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Abstract

This paper investigates the boundedness of multiplication operators My, between natural
p-Bloch-type spaces B, nat(Bx) (or their little #-Bloch counterparts) and natural w-Bloch-
type spaces By nat(Bx) on the unit ball Bx of a complex Banach space X. We establish
complete characterizations for the boundedness of My, under varying conditions on the
weight functions y and w, including specific cases such as logarithmic and power-weighted
Bloch spaces. The results extend classical operator theory to infinite-dimensional settings,
unifying prior work on finite-dimensional domains.

Keywords: the multiplication operator; Fréchet derivative; natural p-Bloch-type space;
boundedness

MSC: 47B38; 47B01; 47B91; 46E50

1. Introduction and Preliminaries

Let X be a complex Banach space, which can either possess a finite or an infinite
dimensional structure. Define By := {z € X : ||z|]| < 1} as the unit ball of X. Let H(Bx, C)
represent the set of holomorphic mappings from By into C. Similarly, let H(Bx, Bx) denote
the set of holomorphic mappings from By into By.

A positive continuous function i, defined on [0, 1) is called a normal, provided that
there are positive constants s, t, 0 < s < tand ty € [0, 1), satisfying the condition

UV_(:)Z)S decreases for ty) <r <1 and rlg?f (1;1_(’;)2>S =0,
(1‘11_(:)2)t increases for t) <r <1 and rl_ifft (1]/[_(:)2)t =

(see, for example, [1]). From now on, if we state that a function y : Bx — (0, ) is normal,
we will also presuppose that it is radial, that is to say pu(z) = u(||z||), z € Bx.

Next, we will use the definition of Fréchet differentiable function and the chain
rule of differentiation (f o g¢)'(x) = f'(g(x))g’(x) in [2]. Tt is widely recognized that
constant functions f(x) := yo are differentiable with f’ = 0; continuous linear maps are
differentiable and T(x + h) = Tx + Th,so T'(x) = T.

We denote by Df(x) = f’(x) the Fréchet derivative of f at the point x.

Now, we shall introduce a new family of spaces, the natural Bloch-type space,
By, nat (Bx ), which is defined as follows:
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Definition 1. For each f € H(Bx, C), we define the natural p-Bloch semi-norm of f by
[ £llyenar = sup {1 ()1}
zeBx
The natural p-Bloch-type space By, nat(Bx ) is given by
Byunat(Bx) = {f € HBx, C) : || flljnat < o0}
It is clear that || - ||;,ua is @ semi-norm for B, uq¢(Bx) and this space can be endowed

with the norm || f||,, = [f(0)| + || f

(1) If X = C, Bx = D (the open unit disk of C) and (z) = 1 — |z|?, then By, uat (Bx) is the
classical Bloch space B(ID) defined in [3,4].

2 If X = C",Bx = B, (the open unit ball of C") and yi(z) = 1 — |z|?, then By, nat (Bx) is
the natural Bloch-type space By (B,) (see, also, [5,6]).

(3 When yu(z) = 1 — ||z||%, By nat(Bx) is the natural Bloch space By,t(Bx) defined in [7].

@ When u(z) = (1 —||z]|*)* (« > 0), write By, uat (Bx) = Banat(Bx).

(5) When u(z) = (1—[z||*)In %HZH’ write By nat(Bx) = Binnat(Bx). Binnat (D) is the
logarithmic Bloch space, which emerged in characterizing the multipliers of the Bloch
space B(DD) (see [6,8]).

It is easily proved that for 0 < o« < 1 < B < 00, Byuat(Bx) € Binnat(Bx) €

Buat(Bx) & Bpnat(Bx). The Bloch space is a function space commonly used in math-

ynat- Hence (B uat(Bx), || - [|) is a Banach space.

ematical physics and complex analysis. The subspace comprising functions with bounded
differences (i.e., Lipschitz-type spaces) has been studied in the context of multiplication op-
erators on trees. The Bloch space has been extensively examined on various homogeneous
domains within C", including the unit ball B, the polydisc D", and the open unit ball of a
Hilbert space E (see, e.g., [6,9-12] and the references therein).

Let ¢ € H(Byx, C). The multiplication operator with symbol ¢ is defined by

Myf = ¢f, f € H(Bx,C).

