect
of noise intensity on the long-term dynamic behavior of the population was investigated. By con-
structing appropriate Lyapunov functions, the criteria that determined the extinction of the system
and the ergodic stationary distribution were given. Finally, through concrete examples and numer-
ical simulations, the understanding of the dynamic properties of the model was deepened. The
results show that an improvement in the predator living environment would lead to the decrease
in the prey population, while more prey shelters could lead to the decline or even extinction of
predator populations.

Keywords: Leslie–Gower modification term; environmental capacity; prey refuge; extinction; ergodic
stationary distribution

MSC: 37H10; 60H10; 92B05

1. Introduction

“Survival of the fittest” is the basic law of species evolution in nature. In order to adapt
to the living environment, each species has evolved its own internal population growth
mode and generation replacement mechanism. The logistic model regards environmental
capacity as a constant; however, the environmental capacity of many species is related to
the amount of food they depend on in their habitat, rather than being constant. In 1948,
Leslie et al. [1,2] assumed that the environmental capacity of a predator is proportional
to the abundance of surrounding food, and constructed the following model—the classic
Leslie–Gower predator–prey model

dx(t)
dt

= (r1 − b1x(t))x(t)− p(x(t))y(t),
dy(t)

dt
=

(
r2 − a2

y(t)
x(t)

)
y(t),

(1)

where x(t), y(t) denote the densities of the prey and predator populations in the en-
vironment at time t, respectively. r1, r2 are the intrinsic growth rate of the prey and
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predator populations, respectively; a2y(t)
x(t) is the Leslie–Gower term; and p(x) is the func-

tional response function. From the first equation of model (1), it is easy to see that, in
the absence of predators, the prey population grows logistically. From the second equa-
tion of model (1), the environmental carrying capacity of the predator is r2x(t)

a2
.The Leslie

predation model has been widely used in the study of various ecosystems [3–6]. In 1988,
David J. Wollkind et al. [3] put forward a mite predation model with the Leslie term and
Holling-II functional response when they were studying the control of fruit tree pests using
Typhlodromus occidentalis, a natural enemy of mites, and discussed the dependence of
ecosystem stability on environmental temperature. Li et al. [7] constructed a mite predation
model using a simplified Holling-IV functional response function and investigated the
bifurcation dynamic behavior of the system. When the living environment of a biological
population changes dramatically, such as the change of autumn and winter seasons and
climate drought, the food preferred by predators may decrease sharply during a certain
period of time. In the case of severe food shortage, predators may have to turn to other
substitute prey in order to survive. In this case, Aziz-Alaoui and Nindjin et al. [8,9] revised
the Leslie term to ay(t)

h+x(t) , where h is the substitutable quantity of predator’s favorite food,
which reflects the protective effect of the environment on predators. By coupling the modi-
fied Leslie–Gower term into the model (1), Aziz-Alaoui et al. [9] studied the boundedness
and global stability of the following model.

dx(t)
dt

= (r1 − b1x(t)− a1y(t)
x(t) + k1

)x(t),

dy(t)
dt

=

(
r2 −

a2y(t)
x(t) + k2

)
y(t),

(2)

here, k1 and k2 are used to measure the degree of environmental protection for the prey
and predator, respectively. Many ecosystems in nature, such as the insect(pest)–spider food
chain, can support model (2), see [10,11]. Puchuri et al. [12] replaced the Holling-II func-
tional response function a1x

x+k1
in system (2) with the Holling-IV functional response function

p(x) = ax
r+x2 , which established a kind of mite predation model, and discussed the multi-

stability of the system.
As is known to all, species have different life characteristics at different stages of their

life cycle. Cubs in the initial stage of life are generally infertile, weak in predation and
defense, and mainly rely on their parents to feed and shelter them. Adult individuals at
the peak stage of their life cycle are mature and have strong predation ability, and bear
the heavy responsibility of reproducing while maintaining their own survival. In order
to describe the population characteristics in different life stages in detail, the biological
population model with stage structure is widely used in various ecosystem studies [13–19].
Zhang et al. [14] constructed a predation model of a prey population with a two-stage
structure of juvenile–adult, and studied the dynamic properties of the system and the
optimal harvesting strategy. In this model, the predator is supposed only to prey on
juvenile prey and the predation rate is the Holling-I functional response. A predator–prey
model with both the stage structure of prey and the Crowley–Martin functional response is
considered by Maiti et al. [15]. Here, the authors assume that the predator only preys on
adult prey. Based on [14,15], Zhang et al. constructed the following food chain model with
a two-stage structure of prey in [16].

dx
dt

= ry − mx − αxz − d1x,
dy
dt

= mx − sy2 − βyz
(1 + ay)(1 + bz)

− d2y,

dz
dt

= pαxz +
qβyz

(1 + ay)(1 + bz)
− δz2 − d3z,

(3)
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where the predator z feeds on both juvenile x and adult y prey, with predation rates of αx
(Holling-I) and βy

(1+ay)(1+bz) (Crowley–Martin-type), respectively. The conclusion suggests
that system (3) may not only have multiple positive equilibrium points, but also exhibit
rich dynamical properties such as bistability and complex branching.

In order to adapt to the harsh natural environment, many animals have evolved
special survival skills. For example, chameleons conceal themselves by blending into their
surroundings, groundhogs dig holes in the ground to serve as shelters, and swarms of bees
increase the efficiency of their defences by dividing up their work. Animals can effectively
reduce the predation efficiency of predators by using shelters and group defense, so that
they can gain greater chances of survival in front of predators, and then gain advantages
in the process of evolution. It is generally believed that prey refuge has two important
functions: preventing the extinction of prey populations and inhibiting the oscillation of
the predator–prey system [20,21]. Jamil et al. [22] constructed a modified Leslie–Gower
model with prey refuge and fear effects, and investigated the rich dynamical behaviors
of the system including bi-stability. There are many ways to couple the prey refuge into
the predator–prey model [23–25]. Xiang et al. [23] set the refuge effect as a constant
(denoted as µ). If the prey population is lower than the amount µ, the predator cannot
catch the prey, but if the prey population is higher than µ, the predator can catch the prey.
The author found that constant prey refuge can prevent the extinction of prey and lead
to global coexistence. Zhang et al. [24] assumed the probability of the prey population
obtaining shelter is ν(0 < ν < 1), thus reducing the predation rate of predators per unit
time. Referring to the method of introducing shelter in [24], this paper constructs the
following food chain model with the modified Leslie–Gower term and prey stage structure.

dx(t)
dt

= r1y − gx − bx2 − d1x,
dy(t)

dt
= gx − f y2 − d2y − β(1 − ν)yz

1 + k(1 − ν)y
,

dz(t)
dt

= z
(

cβ(1 − ν)y
1 + k(1 − ν)y

− r2z
h + y

)
− d3z,

(4)

with initial value:

x(0) = x0 > 0, y(0) = y0 > 0, z(0) = z0 > 0, (5)

where x(t), y(t), and z(t) represent the densities of juvenile prey, adult prey, and predator,
respectively, at time t. The model supposes that the predator only preys on adult prey,
where ν(0 < ν < 1) is the probability of obtaining shelter for adult prey, and other
parameters are positive constants and their biological significances are shown in Table 1.

In addition, environmental disturbance is very important for the development and
evolution of population ecosystems [26–29]. Considering random interference factors,
white noise is coupled into model (4), and the following stochastic system is obtained

dx = (r1y − bx2 − gx − d1x)dt + σ1xdB1(t),

dy =

(
gx − f y2 − d2y − β(1 − ν)yz

1 + k(1 − ν)y

)
dt + σ2ydB2(t),

dz =

(
z
(

cβ(1 − ν)y
1 + k(1 − ν)y

− r2z
h + y

)
− d3z

)
dt + σ3zdB3(t),

(6)

where σ2
i (i = 1, 2, 3) represent the intensity of white noise and Bi(t) are the independent

standard Brownian motion.
In this paper, we focus on the dynamic behavior of a predator–prey model in two

different environments. For the deterministic model (4), Part 2 discusses the model’s well-
posedness, the existence of equilibrium points, and the local and global asymptotic stability.
For the stochastic model (6) under the disturbance of environmental noise, the adequacy
criterion for determining the extinction and existence of ergodic stationary distribution is
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given in Part 3. In the fourth part, the theoretical results are numerically simulated, while
in the fifth part, the relevant conclusions of this paper are presented.

Table 1. Biological interpretations of parameters.

