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1. Introduction

Until now, many geometers have studied noncommutative residues. In [1,2], the
authors found that noncommutative residues are of great importance in the study of non-
commutative geometry. Wodzicki [2] first introduced the concept of the noncommutative
residue in the context of higher-dimensional manifolds, namely, the noncommutative
residue is a trace over the algebra of all classical pseudodifferential operators on a closed
compact manifold. However, this trace does not extend the usual trace. The noncommuta-
tive residue is also known as the Wodzicki residue. Let ® : & — R? denote the Riemannian
surface, where ® = (¢, - -, ¢4) is a smooth embedding and ¢ = };; 17,-]-d¢>i ® d¢/ de-
notes the metric on the Riemannian surface. Then the Polyakov action is defined by
I := % S mjd(pi ® d¢/. In [3], Connes used the noncommutative residue to derive a
conformal four-dimensional Polyakov action analogy. Connes showed us that the noncom-
mutative residue on a compact manifold M coincided with the Dixmier trace (see §7.5 in [4])
on pseudodifferential operators of order —dimM in [5]. And Connes claimed the noncom-
mutative residue of the square of the inverse of the Dirac operator was proportional to the
Einstein-Hilbert action. That is, Wres(D~2) = ¢ Sy sdvolp, where ¢ is a constant and
s denotes the scalar curvature. Kastler [6] provided a brute-force proof of this theorem.
Kalau and Walze simultaneously proved this theorem using the normal coordinates system
in [7]. Therefore, we call it the Kastler-Kalau-Walze theorem. Ackermann proved that the
Wodzicki residue of the square of the inverse of the Dirac operator Wres(D~2) is essentially
the second coefficient of the heat kernel expansion of DZin [8].

On the other hand, Wang generalized Connes’ results to manifolds with boundary
in [9,10], and proved the Kastler-Kalau-Walze-type theorem for the Dirac operator and the
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signature operator on lower-dimensional manifolds with boundary [11]. In [11,12], Wang
computed V/V;e/s[rc*D’1 ontD~ ! and \//\fze/s[nJrD’2 ot D~2], where the two operators
are symmetric; in these cases, the boundary term vanished. But for \//\/\r_e/s[n+ D longtD™3 1,
Wang discovered a non-vanishing boundary term [13], and provided a theoretical expla-
nation for gravitational action on the boundary. In other words, Wang offers a method to
study the Kastler-Kalau-Walze-type theorem for manifolds with boundary. In [14], Lépez
et al. introduced an elliptic differential operator known as the Novikov operator. In [15],
Wei and Wang proved the Kastler-Kalau-Walze-type theorem for modified Novikov op-
erators on compact manifolds. In [11], the leading symbol of the Dirac operator D was
v/ —1c(¢). To explore a leading symbol that is not v/—1c(¢), we consider the operator
V/—=1¢(V)(d + &), which is motivated by the sub-signature operator in [16]. In [17], Wang ]
and Wang Y proved various Kastler-Kalau-Walze-type theorems associated with non-
minimal de Rham-Hodge operators on compact manifolds with boundary. Motivated
by [16,17], we introduce the Witten deformation of the non-minimal de Rham-Hodge oper-
ator Dy = ad 4 b + ¢(V), and Laplacian operators D% = [ad + b +¢(V)]?, where a and b
are constants and V = Y ; Vje; is a vector field. Whena =b =1, Dy corresponds to the
Witten deformation, and when ¢(V) = 0, Dy represents the non-minimal de Rham-Hodge
operator. Our main results are as follows:

Theorem 1. If M is an n-dimensional compact oriented manifold without boundary, and n is even,
then we obtain the following equality:

SORN. —2)(47)2 2—3ab  6ab—a?—b?
Wres(D%)ZZZW/Mﬂ( St |V2>dV°1M’

where s denotes the scalar curvature, Vol denotes the volume of M, and the definition of V is

defined by (4).

Theorem 2. Let M be a 4-dimensional oriented compact manifold with boundary oM and the
metric ¢™M, then we obtain the Kastler—Kalau—Walze-type theorem of the operator Dy :

Z—Babs+ 6ab — a?
12 4ab

o _ — _ 12
Wres[r" D! ot (Dy) 1] = 327r2/ 16( b |v|2) dVolyy.
M

Theorem 3. Let M be a 6-dimensional oriented compact manifold with boundary oM and the
metric g™M, then we obtain the Kastler—Kalau—Walze-type theorem of the operator Dy :

2—3ab  6ab—a?
s+

o _ _ _ 1,2
Wres[r" Dl ot (Dy) %] = 128713/ 64( b |v]2) dVolyy
M

12 4ab
60i — 545 ’ ((1 — b) (37 _ 61)
* /8M ( 16a2b2 h (O) + 24313 Vi 7TQ4dVOlaM,

where Volyyy denotes the volume of 9M, Q4 denotes the canonical volume of S*, the definition of h
is defined by (44), and V,, = g(V,0x,,) on the boundary oM.

The framework of this paper is organized as follows. First, in Section 2, we define
the Witten deformation of the non-minimal de Rham-Hodge operator and the associated
Lichnerowicz formulas for this deformation. In Section 3, we study the symbols of the
Witten deformation of the non-minimal de Rham-Hodge operator, and we prove the
Kastler-Kalau-Walze-type theorem for four-dimensional manifolds with boundary associ-
ated with this Witten deformation. In Section 4, the Kastler-Kalau-Walze-type theorem for
six-dimensional manifolds with boundary associated with the Witten deformation of the
non-minimal de Rham-Hodge operator is proved.
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2. The Witten Deformation of the Non-Minimal de Rham-Hodge Operator and Its
Lichnerowicz Formula

First, we introduce some notation relevant to the Witten deformation of the non-
minimal de Rham-Hodge operator. Let M be an n-dimensional (n > 4) oriented compact
Riemannian manifold with a Riemannian metric g"M.

