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Abstract: Fluid flow along an inclined channel phenomenon is crucial in several geophysi-
cal, environmental, engineering, biological, and industrial processes, and in aerodynamics
and hemodynamics. This present study examines the effect of a constant magnetic field
on the entropy production rate in a steady flow of Casson fluid along an inclined heated
channel. The governing equations for the flow of velocity, temperature, and entropy gener-
ation are formulated based on the Casson constitutive relations and thermodynamics’ first
and second laws. The exact solutions are constructed for the dimensionless equations and
validated with previous results in the literature. The effects of various fluid parameters on
the flow, heat transfer, and entropy production rate are conducted and reported graphically
with adequate discussion. The impact of the Hartmann number parameter reveals a de-
crease in both flow velocity and entropy generation rate, meanwhile it also enhances the
fluid temperature distribution across the inclined channel. An opposite trend is, however,
observed with the Casson fluid parameter.

Keywords: hydromagnetic; inclined channel; entropy generation; Casson fluid
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1. Introduction

Recently, remarkable progress has been made in studies on heat exchange and work
potentials based on thermodynamics’ first and second laws. These laws characterize the
friction loss and heat exchange rate in a system [1,2]. Bejan [3] pioneered the entropy mini-
mization in thermal designs. Over the years, this idea has been explored in investigations
associated with irreversible energy losses in different fluid streams; for instance, Qayyum
et al. [4] explored this approach in analyzing the dissipative Williamson fluid flow between
two rotating disks with thermal radiation. The volumetric entropy and irreversibility ratio
were accounted for in their analysis. Moreover, Khan et al. [5] investigated the minimization
of entropy production of a viscous fluid flow and heat transportation through a thin needle.
More recently, Yusuf et al. [6] examined the slip effect on the flow of a micropolar fluid,
featuring the analysis of the second law of thermodynamics. Furthermore, other surveys
are presented in references [7-9]. Obalalu et al. [10] examined aluminum alloy—titanium
alloy/ethylene glycol hybrid nanofluid in the flow of non-Newtonian Oldroyd-B through a
parabolic trough surface collector located in a solar water pump. Sanni et al. [11] studied
entropy generation optimization in a couple stress fluid flows with variable viscosity and
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aligned magnetic fields. Chen et al. [12] studied minimum entropy generation paths for
generalized radiative heat transfer processes with heat leakage.

Real fluids exhibit non-Newtonian behavior due to their complex rheological proper-
ties. One of the subclasses of these liquids is Casson fluid, which behaves like a solid when
shear stress lower than the yield stress is applied to the fluid, whereas it flows when shear
stress greater than the yield stress is used. Examples include honey, tomato paste, and many
more. Owing to the vast applications of this liquid, the magneto-hydrodynamics stream of
Casson fluid has proved to be essential in machinery-related fields. The stream of Casson
fluid through various geometries has been accounted for recently. Chui-On [13] investigates
the influence of electro-osmotic Casson fluid flow in a slit microchannel. Mohyud-Din and
Khan examined the squeezed flow of Casson fluid between parallel disks with nonlinear
thermal radiation [14]. Ramesh and Devakar examined the exact solutions for the flow of
Casson fluid over a slippery surface [15]. Recently, Atlas et al. [16] numerically investigated
the irreversibility analysis on the transient flow of Casson fluid between equally distant
plates with nonlinear heat and mass flux. In their study, Priam and Nasrin [17] numerically
appraised the time-dependent peristaltic duct of Casson fluid by applying the finite ele-
ment method of Galerkin’s residual technique in obtaining a numerical solution. Nadeem
et al. [18] analyzed a mathematical model of non-Newtonian Casson nanofluid, and Abbas
et al. [19] investigated the application of heat and mass transfer to the convective flow of
Casson fluids in a microchannel with the Caputo—Fabrizio derivative approach.

