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Abstract: In this paper, we establish new generalized Mitrinovi¢-Adamovié-type inequali-

ties in a wider range (0, 77) by using the monotonicity of certain functions. These inequalities
sin x
Tx
true in (—7t,0) due to the symmetry of the curves involved.

contain sharp and tractable bounds for the function ( )3. All the main results are also
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1. Introduction

sin x
X 7

. 3
sin x T
cosx < < . > , X € <O,E>. @)

The inequality (1) is known in the literature as Mitrinovi¢c-Adamovi¢ inequality. In recent

An obvious relation cos x < x € (0,71/2) was refined in [1,2] as

years, some mathematicians tried to refine and extend the inequality (1). For instance,
the inequality

. 3
4 X sin x T
cosz<<x>,x€<0,2)

appeared in the references [3-5]. Mortici [6] and Chouikha [7] independently obtained,
respectively, the following double inequalities:

S cosxt 2, ve (0.7)
X 15’ "2

cosx + xi — E <
15 1890

and

cosx+x3 1—x—2 sinx< sin ¥ 3<cosx+@ xE(O E)
63) 15 X 15 7 "2/

We observe that it is not difficult to show the validity of (1) in an interval (0, 77). In this
direction, Zhu [8] achieved the inequalities

. 3
sin x 8 8 T
cosx < ( < ) <7T3+(1—7T3>cosx, xE(O,E),
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and

1-— — 1-— — —
< nsx )COSX+ 7_C5x < ( . ) < 15x Ccos X + 15x x e (0, 2),

1 1 inx)? 32 32
<1_2712x2) OSX+ ¥ < (512x> < (1—715352) cosx+ a2, € (,m).

On the other hand, W.-D. Jiang [9] very recently maintained the uniformity and sharpness
of the bounds for (Sm" ) ® in a wider range (0, 7r) and established a better double inequality

cosx—l—zlx sin x sin x 3<cosx—|—n2 x3smx x € (0,7) 2
5 63 + x2 x 15 712 — x2’ !
along with
x3 sin x sinx\?® x3 sin x
cos X + < ( > <cosx+ —— g5, X € (0,7t/2). 3
15 21 x2 X 15 + 7'(16 9260

We also refer the reader to [10-24] and the references therein for more information on
this topic.

In this work, by using the monotonicity of certain functions, we establish new gen-
eralized Mitrinovi¢c-Adamovié-type inequalities in a wider range (0, 7r). We obtain sharp

smx)3

bounds for ( in a wider range (0, 7r) and refine double inequalities (2)—(3).

2. Lemmas for Bernoulli Numbers
Recall that the Bernoulli numbers B, can be generated by

z o g z 2 72k
1 H;)B”H =173 +k_2132’< oo 1# <2

and all of the Bernoulli numbers By, for k € N equal 0. For more details, we refer the
interested readers to the research monograph [25].
To prove our main results, we need the following important lemmas.

Lemma 1 (see [8,9,25]). Let By, (k € N) be the even indexed Bernoulli numbers. Then, for
|x| < 71, the following identities hold:

X g v 2@ DBy
20! ‘

1 ¢ 22k|sz\ ey

(@)
o}
3
=
|
R\
nm

L1 g M oo
Sln X 2 k=1 ’
cosx 1 & 2(2% )(22k U —1)[By| ar 2

=3 Z X

(2K)! /
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cosx 1 & 2%k —1)(k - D)[Baxl 2x-3
sinfx %3 (2k)! ’
11 1& (2% -2)(2k—1)(2k—2)[Byl o5, 1
= — + — X + -
sinx ¥ 2 kgz (2k)! 2x
41 i (2% —2)[Boi| _op—1
2~ (2k)!
cos x 1 1 & (2% —2)(2k—1) k2
= — - B
sin® x 3x3  6x k; 6- (2Kk)! |Bax|x
_ i (22k — 2) (Zk — 1)(2k — 2)(2k — 3) ‘B |x2k—4
6- (Zk)' 2k ’
k=2 :
and
1 1 & 272k —1)(2k —2)(2k — 3) ka2
_— B - -
sinfx b +k; 6 (2k)! [Bax™ "+ 25
2, 221 (2k — 1)
+ 2 g, w22
k; 3. (2k)! [Bax|
Lemma 2 (see [26]). For k € N, we have
2(2k
Bl > o) @

where By, are the even indexed Bernoulli numbers.
The following well-known Qi’s inequality for Bernoulli numbers is crucial in this paper.
Lemma 3 (see [27]). For k € N, the even indexed Bernoulli numbers satisfy

|Borga| _ 221 —1(2k+1)(2k +2)
‘BZk’ 22k+1 _ 1 T2

: ©)

We now establish some new auxiliary results for even indexed Bernoulli numbers.