Let VL denote the Levi-Civita connection with respect to g'™. In the fixed orthonor-
mal frame {ey, - - - , e, }, the connection matrix (w; ) is defined by the following:

VL(EL'" /el’l) = (51/"‘ /en)(ws,t)- (1)

Let e(e;-‘), 1(ej) denote the exterior and interior multiplications, respectively, where

ej = gTM(ej, ), and let c(e;) denote the Clifford action,
We note the following;:

clej) = elef) +ule)); clej) =elef) —u(ej), )
which satisfies the following;:
cle)c(ej) +clej)eler) = 28" (ei e));
c(ei)c(e)) +clej)e(er) = —28™ ey ep);
c(e;)e(ej) +clej)e(e;) = 0. 3

The de Rham derivative, d, is an elliptic differential operator on C*(M; A*T*M) and the de

Rham co-derivative 6 = d*. Let c(e;) = ae(e]’-‘) — bi(ej), where a and b are constants. Then,

the Witten deformation of the non-minimal de Rham-Hodge operator is defined as follows:
Dy = ad +bé +¢(V)

no 1 o R
— ;c(ez)<ez+ 1§ws,t(€,)[ (es)Cler) — c(es)e( t)]) +2(V), 4)

where V =Y ;| Vie; is a vector field.
Next, we present the following theorem concerning the Lichnerowicz formula:

Theorem 4. The following equality holds:

52:_gWV%V%—va)+4;i?aqﬁﬂﬁ+aVEQME@ﬂdvy+ﬂVﬁ@m
i j=
nl[E\(VSIV)E((i‘]) — E((Z])E\(VEL]V)] — asb%Rijk1€(€i>6(€j)c(€k)C<€l) + 047175 — |V‘2, (5)

]

where s denotes the scalar curvature.

Proof. Let M be a smooth, compact, oriented Riemannian n-dimensional manifold without
boundary, and let N be a vector bundle on M. If P is a differential Laplace-type operator,
then locally it has the following form:

P =—(g709,0;+ A'9; + B), (6)

where 0; is a natural local frame on TM, ( gif )19-,]-9 denotes the inverse matrix associated
with the metric matrix (gij)1<;j<, on M, and A’ and B are smooth sections of End(N)
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on M (endomorphism). If a Laplace-type operator, P, satisfies (6), then there is a unique
connection V on N and a unique endomorphism E, such that we have the following:

P=— [g"f (Va,Va, — Vra) + E}, @)

where VL denotes the Levi-Civita connectign on M. Moreover, with local frames of T*M
and N, V,. = 0; + w; and E are related to g"/, A, and B through the following:

1 . .
w; = Egl-]-(A’ +¢"'1,1d), (8)
E=B-— gl] (az(w]) + wiw;j — wkl’fj), (9)

where I";d denotes the Christoffel coefficient of VL.
Let ¢/ = g(dx;, dx;), ¢ = ¥; ¢jdx;j and vgiaj =Y Fi»‘jak; we have the following:

1 1 PN
i =~y Y wsi(ei)c(es)c(er); a; = 1 Y ws i(e;)c(es)eler);
s,t st
g] — gl]gl, rk = gl]rf], g’j — gijg’i; aj — gijai‘ (10)

Then, the operators Dy can be written as follows:

EV = i c(e;)[e; +a; + o] + (V). (11)
i=1

By [8,18], we have the following:

1 JINN 1

(d+6)2=—Ng— 3 ;dRijklc(ei)c(ej)c(ek)c(el) + 1S (12)
1

—Ng=A=—gI(VIVE-TEVD). (13)

By (6) and (7), we have the following:

D? = [ad 4+ bs +C(V)]?

= ab{ — Zgl] {ala] + 20'1'8]' + 2al-8]- — l“i-‘]-ak + (810']) + (8la]) +0i0j + 0ia; + a;0; + a;a;
)

1 _ N PGS
_ ri-‘]-(fk — Fé‘jak} + 7 Z [c(e]-)(zl:(ej, dx;)0x, +0j+a;)c(V) + c(V)c(e]-)(Zl: < ej,dx; > 9y,
]

1 PSRN 1 1
+ 0] - § L Ryelee(eeler)cle) + 3+ IV

.= abDy.

ijkl
(14)

By (10)—(14), we have the following:

(@) = i+ — 5 - EVIE(e) — 5 E(E)EV), (15)
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By = Y(0loj +0la; + do + day) + Y Riucle)cleelen)e(e) - 15+ |VP
ij ij
- Zg'f (V) + V)e(en)|[Ele (V) + E(V)e)] — T Ee)a(V) + E(V)e(er)]
- ]Zl’def) < ey > 0y (€(V)) + 5 EleEV) + E(V)Ele))]. (16

Since E is globally defined on M, taking normal coordinates at xo, we have the following:
o'(xg) = 0,a'(xy) =0, af[E(e]-)](xo) =0,T¥(xp) =0, g (x9) = &/, then

£y (s0) = — g 26 EV) 2V )ECe e V) + 6V )] + § T Ryl e el e
j= ij
g AT VIEe) ~ el V V)]~ st VP, a)
Ef)z (xo) = abEﬁ%/ (xo)
= L Y lelepav) + V(e Ele EY) + EVE(e] + L Y Rielen)eleeer)eten)
=1 1]kl
Y EVEVIele) - dee(vEV)] - Ts 4 VI )
j=1

then, by (7), we obtain Theorem 4. [

From [8], for an n-dimensional manifold where 7 is even, we know that the noncom-
mutative residue of a generalized Laplacian A is expressed as follows:

(n = 2)®2(8) = (47)"4T(3)Wres(3 111, (19)

where ®,(A) denotes the e integral over the dlagonal part of the second coefficient of the
heat kernel expansion of A. Now, let A = DV, since D% is a generalized Laplacian, we can

suppose that D? = A — Ex 52, and tr denotes the shorthand of trace. Then by (19), for an

v
n-dimensional manifold, where # is even, we have the following:

e —2)(4m)3 1
Wres(D%/)fTZ = W /M tr<6s —+ E52V>dVOIM/ (20)

where Wres denotes the noncommutative residue.
Next, we need to compute tr(Ep, ). Obviously, we have the following:
\%4

1
tr(— i—bs+ |V|2> = (— i—bs+ |V|2>tr[id]. (21)

2)
tr) [Rijxicle;)clej)c(ex)c(e;)] = 0. (22)

ijkl
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3)
tr i[E(VeLjV)'E(e]-) - E(ej)a(vng)] =0. (23)
j=1
(4) Note that we have the following:
tr f%[ﬁ(e])ﬁ(V) +c(V)elej)][clef)T(V) +c(V)e(ej)]
i=
=tr i[c(e])E(V)c(ej)E(V)] +tr i[c(V)c(e])c(e])ﬁ(V)]
j= j=
+ tr i[c(e])E(V)E(V)c(ej)] + tr i[c(V)c(e])c(V)E(ej)]. (24)
= =
(4-a)
tr Y [e(e EV)E(e)E(V)] = a2 Y. VeVitele(e(er)e(ep)ilen)] + 42 3 ViVitelu(ep)e(en)e(ep)elen)];
j=1 kI=1 jkI=1
—ab Y Viitrfe(ep)e(eile)ulen)] —ab Y VeVitrle(ei(eni(e;e(en);
jkI=1 jkI=1
—ab Y. Vit uee(eele)] —ab Y. Vivitelie)e(edele el (25
jki=1 jkI=1
(4-a-T)
2 Y. ViVitele(e)(er)e(ep)ilen)]
jkI=1
— @ Y ViViggetrle(eilen)] - Y- ViVitelien)eep)eep)u(en)]
k=1 jki=1
=a? i ViVidjtrle(ej)i(er)] +a? i ViVidutr[i(ex)e(e))] —a? i Vi Vitrle(ej)e(ex)e(ej)iler)], (26)
jkI=1 jkI=1 jkI=1
then, we have the following:
7 Y Viirleleprleeleen] = % 3 ViVidutrle(eule)] + 5 32 ViVigytel(er)e(ey)
jkI=1 jkI=1 jkI=1
a2 n az n
=7 Y Vetr[id] + n Y Vetr[id]
k=1 k=1
= é i Vi r[id]
k=1
_ a? VI2trli 27
= 2V Pulsd) @)
similarly, we have the following:
n 2
vy ViVitr[i(e)e(ex)(ej)e(er)] = %|V|2tr[id]. (28)

