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1. Introduction and Preliminaries

In recent years, notable progress has been made in developing various generaliza-
tions of special functions within mathematical physics. These advancements provide a
robust analytical framework for solving various mathematical physics problems and have
extensive practical applications across diverse domains. Particularly, the significance of
generalized Hermite polynomials has been underscored, as noted in previous studies [1-3].
These polynomials find utility in addressing challenges in quantum mechanics, optical
beam transport, and a spectrum of problems spanning partial differential equations to
abstract group theory.

The “2-variable Hermite Kampé de Feriet polynomials (2VHKJFP)”, denoted as
9, (A1, Az) [4], are expressed through the following generating function:

ML _ v "
e 1 2 = Z QH(A1/A2>7'/ (1)
n=0 n:
which for A, = 0, gives
MO v ar
et = Z Qn(/\l)ﬁ- (2)
n=0 .

Similarly, the “2-variable 1-parameter Hermite polynomials (2V1PHP)”, represented
as Q,(A1,A2,C), are defined using the subsequent generating function [5]:

n

ad Q
CMOFAO? _ Y Qu(A1,12,0) C>1, (3)

n!’
n=0
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which for A, = 0 reduces to
PR - ar
n=

The “3-variable Hermite polynomials (3VHP)”, denoted as Q,(A1, Az, A3) [6], are
characterized by the following generating function:

Qn
n!’

(5)

oo
2 3
e/\10+)tzﬂ +A3Q) — Z QTZ (All/\ZI )\3)
n=0

The orthogonality of Hermite polynomials is crucial in various fields, such as quan-
tum mechanics, probability theory, and numerical analysis. In quantum mechanics, they
form the basis for the wave functions of the quantum harmonic oscillator, ensuring the
orthogonality and completeness needed for accurate probability calculations. In probability
theory, they are key in studying Gaussian distributions and polynomial chaos expansions.
Additionally, they play a significant role in signal processing and are eigenfunctions of the
Fourier transform, making them indispensable in theoretical and applied mathematics. In
their 3-variable formulation, these polynomials find widespread application across numer-
ous fields in both pure and applied mathematics and physics. They serve as fundamental
tools in addressing problems ranging from Laplace’s equation in parabolic coordinates to
various quantum mechanics and probability theory scenarios. Notably, for any integral
value of n, these polynomials represent specific solutions to the heat or generalized heat
problem facilitated by the corresponding existence of Gauss—Weierstrass transforms.

Consider {¢, (A1)}, which signifies a series of polynomials; we can observe that
deg(¢n(A1)) =n, (n € Ng:={0,1,2, - - }. The differential operators ¥,, and ¥; meeting
the criteria

Yo {n(M)} = pn1(M), (6)
Yo {pn(AM)} = dur1(A1) ()

are referred to as multiplicative and derivative operators, in turn. {¢,(A1)}5 is a series of
polynomials that are considered quasi-monomial if and only if Equations (6) and (7) hold.
A differential equation like this can be found by finding the derivative and multiplicative
operators for a given polynomial family as

(¥ ¥ ) {Pn (M)} = pu(A1). ®)

The factorization technique is the name given to this process. Determining the multi-
plicative operator ¥, and the derivative operator ¥, forms the basis of the factorization
approach [7-15]. The monomiality principle is another way to think about this method.
When the factorization approach is applied to the domain of multivariable special func-
tions, new analytical techniques are presented to solve a wide variety of partial differential
equations frequently encountered in practical situations.

Differential equations cover a wide range of topics in “physics, engineering, and pure
and applied mathematics”. Problems from various scientific and technical fields typically
take the form of differential equations, solved using specialised functions. Differential
equation theory has attracted renewed attention in the last thirty years due to developments
in nonlinear analysis, dynamical systems, and their useful applications in science and
engineering.

Several studies employing different generating function approaches and analytical
procedures have been carried out to present and analyse hybrid families of special poly-
nomials methodically [16,17]. The recurrence relations, explicit relations, functional and
differential equations, summation formulae, and symmetric and convolution identities are
just a few of the fundamental characteristics of multi-variable hybrid special polynomi-
als that make them important. “Number theory, combinatorics, classical and numerical
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analysis, theoretical physics, approximation theory, and other fields of pure and practical
mathematics” are just a few of the fields in which these polynomials can be useful to
researchers. Various scientific areas can use the qualities of hybrid special polynomials to
address new problems.