Parameter Biological Interpretation

r1 The birth rate of juvenile prey
r2 The maximum value of per capita reduction rate of adult prey
b Intra-specific competition coefficient of juvenile prey
g Conversion rate of prey from juvenile to adult
d1 Natural mortality rate of juvenile prey
d2 Natural mortality rate of adult prey
d3 Natural mortality rate of predator
f Intra-specific competition coefficient of adult prey
β Capture rate
ν Strength of prey refuge
k Half-saturation parameter
c Conversion efficiency of predator
h Degree of environmental improvement

2. Dynamics of Deterministic System (4)

Firstly, the well-posedness of the solution of system (4) is discussed.

Theorem 1. For any given initial condition (5), there exists a unique solution to the system (4),
and the solution is non-negative and uniformly bounded.

Proof. Let X(t) = (x(t), y(t), z(t))T be any solution of the system (4). We rewrite the right
side of system (4) as follows:

F(X) =

 F1(X)
F2(X)
F3(X)

 =


r1y − gx − bx2 − d1x

gx − f y2 − d2y − β(1 − ν)yz
1 + k(1 − ν)y

z
(

cβ(1 − ν)y
1 + k(1 − ν)y

− r2z
h + y

)
− d3z

.

Define
V(t) = x(t) + cy(t) + z(t),

then

dV
dt

=− bx2 + (c − 1)gx − c f y2 + r1y − r2z2

h + y
− d1x − cd2y − d3z

≤ H − dV(t),

where

H := max
{
−bx2 + (c − 1)gx − c f y2 + r1y

}
=

(c − 1)2g2

4b
+

r2
1

4c f
, d = min{d1, d2, d3}.

Based on the above analysis, we have

lim sup
t→∞

V(t) ≤ H
d

=
(c − 1)2g2

4bd
+

r2
1

4c f d
,

therefore, any solution to (4) with an initial value of (5) will eventually approach or remain
in the area
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Ω =

{
(x, y, z) ∈ R3

+ : 0 ≤ x(t) + cy(t) + z(t) ≤ H
d

}
.

On account of dX
dt

∣∣
X=0 ≥ 0, therefore, any solution to the system (4) is non-negative.

Next, we prove that F : R3 → R3, satisfying the local Lipschitz condition [30].
Let X = (x(t), y(t), z(t))T and X = (x(t), y(t), z(t))T be two arbitrary solutions of

system (4), then, we have

∥F(X)− F(X)∥
=|F1(X)− F1(X)|+ |F2(X)− F2(X)|+ |F3(X)− F3(X)|
=|r1(y − y)− (g + d1)(x − x)− b(x + x)(x − x)|

+

∣∣∣∣g(x − x)− f (y + y)(y − y)− d2(y − y)− β(1 − ν)
yz + k(1 − ν)yyz − yz − k(1 − ν)yyz

(1 + k(1 − ν)y)(1 + k(1 − ν)y)

∣∣∣∣
+

∣∣∣∣∣cβ(1 − ν)

(
yz

1 + k(1 − ν)y
− yz

1 + k(1 − ν)y

)
− r2

(
z2

h + y
− z2

h + y

)
− d3(z − z)

∣∣∣∣∣.
Using the boundedness of system (4), it is obtained

∥F(X)− F(X)∥

≤r1|y − y|+
(

g + d1 +
2bH

d

)
|x − x|+ g|x − x|+

(
2 f H

cd
+ d2 +

Hβ(1 − ν)

d

)
|y − y|

+
Hβ(1 − ν)

cd
|z − z|+

(
cβ(1 − ν)H

d
+

r2H2

h2d2

)
|y − y|+

(
β(1 − ν)H

d
+

2r2H
hd

+ d3

)
|z − z|

=

(
2g + d1 +

2bH
d

)
|x − x|+

(
r1 + d2 +

2 f H
cd

+
Hβ(1 + c)(1 − ν)

d
+

r2H2

h2d2

)
|y − y|

+

(
d3 +

β(1 + c)(1 − ν)H
cd

+
2r2H

hd

)
|z − z|

≤L∥X − X∥.

where

L = max

{
2g + d1 +

2bH
d

, r1 + d2 +
2 f H

cd
+

Hβ(1 + c)(1 − ν)

d
+

r2H2

h2d2 ,

d3 +
β(1 + c)(1 − ν)H

cd
+

2r2H
hd

}
.

Consequently, the mapping F(X) satisfies the local Lipschitz condition. Thus, for any
given initial condition (5), there exists a unique solution to the system (4).

Subsequently, the existence and stability of the equilibrium point of the system (4) are
investigated. Making the right side of (4) equal to zero provides the following equations:

r1y − gx − bx2 − d1x = 0, (7)

gx − f y2 − d2y − β(1 − ν)yz
1 + k(1 − ν)y

= 0, (8)

z
(

cβ(1 − ν)y
1 + k(1 − ν)y

− r2z
h + y

)
− d3z = 0. (9)

Clearly, there exists a trivial equilibrium point E0 : (0, 0, 0) for the system (4). Trans-
forming (7), we obtain

y =
x
r1
(bx + g + d1). (10)



Mathematics 2024, 12, 2371 6 of 26

Define
R0 =

r1g
d2(g + d1)

. (11)

The existence of nontrivial equilibrium of the model is discussed below in two cases.

Case I. z = 0.

In this case, by substituting (10) into (8), we have

f b2x3 + 2 f b(g + d1)x2 + ( f (g + d1)
2 + r1bd2)x + r1d2(g + d1)− r2

1g = 0. (12)

Using the Cartesian symbol criterion [31], when R0 > 1, Equation (12) has a unique
positive root x̌. Therefore, y̌ = x̌

r1
(bx̌+ g+ d1), subsequently, there exists a unique boundary

equilibrium Ě : (x̌, y̌, 0) for the system (4).

Case II. z ̸= 0.

It is vital to solve Equations (7)–(9) in order to find the positive equilibrium point of
system (4). Substitute (10) into (8) and (9), we have

G1(x, z) = 0, G2(x, z) = 0,

where

G1(x, z) = g − d2

r1
(bx + g + d1)−

β(1 − ν)(bx + g + d1)z
r1 + k(1 − ν)x(bx + g + d1)

− f x(bx + g + d1)
2

r2
1

,

G2(x, z) = − r1r2z
r1h + x(bx + g + d1)

+
cβ(1 − ν)(bx + g + d1)x

r1 + k(1 − ν)x(bx + g + d1)
− d3.

As shown in Figure 1, the intersection of curve G1(x, z) = 0 with the coordinate axis
of (0, z1), (x̌, 0), here z1 = r1g−d2(g+d1)

β(1−ν)(g+d1)
, x̌, is the root of Equation (12). Obviously, if R0 > 1,

then z1 > 0 holds.
Suppose that the implicit function determined by equation G2(x, z) = 0 is z = H(x),

it is known that dz
dx = −

∂G2
∂x

∂G2
∂z

> 0, thus, z = H(x) is monotonically increasing. From

G2(0, z) = 0, we know the intersection of curve G2(x, z) = 0 with the z-axis is (0, z2);
here, z2 = − hd3

r2
. From G2(x, 0) = 0, we know when cβ > kd3, the intersection of curve

G2(x, z) = 0 with the x-axis is (ξ, 0), where ξ =
−(g+d1)+

√
(g+d1)2+

4bd3r1
(cβ−d3k)(1−ν)

2b . If ξ < x̌,
curves G1(x, z) = 0 and G2(x, z) = 0 have at least one intersection point (x∗, z∗) in the first
quadrant. So, if R0 > 1, cβ > kd3, and ξ < x̌, we can say that there is at least one positive
equilibrium E∗ : (x∗, y∗, z∗) in system (4); here, y∗ = x∗

r1
(bx∗ + g + d1).

Figure 1. Schematic representation of curves G1(x, z) = 0, G2(x, z) = 0.

Based on the above discussion, the equilibrium points of model (4) can be obtained
as follows
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Theorem 2. (1) There always exists a trivial equilibrium point E0 : (0, 0, 0).
(2) If R0 > 1 holds, then there exists a unique boundary equilibrium point Ě : (x̌, y̌, 0).
(3) If R0 > 1, cβ > kd3, and ξ < x̌ hold simultaneously, then there exists at least one positive

equilibrium point E∗ : (x∗, y∗, z∗), where ξ =
−(g+d1)+

√
(g+d1)2+

4bd3r1
(1−ν)(cβ−kd3)

2b .