Lemmad4. Fork =4,5,6,- -, we have

2k
|Box| > 3

Proof. It is obvious that
3(2k)! > % -k, for k = 4,5,6,- - - .

From this, we write

22k 2%
2k (22k 1) 7 3(2% —1)

, fork=4,5,6,---.

Combining this with the inequality (4), we obtain the inequality (6). O
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Lemma 5. Fork =4,5,6,--- ,it is true that

[Baicsa| _ 2(2k —1)(2K +1)(2k +2)
|sz| 3(22k+2 _ 1) :

Proof. Since,
22k+2 1> 22k+1 -1

and
3221 1) > 272 (2k — 1),

fork =4,5,6,--- , we obtain
3(221 —1)(2%+2 —1) > 272 (2k — 1) (221 — 1),

fork =4,5,6,- - - . Equivalently, we write

(221 —1)(2k +1)(2k +2) . 2(2k —1)(2k +1)(2k +2)

,k=4,5,6,---.
7-[2(22k+1 _ 1) 3(22k+2 _ 1)

Combining this with (5), we obtain the desired inequality (7). O

Lemma6. Let k = 3,4,5,--- . Then, it holds that

|Boy2| (2k +1)(2k +2)P(k)
> ,
By~ 3[16k(2272 — 2)(2k +1) — 14k(2k + 1) - 2212 — 15 - 22K+2]

where P(k) = [16(2k —1)(221 — 1) 4 48(22K1 — 1) — 24(2% —2) — 7. 22k (2k — 1)]
Proof. In view of Lemma 3, it suffices to prove

(2%-1_1) _ 16(2k —1)(2% 1 — 1) +48(2%1 — 1) —24(2% —2) — 7. 2% (2k — 1)
m2(22+1 — 1) 3[16k(2k + 1)(2%+2 — 2) — 14k(2k + 1) - 22k+2 — 15 . 22k+2]

fork =3,4,5,--- . Equivalently,
r2(221 1) [16(2k — 1) (2% —1) +48(2% 1 — 1) - 24(2% —2) -7 2% (2k - 1)
<3(2%1_1) {16k(2k +1)(2%F2 —2) — 14k(2k +1) - 2% 2 —15. 22k+2].
A direct computation gives

(4% - 2% — 272) (2k - 2% — 2%k _ 32k 4 16)
< (3-2% —6)(16Kk? - 2%k — 64k* + 8k - 22F — 60 - 22k — 32k),

which can be put as

[(48k2 + 24k + 47%) - 22F 4 (327%k + 360)] 22K 4 (384K2 4192k + 3271%)

> [(87% +180) - 2% - 288K + (667 + 144k)| 2% + 647k,

Since
384k + 192k + 32712 > 6470%k,
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fork =3,4,5,- -, we only need to prove that
Q(k) >0, fork=3,4,5,---,
where
Q(k) = (48K + 24k + 47 — 87%k — 180) - 2% + (327K + 360 — 288k* — 667° — 144k).
Now, k > 3 implies

Q(k) > (48Kk? 4 24k + 47> — 87r%k — 180) - 64 + (3271%k + 360 — 288k> — 66712 — 144k)
= 2784k + 1392k + 19077> — 48072k — 11160
> 2784 - 3k 4 1392k + 190712 — 4807r%k — 11160
= (9744 — 4807%)k + (1907t> — 11160)
> (9744 — 4807%) - 3 4 (1907r> — 11160) = (29232 + 1907t%) — 12600 > 0.

O

3. Some New Generalized Mitrinoviéc-Adamovié-Type Inequalities

We are now in a position to state and prove our main results.

Theorem 1. The function

(325)° —cosx

fx) = (1 — cosx)?

is strictly decreasing on (0, 7r).