The article is organised as follows: Section 2 overviews the 3-variable 1-parameter
generalized Hermite polynomials utilizing series definitions and generating functions.
It also describes how to derive the related differential, integro-differential, and partial
differential equations. Section 3 examines particular instances from this polynomial family
to demonstrate the usefulness of the major conclusions. Section 4 investigates specific
cases of the 1-parameter, 3-variable, generalized Hermite polynomials. Finally, the last part
contains closing thoughts.

2. Polynomials Based on Generalized Hermite Polynomials with One Parameter and
Three Variables

This section introduces a hybrid family known as the generalized 1-parameter 3-
variable Hermite polynomials (G-1P3-VHP) via the following generating relation:

MO+A02 41308 .- a
cM FA2F+A3 = Z Qn(/\l//\Zr)\:%.c)F’ c> 1’
n=0 ’

The definition is proven in Theorem 2.1. Additionally, various properties of these polyno-
mials are established. To obtain the generating function for the G-1P3-VHP, a key result is
demonstrated as follows:

Theorem 1. For the G-1P3-VHP Q,,(A1, A2, A3;C), the following generating relation is demonstrated:

[ee] n
C/\10+)\202+/\3Q3 _ Z Qn (Al//\Z/ )\3,’6)%, C > 1, (9)
or, equivalently
InC (A1 Q+A02 42308 - Q"
eI CM QTR0 — §= Qu(A, A2, A3,C)— v € > 1. (10)
n=0 :

Proof. Substituting the exponents of (2, i.e., AY, )\%, )\%, -+ -, Al in the expansion of eMQ by
the polynomials Qy(A1, Az, A3;C), Qa(A1,A2,A3;,C), - -+, Qu(A1, Az, A3;C) in the left hand
partand A by 9, (A1, Ay, A3; C) in the right hand part of the expression (2), which indicates
the resulting G-1P3-VHP in the right hand side, leading to (9). The generating function (10)
is obtained by simplifying the left-hand side of Equation (9). O

The following theorem gives the series definition for the G-1P3-VHP Q,,(A1, Ay, A3;C):

Theorem 2. For the G-1P3-VHP Q,,(A1, A2, A3;C), the following series representation is demon-
strated:
ln/3] Qn ak(A1, A2) AL

Qn(/\ll)\Zl )\3/ - n' Tl _ 3k ' k'

3(InC)" %, (11)

Proof. Inserting the expressions (3) and the expansion of eInC(439%) in Jeft hand part of the
expression (5), it follows that

© ad ICQ ad ICQ
Y Qu(A1, Ay, A3;C) 2 W(Ag, 1) IRCD" 2 (In >, (12)

n=0



QO Al!/\ZI )\311 5
Q1(A1,A2,A3;15
2(A1,A2,A3;1.5

o ©

Q4(A1,A2,A3;15

( )
( )
( )
3(A1,A2,A3;1.5)
( )
Q5(A1,A2,A3;1.5)

( )

Q6 )\1/ /\2/ A3/ 1.5

QO (Alr /\2/ /\3/ 2)
Ql (Alr /\2/ A3/ 2)

Qa(A1,A2,A5;2)
Q3(A1,A2,A5;2)
Q4(A1,A2,A3;2)
Qs5(A1, A2, A5;2)

Qp(A1,A2,A3;2)
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thus, operating the Cauchy-product rule
o oo o (5]
Yo Y A k) =) Y A(n—3kk)
n=0k=0 n=0k=0
yields the expression:
- Q &, Qn sk(A1,A2)AS ar
Q /\1/ )\2/ /\3/ n! InC)"~ 22 . (13)
% o =y B S ey

Assertion (11) is obtained by comparing the coefficients of the identical powers of ()
on both sides of the above expression. [

For C = 15,2,2.5, 3, the first six G-1P3-VHP Q,,(A1, Ay, A3;C) are given as:

1,
0.405465)+,

0.082201(1.A3 + 4982611, ),

0.0111099(1.A§ 147978, Ay + 36.4959/\3),

0.082201 (0.0137002/\‘11 + 0405465025 + 1.A% + 2.A1A3),

0.0000913243 (1.A§ +49.3261A3), + 364.959A1 A2 + 364959215 + 1800.2)\2)\3),

0.082201 (0.0000750778)\? +0.00555494A%4 75 + 0.082201A2A2 + 0.13515573 + 0.0548007A?A3)

+0.082201(0.81093M1 225 + A3 ).

