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Abstract: In this paper, we define the fuzzy set-valued homomorphisms of the canonical hypergroups
as a generalization of fuzzy congruences and investigate some of their features. This structure is an
extension of the definition of set-valued homomorphism defined for groups to hypergroups. With
this extension, it has become possible to study generalized fuzzy rough approximations in hyperalge-
braic structures such as semihypergroups, polygroups, hyperrings, hypermodules, etc. This paper
presents the generalized fuzzy rough approximations based on two-universe (I, T)-fuzzy model on
canonical hypergroups.
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1. Introduction

Rough set theory is asserted by Pawlak [1] as a tool to search structural relationships
within uncertain and imprecise data. Pawlak refers to a pair consisting of a universal set
and an indiscernibility relation (equivalence relation) on this set as a rough approximation
space. The lower and upper approximations are definable subsets of the universal set. They
can characterize any subset of the universal set, reveal hidden patterns within information
systems and express these patterns as decision rules. The lower approximation contains
objects that definitely belong to the subset, while the upper approximation contains objects
that possibly belong to the subset. The difference between the upper and lower approx-
imations is called the boundary region. If the boundary region is empty, the subset is
crisp; otherwise, it is rough. As fundamental concepts, the approximations in Pawlak’s
approximation space are constructed via an equivalence relation.

Because of the various restrictions of equivalence relations, many extensions have
replaced equivalence relations with notions such as neighborhood systems, general binary
relations, covering-based systems, Boolean algebras, etc. [2—4]. Yao [5,6] started to redefine
the approximation operators and their related notions from neighborhoods. Since the
neighborhoods are very efficient at mitigating uncertainty and address a variety of practical
applications, researchers have been interested in the novel sorts of granular computing
derived from rough neighborhoods [7-11]. Examining a particular problem choice of
hypothesis is crucial in mathematical research. To start under some conditions enhances
the theory’s applicability to real-world problems. It leads to more precise computations
and improves decision making and data analysis efficiency. However, generalizations are
to develop stronger theorems and address a broad spectrum of problems.

Fuzzy set theory is a theory on uncertainties through gradation. Since its introduction
by Zadeh in 1965 [12], it has complemented numerous theories examining datasets with
uncertainties and has been the subject of extensive research. Considering fuzzy relations
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instead of crisp binary relations, Dubois and Prade [13] introduced fuzzy rough sets. As
one of the various fuzzy generalizations of rough approximations, Wu et al. [14], following
Radzikowska and Kerre [15], redefined (I, T)-fuzzy rough sets, where I is an implication
and T is a t-norm. Recent research includes studies on approximation operators defined by
fuzzy neighborhoods using fuzzy coverings. In 2022, Yang extended fuzzy coverings to
two universal sets [4].

Algebraic structures are the fundamental concepts of mathematics that have a signifi-
cant role in disciplines such as information science, theoretical physics, computer science,
engineering, coding theory, etc., showcasing their broad applicability. This situation moti-
vates researchers to analyze algebraic aspects of the various extensions of theories modeling
uncertainties. Following Zadeh's [12] introduction to fuzzy sets, Rosenfeld [16] pioneered
the study of fuzzy subgroups within group theory. This initial groundwork has encouraged
significant interest in extending abstract algebraic concepts to the fuzzy setting [17,18]. As
group theory is one of the algebraic structures widely used and discussed in mathematics
and its applications, we focus on an extension of group theory in this paper.

A hyperbinary operation, which generalizes binary operations, is a function defined on
the Cartesian product of a non-empty set with itself, taking values in the non-empty subsets
of that set. A non-empty set equipped with a hyperoperation is called a hyperstructure
or a hypergroupoid. By satisfying some properties, hyperbinary operations can define
other algebraic hyperstructures such as hypersemigroups, hypergroups and hyperrings.
After Marty [19] initiated the concept of the hypergroup, both the theories and applications
of the hyperstructures have made achievements in pure and applied mathematics and
computer science [20-30]. A canonical hypergroup is a natural generalization of the
concept of an abelian group [31,32]. The class of hypergroups compasses a broader range
of structures from groups, making the investigation of fuzzy hypergroups particularly
compelling [25,31]. Numerous extensions of this topic to hyperalgebraic structures are
available in the literature [23,25].

Algebraic concepts of rough set theory include algebraic structures. Rough sets have
various compatible extensions on algebraic structures. Biswas and Nanda [33] proposed
the rough subgroups as the first rough application of algebra. Kuroki [34] introduced
rough ideals in semigroups using congruences instead of equivalence relations. Mordeson
applied rough sets to rings [35]. Rough sets were extended to two universal sets by Yao
in 1996 [5]. Davvaz applied rough sets, extended to two universal sets, to groups using
his proposed set-valued homomorphisms [36]. Yamak et al. applied these concepts to
rings and modules [37,38]. Rough sets have extensions on algebraic structures with fuzzy
equivalence relations in fuzzy sets. Li et al. (2007) studied TL-fuzzy rough ideals in
rings [39]. Li and Yin (2012) defined the v-lower and T-upper fuzzy rough approximation
operators on semigroups [40]. Wu et al. [14] extended fuzzy rough sets to a two-universe
(I, T)-fuzzy model, then Ekiz et al. applied (I, T)-L-fuzzy rough sets to semigroups, groups
and rings as an extension of (I, T)-fuzzy rough sets to lattices [41-43]. Some extensions of
rough set theory were studied on hyperstructures [44,45].