The stability of each equilibrium point is discussed below. The Jacobian matrix corre-
sponding to system (4) is

J =


−2bx − g − d1 r1 0

g −d2 − 2 f y − β(1 − ν)z
(1 + k(1 − ν)y)2 − β(1 − ν)y

1 + k(1 − ν)y

0
r2z2

(h + y)2 +
cβ(1 − ν)z

(1 + k(1 − ν)y)2 − 2r2z
h+y + cβ(1−ν)y

1+k(1−ν)y − d3

.

By substituting each equilibrium point into the above matrix and using the Routh–
Hurwitz criterion [32], we can obtain

Theorem 3. (1) If R0 < 1 holds, E0 : (0, 0, 0) of system (4) is locally asymptotically stable.
(2) If R0 > 1, r1g < (2bx̌ + g + d1)(d2 + 2 f y̌) and d3 > cβ(1−ν)y̌

1+k(1−ν)y̌ hold, Ě : (x̌, y̌, 0) is locally
asymptotically stable.
(3) If R0 > 1, 0 < ξ < x̌ and [Q1], [Q2] [Q3] hold, then E∗ : (x∗, y∗, z∗) is locally asymptotically
stable, where [Qi](i = 1, 2, 3) are defined by (15)–(17).

Proof. (1) The Jacobian matrix corresponding to E0 : (0, 0, 0) is

J|E0
=

 −g − d1 r1 0
g −d2 0
0 0 −d3

,

and its characteristic equation is expressed as follows

(λ + d3)(λ
2 + (d2 + d1 + g)λ + d2(g + d1)− r1g) = 0.

From the above equation, we have

λ1 = −d3 < 0, λ2,3 =
−(d2 + g + d1)±

√
(d2 + g + d1)2 − 4(d2g + d2d1 − r1g)

2
.

If R0 < 1 holds, we can easily obtain λ1, λ2, λ3 < 0, which means E0 is locally
asymptotically stable. Conversely, if R0 > 1, E0 is unstable.

(2) Similarly, substituting the coordinates of the equilibrium point Ě : (x̌, y̌, 0) into J,
we can obtain

J|Ě =


−2bx̌ − g − d1 r1 0

g −d2 − 2 f y̌ − β(1 − ν)y̌
1 + k(1 − ν)y̌

0 0 cβ(1−ν)y̌
1+k(1−ν)y̌ − d3

.

The corresponding characteristic equation is(
λ + d3 −

cβ(1 − ν)y̌
1 + k(1 − ν)y̌

)
(λ2 + (2bx̌ + g + d1 + d2 + 2 f y̌)λ

+ (2bx̌ + g + d1)(d2 + 2 f y̌)− r1g) = 0,

and the eigenvalues are solved as
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λ1 =
cβ(1 − ν)y̌

1 + k(1 − ν)y̌
− d3, λ2,3 =

−l1 ±
√

l2
1 − 4l2

2
,

where l1 = 2bx̌ + g + d1 + d2 + 2 f y̌, l2 = (2bx̌ + g + d1)(d2 + 2 f y̌)− r1g. So, when Ě exists,
and the conditions

d3 >
cβ(1 − ν)y̌

1 + k(1 − ν)y̌

and
r1g < (2bx̌ + g + d1)(d2 + 2 f y̌)

are met, we can easily obtain λ1,2,3 < 0; to clarify, Ě : (x̌, y̌, 0) is locally asymptotically
stable.

(3) At the equilibrium point E∗ : (x∗, y∗, z∗), the Jacobian matrix may be found as

J|E∗ =


−2bx∗ − g − d1 r1 0

g −d2 − 2 f y∗ − β(1 − ν)z∗

(1 + k(1 − ν)y∗)2 − β(1 − ν)y∗

1 + k(1 − ν)y∗

0
r2z∗2

(h + y∗)2 +
cβ(1 − ν)z∗

(1 + k(1 − ν)y∗)2 − 2r2z∗
h+y∗ +

cβ(1−ν)y∗

1+k(1−ν)y∗ − d3

,

and its characteristic equation is

λ3 + (A1 + A2 + A3)λ
2 + (A1 A2 + A1 A3 + A2 A3 + B − r1g)λ + A1 A2 A3 + A1B − A3r1g = 0,

where

A1 = 2bx∗ + g + d1, A2 = d2 + 2 f y∗ + β(1−ν)z∗

(1+k(1−ν)y∗)2 , A3 = 2r2z∗
h+y∗ −

cβ(1−ν)y∗

1+k(1−ν)y∗ + d3, (13)

B =

(
r2z∗2

(h + y∗)2 +
cβ(1 − ν)z∗

(1 + k(1 − ν)y∗)2

)
β(1 − ν)y∗

1 + k(1 − ν)y∗
. (14)

From Routh–Hurwitz criteria, when

[Q1] : A1 + A2 + A3 > 0, (15)

[Q2] : A1 A2 A3 + A1B − A3r1g > 0, (16)

[Q3] : (A1 A2 − r1g)(A1 + A2) + A1 A3(A1 + A3) + (A2 A3 + B)(A2 + A3) + 2A1 A2 A3 > 0, (17)

E∗ : (x∗, y∗, z∗) is locally asymptotically stable.

Lemma 1 ([33] Lyapunov’s stability theorem). For an autonomous system
dX(t)

dt
= f (X),

f (0) = 0,

if there is a function V : Rn → R satisfies:

(1) V(X) is continuous together with its first partial derivatives;
(2) V(X) is positive definite, that is V(X) ≥ 0, V(0) = 0, if and only if,X = 0;
(3) V(X) is radially unbounded, namely, if ∥X∥ → ∞, then V(x) → ∞;

(4) dV(X(t))
dt is negative definite, that is, for ∀X ∈ Rn\{0}, there is dV

dt = ∂V
∂X · dX

dt < 0,

then the equilibrium point X = 0 is globally asymptotically stable.
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Theorem 4. Assume Ě : (x̌, y̌, 0) is locally asymptotically stable and satisfies cβ < kd3, then
Ě : (x̌, y̌, 0) is globally asymptotically stable.

Proof. Obviously, the boundary equilibrium Ě : (x̌, y̌, 0) satisfies
r1y̌
x̌

− bx̌ − g − d1 = 0,
gx̌
y̌

− f y̌ − d2 = 0.

We define the Lyapunov function

V(x, y, z) = ǩ1(x − x̌ − x̌ ln
x
x̌
) + ǩ2(y − y̌ − y̌ ln

y
y̌
) + ǩ3z,

where ǩ1, ǩ2, ǩ3 are positive constants. Following this, we compute that

dV
dt

=ǩ1(1 −
x̌
x
)(r1y − bx2 − gx − d1x)

+ ǩ2(1 −
y̌
y
)

(
gx − d2y − β(1 − ν)yz

1 + k(1 − ν)y
− f y2

)
+ ǩ3

(
− r2z2

h + y
+

cβ(1 − ν)yz
1 + k(1 − ν)y

− d3z
)

=ǩ1(x − x̌)
(

r1y
x

− r1y̌
x̌

+ b(x̌ − x)
)

+ k2(y − y̌)
(

gx
y

− gx̌
y̌

− β(1 − ν)z
1 + k(1 − ν)y

+ f (y̌ − y)
)

+ ǩ3z
(
− r2z

h + y
+

cβ(1 − ν)y
1 + k(1 − ν)y

− d3

)
=− bǩ1(x − x̌)2 − ǩ1r1(x − x̌)2y

xx̌
+

ǩ1r1(x − x̌)(y − y̌)
x̌

− k2g(y − y̌)2x
yy̌

+
ǩ2g(y − y̌)(x − x̌)

y̌
− ǩ2β(1 − ν)yz

1 + k(1 − ν)y

+
β(1 − ν)(ǩ2y̌z + ǩ3cyz)

1 + k(1 − ν)y
− r2ǩ3z2

h + y
− d3ǩ3z − f ǩ2(y − y̌)2.

Let ǩ1 = x̌
r1

, ǩ2 = y̌
g , we have

− ǩ1r1(x − x̌)2y
xx̌

+
ǩ1r1(x − x̌)(y − y̌)

x̌
− ǩ2g(y − y̌)2x

yy̌
+

ǩ2g(y − y̌)(x − x̌)
y̌

=−
(√

y
x
(x − x̌)−

√
x
y
(y − y̌))

)2

≤0,

then
dV
dt

≤ − bx̌
r1

(x − x̌)2 − f y̌
g
(y − y̌)2 +

(
ǩ2β(1 − ν)y̌ +

ǩ3cβ

k
− ǩ3d3

)
z.