1,
A1 logl2],

(2/\2 log[2] + A2 log[Z]z),
(

613 log[2] + 6A1Az log[2]* + A3 10g[2]3) ,

=N

(12A§ log[2)2 + 2441 A3 log[2]? + 12A2A; log[2)® + A log [2}4),

By

(120/\2/\3 log[2]2 + 60A1A2 log[2]® + 601273 log 2] + 20A3 A, log[2]* + A3 1og[2]5),

—_
N

0

=0 (360/\2 log[2]? 4 12043 log[2]> + 720A1 A2A3 log 2] + 180AFA3 log[2]* + 1204373 1og[2]4)

1 4 6 6
755 (30/\ A2 log[2]® + A%log[2] )
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Qo(A1,A2,A3;2.5)
Q1(A,A2,A3;2.5)
Qz )\ /\2,/\3,‘2.5)
)
)

©

Q4(AM,A2,A3;25

(

(

(

3(A1, A2 A3 2.5

(

Q5(A1,A2,43;2.5)
(

Qp(A1,A2,A3;2.5)

Qo(A1,A2,A3;3) =
Q1(A1, A2, A3;,3) =

Qo(A1,A2,A3;3) =
Q3(A1, A2, A3;3) =
Q4(M, A2, A3;3) =
Q5(M,A2,A3;8) =

Qp(M,A2,A3;3) =

1,
— 09162912,
- 0.419794(1.)\% i 2.18271/\2),

= 0.128218(1.A] + 654814411 + 7.14636As),

= 0419794 (0.0699657)\‘1l +0.916291A2A; + 1.A% + 2./\1/\3),

—  0.00538251 (m% +21.8271A3 A5 + 71.4636A1 A3 + 71.4636A% A5 + 155.984)\2)\3),

= 0419794 (0.00195808)\? + 0.0641089A A5 4 0.419794A2 13 4- 0.30543A3 + 0.279863)\?)\3)

+0.419794(1.83258 M A2A3 + A3 ).

1,

A1log[3],

1 2 2

5 (2)\2 log([3] + A7 log[3] ),

% (6/\3 log[3] + 6A1A2 log[3]2 + A3 1og[3]3),

(1203 10g[3]2 + 24A1 A5 log[3]2 + 1243A2 log[3]* + A{ log[3]* ),

Brie

= z (1201223 108[3? + 601113 10g[3]? + 60A3A5 log[3]* +2043A2 log[3]* + A og[3]° ),

720 (360/\2 log[3]2 + 12043 10g[3° + 720M1 1243 10g[3]° + 1801313 Iog 3] + 1204325 log[3]*)

5 (30/\4/\2 log[3]® + A$ og[3]° ).

The graphs of Qg(A1, A2, A3;1.5), Qs(A1,A2,A3;2), Qe(A1, A2, A3;2.5) and Qg (A1, A2, A3;3)
are expressed in Figure 1, Figure 2, Figure 3 and Figure 4, respectively as:
2

Figure 1. Q6(/\1,)L2, )L3; 15)
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Figure 4. Qg (A1, Ap, A3; 3).
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Operational techniques for special polynomials involve using specific algebraic and
analytical methods to manipulate and apply these polynomials in various mathematical
contexts. Techniques such as generating functions, which encode polynomial sequences
into a single function, facilitate the derivation and proof of polynomial identities and
relationships. Differential operators, another key method, express recurrence relations and
transform polynomials to simplify solving differential equations. Additionally, integral
transforms, such as the Laplace and Fourier transforms, help extend the applicability of
special polynomials to solving physical problems in fields like quantum mechanics and
signal processing. These operational techniques streamline complex calculations, making
special polynomials powerful tools in pure and applied mathematics.