Proof. The differentiation of f(x) gives

(1—cos x)4f/(x)
3

3si 2 s 3.
= (1—cosx) {(1 —cosx)< s x(xco;x sin x) +sinx> —2sinx(sm o x3x COSX)],
x

and then deduces

(1 = cosx)3f'(x)
= (1 — cos x) (3x sin
= 3xsin? x cos x — 3sin® x + x* sin x — 3xsin® x + xsin* x + 3sin® x cos x + x* sin x cos x

=sin®x - ¢(x),

2 x cos x — 3sin® x 4+ x* sin x) — 2sin x(x sin® x — x* cos x)

where

4 COS X
2

— — +xsinx +3cosx + x" —
sin” x sin x sin

¢(x) = 3xcotx — 34 x* .
X
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Using power series expansions in Lemma 1, and known series expansions of sin x and
cos x, we have

& i 2%(2k—1) 2 6(221 —1)
T
~1

2k+2

k=1

| Byye|x%

k=1 k=1

[e9)

0o k 00 2k—1
242 )" 227 —1)(2k—1) 2%k+2
* L ke 2k+1 Z 2k)' 21 26! [Bailx
1)

k= k=1
) 22k+2 00 22k 2k —

Z | Bok+2 ESant Y | By | x%+2
& Gk 2)! & Zk)'

2, 622! — 2%k+2
— _ B X +

® (221 _1)(2k —1
( (Zk;!( >|BZk|x2k+z

(1) (242 i 3(_1)k+1x2k+2
2k+1) : 2k +2)!

k=1

i 2k+2
= ( 2k + 2)! ’

where

ap = 2%(2k + 1) (2k + 2) (2k — 1) |Bog| — 2(2k 4+ 1) (2k +2) (221 —1)(2k — 1)| B/
—3-2%2By | — 6(2%F! — 1) Byya| + (—1)F(2k +2) 4+ 3(—1)*

= 2(2k — 1) (2k + 1) (2k + 2)| Bok| — 6(2%2 — 1) [ Byya| + (2k +2) (—1)* +3(—1)**.
We calculate iy = ap = 0and az = —13@.

Next, we claim that g, < 0 fork =4,5,6,7,8, - --
k=4,6,8,--- ,thatis,

. First, we need to prove a; < 0 for

(2k +2) +2(2k — 1)(2k + 1) (2k +2) |Boi| < 3+ 6(2%F2 —1)| By 2| (8)
fork =4,6,8,--- ,and thena, < 0fork=5,7,9, -, thatis,
(1—2K) +2(2k — 1) 2k + 1)(2k +2)|By| < 6(2%2 —1)|Byy.5| ©)
fork =5,7,9,--- . Now, by Lemma 4 and Lemma 5, we, respectively, have
(2k +2) < 3(2%*2 —1)|Byesa|, k=3,4,5,--- (10)
and
2(2k — 1)(2k + 1) (2k + 2)|Bai| < 3(2%F2 —1)|Bysn|, k=4,5,6,--- . (11)
Combining (10) with (11), we obtain
(2k 4 2) +2(2k — 1) (2k + 1) (2k + 2)|By| < 6(2%F2 —1)|Boyya|, k =4,5,6,--,

which implies (8). Also, the inequality (11) implies (9). Thus, ay < 0fork =1,2,3,4,5,- - -
Therefore, we conclude that ¢(x) < 0, x € (0,7) and consequently f'(x) <0, x € (0, ).
This shows that f(x) is strictly decreasing on (0, 77). The proof is completed. [

The following new generalized Mitrinovié-Adamovié-type inequality can be estab-
lished by applying Theorem 1.

Theorem 2. The following double inequalities are valid:
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(i)  The double inequality

sin x

8 2 3 4 2 7T
cosx+?(1—cosx) < ( ) <cosx+ﬁ(1—cosx) , X € (O'E) (12)

holds with the best possible constants % and %.
(i) The double inequality

sin x

3
cosx—l—%(l—cosx)2 < ( ) < cosx + 14—5(1—cosx)2, x € (0, ) (13)

holds with the best possible constants § and %.

Proof. Applying Theorem 1, we have

fO7) > f(x) > f(m/27),

and
FOM) > f(x) > f(r).
From the limits
lim f(x) = %, lim f(x) = i/ lim f(x) _ i,

x—0+t x—7m/2- 3 X—7T"

we can show the desired inequalities (12) and (13). O

Remark 1. The left inequality of (13) can be written as

1+ cosx 2 sin x 3
<2> << . ), x € (0, 7).

This inequality was first proved by Neuman and Sdndor [4] and reappeared in [15]. However, it was

shown to be true on (0, 5 ) only.