jkl=1
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(4-a-11)
—ab Y. ViVirle(epelenei(er)]
ki=1
—ab 3 ViVitrle(ep)e(e,i(epu(er)
jkI=1
=ab ), ViVitrle(ex)u(e))] —ab ) ViVitr[e(ex)i(e;)e(e;)e(er)]
jkI=1 jkI=1
=ab ), ViVitrle(ep)i(er)] —ab ) ViVidjtr[e(er)i(ej)] +ab ) ViVitrle(ej)e(er)e(e;)ier)], (29)
jkI=1 jkI=1 jkI=1
then, we have the following:
—ab Y ViVitrle(ep)e(e)u(eilen)] = % Y- ViVitle(ei(en)] - % 3 ViVigytle(eni(ey)]
jki=1 jki=1 jki=1
= "Tab Zn: Vtr[id] — %b Xn: V2tr[id]
k=1 k=1
= My Parfsa). (30)
Similarly, we have the following;:
—ab Y ViVitr[e(ej)i(ex)i(ej)ele)] = —ab Y ViVitr[i(e)i(er)e(ej)e(er)]
jkI=1 jkI=1
= —ab Y ViVitr[i(ej)e(er)e(e;)i(er)]
jki=1
- ”“b; Dy 4], 1)
Therefore, we have the following:
n _ 2 2
tr Y Ele))e(V)elea(v)] = 20Ty pyfia) (32)
j=1
(4-b)
tr Y _[c(ey)e(V)E(V)el(ej)] = [VItr Y _[c(e;)c(e;)]
=1 j=1
= —nab|V|*tr[id]. (33)
By
tr ) [c(e)c(V)e(e))e(V)] = tr Y _[e(V)c(ej)e(V)e(e))];
=1 j=1
tr ) _[e(V)e(ej)c(e))e(V)] = tr Y _[c(e;)c(V)E(V)e(e;)], (34)
j=1
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we obtain the following:

tr Y [e(e/)e(V) +E(V)e(e))][c(e))E(V) +E(V)elej)] = (a + b* — 2ab)|[V[Ptr[id].  (35)

-

j=1

Therefore, we obtain the following;:

ab  6ab—a*>—b* _ , )
tr(Eﬁ‘z/) = (—4S+4ab|V| )tr[ld]. (36)
Then, by summing the results from (21)-(36), we obtain tr <és +E B ) . Next, substituting

this result into (20), we obtain the following theorem, which provides a general result
concerning the noncommutative residue of the non-minimal de Rham-Hodge operator on
even-dimensional manifolds without boundary.

Theorem 5. If M is an n-dimensional compact oriented manifold without boundary, and n is even,
then we obtain the following equality:

o\ _n= —2)(4m)2 2—-3ab  6ab—a>—b?
Wres(D%,)ZZZW/MZ”< s+ |V|2)dVolM. (37)

3. A Kastler-Kalau-Walze-Type Theorem for 4-Dimensional Manifolds with Boundary

In this section, we prove the Kastler-Kalau-Walze-type theorem for 4-dimensional
oriented compact manifolds with boundary. For more basic facts and formulas concerning
Boutet de Monvel’s calculus, as well as the definition of the noncommutative residue for
manifolds with boundary, which will be used in the following, see Section 2 in [11].

Let M be an n-dimensional compact oriented manifold with boundary o M. Denote by
B the Boutet de Monvel algebra. We recall the main theorem presented in [11,19].

Theorem 6 ([19]). (Fedosov—Golse—Leichtnam—Schrohe) Let M and oM be connected, with
dimM = n > 3. Let S (resp. S') denote the unit sphere around ¢ (resp. &'), and let o(§)
(resp. (&) be the corresponding canonical n — 1 (resp. (n — 2)) volume form. Set A =
n"P+G K
T §)°
We define the following:

B, and denote by p, b, and s the local symbols of P, G, and S, respectively.

V\/EQ/S(Z{) :AétrE[p_”(xlg)]U(C)dx
+2m /ax /g,{trE[(trb—n)(x/r(f/)] +trp[s1, (¥, ¢")] o (g)dx, (38)

where Wres denotes the noncommutative residue of an operator in the Boutet de Monvel algebra.
Then, a) Wres([A, B]) = 0, forany A, B € B, and b) it is the unique continuous trace on B/ B~

Definition 1 ([11]). Lower-dimensional volumes of spin manifolds with boundary are defined by
the following:

VollP1P2) M .= Wres[r* D71 o xt D 72], (39)

Firstly, by Theorem 6, we know that the noncommutative residue of the Witten defor-
mation of the non-minimal de Rham-Hodge operator on manifolds with boundary can be
divided into two parts: the interior term and the boundary term. This is expressed by the
following equality:
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Wres[" Dy," o 7w D, F?) = / /‘ | trace o7y @ c[o—n(Dy P P2)]or(&)dx + /a . (40)
M =1 M

From [9], we obtain the boundary term of the pseudodifferential operators A; and Aj;
on manifolds with boundary. If A; and A, have symbols a1 (1,)= a1(x, x, &, 11,) and
a3(&n) = az(x, xu,&,En), respectively, we obtain the following equality:

Foo °° _1)]+k+1

_/ll l/ ]+k+1) trace/\*T*M@C[ax”ag 1 (x O é’ gn)

><87 ak (x OC (;‘n)] ndgng(él)dxl )
+oo °° —1)I“\+J+k+l ! . +

_/ o1 1/ TH) x trace o1 m @ [0, 95 0F, a1 (+', 0,8, 8n)

X ax/agn afc,,“Z(l)(x ,0,¢ /gn)]dgno’(g/)dx/, (42)

where af(r) (a5(1)) denotes the order () symbol of aj (a2).

