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Abstract: High-dimensional parameter testing is commonly used in bioinformatics to analyze com-
plex relationships in gene expression and brain connectivity studies, involving parameters like means,
covariances, and correlations. In this paper, we present a novel approach for testing U-statistics-type
parameters by leveraging jackknife pseudo-values. Inspired by Tukey’s conjecture, we establish
the asymptotic independence of these pseudo-values, allowing us to reformulate U-statistics-type
parameter testing as a sample mean testing problem. This reformulation enables the use of estab-
lished sample mean testing frameworks, simplifying the testing procedure. We apply a multiplier
bootstrap method to obtain critical values and provide a rigorous theoretical analysis to validate the
approach. Simulation studies demonstrate the robustness of our method across a variety of scenarios.
Additionally, we apply our approach to investigate differences in the dependency structures of a
subset of genes within the Wnt signaling pathway, which is associated with lung cancer.
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1. Introduction

With the development of technology, high-dimensional parameter testing is widely
used in various bioinformatics analyses. Numerous studies employ mean tests to investi-
gate changes in genes of interest, such as [1,2]. Additionally, some studies use covariance
matrix or precision matrix tests to illustrate brain connectivity analysis and apply correla-
tion matrix tests for gene co-expression network analysis, such as [3-5]. In this paper, we
concentrate on U-statistics type parameter testing, encompassing but not limited to mean,
covariance, and correlation tests.

High-dimensional mean tests have been well studied, as reviewed by [6]. We catego-
rize the proposed test statistics into five broad groups. Firstly, {,-norm-based test statistics,
such as [7-11], are known for their effectiveness under dense alternatives. Another group is
the {-norm-based tests, as evidenced by [12-14], which are more suitable for sparse alter-
natives. Since the alternative hypothesis is usually unknown in advance, a third category of
test statistics aims to accommodate diverse alternatives by combining the p-values of tests
based on various norms, such as [15-17]. Additionally, some tests simplify the problem
by projecting the high-dimensional mean vector onto lower dimensions. For instance,
some studies explore random projections, such as [18,19], while ref. [20] seeks the optimal
projection directions. Most of the tests mentioned earlier impose sparsity conditions on
covariance matrices, but dense patterns are common in reality. To address this, studies
such as [21-24] enhance the signal strength and test performance by incorporating common
factors.

High-dimensional covariance tests have also achieved significant advancements in
recent years. The one-sample covariance test (Hy: £ = I) mainly used methods including
spectral norm-based tests, such as [25-27], and Frobenius norm-based tests, such as [28-30].
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For the two-sample covariance test, Frobenius norm-based tests, such as [30-33], perform
well for dense alternatives, while tests based on maximum entry-wise norm, such as [34],
show a strong performance for sparse alternatives.

High-dimensional correlation tests have received significant attention. For the one-
sample Pearson correlation test, ref. [35] proposes a test suitable for sparse alternatives,
while ref. [36] provides a test that is powerful for dense alternatives. For the two-sample
correlation test, ref. [37] introduces a test suitable for sparse alternatives, and ref. [38] de-
velops a general framework for testing correlation structures across one, two, and multiple
sample scenarios. In addition to Pearson correlation matrix tests, rank-based correlation
matrix tests, including Kendall’s tau and Spearman’s rank correlation, have been well
studied, as demonstrated by [39-41]. Furthermore, ref. [42] proposes a framework for the
equality test of U-statistic-based correlation matrices.

For all the aforementioned parameter tests, there exist U-statistic-based test statistics,
such as [10,30,33,34,42]. There are also some adaptive and unified tests. Ref. [16] proposes
a unified framework for testing high-dimensional parameters that can be estimated by U-
statistic-based vectors. Ref. [43] constructs a family of U-statistics as unbiased estimators for
£p-norms of test parameters, further combining the p-values of different orders. Ref. [44]
proposes a two-step Gaussian approximation for high-dimensional non-degenerate U-
statistics and a bootstrap method for computing their probabilities within hyper-rectangles.

In this paper, we propose a novel approach for U-statistics-type parameters. Inspired
by Tukey’s conjecture [45], we establish the asymptotic independence of jackknife pseudo-
values for the U-statistic estimator. By constructing test statistics based on the sample means
of these pseudo-values, we effectively transfer U-statistic-type testing into the sample mean
testing framework. This reformulation allows us to apply established methods from sample
mean testing, simplifying the testing procedure. We derive the critical values for our
test statistics by applying a multiplier bootstrap to the pseudo-values. In addition, we
conduct a comprehensive theoretical analysis of our proposed test, including validation
of the multiplier bootstrap procedure for accurate critical value estimation, as well as an
assessment of its asymptotic properties, such as size control and power performance.

The rest of this paper is organized as follows: In Section 2, we present the detailed
testing procedures. Section 3 verifies the effectiveness of the multiplier bootstrap used in
Section 2 and analyzes the theoretical performance of our proposed tests. Section 4 presents
simulation results to justify the empirical performance of our methods. In Section 5,
we apply our methodology to analyze the dependency differences in the Wnt signaling
pathway between lung cancer patients and control patients. Finally, some conclusions and
discussions are provided in Section 6.

2. Methodology

Let X = (Xy,...,Xs) and Y = (Yi,...,Y4)" be two d -dimensional random vec-
tors independent of each other. Xj, ..., X}, are independent and identically distributed
(iid.) random samples from X with X; = (X;1, Xjp, .. .,Xid)T. Similarly, Y3, ..., Y, are
iid. random samples from Y with Y; = (Yj1, Yip, ..., Y,-d)T. Weset X = {Xq,..., Xy, },
Y={",...,Y,,} and

w=(%) L.E

1<ip<--<ip<m

-1
ﬁZ,s = ( 1:13 > Z q)S(Yil""’Yim)’

1<y <+ <im<ny

CDS (Xl'lr‘ . '/Xl'm)/

wheres =1, ..., 4, with g being the dimensionality of the parameter we are interested in,
and ®; is an m-order symmetric kernel function. We assume that ®; is symmetric and that
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each kernel function is of the same order m only for notational simplicity. We then define
two U-statistic based vectors as (1),

i 1= (111,1,111,2, e ,flqu)T, and i = (122/1,112,2, cey ﬂz,q)—r.