Remark 2. It can be observed that the right inequality of (13) is in fact true for x > 0. This fact
can be verified graphically at https://www.desmos.com/calculator (accessed on 1 March 2025). Let
us write

21 x®sinx m? x3

x7sin x
L(X) = Ccosx + gm, U(X) =cosx + Em

and

1 4
Li(x) = cosx + 1(1 —cosx)?, Uj(x) = cosx + E(l — cos x)?

for x € (0, v). Then, we compare graphically the bounds in (13) with those in (2).
3

The numerical calculations and graphs in Figure 1 show that the lower bound Ly (x) of (%)
in (13) is sharper than the corresponding lower bound L(x) in (2) for x > A ~ 1.5301, whereas the
upper bound Uy (x) of (%)3 in (13) is uniformly sharper than the corresponding upper bound
U(x) in (2).

Siﬂ)?

In what follows, we further refine the bounds of (%2


https://www.desmos.com/calculator
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Theorem 3. The function

is strictly increasing on (0, 7).

Lower bounds Upper bounds

1.0
1.0

— (sin(x)/x)
L(x)

0.8
0.8

0.2
I
0.2

— (sin(x)/x)°
== Ux)
o | u_1(x)

(a) Graphs of the lower bounds (b) Graphs of the upper bounds
. 3
Figure 1. Graphs of the lower and upper bounds of <%> in (2) and (13) for x € (0, 7).

Proof. Differentiating g(x) with respect to x yields

8 12
0/ (x) = x {3 sin® x cos x + x> sin x — 3x% cos x — —x>(1 — cos x) sinx — —=x*(1 — cos x)?

15 15
. 3 3 4 3 2
—9|sin” x — x° cos x — 5~ (1 —cosx)
7 7 8 12
= 3xsin® x cos x + ﬁx‘l sinx — EXB cos x + ﬁx4 sin x cos x — ﬁxz
12 12 24 12
— Zx%cos?x —9sin® x + 9x% cos x + —x° — a8 cosx + —x3 cos? x
15 5 5 5
= 3xsin® x cos x + 1x4 sinx + E9(3 cos x + §x4 sin x cos x + Ex3
o 15 5 15 5
8
— gx3 sin? x — 9sin’ x.

This can be written as

10
G = P(x), where

s 1 14 gcosx 8 ,cosx 16 5 1
3

3 1

7
=3 t —
P(x) xcotx + —x pr

157 sin?x 5 sin®x 15 sin?x 5 sin

x 5

Utilizing Lemma 1, we obtain
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_aq_ 32 2k °°722k ) 2ky2 , 14
> 1422k 2k k— > 8 2(2k—1)(2%1-1
_ 2 (Zk))‘( ) |BZk|x2k + Z 75 ()z(k)' ) |B2k|x2k+2
16 | &8 (2% —2)(2k—1)(2k — 2) % 8 2 8 (2% —2) 2%k+42
+5 +k:225 201 |Byye| 2% + 5x + E T | By | x
8, l16(2%1-1) 2%k+2
5% k;? T Pl ?
I 2k _ _ 2k _ _ .22k
ey 8 (2% — 2)(2k '1)(2k 2)  142%(2k 1)'(k 1) 3 2| By
=15 (2Kk)! 5 (2Kk)! (2k)!
" i 72%2k—1) 8(2%-2) 16(2%'-1) 16(2k-1)(2* ' -1) | By 212
=115 (2K)! 5 (2k)! 5 (2k)! 15 (2k)! k
> [8(2%k —2)(2k —1)(2k —2) — 14 -2%(2k — 1)(k — 1) — 15 - 2%
=22+ Box|2**
N i 7-2%K(2k — 1) +24(2% —2) — 48(2%1 —1) — 16(2k — 1)(2%~1 - 1) By 242
= 15 (2k)! *
& [ 16k(2k +1) (2242 —2) — 14k(2k 4 1) - 22k+2 _ 15. p2k+2
— xZ 4 B x2k+2
N i 7222k — 1) 4-24(2% —2) —48(2%1 1) —16(2k — 1)(2%~1 —1) (B |22
P 15 (2k)! ¢
1
_ b x2k+2
,;)5- 2Kk
where
(16k(22k+2 —2)(2k +1) — 14k(2k + 1) - 2242 —15.22k+2
b = (2k 4 1)(2k +2) [Bak2]
(16(2k 1) (221 — 1) 4+ 48(22-1 — 1) —24(2% —2) — 7. 22k (2k — 1))