Therefore, we replace a;r(r) and a,;) with o;" (Dy,"") and 0;(D,,"*), and we obtain the

boundary term of the Witten deformation of the non-minimal de Rham-Hodge operator
on manifolds with boundary.

. —j)lal+j ke
= f|§’| lf+ Z]k OZ “ll]+k+17)' xtrace/\*T*M@)C[axnag,ak 0—+(D pl)(xllolglré'n)
1
Xai/ag agcc,,(fl(Dvpz)(x /0,8, 8n)]dgno (8 )dx’, (43)
where the sum is takenoverr+1 —k— |a| —j—1=—n, r < —py, I < —ps.

Since [o—» (D" ?)] |\ has the same expression as o, (D;,"' ?) in the case of mani-
folds without boundary, so locally, we can compute the first term by [6,7,11,20].

For any fixed point xg € dM, we choose the normal coordinates U of xy within oM
(not in M), and compute ®(xp) using the coordinates in U = U x [0,1) C M, along
with the metric ﬁ gaM + dx2. The dual metric of g™ on U is h(x,)g?™ + dx2. Write

ggM =gr (ax s 2, i = §™ (dx;, dx;), then we have the following:

_1 M) y " i1
[g%M]:[gm)[&,} 1]; [gl%M]:[O(x")[gaM] 21 (44)
and
9 g (x0) = 0,1 <ij <n—1; gM(xo) = . (45)

From [11], we can obtain the following three lemmas:

Lemma 1 ([11]). With the metric "™ on M near the boundary, we have the following:

) 0, ifj<mn,
P (Bl (o) = w (o)1 2,0 itj=n, (46)

0, ifj<mn,

x[e()](x0), if j =n, (47)

0 [c(@)] (x0) = { ;

where & = & + &ydxy,.
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Lemma 2 ([11]). With the metric g™™ on M near the boundary, we have the following:

wpi(e;)(x0) = $1'(0), ifs=mnt=ii<n,
ws,i(ei)(x0) = wiu(e)(x) = —3H(0), ifs=i,t=mn,i<n, (48)
ws,t(e;)(x0) =0, other cases,

where (ws 1) denotes the connection matrix of the Levi-Civita connection, VL.

Lemma 3 ([11]). When i < n, then we have the following:

I (xo0) = 1h’( ), ifs=t=ik=n,
I (x0) = { Thi(x0) = —5K(0), ifs=nt=ik=i (49)
I (x) = 1h’(0), ifs=it=nk=1i

in other cases, T, (xg) = 0.

By (40) and (43), we first compute the following:

V/\Iz‘_e/s[n+5;1o / /, trace,-rmgclo_a(Dy dx+/ ®, (50)
where
= / /+°° 3 Mxtracempmpc[a{( %0k o (D) (', 0, &, &)
=1 ]kO ac']+k—|—1) nog e ATV
x 08,0110 01(Dy ) (', 0,8, 8)]dEue (&), (51)
and the sum is takenoverr+1 —k —j— |a| = =3, r < -1, 1 < —1.

By Theorem 5, we can compute the interior of V/V;e/s[nJ“f);l ° 7'L'+f)‘71] ; thus, we have
the following:

o ~_ © (2—3ab  6ab—a% — b?
/M '/‘6,‘21 trace/\*T*M[0'_4(DV2)]0-(‘:)dx o 327-[2 /M ( 12 s + 4ab |V|2> dVOlM (52)

Now, we need to compute [, ®. By the definition of the Witten deformation of the
non-minimal de Rham-Hodge operator Dy in (4), some symbols of positive and negative
orders for the Witten deformation of the non-minimal de Rham-Hodge operator Dy are
given in the following lemmas.

Lemma 4. Certain symbols of positive order for the Witten deformation of the non-minimal de
Rham—Hodge operator Dy are as follows:

01(Dy) = iE(é‘)'
oo(Dy) = Zwst )[c(es)c(er) — c(es)c(er)] +c(V), (53)

zst

where § = Y!' ; Cidx; denotes the cotangent vector.

We write the following:

e

D% = (—i)I*9% o(Dy) = p1 + po; o(Dy) ' = Y q_;. (54)

j=1
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By the composition formula of pseudodifferential operators, we have the following:
1=0(DyoDy,") 2 —otlo (Dy)]|D%[e(DyY)]

=(m +Po)(q_1 +q2+qg3+--)
+)(9¢;p1 +9¢;p0) (Dx;q—1 + Dx;g—2 + Dx;q—3 + - - -)
j

= p19-1+ (p19-2+ pod—1+ Y 0g;p1Dxg-1) + -+, (55)
j

so, we have the following:

9-1=py" q-2=—py lpopy " + Y0 p1Dx,(py )] (56)
]

Lemma 5. Let Dy act on C®°(A*(T*M)). Then, some symbols of negative order for the Witten
deformation of the non-minimal de Rham—Hodge operator DV are as follows:

o_1(Dyt) = ;ZCJ|(§|)2'

o-a(D) = “ERTHEE ¢ s Do) o (NI @0 (8] 67

Theorem 7. Let M be a 4-dimensional oriented compact manifold with boundary oM and the
metric g™M, then we obtain the Kastler—Kalau—Walze-type theorem of the operator Dy. We have
the following:

—~ = ~ 2—3ab  6ab—a® —b?
+9-14 o +-1 2 2
Wres[n"D," ot Dy,*] =327 / 16( 13 s+ 10 V| )dVolM. (58)

Proof. When n = 4, then tr+1+p[id] = dim(A*(R*)) = 16. Considering that the sum is
taken over conditions where r +1 —k —j — |a| = =3, r < —1, | < —1, then we have the
following five cases:

case(@()r=-1,1=-1,k=j=0, |[a| =1.

By (51), we obtain the following:

00 _
/'| 1/ r[0g {01 (Dy ') x 9%0g,0-1(Dy )] (x0)dEno (§)dx".  (59)
la|=1

By Lemma 1, for i < n, we have the following:

©E) \ (gy) = PulTO] ) EOO(EP) ()
aJCi<gb|§2>( O) = abhﬂz ( 0) ab|§’\4 ( 0) =0.