We use 1, to denote the expectation of fhy, i.e., 1y = (U1, U2, ..., lqy) T with Uys = Elilyq]
fory=1,2ands =1,...,q. We are interested in testing the following hypotheses:

(i) (One-sample problem) For a given uy € R7

Hy:u; =uy vs. Hj:u # ug. (2)
(ii) (Two-sample problem)

Hy:u;=u, vs. Hj:u #up. 3)

Intuitively, with the estimations for u,(y = 1,2) in (1), the two problems above in
(2) and (3) can be treated as the one sample mean and two sample mean tests in high
dimensions. However, it is difficult to obtain or calculate the asymptotic distribution for the
test statistics based on the U-statistics estimation in (1). Hence, to overcome this obstacle,
we propose the test based on the jackknife pseudo-values, which are defined by

iy, = Nyl — (ny = 1), 4)

where i} "is the U-statistic vector based on X'\ {X;}, and ii, ' is the U-statistic vector based
on Y\{Y;}. In [45,46], the jackknife pseudo-values are unbiased estimators of u, i.e.,

Eii,; = u,. )

According to [47], the jackknife pseudo-values are not only uncorrelated but also asymptotically
independent. Hence, u., can be estimated by a sample mean of jackknife pseudo-values,

y

~ -1 ~

iy =1y )iy ©)
i=1

Further, we provide the variance estimators for \/ﬁﬁ%s as follows:
y
~ 1 ~ ~ \2
Tyss = (y — 1) Z(u%i/s —ilys)”, y=12, s=1,...,q. (7)
i=1

Remark 1. The variance estimator in (7) is also the delete-1 jackknife estimator for \/nii, s. As long
as the il s is a smooth function of the observations, this jackknife estimator is consistent.

Hence, for the one sample testing problem (2), we construct the following test statistic:

|ﬁ1,s — UQps
X

To = max —/———. 8
© 1<y \/OLe/m ®)
For the two sample testing problem (3), we set the test statistic as follows:
iy — 1.
T; = max s = s ©9)

1<5< /0y 55/ 111 + Ony55/ 112

Remark 2. If u.,, represents the mean of X, the jackknife pseudo-values reduce to the independent
sample observations, and the test statistics simplify to the sample mean test in [12,13].
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In high dimensions, for the centered independent random vectors {Z,...,Z,} € RY,
ref. [48] derives that the distribution of max;<j<4 n-1/2 Y Z; j can be approximated by the
maximum of the sum of the Gaussian random vectors with the same covariance matrices as
{Z,,...,Z,}. Meanwhile, ref. [48] proposes a multiplier bootstrap procedure to obtain the
Gaussian random vectors. Motivated by [48], we apply the multiplier bootstrap procedure
to the asymptotically independent jackknife pseudo-values ., ;. By this procedure, one can
approximate the distribution for T, and T, in (8) and (9). Specifically, set ‘:Z,l' Cﬂ’y,z,. . (:f’mw
as a sequence of iid N(0,1) withy = 1,2and b = 1,2,. .., B. The b-th multiplier bootstrap
samples of ., ; are {dj{,lf‘%l/ ey 6117/,17 iy,n, }. Correspondingly, the b-th multiplier bootstrap
sample of il s is as follows:

o n—Zé‘b, (iys—ilys) for y=12, and s=12,...,4. (10)
’)/ _

Based on ﬁg/s, we define the b-th bootstrap sample of the test statistics T, and T; by the
following:

b b =b
Th_ max M Td max |M15—M25|
o= ’ -
1<s<q /01 5/ 11 1<s<q \/(71 ss/ 11+ 07, /M2

Based on these multiplier bootstrap samples, the critical value and p-value for T, and T,
can be estimated by

bEl{Togt}>1—tx}, ta:1nf{t€R:Eb21{Td§t}>1—tx}.
- -

After obtaining the critical value, we obtain the test for the hypothesis in (2) and (3) as
follows:
4’2 = I{TO > tao}r (PZ = 1{Td > tzxd}'

Thus, we reject (2) if and only if ) = 1, and reject (3) if and only if ®¢ = 1. Correspond-
ingly, we can construct the p-value estimator of T, and T as

~

Py = B+1 Zl{Tb >T,}, Py= B+1 Zl{Td > Ty} (11)

For a given significance level a, we then reject the Hy of (2) if and only if P, < «, and reject
(3) if and only if P; < a.

3. Theoretical Analysis

In this section, we justify the validity of the multiplier bootstrap method used in the
last section and study the empirical size and power of our proposed tests. Before presenting
the detailed theoretical results, some mild assumptions are introduced.

Assumption 1. There exists 0 < & < 1/7 such that 1og(q) = O(n®). For the one-sample problem,
n = ny. For the two-sample problem, n = max(ny, ny), where the two sample sizes are comparable
ny X njp.