When cβ − d3k < 0, choose ǩ3 > kβ(1−ν)y̌2

g(d3k−cβ)
, and we obtain dV

dt ≤ 0. Therefore, if

Ě : (x̌, y̌, 0) is locally asymptotically stable and the condition

cβ − d3k < 0

is met, then Ě : (x̌, y̌, 0) is globally asymptotically stable.
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With the aim of discussing the global stability of the positive equilibrium point E∗ :
(x∗, y∗, z∗) of model (4), the assumption is given that

[H1] : f >
kβ(1 − ν)2z∗

1 + k(1 − ν)y∗
+

r2(1 + k(1 − ν)y∗)z∗2

4ch(h + y∗)2 .

Theorem 5. Assume E∗ : (x∗, y∗, z∗) is local asymptotically stable and [H1] holds, then E∗ :
(x∗, y∗, z∗) is globally asymptotically stable.

Proof. At the interior equilibrium E∗ : (x∗, y∗, z∗), we have

r1y∗

x∗
− bx∗ − g − d1 = 0,

gx∗

y∗
− β(1 − ν)z∗

1 + k(1 − ν)y∗
− f y∗ − d2 = 0,

− r2z∗

h + y∗
+

cβ(1 − ν)y∗

1 + k(1 − ν)y∗
− d3 = 0.

Define the Lyapunov function

V(x, y, z) = k∗1(x − x∗ − x∗ ln
x
x∗

) + k∗2(y − y∗ − y∗ ln
y
y∗

) + k∗3(z − z∗ − z∗ ln
z
z∗

).

Then, there is

dV
dt

=k∗1(1 −
x∗

x
)(r1y − bx2 − gx − d1x)

+ k∗2(1 −
y∗

y
)

(
gx − d2y − β(1 − ν)yz

1 + k(1 − ν)y
− f y2

)
+ k∗3(1 −

z∗

z
)

(
− r2z2

h + y
+

cβ(1 − ν)yz
1 + k(1 − ν)y

− d3z
)

=k∗1(x − x∗)
(

r1

(
y
x
− y∗

x∗

)
+ b(x∗ − x)

)
+k∗2(y − y∗)

(
g
(

x
y
− x∗

y∗

)
+ f (y∗ − y) + β(1 − ν)

(
z∗

1 + k(1 − ν)y∗
− z

1 + k(1 − ν)y

))
+ k∗3(z − z∗)

(
r2

(
z∗

h + y∗
− z

h + y

)
+ cβ(1 − ν)

(
y

1 + k(1 − ν)y
− y∗

1 + k(1 − ν)y∗

))
=− bk∗1(x − x∗)2 −

k∗1r1(x − x∗)2y
xx∗

+
k∗1r1(x − x∗)(y − y∗)

x∗
− k∗2g(y − y∗)2x

yy∗

+
k∗2g(y − y∗)(x − x∗)

y∗
+

(k∗3c − k∗2 − k∗2k(1 − ν)y∗)β(1 − ν)(y − y∗)(z − z∗)
(1 + k(1 − ν)y)(1 + k(1 − ν)y∗)

− f k∗2(y − y∗)2 +
r2k∗3(z − z∗)(y − y∗)z∗

(h + y∗)(h + y)
+

kk∗2 β(1 − ν)2z∗(y − y∗)2

(1 + k(1 − ν)y)(1 + k(1 − ν)y∗)

−
r2k∗3(z − z∗)2

h + y
.

Taking k∗1 = x∗
r1

, k∗2 = y∗
g , k∗3 =

k∗2(1+k(1−ν)y∗)
c , then, there is

−
k∗1r1(x − x∗)2y

xx∗
+

k∗1r1(x − x∗)(y − y∗)
x∗

− k∗2g(y − y∗)2x
yy∗

+
k∗2g(y − y∗)(x − x∗)

y∗

=−
(√

y
x
(x − x∗)−

√
x
y
(y − y∗)

)2

≤0,

k∗3c − k∗2 − k∗2k(1 − ν)y∗ = 0.

So, we can obtain that
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dV
dt

≤− bk∗1(x − x∗)2 − k∗2

(
f − kβ(1 − ν)2z∗

1 + k(1 − ν)y∗

)
(y − y∗)2 +

r2k∗3z∗(y − y∗)(z − z∗)
(h + y∗)(h + y)

−
r2k∗3(z − z∗)2

h + y

≤− bk∗1(x − x∗)2 − A11(y − y∗)2 + A12(y − y∗)(z − z∗)− A22(z − z∗)2,

where

A11 = k∗2

(
f − kβ(1 − ν)2z∗

1 + k(1 − ν)y∗

)
, A22 =

r2k∗3
h + y

, A12 =
r2k∗3z∗

(h + y∗)(h + y)
.

Obviously, if condition [H1] is satisfied, then −A11(y − y∗)2 + A12(y − y∗)
(z − z∗) − A22(z − z∗)2 < 0. Thus, we obtain dV

dt ≤ 0. Consequently, assuming that
condition [H1] is met, we infer that the positive equilibrium point E∗ : (x∗, y∗, z∗) is glob-
ally asymptotically stable.

3. Dynamics of Stochastic System (6)

Compared with the deterministic model (4), how will the dynamic properties of the
model (6) change under random environment? This is the topic discussed in this section.

Theorem 6. For any given initial value (5), the system (6) has a unique global positive solution;
moreover, the solution will remain in Ω with probability one.

Proof. First, let h̄e be the explosion time. We state that a unique local solution
(x(t), y(t), z(t)) ∈ Ω on t ∈ [0, h̄e) exists for any initial value (x(0), y(0), z(0)) ∈ Ω. In fact,
it is easy to obtain from the local Lipschitz property of the coefficients of system (6).

Second, we prove h̄e = ∞ a.s. Assume that ς0 ≥ 1 is big enough that x(0), y(0), z(0)
are all contained within

[
1
ς0

, ς0

]
. For each integer ς ≥ ς0, determine the stopping time

h̄ς = inf
{

t ∈ [0, h̄e) : x(t) ̸∈
(

1
ς

, ς

)
or y(t) ̸∈

(
1
ς

, ς

)
or z(t) ̸∈

(
1
ς

, ς

)}
.

Obviously, h̄ς is increasing as ς → ∞. Let h̄∞ = lim
ς→∞

h̄ς, whence h̄∞ ≤ h̄e a.s. What

remains to be proven is that h̄∞ = ∞ a.s. There are two constants, 𭟋 > 0 and ϵ ∈ (0, 1),
such that

P{h̄∞ ≤ 𭟋} > ϵ

if this statement is false. Hence, there is a positive integer ς1 ≥ ς0, which yields

P{h̄ς ≤ 𭟋} > ϵ, ∀ς ≥ ς1. (18)

Construct a Lyapunov function

V(x, y, z) = (x − 1 − ln x) + (y − 1 − ln y) + (z − 1 − ln z).

Using Itô’s formula [34], we arrive at

dV(x, y, z) =LV(x, y, z)dt + σ1(x − 1)dB1(t) + σ2(y − 1)dB2(t) + σ3(z − 1)dB3(t),

where
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LV(x, y, z) =
(

1 − 1
x

)
(r1y − bx2 − gx − d1x)

+

(
1 − 1

y

)(
gx − d2y − β(1 − ν)yz

1 + k(1 − ν)y
− f y2

)
+

(
1 − 1

z

)(
− r2z2

h + y
+

cβ(1 − ν)yz
1 + k(1 − ν)y

− d3z
)
+

1
2
(σ2

1 + σ2
2 + σ2

3 )

≤− bx2 + (b − d1)x − f y2 + (r1 − d2 + f )y + g + d1 + d2 + d3

+
1
2
(σ2

1 + σ2
2 + σ2

3 ) +

(
β(1 − ν) +

cβ

k
+

r2

h

)
z.

Using the inequality z − z0 − z0 ln z
z0

≥ 0, we know z ≤ 2(z − 1 − ln z) + 2 ln 2 ≤
2V(x, y, z) + 2 ln 2. Thus,

LV ≤ N2 + N1V(x, y, z),

where

N1 = 2
(

β(1 − ν) +
cβ

k
+

r2

h

)
,

N2 = max
{
−bx2 + (b − d1)x − f y2 + (r1 − d2 + f )y + g

+d1 + d2 + d3 +
1
2
(σ2

1 + σ2
2 + σ2

3 ) + N1 ln 2
}

.