This paper discusses applying (I, T)-fuzzy rough sets as a basic rough set model
to hypergroups, extending beyond their application to groups. The importance of this
paper is that it proposes a method for extending (I, T)-fuzzy rough sets to hyperalgebraic
structures. In this paper, we introduce a concept of fuzzy set-valued homomorphisms
as an extension of the fuzzy congruences of hypergroups [23] and examine some of their
features. While fuzzy congruence is a kind of fuzzy relation on a single hypergroup, fuzzy
set-valued homomorphism is a kind of fuzzy set-valued mapping from a hypergroup to the
fuzzy sets of another hypergroup. Herein, we generate fuzzy set-valued homomorphisms
from fuzzy congruences. This paper extends Ameri’s study [23] to two different hyper-
groups as universal sets. In this way, it becomes possible to apply the results of [43] for
hypergroups and investigate them in this broader context. In this paper, we also constitute
the generalized fuzzy rough approximations by a fuzzy set-valued homomorphism on
canonical hypergroups and examine some related properties. Some other similar research
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topics may be to define the fuzzy set-valued homomorphisms in various hyperalgebraic
systems such as semihypergroups and hyperrings and analyze their properties. In this way,
extensions of other hyperalgebraic structures may be possible in which fuzzy set-valued
homomorphies can apply to the generalized fuzzy rough structures. For instance, [24,27,28]
can be extended in a fuzzy sense and [40—42] in a hyper sense.

2. Preliminaries

Here, we provide a concise overview of the essential notions and preliminary evidence
necessary for the subsequent results.

2.1. Fuzzy Logical Operators

Let x,y € U. Then x A y denotes inf{x,y} and x V y denotes sup{x, y}. On the unit-
interval [0, 1], an associative and commutative binary relation T is a triangular norm (or
t-norm) if it is an increasing function and satisfies the boundary condition T (e, 1) = « for
all € [0, 1]. The minimum t-norm Ty and the drastic product t-norm Tp, respectively,
are:

B, ifa=1;
Tm(o, B) =aABand Tp(e, B) = ¢, ifp=1;

0, otherwise

Let T be a t-norm. Then, for all (x,y) € [0, 1], Tm(x,y) < T(x,y) < Tp(x,y). Dr
denotes the set {x € [0, 1]|T(x,x) = x}.

On the unit-interval [0, 1], an associative and commutative binary relation S is a
triangular conorm (or t-conorm) if it is an increasing function and satisfies the boundary
condition S(«,0) = « for all « € [0, 1]. The maximum operator Sy(B, x) = B V « is the
smallest t-conorm on [0, 1].

A decreasing mapping N : [0, 1] — [0, 1] is a negator if it is providing the conditions
N(1) = 0,N(0) = 1. The negator Ns(x) = 1 — x for all x € [0, 1] is the standard negator.
An implication is a binary relation on [0, 1] which is decreasing with respect to the first
component, increasing concerning the second component and providing the conditions
J(1, 1) =J(0, 0) = 1,J(1, 0) = 0. An S-implication based on a t-conorm S and a negator
N is the implication J(x,y) = S(N(x),y) for all x,y € [0, 1], and R-implication (residual
implication) based on a t-norm T is the implication J(x, y) = Vr(x)<yA forall x,y € [0, 1]
(see [40,46,47]).

2.2. Fuzzy Sets and Relations

LetU, W, U’, W and Z be non-empty sets as universes of discourses and «, § € [0, 1].

A fuzzy subset of U is any function from U into [0, 1] (see [12]). P(U) and F(U),
respectively, denote the class of all subsets and fuzzy subsets of U. P*(U) denotes all of the
non-empty subsets of U. Let & € [0, 1]. Then the set p,, = {x € Ulpu(x) > «} is a-cut (or
level) subsets of . Let @ # B C U. Then («, B)p is a fuzzy subset of U with the value  if
x € Band « elsewhere. Then (0, 1)3 is called the characteristic function of B.

Let p € F(U), v € F(W) and f: U — W be a function. Then f(n) € F(W) and
f71(v) € F(U) are f(n)(y) = f \)/ w(x), (Vy € W) and f 1 (v) = v of. For any fuzzy subset

x)=y
pn € F(U), p~! is a fuzzy subset of U such that 5~ !(x) = p(x 1) forall x € U.

Let u,v € F(U) and T, S, I be a t-norm, t-conorm and an implication, respectively.
Then (uTv)(x) = p(x)Tv(x), (uSv)(x) = n(x)Sv(x) and (puIv)(x) = p(x)Iv(x) for all
x e U.

A fuzzy subset R € F(U x W) is a fuzzy relation from U to W. R(x, y) is the degree of
relation between x and y, where (x,y) € U x W. If U = W, then R is a fuzzy relation on U.
Let R: U — F(W) be a function and x € U. Then R(x) denotes a fuzzy set of W.

Let R: U — F(W),P: U — F(W'),g: W — W’ and f: U — U’ be functions. Then

the fuzzy set-valued mappings R : W — F(U),P(_f1g> :U— F(W) and P;: U — F(W'),
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respectively, are R7I(y)(x) = RM)Pry()y) = PEX)())
and P¢(x)(y') = P(f(x))(y’) forall x € U,x' € U,y € W,y’ € W'. The set-valued
B, iff(x)=y;
o, iff(x) #y,
The T- and J-compositions of the fuzzy set-valued functions R: U — F(W) and

P: W — F(Z) are the fuzzy set-valued functions Por R: U — F(Z) and PoyR : U — F(Z);

(PorR)(x)(2) = V (R(X)(y)TP(y)(2)),

yeY

(PorR)(x)(2) = A\ (R()(y)IP(y)(2))

yeY

function R(f) (o) : U = F(U') isR(f) o ) (X) () = { forally € U

forallx € U,z € Z (see [17]).
LetR € F(U x W) and K : U — F(W) be a set-valued mapping. Then, in this paper,
R and K are referred to as connected, if K(x)(y) = R(x,y) forallx € U,y € W.

2.3. Generalized Fuzzy Rough Approximation Spaces

Let R: U — F(W) be a set-valued mapping, T be a t-norm and ] be an implication
on the unit-interval. For any fuzzy subset u of W, the T-upper and J-lower fuzzy rough

approximations of p are fuzzy sets of U, ﬁT(u) and Ry (), respectively. Their membership
functions are

R' (W) =V R () Tr(y)),
yeY
Ri(w)(x) = A RX)(y)Iu(y)),(vx € V).

yeY

The triple (U, W,R) is a generalized fuzzy approximation space. The operators R
and R from F(W) to F(U) are T-upper and J-lower fuzzy rough approximation operators
of (U,W,R), respectively. The pair (R(n), R(n)) is a (J, T)-fuzzy rough set of p with
respect to (U, W, R) (see [14,40-43]). If R is a fuzzy relation on U, then (U, R) is a fuzzy
approximation space.