Next, we will introduce additional notations to present the assumptions for the kernel functions.
Specifically, based on X = {Xq,..., Xy, }, set the centered kernel function and its derivation as
follows:

Ts(Xi]/ . /le) ¢S(Xl]//le> _MW,S/

8:(Xi) = E(¥s(Xiy, -, X3, )X ) (12)
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Further, set
¥(X;,...,X;,)= (‘Pl(Xil,...,Xim),...,‘I’q(X,«],...,Xim)>,
8(X)) = (21(X), .-, 8¢(X))-

Analogously, we can construct vectors ¥ (Y;,,...,Y;, ) and g(¥;) basedon Y = {Y1,..., Yy, }.

e
Assumption 2. For any indexes 0 < iy,...,in <nypand 0 <ji,...,jm < 1y,

max E[exp(|¥s (X, ..., X;,)|/K)] <2,

1<s<g

1r£sa§qu[exp("Ys (Yi, - Yi,)|/K)] <2.

Assumption 3. There exists a positive constant b, such that E[|v " g(X)|?] = band E[|v " g(Y)|*] > b,
forany v € Vs, where Vs, = {v €SI |v|lp < So}.

Assumption 4. There exists a constant Q > 1 such that E[|gs(X)[>T™] < Q™ E[|gs(Y) [>T < Q™
holds forall1 <s < g,andm =1,2.

This assumption specifies the relationship between the sample size n and the parameter
dimension q. Assumption 1 permits the parameter dimension g and sample size n go to
infinity as long as log(q) = O(n°) holds. Additionally, it requires the sample size of
each group to be in the same order. Assumption 2 requires that the centered kernel
functions ¥s(X;,, ..., X;,) and ¥ (Y;,, ..., Y;,) follow a sub-exponential distribution. This
assumption is mild, as the bounded ¥; (such as useful rank-based U-statistic) satisfies
this condition. Assumption 3 excludes the degenerate U-statistics and requires that the
inner product of g(X) g(Y) and v € Vs, is not degenerate. Assumption 4 include mild
moment conditions. These Assumptions are crucial for the high-dimensional central
limiting theorem.

The multiplier bootstrap method plays an important role in our tests. Based on the
above assumptions, we justify the validity of the multiplier bootstrap procedure used in
Section 2 by the following theorem:

Theorem 1. Set X = {Xy,..., Xy, tandY = {Y1,..., Y, }. Suppose Assumptions 1-4 hold.
Under Hy of (2), we have

sup ‘P(TO < z) —P(Tf §Z|X)’ =o0,(1), as n— oo (13)
z€(0,00)
Under Hy of (3),
sup ‘P(Td < z) —P(Ts §Z|X,y)‘ =o0,(1), as n— oo. (14)
z€(0,00)

The detailed proof of Theorem 1 is presented in Appendix A.3. This theorem ensures
that the distribution of our tests can be well approximated by their corresponding multiplier
bootstrap’s distribution under Hy.

Theorem 2. Suppose Assumptions 1-4 hold. Under Hy of (2), we have

Py, (®; =1) = a and as n,B — oo. (15)
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Under Hy of (3), we have
Py, (P! =1) —a and as n,B — . (16)

Given the pre-specified level a, Theorem 2 establishes that the size of T, and T, are
well under control. We omit the proof procedure, as this theorem can be viewed as a
consequence of Theorem 1. Specifically, according to Theorem 1, the distribution of our
tests T, and T can be well approximated by that of T and Té’. Further, by the Dvoretsky—
Kiefer-Wolfowitz inequality of the Massart version, we have

sup ﬁTk (z) = Fp(z)| = O, sup I?Tg (z) — FTg (z)| =0 asn,B— oo,

where ﬁTb (z) and ﬁTb (z) are the empirical distributions used to obtain the critical values
0 d
in the test procedures, while Fy;(z) and F, (z) represent the theoretical distributions in
0 d

Theorem 1. Thus, Theorem 2 is established by combining these results. In addition to
asymptotic size control, we investigate the power properties of T, and T in the subse-
quent theorem.

Theorem 3. Suppose Assumptions 1-4 hold, and let €, = o(1) with €,+/logq — o0 asn,q — oo.
Further, assume log(q) = o(n'/?). For one sample test we have

P(®,=1)—1 as n,q,B— oo, (17)
if Hy of (2) holds with
Uys — UQs ~1/2
———= > (1+ex 21 2log(1 . 18
et by (1+en)n <\/ og(q) + \/ og( /w)> (18)

For two sample tests, we have

P(®!=1)—=1 as n,q,B— oo, (19)
if Hy of (3) holds with
Uys — Us
max 2 ‘ > (1+¢€ ( 21o +41/21o 1/0(). 20
1<s<q \/Ul,ss /ny + 0755 /1y ( n) \/ g(q) \/ g( ) (20)

The detailed proof for this theorem is provided in Appendix A.4. This result demon-
strates that, under certain mild conditions, the power of our proposed test converges
tol.

4. Simulation Study

In this section, we conduct comprehensive simulations to investigate the empirical
performance of our proposed test. As discussed in Section 2, for the sample mean test our
method reduces to what was introduced by [12,13]. Therefore, we focus on testing the
Kendall tau correlation matrix and compare our method with several established methods.
Specifically, we consider the sample covariance-based methods from [49,50], as well as the
U-statistic-based Kendall tau correlation test from [42]. For simplicity, we refer to these
methods as CLX, HD, and ZU, respectively, and denote our method as UJB.

We generate two sets of independent random samples, {X;}/%, and {Y;}2,, where

X; = 212z and Y; = 2322 Here, 2" = (2,...,2V)T, where v = 1,2,

i i i i %id
and Z 1(17 ), o, 2 l.(;) are independent and identically distributed (i.i.d.) random variables
with variances 02 .- To mimic practical scenarios, we assume Zg are samples from the

following three models:
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Model 1 (Gamma Distribution): Let Zg ~ Gamma(4,10),forj=1,...,d.
Model 2 (Zero-Inflated Poisson Distribution): Let Zg ~ Pois(1000) with probability

0.15, and Z| = 0 with probability 0.85, forj =1,...,d.
Model 3 (Student’s t Distribution): Let Zg ~ t3(u), where p is drawn from Unif(—2,2),
forj=1,...,d.