Then, we obtain

dV(x, y, z) ≤ (N2 + N1V(x, y, z))dt + σ1(x − 1)dB1(t) + σ2(y − 1)dB2(t) + σ3(z − 1)dB3(t). (19)

The result of simultaneously integrating both sides of (19) from 0 to h̄ς ∧𭟋 is

V(x(h̄ς ∧𭟋), y(h̄ς ∧𭟋), z(h̄ς ∧𭟋))

≤V(x(0), y(0), z(0)) +
∫ h̄ς∧𭟋

0
(N2 + N1V(x(t), y(t), z(t)))dt +

∫ h̄ς∧𭟋

0
σ1(x − 1)dB1(t)

+
∫ h̄ς∧𭟋

0
σ2(y − 1)dB2(t) +

∫ h̄ς∧𭟋

0
σ3(z − 1)dB3(t).

Taking expectations at the same time, we have

EV(x(h̄ς ∧𭟋), y(h̄ς ∧𭟋), z(h̄ς ∧𭟋))

≤V(x(0), y(0), z(0)) + N2𭟋+ N1

∫ h̄ς∧𭟋

0
EV(x(t), y(t), z(t))dt.

According to Gronwall inequality [34], there is

EV(x(h̄ς ∧𭟋), y(h̄ς ∧𭟋), z(h̄ς ∧𭟋)) ≤ (V(x(0), y(0), z(0)) + N2𭟋)eN1𭟋. (20)

Let Ως = {h̄ς ≤ 𭟋}, where ς ≥ ς1, so P(Ως) ≥ ϵ. For ∀ω ∈ Ως, x(h̄ς, ω) or y(h̄ς, ω)
or z(h̄ς, ω) be equal to ς or 1

ς , so

V(x(h̄ς), y(h̄ς), z(h̄ς)) ≥ (ς − 1 − ln ς) ∧
(

1
ς
− 1 − ln

1
ς

)
. (21)
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Combining (20) and (21), one can obtain that

∞ >(V(x(0), y(0), z(0)) + N2𭟋)eN1𭟋

≥E(IΩς
(ω)V(x(h̄ς), y(h̄ς), z(h̄ς)))

≥ϵ(ς − 1 − ln ς) ∧ ϵ

(
1
ς
− 1 − ln

1
ς

)
,

where the indicator function of Ως is denoted by IΩς
. Considering ς → ∞, there is

∞ > (V(x(0), y(0), z(0)) + N2𭟋)eN1𭟋 = ∞.

A conflict has arisen. So, h̄∞ = ∞ hold.

Theorem 7. For the given initial value (5), system (6) is stochastically ultimately bounded. Namely,
there exists positive constants λ, and sufficiently small ϵ ∈ (0, 1) satisfy

P{x(t) + cy(t) + z(t) ≤ λ} > 1 − ϵ.

Proof. Consider X(t) = (x(t), y(t), z(t)) represents the solution of the system (6) satisfying
the initial condition (5). Let Y(t) = x(t) + cy(t) + z(t). Making use of Itô’s formula, there is

LY(t) =− bx2 + (c − 1)gx − c f y2 + r1y − r2z2

h + y
− d1x − cd2y − d3z

≤ (c − 1)2g2

4b
+

r1
2

4c f
− dY(t)

=H − dY(t),

where d = min{d1, d2, d3}. Thus,

dY(t) =LY(t)dt + σ1xdB1(t) + cσ2ydB2(t) + σ3zdB3(t)

≤(H − dY(t))dt + σ1xdB1(t) + cσ2ydB2(t) + σ3zdB3(t).

Construct a aided system [16]{
dU(t) = (H − dU(t))dt + σ1xdB1(t) + cσ2ydB2(t) + σ3zdB3(t),
U(0) = Y(0) = x(0) + cy(0) + z(0).

Then, the solution of aided system is

U(t) =
H
d
+ e−dt(U(0)− H

d
) + M(t),

where

M(t) = σ1

∫ t

0
e−d(t−s)x(s)dB1(s) + cσ2

∫ t

0
e−d(t−s)y(s)dB2(s) + σ3

∫ t

0
e−d(t−s)z(s)dB3(s).

Hence

U(t) = U(0) +
H
d
(1 − e−dt)− U(0)(1 − e−dt) + M(t).

Introduce A(t) = H
d (1 − e−dt), V(t) = U(0)(1 − e−dt), then, A(t) and V(t) are con-

tinuous adapted increasing processes satisfying A(0) = V(0) = 0. According to Th3.9
in [34], we can easily obtain lim

t→∞
U(t) < ∞ a.s. Using the stochastic differential equation

comparison theorem, lim
t→∞

Y(t) < ∞ a.s.

Further, let Z(t) = edtY(t), then
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dZ(t) = dedtY(t)dt + edtLY(t)dt + edt(σ1xdB1(t) + cσ2ydB2(t) + σ3zdB3(t)).

Integrating both sides simultaneously and take the mathematical expectation yields

E(Z(t))− E(Z(0)) ≤ E
∫ t

0
Hedτdτ =

H
d
(edt − 1),

namely,

E(edtY(t)) ≤ E(Y(0)) +
H
d
(edt − 1),

thus

E(Y(t)) ≤ e−dtE(Y(0)) +
H
d
(1 − e−dt) ≤ E(Y(0)) +

H
d

≜ K.

Indicate a sufficiently large constant with λ, so that 0 ≤ K
λ ≤ ϵ, and making use of

Chebyshev’s inequality

P{Y(t) ≥ λ} ≤ E(Y(t))
λ

≤ K
λ

< ϵ,

we obtain

P{Y(t) < λ} = P{x(t) + cy(t) + z(t) < λ} > 1 − ϵ.

Define λ0 = cβ
k − d3 −

σ2
3
2 , R∗ = r1g

(g+d1+
σ2

1
2 )(d2+

σ2
2
2 )

, then there is

Theorem 8. The solution of system (6) satisfies

lim sup
t→+∞

ln z(t)
t

≤ λ0 a.s.

If λ0 < 0 and R∗ > 1, then

lim
t→+∞

z(t) = 0 a.s.

lim inf
t→+∞

⟨x(t) + y(t)⟩ > 0 a.s.

Proof. The following result is obtained from the third equation of system (6),

d ln z(t) =

(
− r2z

h + y
+

cβ(1 − ν)y
1 + k(1 − ν)y

− d3 −
σ2

3
2

)
dt + σ3dB3(t)

≤
(

cβ

k
− d3 −

σ2
3

2

)
dt + σ3dB3(t).

(22)

Integrating both sides of (22) from 0 to t and dividing by t subsequently, we obtain

lim sup
t→+∞

1
t

ln
z(t)
z(0)

≤ cβ

k
− d3 −

σ2
3

2
+ lim sup

t→∞

σ3

t

∫ t

0
dB3(t).

So
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lim sup
t→+∞

ln z(t)
t

≤ λ0 a.s.

and

lim
t→+∞

z(t) = 0 a.s.

if λ0 = cβ
k − d3 −

σ2
3
2 < 0 is satisfied.

Let V(x, y) = c ln x(t) + ln y(t), c be a constant, then

dV(t) =

(
cr1y

x
− cbx − c(g + d1) +

gx
y

− d2 −
β(1 − ν)z

1 + k(1 − ν)y
− f y −

cσ2
1

2
−

σ2
2

2

)
dt

+ cσ1dB1(t) + σ2dB2(t)

≥
(

2
√

cr1g − c(g + d1 +
σ2

1
2
)− (d2 +

σ2
2

2
)− (cbx + f y + βz)

)
dt

+ cσ1dB1(t) + σ2dB2(t).

Choose c = r1g

(g+d1+
σ2

1
2 )2

, γ = max{cb, f , β}, then

dV(t) ≥ (d2 +
σ2

2
2
)(R∗ − 1)dt − γ(x + y + z)dt + cσ1dB1(t) + σ2dB2(t).

Integrate from 0 to t, divide by t, and enable t → +∞ on both sides, we can derive that

lim inf
t→+∞

⟨x(t) + y(t)⟩ ≥ 1
γ
(d2 +

σ2
2

2
)(R∗ − 1).

So, when R∗ > 1 is satisfied,

lim inf
t→+∞

⟨x(t) + y(t)⟩ > 0 a.s.