Numerous investigators have looked at studies on flow with a slantwise geometry.
The analysis of fluid flow induced by physical forces such as gravity-driven flow with
nonzero inclinations is being accounted for, particularly in the study of heat transfer, e.g.,
solar collective technology. Komurgoz et al. [20] employed a semi-analytical approach in
investigating the entropy generation on a steady flow with non-isothermal walls. Hayat
etal. [21] scrutinized the joint behavior of an inclined magnetic field and viscous dissipation
on a peristaltic flow of Williamson fluid through an inclined symmetric channel. Dar and
Elangovan examined the peristaltic flow of a micropolar fluid down an aligned channel
with an aligned magnetic field [22]. Abbas et al. [23] studied the magnetohydrodynamic
(MHD) flow and heat transfer of two immiscible fluids in an inclined channel. Lerisson
et al. [24], Turkyilmazoglu [25], and Adesanya et al. [26] are among investigators who have
recently examined the film flow and heat transfer down a slantwise substrate. Vaddemani
et al. [27] addressed the effects of Soret on an unsteady free convection flow of viscous
incompressible fluid through a porous medium with high porosity bounded by a vertical
infinite moving plate under the influence of chemical reaction, heat source, and thermal
diffusion. Hafez et al. [28] discussed the impact of heat and mass transfer on the MHD
peristaltic flow of Casson fluid in a rotating inclined plane, and Mopuri et al. [29] also
recently contributed by examining the characteristics of MHD Jeffery fluid on an inclined
vertical plate.

Furthermore, Adesanya et al. [30] studied the steady flow of non-Newtonian fluids
through an isothermal impervious wall, neglecting magnetic field interaction. Abbas
et al. [31] studied the analysis of entropy generation on peristaltic phenomena of MHD
in a diverging tube. Naz et al. [32] investigated the entropy generation optimization in
MHD pseudoplastic fluid using a cylindrical (tube) channel and the Williamson fluid
model. Jha and Yusuf [33] studied steady incompressible fluid flow through leaky walls
without the effect of a magnetic field. Khalid et al. [34] studied an unsteady MHD free
convection flow of Casson fluid over an oscillating vertical plate embedded in a porous
medium. Awais et al. [35] studied heat and mass transfer phenomena for the dynamics
of Casson fluid through a porous medium over a shrinking wall subject to Lorentz force
and a heat source/sink. MHD free convective non-Newtonian Casson fluid flows over
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an oscillating vertical plate were investigated by Prameela and his team [36]. Vishalakshi
et al. [37] investigated the MHD Casson fluid flow with a porous medium. Just recently,
Adel et al. [38] used the Adomian decomposition method (ADM) solution approach to
investigate the behavior of a slippery nanofluid flowing over a permeable stretched sheet
under the influence of MHD forces.

Despite the huge number of studies [1-38] around entropy generation, inclined chan-
nel, and Casson fluid, nothing much has been performed regarding monitoring the entropy
generation around hydromagnetic Casson fluid flow down a heated inclined channel
despite its huge applications in a good number of medical, industrial, and engineering
applications. As a result, the main objective of this study is to extend the work by Jha and
Yusuf [33] to its non-Newtonian case with a good number of applications in metallurgical
and industrial engineering. In the following section, the model will be formulated based
on Casson constitutive relation and magneto-hydrodynamics. In section three, the solution
procedure will be described, in section four the graphical description of the solutions will
be presented and explained, while section five concludes the study.

2. Problem Formulation

The steady flow of an electrically conducting Casson fluid down an inclined heated
porous channel is considered in this work. The flow is assumed to be fully developed
and the Cartesian coordinate is chosen in such a way that the x-axis aligns with the axial
flow while the y-direction is taken perpendicular to it, as shown in the flow configuration
(Figure 1). The constant wall temperatures are kept at T; which is greater than the inlet
condition for it to be of heat transfer interest, i.e., T; > T.

Bo Porous Wall

Figure 1. Flow configuration.