(60)
Therefore, we have the following:
P, =0. (61)

case (@) () r = ~1, 1 = ~1, k=a| =0, j= 1.
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By (51), we obtain the following:

—;/,_1 /::o trace[axnngna,l(ls;l) x 0% 0_1(Dy")](x0)dEno (& )dx'.  (62)

By Lemma 5, we have the following:

220 SEelde) WO~ i),

~ ; 2 / 2 ,
9%,01(Dy")(x0) = [”@n |€|§>e<é ) _ bl6c mgﬁ(g )

9,6 ) DI (0) _ ignc(dxn) (0)
ablg? T aplgft ablgt

By the Cauchy integral formula, we have the following:

dx,0-1(Dy") (x0) = (64)

90,0107 )

_ 0 [e@)](x0) _ 2 l@)](x0) | H(O) [a2i—8)e(&) | bRi—Ee(@)  aeldxy) | bildn) | o
W@ —0)  2a(@n—i) | ab | A& — i i —17  MCu—iP 4G —ir)

By the relation of the Clifford action and the property trab = trba, we have the following
equalities:

trle(&")e(E)](x0)grj=1 = trle(dxn)t(dxn)](x0)] 1111 = 8;
tr[e(&)e(E)] (x0)l|gr1=1 = tr[1(E)H(E)](x0)ljgrj=1 = O;
[
[0

trle(dn)e(dxn)](x0)l -1 = tra(dn)u(da)] (o) g1 = O;
tr[os, (2 ]€(E)] () g = 40 (0); (i, [e(@ (@] (x0) 11 = 4H'(0). (66)

By (63) and (66), we have the following:

~ ~ 8K (0) (ig) + 383 — 3itn — 1
trace[ds, 7 o1 (D 1) x 82,01 (D)) (x0) = <a;<<l§:ji)§?€n ;%s ) @)
Then, we have the following:
/,‘ 1/ trace[0x, 717 0 1(Dy") x 9 0_1(Dy )] (x0)d&no (") dx’
+o0 81/ (0 l(_f?’ + 3{,‘2 3i¢, —1) N
//\ 1/ ab Cu (G )7 on (&)
4 &3 43¢2 —3iF, — 1 ,
=00 [ [ SR deis
4, 27i [0 + 32 — 3ig, —17W .
= 77bh (0)Q3 ar [ PETE } gn:idx
= —gbh (0)TQadx/, (68)

where Q3 denotes the canonical volume of S2.
case (@) () r=-1,1=-1,j=|a| =0, k=1
By (51), we obtain the following:

/,‘ 1/+°°trace aé 7'[ (T 1( )Xaé Oy o 1(DV )}(xo)dgna(gl)dx/‘ (69)
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By Lemma 5, we have the following:

9g,0x,0-1(Dy; ") (x0)[|¢7/=1

() [daE e b a(E —422) b(j2* ~ 423)

B 4 R L
2ail, 2bicy, /
ab|§|4 f;‘n[ e(d’ )](x0) + b|é"4aén[(g N(x0), (70)
0374010 g = - =GRl

By (66), (70) and (71), we have the following:
81’ (0)(—ig3 — 3¢% + 3ig, + 1
') x 9g,0x,0-1(Dy )] (x0) = ( ié(gf’q_ l')5%éz'n—|—+ f?, +1), (72)

trace[dg, 7'( o= 1(Dy,

Then, we have the following:

+o0 .
/ . [ twacelog, 7 o1 (DY) x 9z, 05,01 (D3 ) (x0)dEn0 ()

e 81'(0)(—ig; — 387 +3igy +1) N
/é '|= 1/ ab (& —1)2(&n +1)3 dGno(&)dx

__4K(0) —ify — 382 +3if, +1 )
SRR B o o R

40 2mi [ iE3 — 322 4 3iF, + 1} @ "
— p 341 41 (Cn + 1)3 fumi
- 3};;{? ) s, (73)
case (b)r=—-2,1=-1, k=j=|a] =0.
By (51), we obtain the following:
= —z/,‘ 1/Jrootrace 0 v1) % 9g,0-1(Dy )] (x0)dEno (&) dx'. (74)
By Lemma 5, we have the following;:
51y _ i [—208ue(@) | 2b5,u(E') | a(l—&h)e(dxy)  b(1— &F)u(dxn)
07 = 3 | TR et R TeRr 7
We denote 0y (Dy ) by po, then we have the following:
2Dy o) = SEBEVEL 4 EEL ) o, [0 )] ) 2P — EOH (0) 2Bl 76
a2b?|¢| a2b?[g|
By the computations, we have the following:
w8 -2 (Dy ") (x0) 1711
¢(§)po(x0)e(§) + c(§)c(dxn)dx, [€(S)](x0) 1 _ 1/ c(@)eldxn)c(8)1
= [ R o gy =R )

where we have the following:
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M= g, = {(2 0 )E(E o (x0)E(E) + () o (x0)E(dxa) + iGu(dn) P (x0)2(E")
+ iCnE(C’)ﬁo(xo)E(dxn)} - ME(g’)a(dxn)axﬂ ()] (x0) W 78)
and
< H(0) [(ign+3)e(d)  (iE%+38 —4i)e(dxy)] | W(0) [ (i82 + 38, — 4i)u(dxn)  (i&n+3)u(&)
%= e R ] 8G-1° | )

Then, by the relation of the Clifford action and trab = trba, we have the following equalities:

(@) Poc(E)e(E)] = 807 3 Vids wle(@)For(& he(dun)] = 6abH(0) + 8abViy
i=1
) PoE o )(&)] = 8ab S Vidss e od(deni(dx)] = 675K (0) + 8aVi
i=1

tr[c(dx, ) poc(&)e(&)] = 2ab2h’(0) +4b(b — a)V,; tr[e(dx,)poc(E)e(&)] = 10a%bh' (0) 4 4a(a — b)Viy;

n—1
tr[c(dx,) poc(&)e(dxy)] = —8ab Z Vidi; tr[c(dx,)poc(&)u(dx,)] = (16a* — 8ab) ) Vigi;
i=1
tr[c(&") poc(dxn)e(E)] = 10ab2h ( ) +4b(b — a)V,; tr[c(&)poc(dxy)u(E)] = 2a?bh’(0) — 4a(b — a)V,;

tr[¢(&) poc(dxy, )e(dx,)] = (—10ab + 8b?) ni:l Vidi; tr[¢(&)poc(dxy,)i(dx,)] = (16a* + 8ab + 8a) nill Vici;
i=1 i=1

tr[e(&")e(dxn)dx, [1(6)] (x0)e(§)] = 0; trle(&")e(dxn)du, [1(E")] (x0)4(E)
tr[1(8")1(dxn) 9, [1(E)] (x0)€(§)] = 0; tr(1(&")e(dxn)d, [1(E)) (x0)1(E")] =

Qll

(80)

We note thati < n, fl@”lzl 8irGiy ** Gipg, (&) = 0; thus, we omit some items that have no
contribution for computing case (b). Then, by (75), (78) and (80), we have the following:
_ . W(0)(28 + 68, +2ic2 —2i) (b —a)(—4if2 — 8&, + 4i)
1 _ n n
o et Oyl = e s a7 T @G — ) + 17
By (75), (79) and (80), we have the following:

V. (81)

201" (0)(—7¢3% + 9ig, — 3¢5 + &k + 4
[Nz Xag (o 1( )”\5" =1~ ( )( abg((fn—lgS(Cn fl)z g )

(82)

Then, we have the following:
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+oo
/'| 1/ Nl X 0g,0- 1( )](xo)dﬁna(é Ydx'

e h/ 253 +68n + 2162 ) AN
/é "= 1/ le g,,, — z) (g + Z) d(:na'(é’ )dx

+oo (—4i¢2 — 8F, + 4i) o

/'| 1/ a2b2 (En — )2 (G +1)2 VidGuo(G)dx

_ ()27 | (28 + 68, +2i23 2]
B ab 3! { (&, +1)2 }

(b—a)Vy2mi . [—4ic2 — 88, +4i1®
— i), ‘
a?b? 3! (&n+1)?