The study of multiplication operators with symbols is fundamental to the exploration of Ba-
nach and Hilbert spaces of holomorphic functions. These operators hold a significant place
in the theory of Hilbert space operators. A key application is the fact that every normal
operator on a separable Hilbert space is unitarily equivalent to a multiplication operator.
Furthermore, multiplication operators originate from spectral theory and continue to be
actively researched in areas such as the theory of subnormal operators and the theory of
Toeplitz operators. Recently, there has been a substantial increase in attention focused on
the study of multiplication operators. Allen and Colonna in [13] examined isometries and
spectra of multiplication operators on the Bloch space of the unit disk. Allen and Colonna
in [14] investigated the multiplication operators on the Bloch space of bounded homoge-
neous domains. Douglas, Sun and Zheng in [15] studied multiplication operators on the
Bergman space via analytic continuation. Guo and Huang in [16] studied multiplication
operators on the Bergman space. De Jager and Labuschagne in [17] studied multiplication
operators on non-commutative spaces. Reinwand and Kasprzak in [18] investigated the
characteristics of multiplication operators operating on domains of real-valued functions
with bounded variation on [0,1]. Ghosh in [19] studied multiplication operator on the
Bergman space by proper holomorphic mappings. Huang and Zheng in [20] studied
multiplication operators on the Bergman space of bounded domains. Geng in [21] gave
characterizations of the symbols ¢ for which the multiplication operator My is isometries
of BMOA. Han, Li and Wang in [22] studied multiplication operators on weighted Dirichlet
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spaces. Liu and Yu in [23] studied products of composition, multiplication and radial
derivative operators from logarithmic Bloch spaces to weighted-type spaces on the unit
ball. Wang in [24] investigated the coefficient multipliers on H? and ©? with Hyers-Ulam
stability. Some research has also been dedicated to the situation when By is the open unit
ball of a Banach space X (see e.g., [25-31] and the references therein).

A primary purpose of this paper is to bring the current results on the multiplication
operators from the natural y-Bloch-type spaces B, 10t (Bx) (or the little u-Bloch-type spaces
By natp(Bx)) into another natural w-Bloch-type spaces Bu,uat(Bx) (or another little w-
Bloch-type spaces B nat 0(Bx)). Our hope is that this exposition will inspire more work in
this area. We first present the following useful lemmas that will be utilized in the proofs of
the main results.

Lemma 1. Let y be a normal and f € By nat(Bx). Then

[|z]]
£ (14 [ g5 ) 7l forz € B

Proof. If f € B, nat(Bx), then

el < ”(*‘ ! forz € B,
we get
1
£ < O+ [ I )zl
i [ ||f\|ynat||z||
o+ [ : Lt
6y A1l
llzll 1
s(1+ / Mﬂ”)llflly-
O

Remark 1. If f € By nat(Bx) and fo (t dt < oo, then sup,cp [f(z)| < oo. Especially, if

f € Bunat(Bx) and 0 < a < 1, then fo = t2) dt < oo, thus sup,.p |f(z)| < oo. So, if
0 < a <1, then Byua(Bx) C H®(Bx), and the space comprises bounded holomorphic functions
on By.

Lemma 2. Let f € Byat(Bx). There is a positive constant C such that

2
If(z)] < Clnw”ﬂwwloch, forz € Bx.

Proof. If f € By (Bx), taking ji(z) = 1 — ||z||? in Lemma 1 we have

< (1 [ )

2
<(1+In—- .
= < +In 1— ”ZH2> Hf”nat Bloch

2

<Clh— -
e 1— HZHz Hf”nut Bloch
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withC =, +1. O

Lemma 3. Let « > 1and f € By yat(Bx). There exists a positive constant C such that

£ < g e forz € Bx

Proof. If f € By nat(Bx), taking 4(z) = (1 — ||z||?)* in Lemma 1 we have

f(z)] < <1+ [ (1—1#)"‘dt>

< (14 e Ve
= <1 T i 1 <(1 - |i||)a—1 - 1)) £l
< el

. o 20{71
withC=1+2—. O
Lemma 4. Let f € By pat(Bx). There exists a positive constant C such that

f(z)] = Clnln 7— -z 1 flln, forz € Bx.

|| |
Proof. If f € By, n0(Bx), taking p(z) = (1 — ||z[|?) In

n - H I in Lemma 1 we have

Izl
1 >|<<+ [ dt)llflln

<<1 [ e >||f|1n

< (1t = ) 1l

SCInlniH Ih
Tz

withC = e +1. O

The key findings of the paper are outlined in the subsequent sections.

2. The Boundedness of the Operator My, : B, 0t (Bx) — Bu,nat (Bx)

In this section, we examine the boundedness of the operator My : Bymt(BX) —
B nat(Bx) and derive a necessary and sulfficient condition, where p and w are normal. For
x € Bx\{0}, the set

T(x) = {lx € X" : lx(x) = |Ix[|, [[€x ]| = 1}

of support functionals of x is nonempty by the Hahn—-Banach theorem, where X* is the
dual space of X.
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Theorem 1. (1) If ¢ € By nat(Bx),
Iz 1
sup (@) ¢/ (2)| [ eyt < o0 M)
ZG]BX
and
w(z)[y(z)]
su < 0o, 2
ze]BI?; y(z) ( )

then the operator My : By nat(Bx) — Buw,nat(Bx) is bounded.
2)If0 < a < 1 and the operator My : By nat(Bx) — Bwnat(Bx) is bounded, then
P ¥ , ,
1P S Bw,nat (Bx) and

w(2)[p(z)|

Ssu
Pa—=P)e

ZGBX

< 00, 3)