Thus, the covariance matrix of X is 1 = a%l)lf, and the covariance matrix of Y is

¥, = 02,%5. Under the null hypothesis, we assume £} = £} = Z*. We consider the
following four covariance structures for X*:

Case I (Block): Set £* = D'/2RD'/2, where D is a diagonal matrix with i.i.d. entries
drawn from Unif(0.5,2.5). The matrix R = (4/)1<k <4 represents a block correlation
structure, with r = 1 for all k, iy = 0.55 for 10(p — 1) +1 < k # ¢ < 10p (for
p=1,...,1d/10]), and ryy = 0 otherwise.

Case II (Decay): Set L* = (0%/)1<k <4, Where oy = 0.6/k=¢l,

Case III (Non-Sparse): Define Z* = D'/2(F + UUT)D'/2, where F = (fi¢)1<kr<d
with fi = 1 and fyry1 = fri1e = 0.5. The matrix D is diagonal, with entries
drawn from Unif(1,6), and U is uniformly distributed on the Stiefel manifold V(d, k),
ie, U e R and UTU = Ij,, where I} is the identity matrix of dimension k¢ (set
ko = 10).

Case IV (Long-range dependence): Set Z* = (0j/)1<k ¢<4, where oy
ok = F(Jk— €]) with £(x) = {(x+1)17 + (x —1)17 = 2417} /2.

Table 1 shows the empirical sizes across Models 1-3 and Cases I-1II. Overall, all

iid
~Y

" Unif(1,2),

methods maintain sizes close to the nominal level of &« = 0.05, which indicates good control
of Type I error rates. In Models 1 and 2, the empirical sizes of the CLX and HD methods
remain stable around the nominal level. ZU and U]JB also perform well, although UJB
slightly exceeds the nominal size in some instances. In Model 3, which employs a heavy-
tailed t-distribution, the empirical size of UJB continues to align closely with the nominal
level. In contrast, the empirical sizes for CLX and HD are more conservative, highlighting
the robustness of UJB in the presence of heavy-tailed data.

Table 1. Empirical sizes of Model 1-3 with Case I-IV based on 500 replications, with « =0.05.

Model 1 Model 2 Model 3
n1=ny =100 d 30 40 50 30 40 50 30 40 50
CLX 0.04 0.03 0.03 0.03 0.05 0.03 0.01 0.01 0.01
CaseI HD 0.05 0.04 0.05 0.04 0.06 0.05 0.03 0.02 0.02
ZU 0.03 0.02 0.03 0.03 0.03 0.03 0.03 0.03 0.03
UJB 0.06 0.07 0.07 0.05 0.06 0.07 0.06 0.06 0.07
CLX 0.04 0.04 0.05 0.04 0.05 0.05 0.02 0.01 0.01
Case II HD 0.05 0.05 0.05 0.06 0.05 0.06 0.03 0.02 0.01
ZU 0.03 0.03 0.04 0.05 0.04 0.04 0.03 0.03 0.04
UJB 0.06 0.08 0.07 0.09 0.08 0.07 0.08 0.05 0.07
CLX 0.04 0.03 0.04 0.05 0.04 0.07 0.01 0.01 0.01
Case III HD 0.04 0.03 0.04 0.06 0.05 0.07 0.01 0.01 0.01
ZU 0.04 0.05 0.03 0.05 0.04 0.05 0.05 0.03 0.06
UJB 0.07 0.08 0.07 0.07 0.07 0.08 0.06 0.05 0.07
CLX 0.03 0.05 0.04 0.06 0.04 0.04 0.02 0.02 0.02
Case IV HD 0.05 0.05 0.05 0.07 0.06 0.06 0.03 0.02 0.03
ZU 0.02 0.02 0.03 0.02 0.03 0.03 0.02 0.02 0.02
UJB 0.07 0.08 0.09 0.09 0.09 0.09 0.07 0.09 0.08

Under the alternative hypothesis, we introduce a random symmetric matrix A = (J;,) € R**?

with exactly eight nonzero entries. Among these, four entries are randomly selected from



Mathematics 2024, 12, 3837

8 of 20

the upper triangle of A, with magnitudes generated from the uniform distribution on
(0,02,.), where 02, is the maximum diagonal value of Z*. The remaining four entries
are determined by symmetry. We then define Z; = L* 4§l and £, = L* + A + 61, where
6 = | min{Amin(Z* + A), Amin (Z*) }| 4 0.05. These matrices, £1 and Zy, are used to generate
samples for X and Y under the alternative hypothesis.

The empirical power performance across Models 1-3 and Cases I-IV is summarized in
Table 2. For Models 1 and 2, which involve Gamma and zero-inflated Poisson distributions,
the data quickly approximate normality. This allows the CLX and HD methods to perform
comparably to UJB and ZU. However, UJB and the rank-based ZU tests demonstrate a
slight advantage. In Model 3, where the data follow a heavy-tailed ¢-distribution, UJB and
ZU significantly outperform CLX and HD, highlighting the effectiveness of rank-based
correlation tests for heavy-tailed distributions. Across all cases, UJB maintains comparable
or slightly superior performance to ZU, highlighting the strength and robustness of our
proposed method.

Table 2. Empirical powers of Model 1-3 with Case I-IV based on 500 replications, with a =0.05.