2.4. Hypergroups

An algebraic hyperstructure (or hypergroupoid) is a non-empty set H together with
hyperoperation, i.e., amap o: Hx H — P*(H).

A hyperstructure (H,o) is a semihypergroup if, for all a,b,c € H,
(aob)oc=ao(boc). (aob)ocmeans Uyeaopxocand (aob)oc = ao (boc) means
Uyebocacoy. Ifa€ Hand @ # A, B C H, then AoB = U,capecpacob, Aoa = Uscaxoa
andaoB = Uycpaoy.

@ # B C H is a subsemihypergroup of Hif BoB C B and in this case H is a
supersemihypergroup of B.

Let (H, o) be a semihypergroup. Then H is a hypergroup if it satisfies the reproduction
axiom: aocH = Hoa = H(Va € H). An element e in a semihypergroup H is identity if,
foralla € H,aoe = eca = a. An element 0 in a semihypergroup H is zero element if
ao0=00a=0.

A semihypergroup (H, o) is a canonical hypergroup if
(i) xoy=yoxforallx,y € H,

(i) there exists e € H such that e o x = {x} for all x € H (e is scalar identity),

(iii) there exists a unique element x' € H for any x € H such thate € xox’ (X' is the
opposite of x and x~! denotes it),

(iv) z € xoyimpliesy € x 'ozandx € zoy~! forevery x,y,z € H.
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A canonical subhypergroup of a canonical hypergroup (H, o) is a non-empty subset K
of H containing the scalar identity of (H, o) if it forms a canonical hypergroup under the
hyperoperation o on H (see [19,20,25,31,32,48]).

Example 1. Let H be a non-empty set.

(i) Let (H,-) be an abelian group and a mapping o:H x H — P*(H) be defined by
xoy = {x.y} forall x,y € H. Then (H, o) is a canonical hypergroup.

(i) If (H,+) is an abelian group and p is an equivalence relation in H which has classes
X = {x,—x}, then forall X, € H/p, we definexoy = {x+y,x —y}. Then (H/p,0) is
a canonical hypergroup [32].

Example 2. Let H = {x,y, 2, t, e} with the following multiplication table (Figure 1 ):

o x y z t e

x H {x,v,z,t} {x,y,2,t} {x,y 2t} {x}
y| w2t} H {xyzt} {xyzt} {y
z | vy 2zt {xyzt} H {x.yzt3 {z}
t| yzty {xyztd {yzt) H {t}
e {x} {v} {z} {t} {e}

Figure 1. (H, o) multiplication table.

Then H is a canonical hypergroup with the scalar element e.

Definition 1 ([22,25,29]). Let G, H be hypergroups. Then a function f : G — H is

(i) an inclusion homomorphism if f(x)f(y) C f(xy) forall x,y € G;
(ii)  a strong homomorphism (or good homomorphism) if f(x)f(y) = f(xy) forall x,y € G.

2.5. T-Fuzzy Subhypergroups

Definition 2. Let G be a canonical hypergroup and T be a t-norm. Then a fuzzy subset y of G is
a T-fuzzy subhypergroup of G if the following conditions hold:

(i) ;”l(a)TV(b) < /\xeab.u(x>'
(i)  p(a) < p(a=t) foralla,b € G (see [23,49]).

Definition 3 ([23]). Let u, v be two fuzzy subsets of semihypergroup H. Then y o v is the fuzzy
subset of H,

v(t)), if 3p, H:x £
oty « {35000 R

0, otherwise.

Definition 4 ([23]). Let H be a canonical hypergroup. Then a fuzzy binary relation R on H is
(i) fuzzy compatible if

(/\ \/ R(u,v))/\( /\ \/ R(u,v)) > R(a,b) AR(c,d)

ueaoc pchod vEbod u€aoc
foralla,b,c,d € H.
(i)  Fuzzy strong compatible if
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A\ R(x,y) > R(a,b) AR(c,d)
x€aoc,y€bod

foralla,b,c,d € H.

2.6. Set-Valued Homomorphisms of Canonical Hypergroups

Definition 5 ([28]). Let G and H be canonical hypergroups. Then a mapping from 6 : G — P*(H)
which preserves the operations 6(a)6(b) C 0(ab) and (8(a)) ™" C 6(a~') foralla,b € G is
called a set-valued homomorphism of canonical hypergroups. A set-valued homomorphism of
canonical hypergroups © is called strong if 0(a)0(b) = 6(ab) forall a,b € G.

3. T-Fuzzy Set-Valued Homomorphisms of Canonical Hypergroups

In this section, we introduce the concept of fuzzy set-valued homomorphism of
hypergroups and demonstrate some of their features.

Definition 6. Let y, v be two fuzzy subsets of the semihypergroup H and T be a t-norm. Then we
define the fuzzy subset y Vv of H by

V (u(p)Tv(t)), if Ip.te H:x€pt;
(nVrv)(x) = § *<rt

0, otherwise.

forall x € H. Clearly “ V1" is a binary relation on F(H) and y /7 v is called the \/ T-product
of wandv. If (H,.) is a canonical hypergroup, then we have (N1 v)(x) = Vyep(u(p) Tv(t))
since x € ex forall x € H.

Definition 7. Let G, H be canonical hypergroups and R : G — F(H) be a mapping. Then

(i) R is a T-fuzzy set-valued homomorphism of semihypergroups if, for all

a,b € G,R(a) VT R(b) <V, eap R(1).

(ii) R is a strong T-fuzzy set-valued homomorphism of semihypergroups if, for all

a,b € G, (R(a) V1 R(b) < Ayeap R(1))-

(iii) Ris a completely strong T-fuzzy set-valued homomorphism of semihypergroups if, forall a,b €

G, R(a) V1 R(b) = Aueap R(1).