That is, prey populations are persistent in the mean.

Theorem 9. Let (x(t), y(t), z(t)) be the solution of system (6) with an intial value (5). If

ρ =min{g + d1, d2}(
√

R0 − 1)I{R0<1} + max{g + d1, d2}(
√

R0 − 1)I{R0≥1}

− 1

2
(

σ−2
1 + σ−2

2

)
<0

holds, where R0 = r1g
(g+d1)d2

is defined in (11); then, prey x, y and predator z go extinct, in
other words,

lim
t→∞

x(t) = 0 a.s., lim
t→∞

y(t) = 0 a.s., lim
t→∞

z(t) = 0 a.s.

Proof. Let V(x, y) = θ1x + θ2y, where θ1 = ω1
g+d1

, θ2 = ω2
d2

, ω1 = g
d2

, ω2 =
√

R0. Using
Itô’s formula to ln V(x, y), we have

d(ln V) = L(ln V)dt +
θ1σ1xdB1(t) + θ2σ2ydB2(t)

V
,

where
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L(ln V) =
1
V

(
θ1(r1y − bx2 − gx − d1x) + θ2

(
gx − d2y − β(1 − ν)yz

1 + k(1 − ν)y
− f y2

))
−

θ2
1σ2

1 x2 + θ2
2σ2

2 y2

2V2 .

(23)

Besides,

V2 = (θ1x + θ2y)2 = (θ1xσ1
1
σ1

+ θ2yσ2
1
σ2

)2 ≤ (θ2
1σ2

1 x2 + θ2
2σ2

2 y2)

(
1
σ2

1
+

1
σ2

2

)
, (24)

and
1
V

(
θ1(r1y − bx2 − gx − d1x) + θ2

(
gx − d2y − β(1 − ν)yz

1 + k(1 − ν)y
− f y2

))
≤ 1

V
((θ1r1 − θ2d2)y + (θ2g − θ1g − θ1d1)x)

=
1
V

(
ω1r1y
g + d1

+
ω2gx

d2
− (ω1x + ω2y)

)
=

√
R0 − 1

V
(ω1x + ω2y)

=

√
R0 − 1

V
(θ1(g + d1)x + θ2d2y)

≤(
√

R0 − 1)
(

min{g + d1, d2}I{R0<1} + max{g + d1, d2}I{R0≥1}

)
,

(25)

where I{R0<1}, I{R0≥1} are the indicator functions of R0. Considering (23)–(25), we obtain

L(ln V) ≤ (
√

R0 − 1)
(

min{g + d1, d2}I{R0<1} + max{g + d1, d2}I{R0≥1}

)
− 1

2
(

σ−2
1 + σ−2

2

)
:= ρ.

Therefore,

d(ln V) ≤ ρdt +
θ1σ1xdB1(t) + θ2σ2ydB2(t)

V
.

By integrating from 0 to t, dividing by t, and letting t → +∞ on both sides of the
inequality above, we arrive at

lim sup
t→+∞

ln V(t)
t

≤ρ + lim sup
t→+∞

ln V(0)
t

+ lim sup
t→+∞

θ1σ1

t

∫ t

0

x(τ)
V(τ)

dB1(τ)

+ lim sup
t→+∞

θ2σ2

t

∫ t

0

y(τ)
V(τ)

dB2(τ).

According to the strong law of large numbers, we can see that

lim sup
t→+∞

ln V(t)
t

= lim sup
t→+∞

ln(θ1x(t) + θ2y(t))
t

≤ ρ a.s.

When ρ < 0, it is readily apparent that lim sup
t→+∞

ln x(t)
t < 0 a.s., lim sup

t→+∞

ln y(t)
t < 0 a.s.,

which means
lim

t→+∞
x(t) = 0 a.s., lim

t→+∞
y(t) = 0 a.s. (26)

Thus, using the limit system of (6), it is obvious that lim
t→+∞

z(t) = 0.
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Define Rs
0 = r1g

(g+d1+
σ2

1
2 )(d2+

σ2
2
2 +d3+

σ2
3
2 +Q)

, where Q =
g
(

f (g+d1)(g+d1+
σ2

1
2 )2+bgr2

1

)2

4r1b2d2
2(g+d1)(g+d1+

σ2
1
2 )2

, then

the ergodic stationary distribution of the system (6) is obtained as follows.

Theorem 10. If min{d1, d2, d3} > 1
2 max

{
σ2

1 , σ2
2 , σ2

3
}

and Rs
0 > 1 holds, there exists a unique

stationary distribution for system (6), and it has an ergodic property.

Proof. Examining that the criteria [P1] and [P2] of Lemma 3.1 in [35] are met is sufficient to
verify the existence of an ergodic stationary distribution for the system (6). The diffusion
matrix of the stochastic system (6) is obtained by calculation, as follows

A =

 σ2
1 x2 0 0
0 σ2

2 y2 0
0 0 σ2

3 z2

.

Obviously, matrix A is a positive definite. Thus, the conditions [P1] in Lemma 3.1
in [35] is satisfied.

Next, prove the criteria [P2] of Lemma 3.1 in [35] is true. Define the function

V1 = −c1 ln x − ln y − ln z + c2x + c3y + c4z,

where ci, i = 1, 2, 3, 4 are positive constants to be determined later. Applying Itô’s formula,
there is

LV1 =− c1

x
(r1y − bx2 − gx − d1x) +

c1σ2
1

2
− 1

y

(
gx − d2y − β(1 − ν)yz

1 + k(1 − ν)y
− f y2

)
+

σ2
2

2

−
(
− r2z

h + y
+

cβ(1 − ν)y
1 + k(1 − ν)y

− d3

)
+

σ2
3

2
+ c2(r1y − bx2 − gx − d1x)

+ c3

(
gx − d2y − β(1 − ν)yz

1 + k(1 − ν)y
− f y2

)
+ c4

(
− r2z2

h + y
+

cβ(1 − ν)yz
1 + k(1 − ν)y

− d3z
)

≤− c2bx2 + c3gx + (c1b − c2g − c2d1)x − c3 f y2 + ( f + c2r1 − c3d2)y

+
( r2

h
+ β(1 − ν)− c4d3

)
z − 2

√
c1r1g + c1(g + d1 +

σ2
1

2
) + d2 +

σ2
2

2
+ d3 +

σ2
3

2

+
c4cβ(1 − ν)yz
1 + k(1 − ν)y

.

Choose c1 = r1g

(g+d1+
σ2

1
2 )2

, c2 = c1b
g+d1

, c3 = 1
d2

(
f + c1r1b

g+d1

)
, c4 = 1

d3

( r2
h + β(1 − ν)

)
, thus

LV1 ≤ −
(

d2 +
σ2

2
2

+ d3 +
σ2

3
2

+ Q

)
(Rs

0 − 1) + ψyz

:= −λ + ψyz,

(27)

where λ =

(
d2 +

σ2
2
2 + d3 +

σ2
3
2 + Q

)
(Rs

0 − 1) > 0, Q = max
{
−c2bx2 + c3gx

}
,

ψ = c4cβ(1 − ν).
Further, construct functions

V2 = ln x, V3 =
1

θ + 2
(c(x + y) + z)θ+2,

here, θ is sufficiently small and satisfies η := d− 1
2 (θ + 1)σ2 > 0, where d = min{d1, d2, d3},

σ2 = max
{

σ2
1 , σ2

2 , σ2
3
}

. Applying the Itô’s formula,
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LV2 =
r1y
x

− bx − g − d1 +
σ2

1
2

, (28)

LV3 =(c(x + y) + z)θ+1
(

c(−bx2 − d1x − f y2 + r1y − d2y)− r2z2

h + y
− d3z

)
+

θ + 1
2

(c(x + y) + z)θ(c2σ2
1 x2 + c2σ2

2 y2 + σ2
3 z2)

≤(c(x + y) + z)θ+1

(
cr2

1
4 f

− d(c(x + y) + z)

)
+

(θ + 1)σ2

2
(c(x + y) + z)θ+2

=
cr2

1
4 f

(c(x + y) + z)θ+1 −
(

d − (θ + 1)σ2

2

)
(c(x + y) + z)θ+2

≤− 1
2

(
d − (θ + 1)σ2

2

)
(cθ+2xθ+2 + cθ+2yθ+2 + zθ+2) +

cr2
1

4 f
(c(x + y) + z)θ+1

− 1
2

(
d − (θ + 1)σ2

2

)
(cθ+2xθ+2 + cθ+2yθ+2 + zθ+2)

≤Ψ − η

2
(cθ+2xθ+2 + cθ+2yθ+2 + zθ+2).