Model 1 Model 2 Model 3
n1=ny =100 d 30 40 50 30 40 50 30 40 50
CLX 0.75 0.60 0.52 0.98 0.83 0.57 0.49 0.25 0.09
Case I HD 0.75 0.62 0.54 0.99 0.83 0.60 0.52 0.26 0.11
ZU 1.00 0.99 0.86 1.00 0.99 0.87 1.00 0.99 0.73
UJB 1.00 1.00 0.99 1.00 1.00 1.00 1.00 1.00 0.98
CLX 0.62 0.59 0.59 0.77 0.71 0.67 0.30 0.18 0.09
Case II HD 0.65 0.61 0.61 0.79 0.73 0.68 0.34 0.20 0.10
ZU 0.78 0.78 0.61 0.84 0.79 0.62 0.75 0.56 0.51
UJB 1.00 0.99 0.97 1.00 1.00 0.95 0.98 0.97 0.87
CLX 0.98 1.00 0.98 1.00 1.00 1.00 0.71 0.61 0.55
Case III HD 0.98 1.00 0.98 1.00 1.00 1.00 0.73 0.63 0.57
ZU 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
UJB 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
CLX 0.91 0.36 0.62 0.95 043 0.75 0.42 0.29 0.19
Case IV HD 0.92 0.39 0.64 0.95 0.45 0.76 0.47 0.32 0.21
ZU 1.00 0.81 0.97 1.00 0.89 0.98 1.00 0.59 0.92
UJB 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00

5. Real Data Analysis

In this section, we apply our proposed method to explore potential dependency
differences within the Wnt signaling pathway, which is associated with lung cancer as
well as other cancers, including gastric and breast cancer [51-53]. The dataset used for
this analysis is publicly available through the Gene Expression Omnibus (GEO) repository
(https:/ /www.ncbi.nlm.nih.gov/geo/, accessed on 25 November 2024) under accession
number GDS2771. It contains 22,283 microarray-derived gene expression measurements
from large airway epithelial cells in 97 patients diagnosed with lung cancer and 90 control
patients without lung cancer.

In this study, we focus on a subset of 119 genes within the Wnt signaling pathway.
As the number of potential dependencies grows quadratically with the number of genes,
reliable statistical inference becomes challenging with a limited sample size. To address
this, we apply individual t-tests to each gene to assess differential expression between the
two groups. This conservative approach reduces dimensionality while retaining potentially
relevant genes for further analysis. Ultimately, we select 32 genes with statistically signif-
icant expression differences for the dependency analysis. This selected subset includes
genes previously identified as important in lung cancer research, such as WNT1, WNT2,
WNT5A [51], FDZ [54], and RHOA [55]. Based on this subset, we use the testing methods
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outlined in Section 4 to test for the equality in the correlation matrices of these 32 genes
between lung cancer patients and control patients. Given that the CLX and HD methods are
conservative for heavy-tailed data, we transformed the gene expression levels by applying
a logarithmic scale and then standardized each gene within its respective group.

All methods reject the null hypothesis, providing strong evidence against equal de-
pendency structures. Specifically, the p-values for our proposed method (UJB) and the
comparison methods (CLX and HD) are 0.019, 0.046, and 0.029, respectively. This finding
suggests that the dependency structure within the Wnt signaling pathway is likely distinct
between lung cancer patients and controls. Thus, beyond differential gene expression,
changes in dependency structures among genes in the Wnt pathway may offer new insights
into the mechanisms underlying lung cancer progression. For example, ref. [56] shows
that WNT5A-RHOA signaling drives tumorigenesis and represents a therapeutic target in
small-cell lung cancer. It also highlights the importance of gene dependency structures in
the Wnt pathway for understanding lung cancer progression.

6. Discussion

In this paper, we introduce a novel approach that reformulates the testing of U-statistic-
type parameters into a sample mean testing problem by using jackknife pseudo-values. This
transformation allows us to apply established methods for sample mean testing, simplifying
the test process while maintaining the flexibility and power inherent to U-statistic-based
inference. Moreover, we obtain critical values for the test by using multiplier bootstrap
and ensuring the validity of this process.

Our simulation study involving samples from various distributions with different co-
variance structures, demonstrates the robustness and adaptability of the proposed method.
Theoretical analysis further confirms the validity of our approach. However, a notable
limitation lies in the computational cost of the jackknife procedure, which increases with
the sample size. This can become a significant challenge as the number of samples grows
too large. Future work could explore strategies to improve computational efficiency or
alternative approaches that preserve the statistical accuracy of the test while reducing its
computational burden.

In addition to addressing computational challenges, another possible work direction
lies in addressing size distortions. Some empirical sizes in Table 1 deviate from the nominal
significance level of 5%, particularly for Model 3. To improve the empirical performance,
future work could incorporate methods like simulation-based calibration to better approx-
imate null distributions [57], imputation-based techniques for enhanced accuracy [58],
or adjustments to test statistics to address structural dependencies [59].
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Appendix A. Proof of the Main Theorem
Appendix A.1. Useful Lemmas
To establish the proof of the main results, some useful lemmas are required. Firstly,

some additional notations are introduced. Let Xj, . .., X}, be independent centered random
vectors in R? with the covariance matrix Ly, and X = (Xi1,---, Xz-,d) withi=1,...,n.
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Set Z;(i = 1,...,n) to be independent Gaussian random vectors in R? with the same
mean vector and covariance matrix as X;. Further, set

M, =
k= max (E[

k k
ij JVE).
Define ux ({) as the infimum over all numbers u such that
2 1\1/2 : .
P(|X;;| <u(EX) 2 1<i<n1<j<d)>1-¢

Similarly, uz(() are the corresponding quantities for the analog Gaussian case, namely
with (X;)?_, is replaced by (Z;)!"_; in the above definition. According to [48], the following
Kolmogorov-Smirnov distance

(H ‘“ZXH <z) ()yn—l/zlézi\\w<z),

can be bounded as follows.