Hr(G, F(H)) denotes the set of all the T-fuzzy set-valued homomorphisms, sHt(G, F(H)) de-
notes the set of all the strong T-fuzzy set-valued homomorphisms, and cH (G, F(H)) denotes the
set of all the completely strong T-fuzzy set-valued homomorphisms from G to H. If T = Ty, then
a T-fuzzy set-valued homomorphism is called a fuzzy set-valued homomorphism and the set of all
the fuzzy set-valued homomorphisms from G to H is denoted by H(G, F(H)). If T = Ty4, then
the statement also applies analogously to sHr(G,F(H)) and cH(G,F(H)).

Definition 8. Let (G, o) and (H, -) be canonical hypergroups and R : G — F(H) be a mapping

satisfying (R(a)) "' < R(a~) forall a € G. Then

(i) R € Hr(G,F(H)) is a T-fuzzy set-valued homomorphism of canonical hypergroups.

(i) R € sHt(G,F(H)) is a strong T-fuzzy set-valued homomorphism of canonical hypergroups.

(i) R € cHyp(G,F(H)) is a completely strong T-fuzzy set-valued homomorphism of
canonical hypergroups.

Example 3. Let G = {a,b,c,e} be a Klein-4 group and (G, o) the canonical hypergroup in
Example 1 (i) and let (H, -) be the canonical hypergroup in Example 2. Then R : G — F(H) defined
by Figure 2 is a completely strong Tp-fuzzy set-valued homomorphim of canonical hypergroups but
it is not a Tyr-fuzzy set-valued homomorphism since
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h | X y z t e
R(a)(h) 04 0,5 0,2 0 1
R(b)(h) 04 0,5 0,2 0 1
Ry | 04 05 02 0 1
R(M) | 04 05 02 0 1
Figure 2. Definition table of R.
(R(a) V1, R(b))(x) =0,5 £ 0,4 =R(c)(x) = A R(u
u€aob

Example 4. Let (G,o) and (H,-) be canonical hypergroups and « < B,a,p € [0, 1].
P,R: G — F(H) are defined by the following:

P(a)(x)z{“' e R(a)(x)z{"" 7o

B, ifa=e, B, ifx=ce.

Then P,R € Hr (G, F(H)).

Proposition 1. Let (G,0), (H,-) be canonical hypergroups and R € Hr(G,F(H)). Then
(R(a)) "' =R(a 1) foralla € G.

Proof. Straightforward. [J

Theorem 1. Let f : G — H be an inclusion homomorphism of semihypergroups. Then
R(f)ap €Hr(GF(H))ifa < p.

Proof. Leta,x € G and let (R(f)(‘x p)(X) VI R(£) (o g)(a ))( ) = B for any v € H. Then
there exist y,b € H such that v € yb and R(f) ( )(y) = B, and R(f) o, g)(a)(b) = B.
Thus f(x) = yand f(a) =b. Sov € yb C f(x)f(a ) f(xo

homomorphism. There exist u € x o a such that f(u) =
Thus R(f) (o g) € Hr(G, F(H)). O

a) since f : G — H is an inclusion

Then\/uExoa (f)(oc,ﬁ)( )( )_ B.

Example 5. Let G be the canonical hypergroup in Example 2 and f:G — G be defined as
f(a) = aforalla € G. Then f is an inclusion homomorphism of semihypergroups and the
mapping R(f) g 1): G —F (G) is a T-fuzzy set-valued homomorphism but is not strong since

(R(E)0, 1)) VIR(£) 0, 1) () ) () =1 £ 0 = ( A R(f), 1)<u>> (e)

Theorem 2. Let 6 : G — P*(H) be a set-valued homomorphism, «, p € [0, 1], p € Dt and
a < B.Then R : G — F (H) defined by R(x) = (a, B)g(y) for all x € G is a T-fuzzy set-valued
homomorphism.

Proof. Leta,b € G and let (R(a) VT R(b))(v) = B for any v € H. Then there exists
k,t € Hsuch that v € ktand (&, B)g(,) (k) = B, and (&, B)gp) (t) = B- Thus k € ©(a) and
t € ©(b). Hence v € ©(aob) since 0 is a set-valued homomorphism. Thus, there exists an
u € aobsuch thatv € ©(u). Then

V (% B)ow(v) =8

u€aob

Hence R : G — F(H) is a T-fuzzy set-valued homomorphism. [J



Mathematics 2024, 12, 2445

8 of 21

The following example demonstrates that the fuzzy set-valued homomorphism ob-
tained by the method in Theorem 2 may not be strong.

Example 6. Let G be the canonical hypergroup in Example 2 and 6 : G — P*(H) be defined
as 0(a) = {a} forall a € G. Then 8 is a strong set-valued homomorphism and the map-

ping R: G — F(H) defined by R(a) = (O, D)g(a) forall a € G is not a strong T-fuzzy set-valued
homomorphism since

(R(x) V1 R(x) —17§0—</\R(u)>(><)

uex.x

The following theorem shows that the fuzzy congruences are a special type of the
set-valued homomorphisms.

Theorem 3. Let G be a semihypergroup, R be a fuzzy (strong) compatible on G and P : G — F(G)
be the comnnected T-fuzzy set-valued mapping.  Then P is a (strong) T-fuzzy set-

valued homomorphism.

Proof. Leta,b € G. Since R is fuzzy compatible, then, for any p € G, we have

(P(a) V1 P(b))(p) =V (P(a)(K)TP(b)(t)) < V (R(a, k) AR(b, 1))

pekt pekt

< v ((A v r@9)A (A VREY))
pekt u€ab vekt vektuecab

< v (A run) < v (v R@) = Y R
€kt \vektucab pekt \ucab ucab

= v P = (VP @)

Hence P is a T-fuzzy set-valued homomorphism since P(a) V1 P(b) < Vyeap P(u)
foralla,b € G. Let R be a fuzzy strong compatible on G. Then, for any p € G, we have

(P(a) v P(b))(p) = V (P(a)(k)TP(b)(t)) < V (R(a/k) AR(b,t))

pekt pekt
SV<A mWﬂsv(AmWﬂzAmW>

pekt \ xcab,yckt pekt \xeab x€ab

~ (A R,

x€ab
Hence P is a strong T-fuzzy set-valued homomorphism since
P(a) vrP(b) < A P(u
ucab

foralla,b € G. I

Example 7.