— Bog|.
; Ba

By Lemma 6, by > 0. This proves that ¢(x) and hence ¢’(x) is positive, implying that g(x)
is strictly increasing on (0, 7r). The proof is completed. [J

Theorem 4. The following double inequalities are valid:

(i)  The double inequality

4 1 sin x 3
1— 2_ 1 6
cos x + 15( Cos X) 95" < < )

4 . 25%6(1 2\ ¢ B
<cosx+ﬁ(l—cosx) —(—)x, XG(IE) (14)

holds with the best possible constants — 945 and — 28 (% - %)
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(ii) The double inequality

4 1 sinx )’
21 2L 6
cosx+15( cos x) 915" << . )

4 1
< cosx + E(l — cosx)? — Wﬁ, x € (0,7r) (15)

holds with the best possible constants —ﬁ and —ﬁ.

Proof. Applying Theorem 3, we obtain

g(0") < gl(x) < g(m/27),
and
g(07) < g(x) < g(m™).
The double inequalities (14) and (15) follow due to the limits

' 1 , 64 (4 8 . 1
limg(x) = —g=, lim g(x)__716(15_7-[3)’ and  lim ¢(*) = — 355

x—7/2”

O

Remark 3. If we suppose
4 1
Ly(x) = cosx + E(l —cosx)? — %x6

and

4 1
_ 2 21 6
Uy (x) = cosx + 15( COS X) 560

then it is obvious that Up(x) < Uy (x) for all x € (0, 7). Based on Figure 2 and some numerical
calculations, it is found that L1 (x) < Ly(x) for x € (0, A*) where A* ~ 1.5969.

Comparison of lower bounds

1.0

7T T — (sin()/)°
- LG
w | N L_1(x)
S L 2(x)

T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0

. 3
Figure 2. Graphs of the lower bounds of <¥> in (2), (13) and (15) for x € (0, 7r).

The curves E1(x) = Ly(x) — L(x), and Ep(x) = U(x) — Uy(x) depicted in the following
Figure 3 show that the double inequality (2) is completely refined to (15).
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E_1(x) E_2(x)

©

8 ] o |

o o

8

g

v

: 2

s

3 o |

3 2

8

© n

= | 3

3

8 | o |

° T T T T T T T ° T T T T T T T
00 05 10 15 20 25 30 00 05 10 15 20 25 30
(@) Graph of the function E; (x) (b) Graph of the function E,(x)

Figure 3. Graphs of the functions E; (x) and E(x) for x € (0, 7).

Lemma 7. Let

T(k) = (221 —1) - [16K3 (222 — 1) — (2176k + 1980) - 2% + 544k + 720]
— (2% 1) (2k — 1) 7% - (2% + 90k — 136).

Then, T(k) > 0 fork =7,8,9,--- .
Proof. We rewrite T(k) as

T(k) = (22! —4) - [4k3 (222 — 1) — (544k + 495) - 2% + 136 + 180]
— (22 1) (2k — 1) 7% - (2% + 90k — 136).

Clearly,
2%k 4 2%~ 2%k 4 (90k —132), for k =7,8,9,- - - .
Therefore
(2241 4y > (2% 1 90k —136), k=7,8,9,- - - . (16)
Similarly,
16k> +271% > (544 + 472)k 4 495, for k = 7,8,9, - - -
implies

(16k% + 27t%) - 2%F + (136 + 2712k + (180 — 72) > [(544 + 4712 )k + 495] - 2%,
Then, we have
4K3 (2242 1) — (544k + 495) - 22F 4136k + 180 > (2% —1)(2k —1)7*  (17)

fork=7,8,9,--- .From (16) and (17), we obtain T(k) > 0 fork =7,8,9,---. O

It is still possible to refine the inequalities of Theorem 3. We present the following
more refined results.
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Theorem 5. The function

Si%)?) —cosx — 75 (1 — cos x)z}

h(x) = {(

x2(1 — cos x)?
is strictly increasing on (0, 7).