Neglecting the pressure drop since the gravitational force is much stronger, the equa-
tion governing the flow with constant fluid properties can be written as follows:

du’ . 1\ d2u’
—pvod—y, = pgSing + ;1(1 + ,3> W —oB3u/. (1)

The no-slip and the non-moving wall conditions are as follows:
u'(£h) =0 2)

Since the walls are heated at constant temperature, the heat transfer due to temperature
difference between the heated walls (17) and the fluid inlet temperature (Tj) during the
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process is irreversible. As a result, the balanced energy equation for the heat flow can be
written from the heat conservation law as follows, together with the inlet and the porous
walls conditions:

1 9T 9T \ _ 1.0°T.
PCy (u n 0037’) =k

)
TO,y) =Ty, T(x,+h)=Ty

When heat is transferred from the heated walls to the core area of the channel containing
viscous fluid it comes with entropy transfer at a molecular level due to the increase in the
kinetic energy of the fluid. This disorderliness of the fluid particle is expected due to the
non-inviscid nature of the fluid. Also, due to the fact that heat transfer to viscous fluid
is an irreversible process, the decay in the work potential in the thermal system due to a
non-negative entropy change as postulated in the second law can be written as follows:

. k ((aT\* [(aT\*\  »u 1\ (du/\*  oBu”
ng”‘ﬁ((axf) +(45) )*m(”g)(w) BT @

As a consequence of the second law, S¢¢,, > 0 implies that (k, u, o) > 0 must be strictly

satisfied for (4) to make any sense in physics. The wall skin friction and the heat transfer
rate are given by the following:

1\ du’
B =) ay

To make Equations (1)-(5) dimensionless, the following variables and parameters

hq T’

CONuy=—1 -
Tk (Tw—To) 1 dy’

y=—h

)

y=—h

are used:

_y . apx o uu’ _ > (7th2

Yy=mnr*r= pgh4sin¢’u T pgh?sing — vp’ Ha® = [T

h SGh2T? 13 sin ¢
Pr=Ya=_k 6=F00 Ns= 2600 pe= £ 5n9 6
o’ PCP’S T k(Tw—To)*’ ap (©)
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The resulting boundary-value problems are given by the following:

0=1+(143) 04459~ Hau;  u(d1) =0

7
ugl = &4 +Prs3 8(0,y) =0, 8(x,£1) = 1 @

While the dimensionless skin friction and wall Nusselt number are given by the

1\ d
sr=n(145) G

With the (7) and (8) known, the positive definite total entropy produced along the

following:
a6

’ Nux:_@ (8)

y=-1 y=-1

heated inclined channel becomes the following:

Ns = (2 (3)+ (2)") B ((1+3) ()" + e o

= Ny + Ny + Nrr + Non

where the first term in (9) represents the entropy generation due to heat transfer along the
x-direction, the second term represents the entropy produced due to heat transfer along
the y-coordinate, the third term is the entropy generated due to viscous fluid interaction,
and the last term is the entropy produced due to electric heating effect of the transverse
magnetic field (ohmic heating of the fluid).
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Exy) =e"

+e™m(m — PrS) (

Another important tool is the Bejan number, which is the ratio of heat transfer to the
total entropy generated along the inclined heated channel, and is given as follows:

e (3) + (3)°
(e ()" + (38)) + 5 (0 ) (1) "+ o)

3. Method of Solution

The system of Equation (7) is not coupled; hence the solution for the non-homogeneous

(10)

velocity field u(y) can be obtained by using the method of undetermined coefficient to
arrive at, which is as follows:

1
u(y) = 275 + Are™ 4 Ape (11)

Using (11) in the partial differential equation, then the separation of variables approach
suggests that Equation (8) can be written as follows:

0 1/9% a6

From (12), we obtain the following differential equations by separation of variables:
96
8 _ 3
dx ’
d’0 do _ (13)
W—’_P”S@ —Au=0. }

So that the nontrivial solution of (12) is assumed to be of the following form:

0(x,y) = Ax+0(y) (14)
where 6(y) satisfies
_ Ay KePrsy AAje™ AAye™
6y) = - Ha?PrS * PrS L m(m — PrS)  n(n— PrS) (15

In view of (14) and (15) and the thermal boundary conditions, the exact solution for
6(x,y) is given by the following:

" (25 — 1) Ha?mnPrS(m — PrS)(n — PrS)x

0(x,y) = 2y)

where

(eermy _ 2m _ gmA2PrStmy | p2PrS | oPrS(1+y) (e2m — 1)>Ha2nPrS(n — PrS)A;
e"n(n — PrS) (1 —2ePrS0+Y) — Ha?PrSx — y + €275 (1 + Ha*PrSx + y))
—Ha2PrS (ezn — 2PrS g gnny (g2PrS _ 1) _ 26n+PrS(1+y)Sinh(n))A2

For values of A1, Ay, m,n, L, K,and A please see Appendix A on page 11-14.