(i) R(f)(o,1) in Example 5 is a T-fuzzy set-valued homomorphism. Moreover, its connected
fuzzy relation is fuzzy compatible. However, it is not strong fuzzy compatible since it is not a
strong T-fuzzy set-valued homomorphism.

(ii)  Even though the connected fuzzy relation of R in Example 6 is fuzzy compatible, R is not a
strong T-fuzzy set-valued homomorphism.
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Theorem 4. Let G and H be canonical hypergroups and let R : G — F(H) be a fuzzy set-valued
mapping and 6 : G — P (H) be the set-valued mapping defined by 6(a) = R(a), foralla € G.

(i)
(ii)
(iii)

If R € HT(G,F(H)) and a € Dr, then 8 is a set-valued homomorphism.
If R € H7(G, F(H)) is completely strong, then (,,cq0p 0(u) € 0(a)0(b) forall a,b € G.
If 6 is a set-valued homomorphism for all « € [0, 1], then R € Hy(G, F(H)).

Proof. Leta,b € G.

(i)

(i)

(iii)

Let v € 6(a).0(b). Then there exist p € 6(a) and t € 6(b) such that v € p.t. Hence
p € R(@)x and t € R(b)x. Thus R(a)(p) > « and R(b)(t) > «. So
R(a)(p)TR(b)(t) > aTax = o since & € Dr. Therefore, (R(a) VT R(b))(v) > «a.
So VyecaobR(u)(v) > a since R € Ht(G,F(H)). Hence there exists an element
u € aob such that R(u)(v) > «. Thus v € R(u)x = 6(u). Sov € 6(acb) since
0(u) C 6(aob). Thus 6(a).6(b) C B(acb) is obtained. Let x € (6(a))”'. Thus
x~1 € 0(a) and so x~! € R(a),. Hence R(a)(x~!) > o So (R(a)) " (x) > a. Since
R € Hr(G,F(H)). Hence R(a™!)(x) > « Thus x € R(a™!)_. Sox € 6(a™?).
Therefore (6(a)) 1 C 0(a"!) is obtained. Finally, 6:G — P(H) is a set-valued
homomorphism.
Let v € Nucaob O(u). Then v € 6(u) for allu € aob. Hence v € R(u)x. So
R(u)(v) > «. Therefore A caop R(u)(v) > a. Thus (R(a) Vt R(b))(v ) > « since
R € Hr (G, F(H)) is completely strong. Then VyeptR(a)(p)TR(b)(t) > «. There exist
p,t € Hsuch that v € pt and R(a)(p) AR(b)(t) > «. Thus R(a)(p), ( )(t) >
Hencep € R(a)x and t € R(b)«. Thenp € 6(a) and t € O(b). Sov € 6(a)0(b) since
v € pt C 6(a)0(b). Finally, Nycaop 0(u) C 6(a)0(b) foralla,b € G.
Let v € H and let « := R(a)(p)TR(b)(t) for any p,t € H such that v € p.t. Thus
R(a)(p) > « and R(b)(t) > «. Hencep € 6(a) and t € 6(b). So p.t € 6(a).0(b).
Since 6 is a set-valued homomorphism, then p.t € 8(aob). Hence v € 6(acb).
Thus there exists an u € aob such that v € 8(u). Then R(u)(v) > «. Hence,
VueapR(u) (V) > R(a)(p)TR(b)(t) is obtained. Thus, we have
VueabR(W) (V) > VyepiR(a)(p)TR(b)(t). Therefore R(a) VT R(b) < VycacbR(u) is
verified. Letv € Hand (R(a)) ' (v) be a Then (R(a)) ' (v) > & SoR(a)(v™") > «.
Hence v-! € R(a)«. Thusv~! € 6(a). Hence v € (G(a))fl. Since 0 is a set-valued
homomorphism, thenv € 6(a™!). Hence v € R(a™!)4, i.e, R(a™1)(v) > a. Thus
R(a ) (v) > (R(a)) ! (v). Therefore R(a™!) > (R(a)) . Finally, R € Hy(G,F(H))
is obtained. [J

Theorem 5. Let G, H be canonical hypergroups, Ry : G — F(H) and Ry : H — F(K). Then
Ryor Ry € HT(G,F(K)) lf Ry € HT(G,F(H)) and R, € HT(H,F(K)).

Proof. Leta,b € G and k € H. We have
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((RaorRy)(a) Vr (RporRy)(b)) (k) = e ((Rg o Ry)(a) (k1) T(Rz o1 Ry) (b) (k2))

=V << V Rl(a)(hl)TRz(hl)(k1)>T< V Rl(b)(hz)TRz(hz)(k2)>>
kekiky heH hyeH

=V V' (Ry(a)(h1)TRa(hy) (k1) TR (b)(h2) TRz (h2)(k2))
kekiky hy,hpeH

= V (Ri(a)(h))TRy(b)(ho)T V (R,(hy)(k1)TRa(h2)(ka))

hy hoeH kekiky

= }}/GH(RNa) (h1) TRy (b) (h2) T(Ra (h1) V1 R (ha)) (k)

<V R1(a)(h1)TR1(b)(h2)T< V RZ(V)>(1<)>

" hyhpeH vehphy

<V V  (Ry(a)(hy)TRy(b)(h2))T| V Rz(V)>(k)>

h hy,hpeH \ vehihy vehihy

=V (R1<a)VTR1(b))(V)T< V Rz(V))(k)>

hy hoeH vehihy

< v (v R1<u>)<v>T< v R2<v)><k>>

" hyhoeH \ \u€caob vehihy

= v (v R0 TR(v)())

u€aob \veH

= V (RporRy)(u)(k).

u€aob

Theorem 6. Let G, H be canonical hypergroups and f : G — G/ and g : H — H/ be inclusion
homomorphisms.