= sup
zeR

Lemma A1 (Gaussian approximation, Theorem 2.2 of [48]). Suppose there exist some positive
constants 1 < ¢ < o0 such that c; < oxp < ¢ foralll <k <d. Forany 0 < { < 1, we have

o < C{n V3(MY/ v MY/?) (log(dn/2))7/® + n 2 (log(dn /) 2u(@) + ¢}, (AD)
where C is a positive constant that only depends on c1 and ¢y, and u(t) = max{ux(t), ug(t)}.

Foralli <mn,j<d,setP(|X;;| >s) <exp (—c15). Then, u(Z) in (A1) can be bounded
by u(Z) < log(dn/{). Hence, by taking { = n~'/?, we have the bound for p as follows

p= Op{11*1/8(103g(dn))7/8 + nil/z(log(dn))wz}. (A2)

In addition, suppose X; and X, are two centered Gaussian random vectors in R?,
with the covariance matrices as £ and X, respectively. Ref. [48] proposed to bound the
Kolmogorov-Smirnov distance of the maximum of these two different Gaussian distribu-
tions by the following lemma.

Lemma A2 (Comparison of the distributions of Gaussian maxima, Lemma 3.1 of [48]).
Suppose all the diagonal elements of Ly are bounded away from 0 and co. Then, we have

sup [P(|[ X1l < x) = P(| Xalle < x)| < CAY3(1Vlog(d/A))*"?,
xeR

where A = |21 — Zp||eo, C is a positive constant.

Let X, ..., X, be independent random vectors, CID(Xl-l, e, X5

i) is a kernel function of
m(m < n) order. Define the corresponding U-statistic as follows:

u= ( " )1 Y (X, X))

1<ii<..<ip<n
Lemma A3 ( Hoeffding, 1963). If the kernel function ®(X;,,...,X;, ) is bounded,
P(U — E(U) > t) < exp(—2kt*/ (b —a)?),

where a and b are the lower and upper bound of ®(X;,, ..., X;

Im

), respectively, and k = |n/m].



Mathematics 2024, 12, 3837

11 of 20

Lemma A4. Z = (Zy,...,Z4)" is a random vector with marginal distribution N(0,0?). For any

t > 0, we have

2
E[ max |Z|} < @—0—%.

By CIDS(Xil, e, Xim) is the m -order symmetric kernel function, and combining the
definition in (12), we set the covariance matrices of mg(X;) and mg(Y;) are 1 = (0 ) and
L, = (02,5t), respectively. Further, the corresponding correlation matrices are defined as
follows:

R, = Diag(X,) /2L, Diag(Z,) /2, y=1,2.

Specifically, the (s, t)-th entry of Ry is given by the following:

Oy,st

S —
\/Oy,550y bt

The following lemma provides an upper bound for the estimation errors of the sample
covariance matrix X, = (0ys) and its correlation matrix Ry = (7 st).

Vo st = 1<s,t<q.

Lemma A5. Suppose the Assumptions 1-4 hold. When d, T are sufficiently large, we have that
< o log> (qn)
— - = A3
rryr;a&(”f.y ol IRy = Ry o) op< ). (A3)

Appendix A.2. Proof of Lemma A5

Proof. To prove Lemma A5, it suffices to show that the upper bound in (A3) holds for both
v = land v = 2 individually. According to similar definitions and assumptions, it is easy
to address the upper bound with similar arguments. Without loss of generality, we will
show ¢ = 1. According to the definition,

£, = n’E|(8(X) '8(X;)]-

By the definition of ||Z; — Z1||e, we need to bound the following equation,

~ 1 PN ~
P =l = max |2 | (s =) (=)~ 32 (X3 (X)) |
1 R R R R 5 1
< e | Y[ B ) (g =) = 2 1 (8:(X)gn(X0)]

Ly
11

+ max mzi Y (gs(Xi)ge(X;) — m*E(gs(X;)8:(X;)) ’ .

1<s,t<q ny i1

Ly

By Theorem 6 in [60], and the sub-exponential assumptions for g;(X;), it is easy to obtain
the following upper bound for L;:

2
L, < Ci? 71"?’7(1’7”1) oy o8 lam) 75”7”1). (A4)
1 1



Mathematics 2024, 12, 3837 12 of 20
For L4,
1 nq 5 1 1
= o 6] 2 )]
1 1ggéq 1 1:21 (ul,z,s ul,s)(”l,z,t ul,t) m " 1:21 gS( z)gf( 1)
L1y
+ 12%17 ‘(”15 — 1) (1 — Mlt)‘ :
Lyp
To bound L1, we bound Lj; and Ly, respectively. For Ly, it is obvious that
P(Lu > Z) < q2 max P(|(1jl\1s — uls)(ﬁlt — ult)’ > Z)
1<s,t<q (A5)

2 ~
<2q ggng(luu — 15| > Vz).

Hence, the key to bound Ly is to study max; <s<, P(|if1s — 15| > 1/z). According to the
definition of iy, in (4), and with some simple calculations, we have the following:

s — U1s = Tigg — Ups. (A6)
Next, we introduce
n ! i
ﬁlls — Uy = ( ﬂi ) Z V11,15/~-~,zm _ El,S/ (A7)
1§i1<---<im§n1
where
Vil = W (Xiy, -, X, )T ¥ (X -0 Xa, ) | < Ba), (A8)
Eis = E(Ys(Xi, -, X, ) I{[¥s(Xip, ..., Xi,,) | < Bu}),

with threshold B, = Clog(qn). By the triangle inequality, we have
s — 15| < [ins — ] + [ilyg — uas-

According to the definition of 7}, — 1, in (A7), and by the triangle inequality, we have

-1
u i u m i1/
|Ll15 — M15| < |U1s — U1 — < " > Z Vls " 4Eqs.

1§i1<...,<im§n1

Los

For any 6 > 0, by choosing proper C, we have E15 < (qn) 7. By setting z = (qn)~°,
we have

1r£5a§qu(|ﬁ13 —ugs| >z) < 1rgfg><q(P(|ﬁis —uys| > 2/3) +P(Las > 2/3)).