Proof. By the differentiation of &(x), we have

+ —sinx + — sinx cos x

.2 .3
_ 4 10\ B 3sin“xcosx 3sin®x 7 8
[x(1—cosx)]”-h'(x) = x(1 — cos x)( 3 o i B

inx 7 4 4
—(2—2cosx+2xsinx)<su;3x cosx——coszx>

15 15 15
3sin? x cos x sin® x . . sin?x sin*x
= 5 -5 3 + xsinx 4+ xsinxcosx — 3 5 5
x x x x
+5M — icosx+ 3 + Es1n x4+ i51r12xcosx
x3 15 15 15 15
=sin*x - A(x),
where
/\(x)_icosx_i 1 4 1 xcosx_i 1 l
x2sin2x  x3sinx sin® x sinx xZsinZx x2
2 cosx 2 1 6 1 8 cosx

5
+ = cot X — — — — .
x3 15gin*x  15sin*x  15sinx  15sin2 x

We plan to use the series expansions given in Lemma 1 to obtain

3 & 3(2%-2)(2k—1 .5 & 22k .
R ; (212)(! )|B2k|x2k 4—*4 2 \sz\xz" 5
+i(22k )(2k—1)(2k—2)|B |2k2+1+2&|3 |x2k_|_l

i 2 (2k)! 2 2 2. (2k)! 1P

o 222k —1)(k—1) %2 3 3- 22" 2k — 1) s 1 5
7"222 (2K)! Baclx 772727\32 L e R

0 5~22k . 1 (22k_ )( _1) e
_kzzlwlBZkbC +@+457x+ ;1 5. (Zk)! |B2k|x

o 2k __ B B
L3 @D 2k =3) e

=2 45+ (2k)! T 5

= 222k —1)(2k—2)(k—3) o | oy 4 2%(2k - 1) 2k-2
+k:Z:1 45 - (Zk)! ‘B ‘ + 45x2 + Z 45 (2k |BZk|x

6 6 2%(2k—1)  \ yo, 8 & <sz 2)(2k=1) | 2o

+@+k;ﬁw|32k|x +15x2 —kg; 5 20 | B

After simplifying, A(x) can be written as
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11 181 2 2 22k 2) ok
= - B
M) =5ty T e T T T Z 2l Pkl

[4- 22k 4 2% —2](2k — 1) %2 2% —2 222k —1)(k—1) , | 55
B
+k; 45 (2K)! [Bailx +Z (2k)! (Baxl
o [@203) o] ook o -
SN et G L P V. [ T
= (2k)! = (2k)!
S (2% —2)(2k —1)(2k —2)(2k —3) %4 | o 2% 2% 2(2k—1) 2%k-2
B 3.2% _4(2% _2 B
P 15 (26! B+ L (@™ =235 gy 1Bl
Then, we have
1 1 181 2 2 2 (2262 —2) 2%-2
_(1, 1 Y Y,
A(x) <2+45x t e T Es T 15x4) +k§2 2k —2)! | Bok—a|x
2 (5-2% —2)(2k—1) 22 v 22k—1)(k—1) 2k-2
B e G L O
+k§ 5o Bl kgz G Pl
) i {%_3} .22k+2(2k+1)|B |x2k—2_ i (6k+8)(22k+2—2)‘B |x2k_2
L 2k 1 2)! 242 & (2k+2) A
>, (2242 — 2)(2k + 1) (2k) (2k — 1) 2%—2 (2% —8) - 2(2k 1) 2k—2
B ,
T 45 (2k +2)! 1Bzl Z RS

which is equivalent to

1 1 181 2 2 1 o (-2 ) s
)\(X) (2 + 45x + 453(2 + 453(3 + 15x4> + ( xz 3x2) ; (2’{ 2 | 2k 2|x

90k
B (6k + 8) (22k+2 _ 2) ‘ ‘ N (22k+2 2) |B | (227{ _ 8) |B |
(2k +2)(2k + 1)(2k) (2k — 1) 2421 " 4502k + 2) T HH2 15k

(822 23— 1)]
% —1 2k—2
2k(2k=1) _ 3] . 92k+2 o

4 i [ 45 3} 2 (Zk + l) |B |x2k72 _ Z (6k + 8) (22k+2 — 2) ‘sz 2’kafz

= (2k +2)! 2k+2 = (2k +2)! +

> (2242 _2)(2k +1)(2k)(2k — 1) ) 2(2%F —8)(2k — 1) ok—2

— B ,
+k:1 45 (2k +2)! | Bok-2|x k; 15- (2k)! | Bok|x
that is,
_ (3,1 31 2 2  Ck 2k
Alx) = (2 Tt T T 15x4) +k; Qk—2)1"