(i) If P€ Hr(G',F(H')), then P~ (s o) € Hr(G, H).
(ii) If S e HT(G,F(H/)), then Sf c HT(G, H/).

Proof. Letx,a € Gand h € H. Thus
)

(P 00 VP (@) () = V(P GOWITP g (@) (b))
(P(£(x)) (8(y)) TP(£(a)) (3(b)
< Y R Er) TP
= (P(£(x)) VT P(£(a)))(g(h)) <V P(t)(g(h)

tef(xa)

VP em) = (VP ) )

h

=
g<@<
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Hence, we have

(i)
(S¢(x) Vr Se(a)) (h) =hé/b(5f(X)(y)TSf(a)(b)) =V (S(f(x))(y)TS(f(a)) (b))

Hence, we have

O

Definition 9. Let G, H be canonical hypergroups and R € Hr(G, F(H)). Then

(i) the kernel of R is a fuzzy subset of G denoted by KerR such that KerR(x) = R(x)(e) for
allx € G.
(ii)  the image of R is a fuzzy subset of H denoted by ImR such that ImR(y) = \/ R(x)(y) for

xeG
ally € H (see [43]).

Theorem 7. Let R € Hy(G, F(H)). Then KerR is a T-fuzzy subhypergroup of G if R is strong.

Proof. Let x,a € G. Then KerR is a T-fuzzy subhypergroup of G since

LD KerRu) = A R(u)(e) 2 (R(x) VrR(a))(e) 2 R(x)(e)TR(a)(e)
= KerR(x)TKerR(a),
KerR(x 1) = R(x1)(e) = (R(x))"'(¢) = R(x)(e!) = R(x)(e) = KerR(x).

O
Theorem 8. Let R € HomT (G, F(H)). Then ImR is a T-fuzzy subhypergroup of H.

Proof. Lety,b € H. Then

ImR (y)TImR(b) :(v R(x)(y))T(v R(a)(b)) — V (RX)(y)TR() (b))

xeG acG x,aceG
< v (LY R@O) = A (VeeoREO) = A (mR(D)
x,a€G \u€xoa teyb teyb

Thus ImR(y) TImR(b) < Ateys(IMR(t)) is obtained and clearly ImR(y) < ImR(y ).
Then ImR is a T-fuzzy subhypergroup of H. [

Theorem 9. Let G, H be canonical hypergroups and R € Hr(G, F(H)). Then R(e) is a T-fuzzy
subhypergroup of H.
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Proof. Leta,b € H. Then
R(e)(a)TR(e)(b) < V (R(e)(a)TR(e)(b)) = (R(e) VT R(e))(p)
< (v ) (») =R )

uecee

Hence
R(e)(a)TR(e)(b) < /\ R(e)(p)
pEab
Also, R(e)(a) < R(e)(a~") since R(e)(a) = (R(e)) " (a~) < R(e™!)(a~") = R(e)(a1).
Thus R(e) is a T-fuzzy subhypergroup of H. [

Definition 10. Let G, Hbe semihypergroups f : G — H be a function and R : G — F(G) and
P: H — F(H) be set-valued mappings. Then the set-valued function f(R): H — F(H) is

\ R(g1)(82), 381,82 € G: f(g1) =M f(g2) = h2

FR) ) =3 S

0, otherwise

and the set-valued function f~'(P):G — F(G) is f1(P)(g1)(g2) = P(f(g1))(f(g2)) for
all g1,82 € Gand hy, hy € H.

Theorem 10. Let f : G — H be a good homomorphismand R : G — F(G), P: H — F(H) be
set-valued homomorphisms. Then:

(i)  f(R):H — F(H) is a set-valued homomorphism if f : G — H is a bijection.
(i)  f~Y(P):G — F(G) is a set-valued homomorphism.

Proof.
(i) Leth, hy,hy € H. Then 3g1,82 € G: f(g1) = h1, f(g2) = hy and f(g) = h. Hence

(f(R)(m) VT f(R)(h2))(h) = V (f(R)(h1)(x1)Tf(R)(h2)(x2))

hexixy
= heyx R(g1)(a1)TR(g2)(a2) < gexazR(gl)(ﬂl)TR(gz)(ﬂz)
= (R(g1) VT R(82))(8) < <se;/1g2R(S)> (8) = se;/lng(S)(g)
= V. fR)(f()(h) = V f(R)(t)(h),

f(s)€hihy tehihy

where f(a1) = x1, f(a2) = x. Thus f(R) : H — F(H) is a set-valued homomorphism.
(i) Leta,b,c € G. Then
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=V fHP)@)()Tf H(P)(D)(y)

cexy

= V P(f(a))(f(x)

cexy

)TP(f())((
< Vo P(f(a)(f(x))TP(f(0))(f(¥))
flo)ef(x) )

SP(f(a))\/TP(f(b))(f(C))S( fV b)P(S)>(f(C))

sef(a)f(
=V P(s)(f(e)) = V P(f(£)(f(c))
sef(ab) t€ab
= te\/ﬂbf_l(P)(f)(C)

where 3t € ab such that f(t) = ssinces € f(ab). Hence f!(P) : G — F(G) is a set-valued
homomorphism. [

Theorem 11. Let P,R: G — F(H) define (PTR)(g) = P(g)TR(g) for all g € G. Then
PTR € Hy(G,F(H)) if P,R € Hr(G, F(H)).