4. Discussion of Results

In this section, the graphical examination of the exact solutions u(y), 6(x,y) are pre-
sented here with emphasis on some important fluid parameters. The range of values



Mathematics 2025, 13, 1208

6 of 13

adopted in this study is based on the associated theoretical and experimental analysis
reported in different literature.

Figures 2-5 examine the behavior of the magnetic field on profiles of the velocity,
temperature, entropy generation, and Bejan number, respectively. Figure 2 shows that a rise
in the magnetic field intensity parameter decreases the velocity profile due to increasing
magnetic field induction and its retarding effect of fluid motion across the inclined channel.

Meanwhile, kinetic energy is generated from frictional interaction in the moving fluid
layers due to increased bonding strength and fluid viscosity. As a result, fluid temperature
is expected to rise, as shown in Figure 3. As seen in Figure 4, the entropy generation
rate is reduced due to the decreasing effect of the Hartmann number (Ha) on the velocity
profile since inter-particle collision at the molecular level will decrease with decreasing
flow velocity. From Figure 2, velocity decreases with an increasing magnetic field intensity
parameter (Hartmann number). The fluid friction decreases accordingly. This is because
a rise in magnetic field intensity parameter implies a reduction in viscosity. Moreover, in
Figure 3, Ha has been represented as an increasing function of temperature. Therefore,
the effect is seen in Figure 4, where Ha decreases the entropy generation rate with the
heated inclined channel. Figure 4 suggests the dominance of heat transfer irreversibility
over friction fluid irreversibility since the maximum is approximately one, which is only
possible when % ~ 0. Therefore, the effect of the magnetic field intensity parameter on
the irreversibility ratio is seen to be very weak. The magnitude of the entropy production
significantly declines as the magnetic field intensity parameter increases. The influence of
the parameter on the Bejan number is depicted in Figure 5. The Bejan number monitors
the quantity of heat transfer irreversibility to the overall heat transfer by the fluid friction.
The dominance of heat transfer to the irreversibility ratio is observed to have an increasing
impact on the heated walls of the aligned channel. It gradually declines as it moves towards
the center. However, the irreversibility due to heat transfer controls the flow system at the
heated walls.

Figure 2. Velocity profile for {Ha = 1,2,3}.
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Figure 3. Temperature profile for {Ha =1,2,3}.

{Pe=1,0=1Br=1,8=1Pr=071,x=01,f=1,Ha={1,2, 3}

Ns

=10 =05 05 10

Figure 4. Entropy generation profile for { Ha = 1,2,3}.

{Pe=1Q0=1Br=1,S=1Pr=071,x=01,6=1,Ha={1,2,3}}

=05

Figure 5. Bejan number for {Ha = 1,2,3}.

The response of the Casson fluid parameter against the profile of velocity, temperature,
rate of entropy generation, and the irreversibility ratio is established in Figures 6-9. The
result in Figure 6 depicts that increasing the value of the Casson fluid parameter upsurges
the velocity profile. This reveals that the magnitude of the non-Newtonian fluid motion
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is lower than that of the viscous fluid’s velocity. An increase in 8 leads to an increase in
the velocity maximum, which approaches the Newtonian limit. Figure 7 describes the
response of temperature distribution to variation in the Casson fluid parameter. Here, an
increase in the Casson fluid parameter causes a decrease in the temperature distribution
throughout the channel, whereas the fluid velocity is enhanced with increasing values of
B. As displayed in Figure 8, an enhancement in the Casson fluid parameter improves the
entropy production rate. The viscous dissipation and ohmic heating contribution are more
excellent at the walls than heat transfer. This is a result of an increase in velocity in Figure 6
and a decrease in temperature in Figure 7. The fluid friction irreversibility contribution to
heat transfer irreversibility is slightly noticed at both ends of the heated walls. In contrast,
an enhanced value in the Casson fluid parameter influences the dominance of fluid friction
over heat transfer irreversibility at the middle of the channel, as shown in Figure 9. The
Bejan number attains a maximum of one when the heat transfer irreversibility effect is
dominant. There is no effect on friction fluid irreversibility or ohmic heating. It reaches a
value of 0.5 when the impact of heat transfer irreversibility is equal to the effect of friction
fluid irreversibility and ohmic heating. In contrast, the value tends towards zero when the
effect of the combination of friction fluid irreversibility and ohmic heating dominates over
heat transfer irreversibility. This implies that heat transfer irreversibility is more substantial
at the core area of the channel.