Here,

_dkea [5-22k —2 —90(k —1)] [2k(2k — 1) — 135] - 2%+2
o= (2 2)[Byk—2| + | Bak| + 45(2K + 2)(26) (2K — 1) | Bak+2]
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We write ¢ conveniently as

522k _ 90k + 88) (4k? — 2k — 135) - 2%
|Bo 2|

90k 45k (k + 1) (2k — 1)

(2242 _2)(8k® — 272k — 360) (2% —8)

45(2k+2)(2k+1)(2k)(2k—1)|sz+2‘ ~ sk [P

[16K3 (2242 — 1) — (2176k + 1980) - 2% 4 544k + 720] Byl

45(2k + 2)(2k + 1) (2k) (2k — 1) 2k+2

o = (2272 = 2)|By_o| + ( | Box| +

+

= (2%72 - 2)|Byo| +

(2% 4- 90k — 136)

From this, we obtain ¢; = — g—i. So,

_ 2 1 31 2 2 ad Cy 2k—2
Ax) = (27 tTExt e T T 15x4> +k; 2k —2)1"

where the function in the parentheses is strictly decreasing on (0, 77). Hence,

2 1 31 2 2 ) Ck 2k—2
Alx) > ( A T R o 15n4> +k; Qk—2)1"
[ (4312421 +6) 2 } 37703 449 1 79073 p

4574 “ 27| Tasx @)t 1890 x @) T 135135 % (61)

56513281 3 13078211909763 10 i Ck 2k—2

8918910 x (81) " | 186943326570 x (10)) "« ' A= (2k—2)1"

The values of ¢;’s in the above expression for k = 2,3,---,6 are calculated using the
Bernoulli numbers ([25], Chapter 23). For proving A(x) > 0 on (0, 77), it suffices to prove
¢ >0fork=7,8,9,---.Now, we rewrite ¢ as follows:

o = (2272 = 2)[By_o| + | Bax|x

[16K3 (222 — 1) — (2176k + 1980) - 2% 4 544k + 720] |Byeyn| (2% + 90k — 136)
45(2k +2)(2k + 1) (2k) (2k — 1) | By | 90k '

Since
16k3 (222 — 1) — (2176k + 1980) - 2% + 544k +720 > 0 for k =7,8,9,---,
by using Qi’s inequality (5) and applying Lemma 7. we have

ck > (2272 = 2)[Ba_o| + |Bay| X
{ [16k3(22F+2 — 1) — (2176k + 1980) - 22k + 544k + 720] (221 — 1) (22F + 90k — 136) }

45(2k) (2k — 1) (22+1 — 1) 72 90k

| Bax| - T (k)

0.
90k(2k — 1) 2%+ — )2 ~

= (2%72 - 2)[By_o| +

Thus, A(x) > 0, implying that /’/(x) > 0, x € (0, ). Therefore, h(x) is strictly increasing
on (0, 7r). The proof is completed. [I

Theorem 6. The following double inequalities are valid:
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(i)  The double inequality
4 , 2 sinx?
cosx—i—{15 945x}(l cosx)” < ( p
4 4 /4 8\ » 5 Uy
— - = - = 1- = 1
<cosx+[15 n2<15 n3>x}( cosx)%, xe(O,z) (18)
holds with the best possible constants —% and —% (% - %)
(i) The double inequality
4 2 2 sin x 3
cosx+(15945x)(1cosx) < ( p )
L 2
< cosx + (15 02" )(1 cosx)”, x € (0,7r) (19)

1

holds with the best possible constants —% and — 5.

Proof. Applying Theorem 5, we obtain
h(0T) < h(x) < h(m/27),

and
h(0M) < h(x) < k(™).

Then, using the limits

4 4 8
lim h(x) = ——=, L hix)=—=|—=——= d lim h(x)=-—=
Jim h(x) = g5, dim B =—73 <15 n3>’ and lim h(x) = — 57
we can prove our conclusion.

Remark 4. It is worth noting that the double inequality (21) is a refinement of (15). Because

4 R 2 2 X
15(1 COS X) 915" <<15 945x>(1 cosx)” <= 1 5 < cosx

and
4 1 1 1 2x?
(15 — 607_[2x2> (1—cosx)? < E(l —cosx)? — Wxé — cosx<1-— %
where the right-side inequalities are true due to the double inequality 1 — %2 <cosx <1-— %2 as

proved in [28].