Proof. Leta,b € Gand h € H. Then

((PTR)(a) V1 (PTR)(D))(h)

We have (PTR)(a) V1 (PTR)(b) <  Vyuea (PTR)(u). We also have
((PTR)(a))"! < (PTR)(a~1) since

((PTR)(a)) " (h)
WT(R(a)) " (k) < P(a~1) (1) TR(a") (h)
)

Therefore PTR € Hr(G, F(H)).
The following example shows that the above theorem may not be true for some
implications. [

Example 8. Let H be the canonical hypergroup in Example 2 and P, R € Hy(H, F(H)) be in Exam-
ple 4. Let ] be an R-implicator based on T. Then RJP ¢ Hy(H,F(H)) since

((RJP)(e) V1 (RJP)(x))(e) = 1 £ & = (Vueex (RIP) (1)) (e).

Theorem 12. Let {R;|i € I}C Hy(G,F(H)). Then we have

(i) AierRi € Hr(G,F(H)),
(i) VierR; € Hr(G,F(H)).
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Proof.
(i) Leta,b e Gandh € H. Then we have

(Ar)@vr (AR)o< v (AR)w

icl icl ucab \ic€l

< A((yRw)m) = (v, (4 xw))o
= ((ar)@)o
Also »
(a#)e) " <(ae)e

((A®) (“))_1(’” = (AR)@E) = ARG = A (Ria)) 1)
< ARi(a™t)(h) = (/\ Ri) (a=1) (h).

iel icl

(ii) Itis proved similarly to part (i). O]

4. Generalized Fuzzy Rough Approximations on Canonical Hypergroups

In this section, some properties provided for groups [43] are tested for hypergroups.
Thus, we investigate some features of the generalized fuzzy rough approximation spaces
that occurred by a T-fuzzy set-valued homomorphism of canonical hypergroups.

Theorem 13. Let yu,v € F(H). Then
R'()@TR' (v)(b) < A R'(nvrv)(u)

u€aob

foralla,b € Gif R € sHr(G,F(H)).
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Proof. Leta,b € G. Thus

R (1) (a) TR (v) (b) = ( y R(a)(k)Tu(k)>T( Y R(b)(t)Tv(t))
keH teH

=V ((R@)(k)TR(b)(t)) T(r(k)Tv(t)))

kteH

<V << V R(a)(k)TR(b)(t)>T< Vo(nvr V)(P)))
kteH p€Ekot pekot

= 10\E/H((R(a) VI R(b))(p)T(1Vrv)(p))

< ng((uegome)) PV (p))

u€aob \ peH ucaob

< A <v<R<u><p>T<uvTv><p>>>s A R (pvrv)(u).

Example 9 shows that Theorem 13 may not be true for the J-lower fuzzy rough
approximations. [

Example 9. Let G and H be considered as in Example 3, R € sHr,,(G, F(H)) be considered as
in Example 4, with the values « = 0,2 and B = 0, 6, and let fuzzy subhypergroups u,n and v of H be
taken as follows (Figure 3):

h X y z t e
uh) | 01 0,1 0,1 0,1 1
v(h) | 04 04 04 04 05
nth) | 04 0,4 0,4 0,4 1

Figure 3. Definition table of 1, v and .

Then we have

Ry(m)(@)TRy(v)(e) = 0,5 £ 0,4 =Ry(nVrv)(a) = A Ry(nVrv)(u)

where ] is the R-implication of Ty;. Moreover, we have

Ry(p)(e)TRy(v)(e) =0,8£0,5= V Ry(uVrv)(u)=Ry(uVrv)(e)

uceoe

= A Ry(uvrv)(e)

uceoe

where ] is the Sj;-implication based on the standard negator.

Corollary 1. R € sHt(G,F(H)). If p is a T-fuzzy subsemihypergroup of H, then

R (W@TR (Wb) < A R (w)(1)

t€aob

foralla,b € G.

Proof. Leta,b € G. Then, we have

R (W@TR (Wb) < A R (nvrw) ()
t€aob



Mathematics 2024, 12, 2445

16 of 21

for all a,b € G by Theorem 13. Therefore, we have

R' () (a)TR( < A RY(

teaob

since p Vp n < . O

Theorem 14. Let R € sH7(G,F(H)). If u is a T-fuzzy subhypergroup of H, then ET(V) is
a T-fuzzy subhypergroup of G.

Proof. We have

R' () (a)TR( < A RY(

teaob
for all a,b € G by Corollary 34. Let a € G. Then

Ri(w(@) = V R@)®)Tu®) = V (R(@)™ (b~ Tu(b)
beY beY
< vV R@ () Tu(b) =R (W),
b ley

Hence ET(p) is a T-fuzzy subhypergroup of G. [

Theorem 15. Let i, v € F(H). Then FT(y) \/TFT(V) < FT(V Vrv)if R € Hr(G,F(H)).

Proof. Letx € G. Then ﬁT(u) VT ﬁT(v) < RT(u V1 V) since
(R'wviR' ™)) = v (R @TR (v)(b))
((yR@ 0T )1( Y ROV )

(2 (R@ TR OTRTY(0)))

\%
x€ab
\%
x€ab
V
x€ab
\%
x€ab
\%
x€ab

Example 10 shows that Theorem 14 and Theorem 15 may be false for the J-lower fuzzy
rough approximations. [J

Example 10. Let H be considered as in Example 2, T = Ty, | be the R-implication of Ty and
R:H — F(H) be defined as

1, ifa=e

0,ifa=x

R(a)(b) = 3, ifa=y

0,ifa=z

0,ifa=t
foralla,b € H. Then R € HTM(H F(H)). Let p,v € F(H) be considered as in Example 9.
Hence R;(1) VT Rj(v) £ Ry(uVrv)since (Rj(p) V1 Rj(v))(e) =1 £ 04 = R;(u Vrv)(e).