_ (3 2(a—b) /
_(Zabh(0)+ o Vn)nﬂgdx.

dx’
‘:n:i

dx’'
Cn=i

+o00 - -
—i / . | 61Ny % dg,0 4Dy (x0)daor (€’
_ +00 21/ (0) (=785 + 9ign — 3ig; + i +4)
__Z/,‘ 1/ ab ‘;’n_l) (én-!—i)z

_2W(0) 2 | [ =78% 4918, — 3iCy + & +4 @
ab 4l (@n 1 1)2

déno(&)dx'

dx’'
gn:i

= —;—bh’(O)nQ_o,dx’.

By (83) and (84), we have the following:

Dy = _i/'|—1 /+Oo trace[(N; — N») x 9z,0-1(Dy")] (x0)d&nc (&) dx’

— 2(’1 _b) /

case (¢)r=—-1,1=-2,k=j=|a| =0.
By (51), we obtain the following:

+o0
= —z//‘ 1/ trace[rt; o 1(Dyt) x 0z,0-2(Dy")] (x0)dEnc (&) dx’.

By Lemma 5, we have the following:

e@) __ud)

Dy, e(dxy i (dxn
7‘((—?:0'_1(DV1)|\€’\:1 = TR T ie(dxy) it(dx,)

+

Then, we have the following:

2b(Zn —i)  2a(Eu—1i)

(83)

(84)

(85)

(86)

(87)
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9g,0-2(Dy ") (x0) 711

2(8n — % ~ ~ ~ 5 = ~/x/ — % ~ !\
= a2b(2§(1 +‘:€%))3C(d9€n)p0c(dxn) + A1 )" ‘ECZ) c(dxn)poc(g’) + +a2b21(1 _EC%)3C(C )Poc(dxy )
4¢, ~(xI\ = (! n__ ~( x/ n Y (&
S PO + kD50 B8]~ s 6l s, )
M) _ . 21(0)&E - 6h'(0)&, _ o
s )+ )+ i D lab(1 — E3)2(d) — 2068, ) )

Wheni < n, f‘ &|=1 GirCir " Cigg 1 (¢") = 0, we omit some items that have no contribution
for computing case (c), then by (87) and (88), we have the following:

tr[ry o 1(Dyt) x 0z,0-2(DyY)]
_ (b—a)(=8i& — 2407 +24iC, +8) |, 96Z; — 48iC,, + 48iC;,
T @R Gt P ab(E (Gt )

Then, we obtain the following:

2482 — 36i¢, + 12iF —

%
I R A

1'(0) +

—+00
/’I 1/ trace[7t (7_ (D )Xag - 2(Dv )] (x0)dEno (& )dx'

e

_ / " /- "o %52 .)48(1514;;8162)dénﬂ(é/)dx’
/,‘ 1 /+oo W (0 245;2 36;§,Z€++12)zg3 24) 480 ()
o2y [966% i 481'5%] * o
b03@ W0 )[24(;,% _44(i§1 J;)132i§2 _ 16}(3) y o

— <2(i’2;2”)v — Zzbh'm)) mQadx’. (90)

Now, @ denotes the sum of the cases (a), (b), and (c); we obtain the following;:
o= 2 ®; =0. 91)

Then, by (50)-(52), we obtain Theorem 7. [

4. A Kastler-Kalau-Walze-Type Theorem for 6-Dimensional Manifolds with Boundary
In this section, we prove the Kastler-Kalau-Walze-type theorem for 6-dimensional

manifolds with boundary. Then, by (40) and (43), we first compute the following;:
V/\};cs/s[n+15‘71 o7 / / _ tracepr+pm[o— 6( dx+/ Y, (92
|¢|=1

where we have the following;:
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40 00 _l)|“|+]+k+1 Joam Ak 1N /
— //‘ 1/ m X tracep«T+p[0y, 050 s (Dy")(x,0,8,8n)
< 343k o ( )(x 0,',&n))dzu0 (&)dx, ©3)

and the sum is takenoverr+ 1 —k—j— |a| —1= -6, r < -1, 1 < -3.
Locally, we can use Theorem 5 to compute the interior term of (92); we have the
following:

2 —3ab 6ab

~ _ a2 _ b2
/M /\c|:1 trace 7 mlo_ (D))o (&)dx = 1287° /M 64( N V|2) dVolys. (94)

Next, we only need to compute [,,,¥. Let us now turn to compute the specification of 5%,

[\1:

D} = ab{ iﬁ(ei)<ei,dx1>( —4'19,0,0; i)+

i=1 i

cer)(ei, dxp) [ — (918"7)9;9j — 8" (4((71- +a;)9; — zri‘(jak> az}

I
—

+25(€i)<€i,dxz>[—Z(algij)(0i+ai)aj+8ij(3zr )0k — 287(3105 + 91;)9; + (9,8 )T

Ll (01 (€V)e(e) + &ep)a(v) ) [ ey, dxi)dx + — z( cley) + lep)a(v)) (e dxk>)ak}
]
+ i'cv(eixei, dx;)o; { — g <8iaj + dia; + 0;0j + 0ja; + a;0; + a;a; F F )
i=1
411 %Rllklc bZC (Z dxk>3k+f7j+ﬂj)5(v)

—e(V) Yete) ( Y(ej Ao+ 0+ aj) + abmﬂ -
]

y cle (01+a,+c(V))(fgif8i8j)

i=1

+ Y &ler) (e, dxy) (alb Zk (Ev)e(e) +Elene(v)) x (e dxk>) 910 + (03 +ai +E(V))
]

i=1

[—Zgi7(20i8j+2aiaj—l"i-‘]-ak—kaiaj—i—aiaj%—aiaj—ka, |+ a;0j+aja; — F Fk )
1

L (5( &i)e(V) +e(V)eei )a +Z( d; + c(V)c(ej)a; + c(ej)9; (c(V)) + c(ej)oic(V)
Y
+ E(ej)aiﬁ(V)) + is + %|V|2 Z]ZklRl]klc e;)c(e;)e(ex)c (el)} } (95)