Remark 5. In our new generalized Mitrinovic—Adamovic-type inequalities, we have compared
our bounds of (%)3 in a larger interval (0, 7v) with the old ones, i.e., with the corresponding
bounds of (2). A similar numerical and/or graphical comparison can be made to show that the double
inequalities (14) and (20) are superior to (3). In conclusion, we obtained stronger and superior
bounds for the function (%)3 than those in (2)—(3). Moreover, all the main results of the paper

hold in (—r1t,0) because of the the symmetry of curves involved. Thus, our bounds provide the
better alternatives.
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sin x
X
extensively used in mathematics, physics and engineering. For instance, the double inequality (13)

Remark 6. Our results can be used to bound the so-called sinc function, i.e., , which is

can be written as

1/3

1 5 13 i 4 2
cos x + 4:(1—cosx)} <= < {Cosx+ E(l—cosx) , x € (0,m).

Remark 7. An interesting application of our new generalized Mitrinovié—Adamovié-type inequali-

ties is to find the value %” of the integral f0°° (Si;‘x )3dx. It is known that there are some complex

e e inx\3
standard methods; however, it is difficult to evaluate fop (3X) dx, for any p > 0. In such a case,
we need to rely on an approximate value of the integral. Here, we can better approximate the

. inx\3 . . . .
integral fop (BX) dx, 0 < p < 7t by using one of our main results. In particular, we approximate

fon (Sinx )3dx by selecting the inequality (21) as the best candidate whose bounds are tractable.

X
Thus, integrating (21) from 0 to 7T, we have

T /[ si 3
Il</ <Slnx> dx < I,
0 X

I —/ncosdx+/n i—ix2 (1 — cos x)?dx
Yo o \15 945 ’

T T 4 1
I :/0 c:osdx—i—/0 <15 - 607_[2362)(1 — cos x)?dx.

After expanding (1 — cos x)?, using simple formulae of integration and integrating by parts, we

where

and

obtain

L (361 —27%) 7t nd _ 417
YT 27120 2407

Then,

. 3 2
T (sin x L+ 1[(361—-2n%)m 477 17
dyme 2 2O ST T 1712
/0 ( X ) TR 2 945 | 120  240n

which is very close to the exact value ~ 1.1896.

4. Conclusions

In this paper, we established various new generalized Mitrinovi¢c-Adamovi¢-type
inequalities as follows:

e  (See Theorem 2):
(i) The double inequality

8 o (sinx\? 4 5 n
cosx—l—ﬁ(l—cosx) << : ) <cosx—|—ﬁ(1—cosx) , X € (O'E)

holds with the best possible constants % and 14—5.
(ii) The double inequality

1 inx\’ 4
cosx+1(1—cosx)2< (su;x) < cosx + E(l—cosx)z, x € (0, )

holds with the best possible constants § and 14—5.
e  (See Theorem 4):
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(i) The double inequality
x+i(1—cosx)2—ix6< sinx\’
T 945 x
4 256 (1 2 T
~(1— e R P Jras
<cosx+15( cos x) o <15 n3>x xe(O 2)
. . 2
holds with the best possible constants — 9}1—5 and — 27%6 (% - ?>
(ii) The double inequality
x+i(1— x)z—ix6< sinx ’
ST T "5 x
< cosx + i(1 —cosx)% — Lx6 x € (0,m)
15 156" 7 ’
holds with the best possible constants — 9}1—5 and — 15%
e  (See Theorem 6):
(i) The double inequality
x4 i—ix2 (1—cosx)? < sinxr)”
ST |15 945 x
4 4 (4 8\ » 2 s
< cosx + [15 - 712<15 - 7T3>x }(1—cosx) , X€E ( ’5) (20)

holds with the best possible constants — 9% and — % (% — %) .

(ii) The double inequality

4 1
< cosx + ( — 7_[2x2) (1—cosx)?, x€ (0,7) (21)

. . 4 1
holds with the best possible constants — gz and — .
In these new generalized Mitrinovié-Adamovi¢-type inequalities, we have compared
our bounds of (¥

results will assist us in obtaining novel expression results related to other generalized

)3 in a larger interval (0, 7r) with the old ones. We believe that our

Mitrinovié-Adamovié-type inequalities in future studies.
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