However, even though p is a Ty fuzzy subhypergroup of H, R () is not a Tyg-fuzzy subhypergroup
of Hsince Ry (1) (x) TRy (1) (x) = 1 £0, 1= Ayers Ry (1) ().
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Theorem 16. Let G, H, K be canonical hypergroups, ] be an implication and let R € Hr(G,F(H))
and S € Hy(H, F(K)) for a t-norm T. Then

(i) FT(R(x))(a) < Vyear-1 Ker(u) forall x,a € G,

(i) R (KerS) = Ker(Sor R),

(iii) R;(KerS) = Ker(SojR),

(i) ST (KerR™1) = Ker(SorR)™,
(v) 57’1] (KerR™1) = Ker(R71 oy S71),
i) R'(ImS~1) =Im(SorR)™,

(vii) 51 (ImR) = Im(S o R),

(viii) Im(SoyR) ™ < R;(ImS™1),

(i) Im(R"Vo;s1) 7" <571 (ImR).

Proof. Straightforward. [J

Theorem 17. Let a bijection f : G — H be a good homomorphismand R : G — F(G) be a set-
valued homomorphism. Then
T

FRY (f(1)) = f(R" () and £(R), (F()) = f(Ry()

Proof. Leth € H. Then 3¢ € G : f(g) = h. Hence

FR) (F) ) =V FRBOTF (1) () =V RE)X)TH() =R (1)(3)

yeH

= F(R"w) )
and

fR) (f(u))(h) = yé\Hf(R)(h)(y)If(V)(y) = A R@@IHE) =R (1) (g)
= f(Ry(w)) (h),
where f(x) =y. O

Theorem 18. Let f: G — H be a mapping, u € F(G) and P: H — F(H) be a set-valued
homomorphism. Then:

W fH R (w) < fMP), ().

P -1, 7

Gy ) (Fw) < f (PTw):

(i) f~(By() = fMP), (F ) and FI(R) (F72 () = f(PT () i f:G — H

is surjective.

Proof.
(i) Leta e G.Then

FHEy () (a) = Py(p)(f(a)) = A PU@)Tu(x) < A P(f@))(f(0))Tu(f (b))

S beG

= bé\cf‘l(P)(a)(b)Tf‘l(ﬂ)(b) = f71(P),(f71(m)(a)

(i) Leta € G. Then
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T

FIE) (1 00) @) = VI E@OTF (0(0) = VPU@)F©) ()
<V P(F@)0Tr(x) =P (1) (f@) = f (P (1) @)

(iii) It follows immediately from (i) and (ii). O
Theorem 19. Let P,R:G — F(H). Then PTR (y) < P (W)TR (y) and
Py(u)TRy(#) < PTR;(u) if Imp € Dr-
Proof. Straightforward. [J
T

Theorem 20. Let {R;|i € I}C Hy(G,F(H)). Then AigiRi (n) < /\ieIET(V) and
Vier Rz’](ﬂ) < Aier Ri; (1)-

Proof. Straightforward. [

Theorem 21. Let R: G — F(H) and P: H — F(Z). Then
. 5T =T (5T
() PorR (=R (P'(w),
(ii) PorR (u) =R, (Pj(p)) if ] is an R-implication based on the t-norm T.

Proof. Leta € G. Then we have
6]

PorR (0a) =V, (PerR@ETh) = V, | V. R@E)TP) (z)) Th(z)
=V R<a><y>T<v PW)@)TH()) = V. R@OT(P (1))
yeH z yeEH
=R (P'(1)(a)

(i)

PorRi()(@) = A (Por R)(a))]uz) = A (ngR(a)(y)TP(y)(2)>IH(Z)

zeZ

A A R@OTPOE@)HE = A A R@GIPO)E)HE)
zeZyeH zeZyeH

— A R(a)(y)T( A P(y)(zw(z)) = A R@)I(E00()
yeEH z€Z yeEH

ZB](BJ(P‘))(“)-

d

5. Conclusions

In this paper, we introduce fuzzy set-valued homomorphisms as an extension of the
fuzzy congruences on hypergroups. This extension enables the broadening of Ameri’s
work [23] to two different universal sets. In this way, we have an opportunity to investigate
for hypergroups some results of Ekiz et al. [43]. This expansion of the fuzzy set-valued
homomorphisms allows for a broader examination of algebraic structures and offers new
research opportunities.

Using the findings from this paper, the Figure 4 can be constructed:
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The Classes of Connected Fuzzy The Classes of Fuzzy Set-Valued

Compatibles Homomorphisms

he Classes of Fuzzy Strong Set-

The Classes of Connected Fuz? Valued Homomorphisms

Strong Compatibles

Figure 4. Comparison between the class of connected fuzzy and fuzzy strong compatibles and the
class of fuzzy and fuzzy strong set-valued homomorphisms.

The main contributions and future work in this paper are summarized as follows:

1. A T-fuzzy set-valued homomorphism of hypergroups is introduced. T-fuzzy set-
valued homomorphisms on groups are extended to hypergroups [43]. It has been
shown that a set-valued function connected to a fuzzy compatible is a fuzzy set-valued
homomorphism. With this definition, some results of Ameri’s study are extended to
two different hypergroups [23].

2. The relations between T-fuzzy set-valued homomorphisms and certain concepts such
as the inclusion homomorphism or the set-valued homomorphisms were investigated.
In this way, some important T-fuzzy set-valued homomorphisms were obtained.

3. We investigated the properties in the two-universe (I,T)-fuzzy rough set model by
taking hypergroups as universal sets and T-fuzzy set-valued homomorphisms instead
of a fuzzy relation. The definition of a T-fuzzy set-valued homomorphism is very
important for the analysis of a hyperalgebraic structure in the two-universe (I, T)-fuzzy
rough set model. In this paper, we give a quite harmonious definition with the fuzzy
congruences and the crisp version of the T-fuzzy set-valued homomorphism.

4. We study some properties of lower and upper approximations of a T-fuzzy subsemi-
hypergroup.

5. Following this study, it becomes possible to define a T-fuzzy set-valued homomor-
phism on various algebraic structures such as hyperrings (hypernearrings), hyper-
modules, polygroups, etc. and explore their properties. Moreover, these studies can
expand to a lattice L by defining a TL-fuzzy set-valued homomorphism. With the
T-fuzzy set-valued homomorphisms, we try to examine the two-universe (I,T)-fuzzy
rough set model in semihypergroups.
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