Then, by ’fcbe definition of the Witten deformation of the non-minimal de Rham—Hodge
operator D3, in (95), we specify certain symbols of positive and negative order for D}, in
the following lemmas:

Lemma 6. Some symbols of positive order for the Witten deformation of the non-minimal de
Rham—Hodge operator D3, are as follows:
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02(DY) = aby_ &(dx;)0;(87)&;&; + abe(Z) (40* + 4a* — 2T%) & — 2[6(2)E(V)E(€) + ab||*e(V))]

ijl

+ ablf?l Y wst(er)[(er)e(es)Cler) — ler)c(es)e(er)] + ablg*e(V);

st

03(Dy) = iabZ(g)[2|*. (96)
By the composition formula of pseudodifferential operators, we obtain the following
equality:

~3 ~ 1
1=0(DyoDy?) =Y —0¢le(DY) Dk (o (D)) (97)

14

Furthermore, substituting the symbols of positive order for the Witten deformation of the
non-minimal de Rham-Hodge operator 15%, into the above equality (97), we obtain the
following lemma, which provides the negative order for the Witten deformation of the
non-minimal de Rham-Hodge operator 5;3.

Lemma 7. Some symbols of negative order for the Witten deformation of the non-minimal de
Rham—Hodge operator D;3 are as follows:

53y _ iE(E)
22

&(&)oa(D3)E &l
r-a(Dy?) = ORI S0 ¥ (claw) e+ 2600) (04 @R - 20005 [EP).
)

Theorem 8. Let M be a 6-dimensional oriented compact manifold with boundary oM and the
metric g™M; then, we obtain the Kastler—Kalau—Walze-type theorem of the operator Dy :

2 —3ab 6ab —a
+

- _ 2
Wres[rt Dy, ot (Dy) 3] = 128n3/ 64( b |V|2>dVolM
M

2’ 4ab
- (60i—545,, .\ (a—b)(37 —6i)
+./‘—,M( 16a2b2 h'(0) + 230 Vi | mQudVolgy. (99)

Proof. Now, we can compute ¥. Since n = 6, we have tr»7+)1[id] = 64. Since the sum is
takenoverr+1 —k—j— |a| =1 = —6, with r < —1, | < —3, we find that the integral
J: oy T 18 the sum of the following five cases:

case (@) ()r=—-1,1=-3,j=k=0, |a|] =1.

By (93), we obtain the following:

//‘ 1/ trace g’ng o_1(Dyt) x 9% 85n0_3(f)‘}3)} (x0)d&no(&")dx'. (100)
By Lemma 7, for i < n, we have the following:

0n-3(D7 ) 50 = 0 (v (50 = 0 (GBI ) ) —0, a0

so¥; =0.
case (@)(I)r=—-1,1=-3, |[a|=k=0, j=1
By (93), we have the following:

- /\ - [ trace[pu, o1 (DY) x 3,0 5(D7) (o) (€. (102)
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By Lemma 7 and direct calculations, we have the following:

D3 = i(2057 —4)e(¢’) i(2087 —4)u(E) | 12i(Z — En)e(dxn) 120G — Gu)t(dxn)

2
%o DV) = Tpr s et | k(s ) b1+ )8 1
By using the relationship of the Clifford action and the property trab = trba, we can derive
the following:
trle (&), [1(8")]) (x0)] = tr[dx, [€(&")](x0)4(&")] = 161'(0); trle(g")u(S")] = trle(dxn)e(dxn)] = 32 (104)

By (65), (103) and (104), we obtain the following:

~ ~ 641" (0)(—1 — 3i&, + 52 + 3i&3)
+ 1 2 3 _ n
trace [E)xn ngna,l(DV ) X 9z,0-3(Dy, )] (xg) = P T +ni)4 ==, (105)
Then, we obtain the following:
+o0 641’ (0)(—1 — 3i¢y, + 5¢2 + 3i¢3) o
d d
//\ 1/ a2b2 (& —1)0(&n +10)* Gno(&)dx
32K’ (0 — 3if, + 58 4 3i&3
— Q / n nd d /
A e e
_32W(0) . 2mi [ —1 -3, + 582 + 3ig3 ] "
=TT 2 4 51 (ffn T i)4 fri
15K'(0
- 26121(72) TQydx/, (106)

where Q4 denotes the canonical volume of S*.
case (a) () r=—-1, I =-3, |a|=j=0, k=1
By (93), we have the following;:

. 00 . ~
¥; = —% /|¢'|71 /_ trace[agnﬂaa_l(D#) xagnaxna,3(D;3)}(xo)dgna(g’)dx’. (107)

By Lemma 7 and direct calculations, we have the following:

2in(0)ene(¢’) | 20 (0)Eni(") | 12iW'(0)Ene(E) _ 12iH(0)Eni(E")

agnax»10—*3(5\73) = -

WA+B)P A+ GP | A+ a1+ 5
1! _ 2 ! . 2
_ih (0)(2 —10¢3)e(dxy) L ih'(0)(2 — 10&5)t (dxn). (108)
ab2(1+ ¢2)4 ab?(1+¢g2)*
Combining (65) and (108), we have the following:
~_ ~_ 641" (0)(1 — i + 5i¢y — 5¢2)
+ 1 3 _ n n
trace [agn rrgna_l(DV ) X 0g,0x,0-3(Dy, )} (x0)[jrj=1 = LT Y N T PR (109)
Then, we have the following:
+eo 641 (0) (1 — i3 + 5i¢n — 5¢2) "o
d d
2 o e e e e @
32h'(0) 1— i +5i¢, — 562 ,
= _= dé,dx
77 %
/ T _ i3 x a2 (5)
B 32}2117(20)04% [1 icy +5z§n4 5@,1} gy
a : (Gn +1) En=i
!/
251(0) TQydx’. (110)

= 24212



Mathematics 2024, 12, 3530 20 of 23

case b)r=—-1, I =—4, [a|=j=k=0.
By (93), we have the following;:

+00 ~
¥y= i /‘é/H [ trace [t 1(ByY) x 9,0 4(B7)| (x0)dEno (@)

—i /|;~;/|:1 /_j trace[dg, 7} 01 (Dy) x _4(Dy )] (x0)due (€)dx'.  (111)