{S=1,Ha=1,p={1,2,3)}

u

0.30

10r

=10 =05

Figure 7. Temperature profile for { = 1,2,3}.
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Figure 8. Entropy generation profile for { = 1,2,3}.

Pe=1,0=1Br=1,8=01,Pr=071,x=01,Ha=1,6={1,23}
Be

Figure 9. Bejan number for {§ =1,2,3}.

5. Conclusions

In the present study, analytical simulation for MHD Casson fluid flow down an
inclined channel with isothermal boundary conditions was examined. Exact solution
of dimensionless equations are obtained in a straightforward manner and are used to
compute the entropy generation rate and irreversibility ratio. Some significant outcomes of
the current study are highlighted below:

e  The Casson fluid parameter increases fluid flow velocity and entropy generation rate
while it decreases the fluid temperature profile.

e  The Hartmann number parameter decreases fluid flow velocity and entropy generation
rate while it increases the fluid temperature profile.

e  The Casson fluid parameter causes the fluid friction irreversibility to dominate at the
ends of the wall but weakens the dominance at the core area of the channel.

e The Hartmann number parameter influences the dominance of heat transfer irre-
versibility at the heated walls and decreases the dominance at the center of the channel.

Author Contributions: Conceptualization, S.O.A.; Methodology, S.O.A.; Validation, B.E.N.; Formal
analysis, B.E.N.; Investigation, R.S.L.; Resources, R.S.L.; Writing—original draft, B.E.N.; Supervision,
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Nomenclature
(vo,p) constant vertical velocity and fluid density,
(u/, qb) axial velocity and inclination angle,

B dynamic viscosity, Casson material

electrical conductivity and constant magnetic induction.

g, k) gravitational acceleration and thermal conductivity
(Cp, T)  specific heat capacity, fluid temperature
(x',y')  cartesian coordinate
(x,y) dimensionless cartesian coordinate
(To,T1)  fluid and heated wall temperatures.
(u,0) dimensionless velocity and temperature
(Ha,S)  magnetic field and suction/injection
(Pr,a)  Prandtl number and kinematic viscosity
(Pe,Ec) Peclet and Eckert numbers
(Q), Br)  temperature difference and Brinkman number
Ns dimensionless entropy generation rate
Be Bejan Number (irreversibility)
Appendix A
Where
A — e (e? —1)
t (e2m — ¢21)Ha?
(¥ —1)

P .
2 (62” _ E,Zm)Ha2

1 SB \/B\/4Ha2+4Ha2,B—|—S2ﬁ

2| 1+ 1+p

1 SB \/B\/4Ha2—|—4Ha2ﬁ—|—52,B
LS i 1+p
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+em+n+my+PrSyHa2n2PrSAl _ em+n+2PrS+my+PrSyHa2n2PrSAl
+en+PrSHa2nPr252A1 o ezm+”+PrSHa2nPr282A1 _ en+PrSyHa2nPr252A1
+62m+n+2PrS+PrSyHa2nPr252A1 + em+n+my+PrSyHa2nPr252Al
_em—l—n-&-2PrS-&-my-i—PrSyI_IaZnI;ol,ZSZA1 + em+PrSHa2m2PrSA2
f€m+2n+PrSHa2m2PrSA2 _ em-l—PrSyHaZmZPrSAz
+€m+2"+2PrS+PrSyHa2m2PrSA2 + em+n+ny+PrSyHa2m2PrSA2
7em+n+2PrS+ny+PrSyHa2m2PrSA2 + €m+PrSHa2mPr252A2
7em+2n+PrSHa2mPr252A2 . em+PrSyHa2mPr252A2
+em+2n+2PrS+PrSyHa2mPr252A2 + em+n+ny+PrSyHa2mPr252A2
_ pMAn+2PrS+ny+PrSy 421, Pr2 S2 Az)
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