Using the exponential inequality for bounded U -statistics, we have

max P (|}, — ugs| > 2/3) < Cexp(—Clnlzz/B%)

1<s<g
By Assumption 2, we also have

max P(Lys > z/3) < Cnf"exp(—C1By).
1<s<g
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Combining these results, we have
1123<xq P(|ii1s —ugs| > z) < Cexp( Clnlzz/B%) + Cnl" exp(—C1By). (A9)
Therefore, for a sufficiently large 111, we have
Liz <log’(qn1)/m, (A10)

with probability 1 — Cny’ L
For L1, using the definition of i1y ; s — 115, we simplify the expression by applying the
following Hoeffding decomposition. Specifically,

-1
11 1/[15— Zg Xk Z §05<X1‘1,...,Xim),
m

1§i1<...<im§n1

where ¢s(X;,,..., X;

Im

' ) = @S (Xilr‘ . '/Xim) — U1s — 22121 g(Xi[)/ s = 1, e Similarly,
for ;! — uy5, we have
1s Ss

o 4 -1\ "
B e = Y g(X0) + ( - ) Y (X, X))
m =1 1< <o <im< 1y
(#i i, =1,

Set

-1
n
Atis =”1< n; ) ) os(Xiy, - X, ) —

1§11 <...<im§n1

(n1—1)(”1m1)1 Y eX, X)),

1§i1<..‘<im§ nq
i #i,j=1,...m

According to the definition of iy ; s — 115, we have
s —us = mgs(X;) + A1, fors=1,...,9.

Hence, plugging these into L11, and performing some calculations, we obtain

1 &
o L [ gt (XA + Ay
i=1

L11 = max
1<s,t<g

By triangle inequality and Cauchy-Swartz inequality, we have

1 &

2
< L . A2 A%
b <2 max o 2 (mgs(X0) Efzqnli 1@2;”12
B N———

L
L1 11,2
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Next, we bound Lj;; and Lj; 5, respectively. By Assumption 4, it’s obvious that Li; 1
bounded. For Li1,

-1\ "
1—
Atis =m< m—1 ) )y
1§i1<.‘.<i,,,,1§n]
i, =1 m 1

q)S (Xll Xi]/ crey Xi,,,_l )

Di1is

-1
n —1
sm-n (") L Xy X,).
1<iy <...<im < (n1—1)
i].#i,jzl,...,m

DAiois

Given X;, ¢s(X;, Xj,, ..., Xj, ,) can be treated as a symmetric kernel function of zero
mean and m — 1 order, and A1 ; ; is a U-statistic. Analogously, A1y ;; is a U-statistic with a
kernel function of zero mean and m order. Using the comparable technique employed to
bound Li;, we can introduce a threshold kernel and exponential inequality for U-statistic.
Thus, given X;, for sufficiently large 1, we have

log®(qn log®(qn
1<s<g " n 1<s<g " ny
log*(qm1)
max Aq1; A < C—2——-2
1<s<q 11,i,s812,i,s > m ’

with probability 1 — Cnl_l. Hence, Li1p < Clog3(qn1)/n1 with probability 1 — Cnl_l.

Furthermore, for sufficiently large n1,

3
Ly < Cy/ 08 am) n(q"l), (A11)
1

with probability 1 — Cny 1. Combining the bound of Ly, in (A10), it is straightforward
to obtain

3
L <C lognﬂ. (A12)
1

Therefore, combining the bound of L; in (A4), we have

log® (qn
-0, gn(l”’ 1) (A13)

max |Ul,5t — O1,s¢
1<s,t<q

Next, we show the bound for maxj <5 <4 715t — 11,5t|- According to the definition of
71,6t and the triangle inequality, we have

|?1 " t| _ 01,5t 01,st
st T st = — -
V01,5501 tt V01,5501t

01,5t N 01,st +
VO1ssOLt  /O1ssT1tt

Aq A

’ 01,5t _ 01,5t
V0801t /01,5501t
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Hence, we need to bound A; and Ay, respectively. For Ay, considering |77 5| < 1, we have

st /01,5501 1t
Ay = s ss <
v Ul ssal t V01,5501t

By Assumptions 3 and 4, there are constants b and B, such that 0 < b < 74 < B < oo for
s=1,...,q. Hence, we have

|(71,ssal,tt - ‘Tl,ssgl,tt|
01,5501t

A < b~ 2 max |Ulss _Olss| +2Bb~ 2 max |Ulss _Ulss|
1<s<q 1<s<

For Aj, we have
1
Ay <b " max |0y — Op gl
1<s,t<g

Therefore, we have

log3(qn1)
- -0 =B ke VAN Al4
,max 71,5t — 11,5t ] p o~ (A14)

By combining the bounding results from (A13) and (A14), we complete the proof of
Lemma A5. [

Appendix A.3. Proof of Theorem 1

Proof. The proof procedures for (13) and (14) are similar. Without loss of generality, we
provide the specific proof process for (14).

According to the definition of T; in (9), we introduce an oracle test statistic with
known variances R R

T, — Uys — Us
4 = max
1559 \/071,65/111 + 055/ 112

As the jackknife pseudo-values are asymptotically independent, and by Lemma Al,
we have

sup ‘P(ngz) —P(||Gll gz)‘ =0p(1), as n— oo, (A15)
z€(0,00)
where G is a Gaussian distribution random vector defined as G ~ N;(0,R;p) with
Ry = Diag(}:lz)_1/2}212Diag(212)_1/2 Here, X1 = X1/n7 + Xp/ny, where X1 and X,
are the covariance matrices of mg(X;) and mg(Y;), respectively.