Differentiating (9) or (10) with reference to A; successively, we find

% (CA10+A202+/\303> = (InC)Q (CA10+’\202+A3Q3> p
1

which can be expressed further as

d Q” Qn+l
an Z n( /\1,A2,A3,C) (InC) Z Qn(A1,A2,A5;C) )

replacing n — n — 1in the right-hand side of the preceding expression and then comparing
the coefficients of the same exponents on both sides of the resultant expression, we find

d

T)HQ"(M'M'AB;C) =nInCQ,_1(A1, A2, A3;C). (14)

Continuing similarly, we have

82

a2 Q1 (A1,A2,A3;C) = n(n —1)(InC)*Qy_2(A1, Az, A3;C), (15)
33
o Qn(A, A2, A3;C) = n(n—1)(n—2)(InC)3Q,_3(A1, Az, A3;C), (16)

am

WQH(/\LAZ//\&.C) = 1’1(1’1 — 1) S (1’1 —m+ 1)(IHC)an_m(/\1,)\2,/\3,‘6). (17)
1

Further, differentiating (9) or (10) with reference to A successively, we find

% (C/\10+A202+/\3Q3> — (lnC)QZ (C/\10+/\202+/\3Q3> ,
2

which further can be expressed as

J Q/\)\)\CQn (InC) /\)\ACQn+2
8)\2 Z Tl 1,712, 31) I n ZQTZ 1,72, V3, ) al s

=0 n=0

replacing n — n — 2 in the right-hand side of the preceding expression and then comparing
the coefficients of the same exponents on both sides of the resultant expression, we find

d

af/\an(M,?\z,/\s;C) =n(n—1)InCQ,_»2(A1,A2,A3;C), (18)
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similarly, we have

]

an (A1, A2,A3,C) =n(n—1)(n—2)InCQ,_3(A1, A2, A3;,C). (19)

Thus, the expressions (14)—(19) satisfy the relations:

1 9 >
RTAZQ”(Al,/\Z,/\g,;C) =50 Qu(A1,A2,A5;,C)
and
L9 5 (A AsiC) = 83@()\/\/\6)
(InC)Z oAy " " ) T gpg A A

which in consideration of the initial condition:

1

Wgn()\lroro}o) = A’f (20)

provides the operational representation for Q, (A1, Ay, A3; C) via the result:

Theorem 3. For the G-1P3-VHP Q,,(A1, A, A3;C), the following operational representation is
demonstrated:

Q(A1, A2, A3;C) = exp (Az(lnC) :+ A3(InC)? ) {M}- (21)
A7
3. Recurrence Relations, Shift Operators and Families of Differential Equations
Theorem 4. The G-1P3-VHP Q, (A1, Ay, A3;C) adhere to the following recurrence relation:

Qu+1(A1,A2,A3,C) = (M InC) Qu(Aq,A2,A3;C)

+2nA2InCQy-2(A1, A2, A3;C) +3n(n —1)A3InCQy2(A1, A2, A3;C), @2)

where
Q_k(AM,A2,A3;,C) =0, k=1,2. (23)

Proof. After taking () into account and differentiating both sides of the generating function (9),
we arrive at:

9 MO+ +A0° Z Qn(A, Az, As;C )Qn (24)
BQ aQ ~ 11 1, V2, 35 1
which can be simplified as
) 0 Qn ) Qr-1
AIn(C) 422, In(C)Q +3A,In(C)* 5 Y Qu(A1, A, )\3;6)W =Y 1 Qu(A1, 72, 75C) p
n=0 ’ n=0 ’

Further, the preceding expression, in consideration of the Cauchy-product formula,
can be expressed as:

) l)\l In(C)Qn (A1, A2, A3;C) + 213 In(C) Q1 (A1, A2, A3;C) + 3n(n — 1)A3In(C)
n=0
n

> @]
Xanz()\ll/\Zl)\ﬁb ) Q}’l()\li)\Z//\fS/ Z Q}’H—l )\1/)\2//\3IC)F‘ (25)

Assertion (22) is obtained by comparing the coefficients of the identical powers of ()
on both sides of the preceding statement. [
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Theorem 5. For, the G-1P3-VHP Q,,(A1, A2, A3; C), the following shift operators hold true:

_ 1
/\1£n = WD)W (26)
_ 1
/\2£n = n(lnC) D)Ll D/\zr (27)
_ 1 L,
/\3£1’l = n(lnc) D)\l D/\3l (28)
amLid = (MInC) + 242Dy, +3A3(InC) ' D3, (29)
LLY = (MInC) +242D; Dy, +3A3(InC) ' D; 2 D3, (30)
and
0Ly = (MInC) +242D; 1Dy, +3A3(InC) ' D; D3, (31)
respectively, where
? ? d i
7 9. Y9 -1
Diyi= 5 D= i Diyi= 5 Dyl O/g(Q)dQ. (32)

Proof. After rearranging the powers and differentiating both sides of Equation (9) concern-
ing A1, we equate the coefficients of the identical powers of () in both sides of the resulting
equation as follows:

D), {Qn(A1,A2,A3;,C) } = n(InC)Q,_1(A1, A2, A3;C), (33)
as a result, the operator provided by Equation (26) satisfies the following equation:
Alﬁ;;{gn ()\1/ AZ/ /\316)} = Qn—l ()\11 AZ/ /\316) (34)

Subsequently, we differentiate both sides of Equation (9) concerning A,, rearrange the
powers, and then calculate the coefficients of the identical powers of () on both sides of the
resulting equation:

D)\Z{Qn(Al/ )\2,/\3,’C)} = (lnC)n(n — 1)Qn_2(/\1,)\2, )\3;6), (35)

which further can be stated as

Do {Qn(A1, A2, A3 C)} = n(InC) Dy, Qu-1(A1, A2, A3; C), (36)
thus, it follows that
1 _
WD/\ZD/\ll{Qn(Alr/\ZI /\BIC)} = anl (Al,/\z, /\3,6) (37)

Thus, the above equation is satisfied by the operator provided by Equation (27).
Again, differentiating both sides of Equation (9) with respect to A3, we have

Dy, {Qn(A1,A2,A3;,C)} = (InC)n(n — 1) (n — 2)Q_3(A1, A2, A3;C) (38)
and further stated as

Dy, {Qn(A1,A2,A3;,C) } = n(In C)D,Z\1 Qn-1(A1,A2,A3,C), (39)
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thus, it follows that

1 _
WD/\3D/\12{ Q”l ()Llr /\21 /\3; C)} == anl ()Ll, /\2, /\3,‘ C)

(40)

Thus, the above equation is satisfied by the operator provided by Equation (28).

The raising operator (29) may be found using the following relation:

Quk(M, A2, A3,C) = (Al ki1 ML Ly A1£Z>{Qn()\1/?\2,?\3,’c)}~
Using Equation (26) in conjunction with Equation (41), we obtain
1 1 1
Qﬂ*k(/\ll )LZI/\S;C) = ((Tl “k+ 1)(11’16) D)\l T (1’1 — 1)(11’1C) D/\l I’Z(II’IC) D)\l) {Qn(/\lr A, )L3/C)}

and further stated as

—k)!
Qn*k(/\ll)\ZIAS’;C) = (n ) (IHC)ikDIRl{Qn(/\L)\z,/\3;6)}_

n!

Further, we have
Qn-1(A, A2, A3;C) = %(lnc)_lDM{Qn (M, A2,A3;C) )
Thus, inserting expressions (41) and (43) in Equation (22), we find
Qi1 (A1, A, A3;C) = (()\1 InC) +242D; 1Dy, + 3A3(InC)*1DA*12D§LZ> {On(A1, A2, A5;C)},

thus yielding the expression (29) of the raising operator »,L,!.
We employ the relation below to determine the raising operator (30):

Qn—k(AM, A2, A3;C) = (/\2 VAR VY SR EEEED W S AZC,T){Qn(M,Azf A3;C)}
Using Equation (27) in Equation (45) and simplifying, we find
(n—k)!

Qu—k(M, Az A3 C) = = (InC) ™ D FDX,{Qu(A1, A2, A3;C) }.
Also, we have
1 e
Qn-1(A1, A2, A5;C) = —(InC) ™' D3 1D, {Qn (A1, A2, A3;C) }-

Using Equations (46) and (47) in Equation (22), we find
Qn-‘rl ()\1, A, As; C) = ((/\1 In C) + 2)\2DX11D,\2 + 373 (11’1 C)ilD)leDg\z) 9, ()\1, Az, As; C),

thus yielding the expression (30) of the raising operator », L.
Lastly, we employ the relation below to determine the raising operator (31):

Q}’l—k()\llAzl A3/C) - ()\3 ;7k+1 /\3£;7k+2 e /\357;71 )\3‘61;) {Qn()\ll )\2/ /\316)}

Using Equation (28) in Equation (49) and simplifying, we find

n—k)! ke
0, M2, 25:€) = 0 10 ) 4D D {04 (A1, o, 137)).