In the normal coordinates at ¢'(xq) = 5; and 9y, (g*F)(x0) = 0,if j < n; Oy, (%F)(x0) =
h’(O)(Sg, if j = n. So, by Lemma A.2 in [11], we have I'"(xg) = 34'(0) and I'*(x) = 0
for k < n. By the definitions of ¢* and Lemma 2.3 in [11], we have ¢"(xg) = 0 and
o* = 1 (0)c(ex)c(en) for k < n. By Lemma 7, we obtain the following:

02(5%/) (x0)| |&"=1

= Miw’a@ (abl' (0)e(2) - ereler)clen) — ablt' (0)c(&) Y- kclen)len) + 5aVH (0)u2

k<n k<n
+ 2abl (0)1GPE(er)E(d, )o(er) — abl (0) E2E(dx,) — 2(Q)E(VIEE) — ablgPe(V) ) 2(€)

+ e (1200, (6] + 2188002, [(E)] — 20 (O PR, E(E) + 4ol (0)). (112)

By (71) and (112), we have the following;:
0_4(Dy?) (x0)|jerj=1 = M1+ My + M3, (113)
where we have the following;:

W = — e (O)e(E ey &) = cyzarrsh (O)Zue(@)eldn)e(dxn) + czpararsh (OR(E e eldv)

1 / A 2\~ ~ 5 / ~ ol 5 / ~
+ Wh (0)Gnc(§" )e(dxn)c(dxn) + Wh (0)Znc(g") + Wh (0)&nc(dxy), (114)

Wy = xgarersh (O el )l le0)E(E) + gt O)F(E elen B (e ldxa)

2
a3§3§|%|6h/(O>E(dxn)C(ei)a(dxn)a(ei)g(gl) + Lﬁg’frwh’(O)E(dxn)c(ei)a(dxn>a(ei)a<dxn)

- Lﬁ,;wh’(O)’cv(é")’cv(dxn)E(é’) - S 1 (0)&(&)e(dan)E(doen) — aab%T€|6h’(O)E(dxn)E(dxn)E(g’)

+

% 1 ~ ~ 2 1 ey
_ a_%bé;wh (O)F(d e e dsn) ~ ararflV) — aparers@ V)

2
— s EV)E(d) — S Jo(VIE(E) — et E(V )eldx) 115)

and

~ . - n ~ . ~ W (0) .
iy = s, 0] — st B0 — gt 8 )E(E) + €@ (119

By a direct calculation and the relation of the Clifford action and trab = trba, we have the
following equalities:
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tr[e(&)e (¢ )e(dxn)e(8)] = 0; trle(&')e(Z")e(dxn)e(dxn)] = 16(a + b);

tr[e(&")e(¢")e(dxn)e(dxy)] = 16(a — b); tr[e(Z)e(d)] = —32b;

trle(")e(8)e(dxn)x, [€(8)]] = 32ab%H (0)Gu; trle(&)0x, [€(2)]] = —16bh'(0);

trle(dxn)E(8)E(dxn)0x, [C(2)]] = —16ab1(0) + ab®h' (0)23;

trle(&')e(&)e(er)e(dxn)le;)E(8)] = 0; trle(dxa)e(V)] = 32V

tre(§")E(§)e(V)e(g)] = 32(b* — ab) Viugn; trle(dxn)E(8)E(V)E(E)] = 32abVy + 32a° V. (117)

Then, we have the following:

32K (0)(5i¢3 + 65n — i) |
a2b2(§n - i)5<§n + i)3 ’
8h'(0)(i¢% +2 — 1) 16(a — b)(2i¢2 — 28, + &2 + 14 20)V,,

tr[ag, 7t o1 (Dy ') x Mi(x0)ljerj=1 =

e, 02 (D7) > Mal(oli i1 = Tt~z + i (G — 1@+ 1
~_ - 16K (0)(—3i¢2 — 4g, +1i)  4h'(0)(43i¢2 + 64¢, — 16i
tr[g, 7t o1 (Dy") X Ms)(x0)|jerj=1 = (1219(2()éE —ZgS@nii);) a(zb)z((ffnlg— i)é(fff—i- 0)* : (118)

Then, we have the following:

“—ﬁﬁﬁﬁm@”a%D><%+%+mmmmmww

_(60i — 625 (a—b)(21 — 6i) ,
_< o (0) + e 0 ) ma (119)

case (c)r = -2, 1=-3, |a| =j=k=0.
By (93), we have the following:

,1//‘ 1 /+ootrace o 2( )Xag o_ 3(DV3)} (xo)déna(g’)dx’. (120)

By Lemma 7, we have the following;:

Sy i) | 4iga@) | il-3)eldn) il -3B)(dx,)
e ) T =) A W =) (20

By (78) and (79), we have the following:

8h'(0) (363 +3iF2 + 78, — i) 16(b — a)(—3iF2 — 4¢, + i)
el () M) B <] M) (R
8h'(0)(—17¢2 + 3&} — 9i¢> + 15i¢, + 4)
a2b2(Gy — 1)°(8n +1)° ‘

Vs

tr[Nl X 0—_3(5‘73)”“:/':1 =

tr[ﬁz X 0'73<5‘73)} ||g/|:1 =

(122)
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Then, we obtain the following:

Foo 8h/ 3‘:3 + 3152 +7Cn — ) /
/’\ 1/ 112172 (Cn—1)5(&n +1)3 AGn0r (8')dx
/ oo 16 ( 3162 4§n+i) / /
—i( /’I 1/ a3b3 & i Ve (@)
. +00 8! (0)(—17¢2 + 3} — 9if3 + 15i¢, + 4)
— i (0 /§'| 1/ 202 (& — 1)5(Zn +1)3

= (32;1’(0) 55(23;317)1/”) Qudy’. (123)

de,o(&)dx'

2)2

Now, ¥ denotes the sum of the cases (a), (b), and (c), then we have the following;:

> 60i — 545 (a—b)(37 — 6i)

i=1
Then, by (92)—-(94) and (124), we obtain Theorem 8. [

5. Conclusions

The primary objective of this paper is the Witten deformation of the non-minimal
de Rham-Hodge operator, particularly its application to the Kastler-Kalau-Walze-type
theorem on low-dimensional manifolds with boundary. First, we present a general result
concerning the noncommutative residue of the non-minimal de Rham-Hodge operator
on even-dimensional manifolds without boundary, as detailed in Theorem 5. This ad-
dresses the interior term in even-dimensional manifolds with boundary. Secondly, on four-
dimensional manifolds with boundary, we obtain the vanishing boundary terms, as shown
in Theorem 7. Lastly, in order to obtain the boundary term that does not disappear, we
usually consider the case of asymmetry, that is, calculations of V/\};e/s[n"’f); Lot (Dy) 73]
on six-dimensional manifolds with boundary. As shown in Theorem 8, we obtain the
non-vanishing boundary terms.
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