(29)

where

Ψ = sup
(x,y,z)∈R3

+

{
− 1

2

(
d − (θ + 1)σ2

2

)
(cθ+2xθ+2 + cθ+2yθ+2 + zθ+2) +

cr2
1

4 f
(c(x + y) + z)θ+1

}
< +∞.

Next, construct another function

V(x, y, z) =M(−c1 ln x − ln y − ln z + c2x + c3y + c4z)− ln x +
1

θ + 2
(c(x + y) + z)θ+2

=MV1 − V2 + V3,

where M is a sufficiently large positive number and satisfies M = 2
λ max{2, Θ},

Θ = sup
(x,y,z)∈R3

+

{
− η

2
(cθ+2xθ+2 + cθ+2yθ+2 + zθ+2) + Ψ + ψ(y2 + z2) + bx + g + d1 +

σ2
1

2

}
.

It is evident that V(x, y, z) is continuous, and as the norm of (x, y, z) approaches
infinity, V(x, y, z) approaches infinity. Thus, V(x, y, z) has a minimum value V(x0, y0, z0)
at a point (x0, y0, z0) in the interior of R3

+. Moreover, we establish a C2-function via

V(x, y, z) = MV1(x, y, z)− V2(x) + V3(x, y, z)− V(x0, y0, z0).

According to (27)–(29), there is

LV(x, y, z) ≤− Mλ + Mψyz − r1y
x

− η

2
(cθ+2xθ+2 + cθ+2yθ+2 + zθ+2)

+ Ψ + bx + g + d1 +
σ2

1
2

.
(30)

A sufficiently small 0 < ϵ < 1 satisfies

0 < ϵ <
λ

4ψ
, (31)
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0 < ϵ <
1
M

, (32)

max
{
−ηcθ+2

4ϵθ+2 ,−ηc2θ+4

4ϵ2θ+4 ,− r1

ϵ

}
+ Λ1 < −1. (33)

Consider a bounded open set

Uϵ =

{
(x, y, z) ∈ R3 : ϵ2 < x <

1
ϵ2 , ϵ < y <

1
ϵ

, ϵ < z <
1
ϵ

}
.

In order to prove LV(x, y, z) ≤ −1 on R3
+\Uϵ, we divide R3

+\Uϵ into six parts, that is
R3
+\Uϵ = ∪6

i=1Ui
ϵ, where

U1
ϵ =

{
(x, y, z) ∈ R3

+ : 0 < y < ϵ
}

, U2
ϵ =

{
(x, y, z) ∈ R3

+ : y >
1
ϵ

}
,

U3
ϵ =

{
(x, y, z) ∈ R3

+ : 0 < x < ϵ2, y > ϵ
}

, U4
ϵ =

{
(x, y, z) ∈ R3

+ : x >
1
ϵ2

}
,

U5
ϵ =

{
(x, y, z) ∈ R3

+ : 0 < z < ϵ
}

, U6
ϵ =

{
(x, y, z) ∈ R3

+ : z >
1
ϵ

}
.

In what follows, we will prove LV(x, y, z) ≤ −1 in each Ui
ϵ(i = 1, ..., 6).

Case I. In domain U1
ϵ , due to yz < ϵz < ϵ(1 + z2) and combining (30), we have

LV ≤− Mλ + Mψϵ(1 + z2)− η

2
(cθ+2xθ+2 + cθ+2yθ+2 + zθ+2) + Ψ + bx + g + d1 +

σ2
1

2

≤− Mλ

4
− M

(
λ

4
− ψϵ

)
− ψz2(1 − Mϵ)− Mλ

2
+ ψz2 − η

2
(cθ+2xθ+2 + cθ+2yθ+2 + zθ+2)

+ Ψ + bx + g + d1 +
σ2

1
2

.

On account of M = 2
λ max{2, Θ}, we can obtain that

LV(x, y, z) ≤ −Mλ

4
≤ −1.

Case II. In domain U2
ϵ , we define

Λ1 = sup
(x,y,z)∈R3

+

{
− η

4 (c
θ+2xθ+2 + cθ+2yθ+2 + zθ+2) + Mψyz + Ψ + bx + g + d1 +

σ2
1
2

}
, (34)

then
LV(x, y, z) ≤ −η

4
(cθ+2xθ+2 + cθ+2yθ+2 + zθ+2) + Λ1

≤ −ηcθ+2

4ϵθ+2 + Λ1 ≤ −1.

Case III. In domain U3
ϵ , we can infer that

LV(x, y, z) ≤ − r1

ϵ
− η

2
(cθ+2xθ+2 + cθ+2yθ+2 + zθ+2) + Mψyz + Ψ + bx + g + d1 +

σ2
1

2

≤ − r1

ϵ
− η

4
(cθ+2xθ+2 + cθ+2yθ+2 + zθ+2) + Λ1

≤ − r1

ϵ
+ Λ1 ≤ −1.

Case IV. In domain U4
ϵ , same as Case II,
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LV(x, y, z) ≤ −η

2
(cθ+2xθ+2 + cθ+2yθ+2 + zθ+2) + Mψyz + Ψ + bx + g + d1 +

σ2
1

2

≤ −ηc2θ+4

4ϵ2θ+4 + Λ1 ≤ −1.

Case V. In domain U5
ϵ , similar to Case I, it is obtained that

LV(x, y, z) ≤ −1.

Case VI. In domain U6
ϵ , similar to Case II, we can conclude that

LV(x, y, z) ≤ −1.

Combining Case I–VI yields LV(x, y, z) ≤ −1 for all (x, y, z) ∈ Uc
ϵ = R3

+\Uϵ. The
criterion [P2] of Lemma 3.1 in [35] holds. Thus, system (6) is a unique stationary distribution
π(·) and it has ergodic property.

4. Numerical Simulations

We will carry out numerical simulations in this section to confirm the accuracy of
the theoretical results. Here, as indicated in Table 2, we select a range of biologically
appropriate parameters of system (4).

Table 2. The reference values used in numerical simulations.

Case r1 b g d1 d2 d3 c β ν k f r2 h

I 0.5 0.02 0.8 0.01 0.5 0.01 0.01 0.01 0.1 0.3 0.01 0.6 1
II 0.83 0.02 0.8 0.01 0.01 0.1 0.03 0.3 0.3 0.3 0.01 0.6 1
III 0.98 0.4 0.45 0.01 0.75 0.01 0.03 0.3 0.3 0.3 0.01 0.3 1

4.1. Numerical Simulations of Deterministic System (4)

(1) When Case I is satisfied, deterministic system (4) takes the following form

dx(t)
dt

= 0.5y − 0.8x − 0.02x2 − 0.01x,
dy(t)

dt
= 0.8x − 0.01y2 − 0.01y − 0.009yz

1 + 0.27y
,

dz(t)
dt

= z
(

0.0009y
1 + 0.27y

− 0.6z
1 + y

)
− 0.01z.

Obviously, the trivial equilibrium point of the system is E0 : (0, 0, 0). It can be obtained
by Matlab version R2023b that the eigenvalues of its corresponding Jacobian matrix are
λ1 = −0.01, λ2 = −0.0367, λ3 = −1.3633, R0 = 0.8889. Apparently, λ1, λ2, λ3 < 0, R0 < 1,
namely E0 : (0, 0, 0) is locally asymptotical. This is consistent with point 1 of Theorem 3, as
shown in Figure 2.

(2) When Case II is satisfied, deterministic system (4) takes the following form

dx(t)
dt

= 0.83y − 0.8x − 0.02x2 − 0.01x,
dy(t)

dt
= 0.8x − 0.01y2 − 0.01y − 0.21yz

1 + 0.21y
,

dz(t)
dt

= z
(

0.063y
1 + 0.21y

− 0.6z
1 + y

)
− 0.1z.
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Figure 2. Time-series diagrams of each population for deterministic system (4) satisfying Case I.
(a) Time-series diagram of x(t); (b) Time-series diagram of y(t); (c) Time-series diagram of z(t).