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)
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Also, we have

Oy-1(A, A2, A5,€) = - (InC) D3 2Dy, (@M1, Aa, A5:C)). (51)
Using Equations (50) and (51) in Equation (22), we find
Qui1(M, A2, A5:C) = ((A1InC) +242D51 Dy +3A3(InC) 'DIADE ) @A, A2, A5;C), (52)
thus yielding the expression (31) of the raising operator 5, £,. [

Next, we find the “differential, integro-differential and partial differential equation”
for the 3VIPGHDbAP Q,, (A1, A2, A3;C). For this, we consider the following results:

Theorem 6. The generalized 1-parameter 3-variable Hermite polynomials Q,, (A1, Az, A3; C) satisfy
the following differential equation:

(AlDAl +22(InC)"'D}, +3A5(InC) ?D}, — (n+ 1)) Qn(A, A2, A5;C) = 0.  (53)

Proof. Making use of expressions (26) and (28) of the shift operators 5, £, and ,, £;} in the
factorization equation , £, ; A, L5{9n(A1,A2,A3;,C)} = Qn(Aq, Az, A3;C), we adhere to
the expression (53). O

Theorem 7. The generalized 1-parameter 3-variable Hermite polynomials Q,, (A1, Ao, A3; C) satisfy
the following integro-differential equations:

(AlpAZ +24(InC)"'D;'D?, +3A3(InC) 72D 2D}, — (n+ 1)DM) Qn(A1, A2, A3;C) = 0. (54)
(AlDA3 +242(InC) 1Dy D3, +3A5(InC) D5 D3, — (n+ 1)D§1) Qn(A1,Ap, A3;C) = 0. (55)
(AlD,\3 +2A5(InC) ' D} ' D3, Dy, +3A3(InC) 2D 2D}, Dy, — (n + 1)D§1> Q1(A1, A2, A3;,C) = 0. (56)
(AlD,\z +2A5(InC) ' D} "Dy, Dy, +3A3(InC) 2D Dy, D3, — (n + 1)DA1> Q,(A1, A2, A3;,C) = 0. (57)

Proof. Making use of expressions (27), (30) and (28), (31) of the shift operators £, and L;;
in the factorization equation £, L{Qn(A,A2,A3;,C)} = Qn(A1, Az, A3;C), we adhere
to the expression (54) and (55).

Further, making use of expressions (27), (31) and (28), (30) of the shift operators £,; and
L} in above factorization relation, we adhere to the expression (56) and (57). O

Theorem 8. The generalized 1-parameter 3-variable Hermite polynomials Q, (A1, Ao, A3; C) satisfy
the following partial differential equations:

<A1D§1 Dy, +nDY 1Dy, +242(InC) "' Dy~ D3, +2(InC) ' D} "Dy, +3A3(InC) 2D} ?D3,

— (1’1 + 1)D7\jl> Qn(/\l, )\2,/\3,‘0) =0. (58)
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</\1 DY!Dy, +2nD3" " Dy, +2A5(InC) "' Dy 'DY, +3A5(InC) ?DY"*D3, +3(InC)>D}"*D3,

—(n+ 1)D§f;+2> Qu(A1,A2,A5;,C) = 0. (59)

<A1DK1 Dy, +nDY 1Dy, +242(InC) "' D}~ D3 Dy, +3(InC) 2D *D3, +3A3(InC) "D ~*D3 D,

— (1’1 + 1)D?\j2> Qn(/\l, )\2, /\3;6) =0. (60)

(Al DDy, + 2nD/2\’1”1DA2 +2(In C)*lpi’f*lpAa +2A5(In C)*ng’;*lDAz Dy, +3A3(In C)*ZD?;*‘*DAZD%S

—(n+ 1)D%‘> Qn(A1,A2,A3,C) =0. (61)

Proof. Differentiating the expressions (54) and (56) with reference to D), n times, we
obtain the partial differential Equations (58) and (60). Similarly, upon differentiating the
expressions (55) and (57) with reference to D), 2n times, we obtain the partial differential
Equations (59) and (61). O

4. Summation Formulae

Summation formulae are vital tools in mathematics, significantly impacting fields like
probability theory, combinatorics, and algebra. They enable the calculating of expected
values in probabilistic models, aid in polynomial interpolation, and simplify combinatorial
counting problems. These formulae are also crucial in number theory for analyzing arith-
metic functions and in applied mathematics, such as in signal processing and optimization.
By providing efficient methods to sum sequences and series, summation formulae for
generalized 1-parameter 3-variable Hermite polynomials may facilitate the resolution of
complex mathematical problems across diverse domains. Therefore, the summation formu-
lae for the generalized 1-parameter 3-variable Hermite polynomials are demonstrated as
follows:

Theorem 9. For the G-1P3-VHP Q,,(A1, Ay, A3; C), the following summation formulae holds true:

n

n
0 + 1 12,5:€) = 1 (1) Qs 12, M COR 1 C). ©
k=0
Proof. By substituting A; — Aq + p in expression (9), it follows that

2 3 e ar
CMH)Q+HLP+A30° Y Qu(Ar+ A A?’;C)W’ c>1, (63)

n=0 :
Inserting expressions (4) and (9) in the left-hand part of preceding expression, we find

0 k n

(@)
ZO Qn(/\lz )\2/ A3/ Z ]Rk }’l/ k' Z Qn Al + ]’llAZI )\3/ C) | 7 C > 1/ (64)
n=|
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thus, operating the Cauchy-product rule in the left-hand part, yields the expression:

e} }’l n

Z /\1 +I/{/)\2/A3/ Z 2 ( )Qn k /\ll)\ZlAf‘}/ )Rk(l’lrc)ﬁ (65)

Assertion (62) is obtained by comparing the coefficients of the identical powers of ()
on both sides of the above expression. []

Theorem 10. For the G-1P3-VHP Q,, (A1, A2, A3; C), the following summation formulae holds true:

n

Qulh + 2 +1,450) = 3 () Qo A2 MmO Rl 0. (66)
k=0

Proof. By substituting Ay — A1 + u and A1 — A + v in expression (9), it follows that

[e] n
CFTMOF A HA0" — §7 9 (Ag + 1, g + v, As;C)%, c>1, (67)
n=0 '

Inserting expressions (3) and (9) in the left hand part of preceding expression, we find

00 k n

Q Q
Z /\lr/\Z/)\3/ ZRk ]/1,1/ C k Z Ql’l Al +,ur/\2 +v, /\310)7'/ C > 1/ (68)

thus, operating the Cauchy-product rule in the left-hand part yields the expression:

00 n n

Q ad Q
Y QM A+ v, A3 C)— = Y ) (Z) Quk(A1, A2, A3;C) Ry(p,v,C)—- - (69)

n=0 ' n=0k=0

Assertion (66) is obtained by comparing the coefficients of the identical powers of ()
on both sides of the above expression. [J

Theorem 11. For the G-1P3-VHP Q, (A1, A2, A3; C), the following summation formulae holds true:

n

Qu(M+u A +v,A3+1;,C) = ) (Z) Qnk(M1, A2, A5;C) Re(w,v,11,C). - (70)
k=0

Proof. By substituting Ay — A1 4+, A2 = A2 +vand A3 — A3 + 5 in expression (9), it
follows that

00 n

C M+ (A +0) QP+ (A3 +) QP _ Y Qu(M+ A+, A3+ ;7;0)%, C>1, (71)
n=0 :

Inserting expression (9) in the left hand part of preceding expression, we find

00 k n

Q QO Q
Z A’ll/\ZIASI Z Rk w,v, 77/C k' Z Qn /\l +]/l//\2 +v, /\3 +7]/C> ’ C > 1/ (72)

thus, operating the Cauchy—product rule in the left hand part yields the expression:

n

ad Q
Z n(M+u, A +v, A3 +1;C) Z Z ( )Qn k()\l,}\z,)\3,C)Rk(}l,vﬂ7,5)ﬁ- (73)

Assertion (70) is obtained by comparing the coefficients of the identical powers of ()
on both sides of the above expression. [

5. Conclusions

Here, we presented a novel framework for introducing generalized 1-parameter 3-
variable Hermite polynomials. The essential characteristics of these polynomials are ex-
plained, utilizing generating functions and series definitions. This research uses a factor-
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ization technique to build recurrence relations, shift operators, and several differential
equations, such as integro-differential, partial, and differential.

Further, future research could focus on extending the current framework to include
more than three variables, exploring the associated complexities and new properties.
Further examination of additional analytical properties, such as orthogonality, asymptotic
behaviour, and zeros, is also warranted. Developing efficient computational algorithms to
facilitate the practical application of these polynomials in various fields, such as numerical
analysis, physics, and engineering, will be beneficial. Additionally, investigating their
application in solving higher-order and more complex differential equations, particularly
in modelling real-world phenomena, could yield significant insights. Interdisciplinary
applications in finance, biology, and data science and enhanced graphical and numerical
analyses could provide deeper insights and lead to new theoretical advancements.
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