Ty < Ty + max |l — 125 - s — H2s ) (A16)
1<s<q \/‘Tl,ss /ny + 02,55 /1y \/Ul,ss /ny + 02,5 /12
L
L < max ﬁls_l/IZs a \/Ulss/nl+025/n2 _1|
152q| \/01,65 /111 + 0,55/ 112 | 1550 | \/T55 /111 + Go,s5/ 112
Ll L2
For y € (0, 1], with a simple calculation, we have

O1ss/ M1+ Ongs /1
P(L, <y) > P max VO + 0 /2y <y/2]|. (A17)

1<s<q| \/01,5s/11 + 025 /12
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By Assumptions 3 and 4, there exist positive constants b and B, such that 0 < b < 0;,ss < B < co.
According to Assumption 1, the sample size 11 and 3 is in the same order. Thus,

Olss /M1 + 055/ M2

1
01,55/ 11+ 025/ 112

< max |(71,SS — Ul,ss| + max IUZ,ss — 0255
1<s<g

1<s<g T 1<s<q

Further, by Lemma A5 we have

max
1<s<g

01,55 /ny + 02,5 /12 n

O1ss/ M1 + 055 /12 1’ ~ 0, ( log3(qn)> (A18)

Hence, we have L, = Oy, ( 10g3(qn) / n> . For L, there are similar arguments for L5 in

Lemma A5. By Hoeffding inequality, we have
P(L; > ¢) < Cgexp(—Cyne?).
Hence, by combining (A16), we have

sup ‘P(Td <z)-P(T; < z)’ =0p(1), as n— oco. (A19)
z€(0,00)

As Q’z,l, Cz,zr cery Cg/nv is a sequence of iid N (0, 1), and according to the definition of ﬁ%,s
T ~
in (10), given X’ and ), we obtain ﬁg = (ﬁzll, e, ﬁ?yq) ~ N(u,,Ly/n,). By Lemma Al,

we have

sup ‘P(ngzHX,y})—P(||G||oo§z)‘:op(l), as n—co.  (A20)
2€(0,00)

By triangle inequality and combining the results of (A15), (A19) and (A20), we have

sup [P(Ty <z) —P(T) <2|X,P)| = 0p(1), as n— o, (A21)
z€(0,00)

Therefore, Theorem 1 is proved. O

Appendix A.4. Proof of Theorem 3

Proof. The proof procedures for (17) and (19) are similar. Without loss of generality, we
outline the specific proof process for (19). Following the approach in Theorem 2, we define
the oracle critical value ¢, from the theoretical distribution FTg (2),

tf:inf{teR:P(ngt)>1—a}.

The critical value ¢ used in the test ®¢ serves as the bootstrap estimator of t4. As B — o,
we obtain

lim ’P(Td > 1) —p(Ty >?j)’ = 0,(1).

n,B—o0

Therefore, to prove Theorem 3, it suffices to show that the lower bound of P(Tg < t)
approaches 1 as n — co.
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First, we establish the lower bound for ¢ “d . As demonstrated in the proof for Theorem 1,
given X and Y, we find that (ﬁ’l’s — ﬁgs) / \/ 01,65/ 11 + 02,65 / 113 follows the standard normal

distribution. According to Lemma A4, by setting o = 1 and t = /2logg, we have

E[ T} X, V] < \/log(29) (1 + (log(29)) ).

By Theorem 5.8 of [61], it follows that

P(Té’ > E[Tg\X,y} +Z|X,y) <exp(—z%/2).

td < \/log(2q) (1 + (1og(2q))—1) +4/2log(1/a). (A22)

Consequently, we have

P(Td > tj) > P(Td > 1/log(29) (1 + (1og(2q))*1) + ./210g(1/a)> . (A23)

L

Thus, we have

Next, we focus on establishing the lower bound for L. Under Hj, there exists some
se{l,...,q}, urs # uns. Set,

T — |”A‘1,s - LA‘Z,S —Uis+ ”2,s|
ida= max = — .
1<s<q \/Ul,ss/nl + 0'2,55/7’12

By the triangle inequality we have

/

Ups— U
T; > max 41, 25 T,

T 1<s<q /0155 /111 + 0255/ 112

1 §x}.

According to Lemma A5 and (A18), with a probability of at least 1 — Cn~!, we have

Define the subset

Olss/ M1+ 0255/ M2
O1s5/ 11+ 02,5/ 12

Eo(x) = { max

1<s<q

6'1/55/711 —|-6'2,55/712 _1l<c 1083(‘1”) )

max <
1<s<q | 01,65/ 111 + 02,5/ 12 n
Thus, we have P(£y(x)¢) < n~ 1. Under &(x), we have
Ups — U
T, > ax —— 41, E'S| —T).
L+ x 1<s<g \/01,65/ 11 + Go55/12

Ly

Consequently, we have

L> P<L1 > (1 + (log(q))_1> <\/210g(q) + \/210g(1/oc)),€0(x)>.
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Considering the signal size requirements in (20), by choosing z satisfying (1 +¢,) =
(1+x)(14+z+{2logq} '), we have

L> P(T; <z\/@>.

By the triangle inequality,

s —Upg — +uUp
P( T, > z/21 < p( [Hs — s — st > 24/21 . (A4
( 4 og(q)) = 1552 ( VO1ss/ 1 + 0255/ 112 o8(4) (A2

Thus, we have

|ﬁls — iy — Ups + U
L>1— max P = = ~— > z4/2lo .
1<s<g ( \/0'1,55/1’11 +U2,ss/n2 g(q)

Ly

With similar arguments to obtain the upper bound for Ly; in the proof of Lemma A5, we
have L, — 0 as n — co. Further, we have L — 1 with a probability of 1 as 1,4, B — oo,
ie, P(®4 =1) — 1, Theorem 3 is proved. [J
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