It can be obtained by Matlab version R2023b that the boundary equilibrium point
of the system is Ě : (28.41, 47.18, 0) and the eigenvalues of its corresponding Jacobian
matrix are λ1 = −0.007, λ2 = −0.5634, λ3 = −2.4266. Obviously, λ1, λ2, λ3 < 0 hold.
Further, we can calculate that R0 = 8.1975, r1g = 0.664, (2bx̌ + g + d1)(d2 + 2 f y̌) = 1.6574,

cβ(1−v)y̌
1+k(1−ν)y̌ = 0.003, there is, R0 > 1, r1g < (2bx̌ + g + d1)(d2 + 2 f y̌), d3 > cβ(1−v)y̌

1+k(1−ν)y̌ , namely
the conditons of Theorom 3 point 2 are satisfied. The boundary equilibrium point is
asymptotically stable, as shown in Figure 3.
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Figure 3. Time-series diagrams of each population for deterministic system (4) satisfying Case II.
(a) Time-series diagram of x(t); (b) Time-series diagram of y(t); (c) Time-series diagram of z(t).

(3) When Case III is satisfied, deterministic system (4) takes the following form



dx(t)
dt

= 0.98y − 0.45x − 0.4x2 − 0.01x,
dy(t)

dt
= 0.45x − 0.01y2 − 0.75y − 0.21yz

1 + 0.21y
,

dz(t)
dt

= z
(

0.063y
1 + 0.21y

− 0.3z
1 + y

)
− 0.01z.

It can be obtained by Matlab version R2023b that the positive equilibrium point of the
system is E∗ : (0.15, 0.08, 0.48) and the eigenvalues of its corresponding Jacobian matrix are
λ1 = −0.0374, λ2 = −0.2743, λ3 = −1.3906. Obviously, λ1, λ2, λ3 < 0 hold. Further,
we can calculate that R0 = 1.2783, ξ = 0.1427, x̌ = 0.5018, A1 + A2 + A3 = 1.2599,
A1 A2 A3 + A1B − A3r1g = 0.021, (A1 A2 − r1g)(A1 + A2) + A1 A3(A1 + A3) + (A2 A3 +
B)(A2 + A3) + 2A1 A2 A3 = 1.062. Apparently, R0 > 1, 0 < ξ < x̌ and [Q1], [Q2], [Q3] hold,
namely E∗ : (x∗, y∗, z∗) is locally asymptotical. This corresponds to point 3 of Theorem 3,
as shown in Figure 4.
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Figure 4. Time-series diagrams of each population for deterministic system (4) satisfying Case III.
(a) Time-series diagram of x(t); (b) Time-series diagram of y(t); (c) Time-series diagram of z(t).

4.2. Numerical Simulations of Stochastic System (6)

Next, the numerical simulation of stochastic system (6) is shown. From Milstein’s
Higher-Order method [36], the following discrete system corresponding to system (6)
is obtained

xn+1 = xn + (r1yn − bx2
n − gxn − d1xn)∆t + σ1xnζ1,n

√
∆t +

σ2
1

2
xn(ζ

2
1,n − 1)∆t,

yn+1 = yn +

(
gxn − d2yn −

β(1 − ν)ynzn

1 + k(1 − ν)yn
− f y2

n

)
∆t + σ2ynζ2,n

√
∆t +

σ2
2

2
yn(ζ

2
2,n − 1)∆t,

zn+1 = zn +

(
− r2z2

n
h + yn

+
cβ(1 − ν)ynzn

1 + k(1 − ν)yn
− d3zn

)
∆t + σ3znζ3,n

√
∆t +

σ2
3

2
zn(ζ

2
3,n − 1)∆t,

(35)

where ∆t = 0.01, ζi,n, i = 1, 2, 3 are the Gaussian random variables, which obey the
Gaussian distribution N(0, 1).

(1) Let σ1 = 1.3, σ2 = 1.3, σ3 = 1.5; if the other parameters are the same as in Case
I, we can derive ρ = −0.075 < 0. From Theorem 9, we know that both the prey
and predator become extinct (see Figure 5a–c). Comparing Figures 5 and 6, with the
increase in environmental noise intensity, the prey population will go from persistent
to extinct.

(2) Let σ1 = 0.1, σ2 = 0.1, σ3 = 1.5; if the other parameters are the same as in Case

II, it is verified that λ0 = cβ
k − d3 −

σ2
3
2 = −1.095 < 0 and R∗ = 1.01 > 1, which

meet the criteria of Theorem 8, i.e., the scenario depicted in Figure 6a–c: the predator
population z(t) will die out while the prey populations x(t) and y(t) will persist.

(3) Let σ1 = 0.1, σ2 = 0.1, σ3 = 0.1; if the other parameters are the same as in Case III,
we can easily check that Rs

0 = 1.0001 > 1, d = min{d1, d2, d3} = 0.01 > 0.005 =
1
2 max

{
σ2

1 , σ2
2 , σ2

3
}

. Through Theorem 10, we can conclude that system (6) provides
a unique ergodic stationary distribution. As shown in Figure 7a–c, when the envi-
ronmental noises are sufficiently small, it will not have a significant impact on the
persistence of system (6).
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Figure 5. Time-series diagrams of each population for stochastic system (6) with σ1 = σ2 = 1.3,
σ3 = 1.5. (a) Time-series diagram of x(t); (b) Time-series diagram of y(t); (c) Time-series diagram
of z(t).
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Figure 6. Time-series diagrams of each population for stochastic system (6) with σ1 = σ2 = 0.1,
σ3 = 1.5. (a) Time-series diagram of x(t); (b) Time-series diagram of y(t); (c) Time-series diagram
of z(t).
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Figure 7. (a–c): Time-series diagrams of each population for stochastic system (6) with σ1 = σ2 =

σ3 = 0.1; (d–f): The histograms and marginal density functions of solution.

In order to adequately demonstrate the effects of the modified Leslie–Gower for system
responses, we consider the two cases h = 1 and h = 10 while keeping all of the other
coefficients unchanged. From Figure 8a–c, we can analyse that when h increases, i.e., the
predator’s survival environment is improved, it causes the number of prey populations to
decrese and, at the same time, it makes the number of predator populations increase.
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Figure 8. Time-series diagrams of the stochastic system (6) and its corresponding deterministic
system (4) with h = 1 and h = 10. (a) Time-series diagram of x(t); (b) Time-series diagram of y(t);
(c) Time-series diagram of z(t).
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In order to verify the effect of the refuge on the system, we consider the cases ν = 0.5,
ν = 0.7 and ν = 0.9, while keeping the other coefficients unchanged. From Figure 9a–c,
we can conclude that when ν = 0.5 is changed to ν = 0.7; that is, when more shelters
are provided for prey, the number of prey will increase and the number of predator will
decrease. According to Figure 9d–f, when ν = 0.7 becomes ν = 0.9, that is, when the prey
refuge is large enough, the number of prey population will further increase, but it will lead
to the extinction of predators.
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Figure 9. (a–c): Time series diagrams of stochastic system (6) and its corresponding deterministic
system (4) with ν = 0.5, ν = 0.7; (d–f): Time series diagrams of stochastic system (6) and its
corresponding deterministic system (4) with ν = 0.7, ν = 0.9

5. Conclusions

In this paper, a predator–prey model with a two-stage structure of a prey population
is constructed, in which the environmental capacity of predator is described by the Leslie–
Gower modification term, while the prey population has a shelter effect.

For the deterministic model (4), the existence, uniqueness, non-negativity, and uniform
boundedness for the solution of the system are discussed first. Then, the threshold condition
R0 = r1g

d2(g+d1)
for the existence of the equilibrium point is obtained. If R0 < 1, then

E : (0, 0, 0) exists and is locally asymptotically stable; if R0 > 1, then, there is a unique
boundary equilibrium point Ě : (x̌, y̌, 0); when R0 > 1, cβ < kd3, and ξ < x̌ hold, a positive
equilibrium point E∗ : (x∗, y∗, z∗) exist. Further, when R0 > 1, whether the inequality
cβ > kd3 is established becomes another key condition to determine the stability of the
equilibrium point Ě and E∗.

For the stochastic model (6), the existence of global positive solutions and stochastic
boundedness are discussed at first. Then, the long-term dynamic properties of the system
are discussed. If the degree of the white noise σ2

i (i = 1, 2, 3) is large enough such that ρ < 0,
the system goes extinct. Conversely, if σ2

i (i = 1, 2, 3) are small enough, such that Rs
0 > 1,

then there is an ergodic stationary distribution and the system is persistent.
Finally, the deterministic model and the stochastic model are simulated by Matlab

version R2023b, and the effects of the predator environment improvement and prey shelter
effect on the population dynamics are discussed.
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