Proof. (1) Assume that ¢ € B uat(Bx) and (1) and (2). Using the definition of the Fréchet
derivative, it is easy to verify that for ¢, f € H(Bx, C), z € Bx and & in a neighborhood
of 0,

@)z +h) = (¥f)(z)
Y(z+h) = 9(2)f(z+h) + (f(z+h) = f(2))p(2)
"(2)h+o(h)f(z+h) + (f'(2)h + o(h))y(z)
"(2)f(z+h) + f(2) () + (f(z +h) +9(2))o(
(@) f(2) + f @)@+ ¢ (2)(f(z+h) = f(2)h
+(f(z+h) +9(2))o(h)

)

=W (@)f (@) + f(2)¢()h +o(h),

where [[o(h)||/||h]| — 0as h — 0, thus

= ( h)
= (v

=(y h)
= (¢’

(®f)'(2) = 9(@)f (2) + f(2)¥(2).

Using the triangle inequality, we get for z € By,

w(@)[(wf) @)l
<w@lpE)f @I +w@If@Y ()]
=w@pEIIf @] +w@IfEIY )] )

Let f € By,nut(BX)- Then, by (4) and Lemma 1, we get

1M fll g ot = sup w(@)I(wf) (2]

,nat |zl
s§wnwﬁ%)@§mwww s [ sl
o QO
< sup “CED Il + swp @I @I (14 [ gl 6

and

| My f(0)] = [9(0)£(0)| < [9(0)[|fIlu- ©6)
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¢ € Buwnat(Bx) together with (1)—~(6), we can conclude the operator My : By nat(Bx) —
B,nat(Bx) is bounded.

(2) Assume that 0 < a < 1 and the operator My : By uat(Bx) — Bunat(Bx) is
bounded. Then, there exists a positive constant C such that

[Myfllw < Cll fllar )

for all f € By uat(Bx). As usual, by taking the test function f(z) = 1, then f € By nat(Bx)
and || f||« = 1; from this we obtain

My fllo = ¢l < Cllflla = C < oo,

thatis, ¢ € By nat(Bx)-
To demonstrate that (3) holds, fix a € By; if a € Bx\{0}, let £, € T(a) be fixed. We
choose the test function e, : By — C given by

1
eq(z) = —————z, 2 € Bx. ®)
’ (1= llallta(2))"
Furthermore, we explicitly have

S el
T T T

and
N A T
) = T a2)0 T = [T [Py ©
Thus,
lla]
ley(2)]| <
’ 11— [|a]|ta(z)* T

1 1 1
S Al = =Tl A= =™

. . L3 a+1
which suggests that e, € Byt (Bx) with ||ea||anar < 1_2”’1“ < lE”J;Hz.

Hence, using the
triangle inequality, (8) and (9) we would have that

2!X+1
<1+1—|a||2> [ Myl = llealla || My || >

= HMlPean,nat = Zsup W(Z)|(M¢€a)/(z)|

eBx

= sup w(z)||p(z)e;(z) +ea(z)9' ()|

zeByx

w (@) (@), (@) + ex(a)y'(@)]

w (@)@ ey (@)] - (o) es(a)[19'(a)]

_ cw@@lle] _ w(@)]y'@]

T et O el o

v v
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From (10) and 0 < & < 1, we easily get for r € (0,1),

@)
r<s|\zﬁ)<l (1 - HZHZ)“

Sl g “ELEIRE)

" r<llzl<1 (1 —z[])*

1 s — 2|2 sup (@Y @)
= r<zp<l<<1 Iz ) (1 — Iz ||2> [ My +r<HZ\I|)<1 (1- ”ZHz)rxl)
< %((1 +25°1) [ My | + gl ), (11)
and
o C@PE)|
o A=l
sup LA w@)pE)]
- e A= IZIP)* +r<uzf<1 (112"
(2)pz)] 1 «
< S =) F a ((1+21) Myl + Il
< o,

condition (3) follows. The proof is successfully completed. [

Corollary 1. If 0 < a < 1, then the operator
My : Bunat(Bx) — Beonat(Bx) is bounded if and only if € Beynat(Bx) and

ap CEH)

e << 00,
zeBy (1= [12[1%)"

Proof. Itiseasy. O

In the subsequent theorem, we delineate the boundedness properties of the operator
My : Buat(Bx) — Buw,nat(Bx), where w is normal.

Theorem 2. The operator My : Buat(Bx) — Beo,uat(Bx) is bounded if and only if p € B uat(Bx),

2
sup w(z)[|¢'(2)|| lnw < o, (12)
ZGBX
and
L w@El .
o 12 =%
X

Proof. Suppose that ¢ € By nat(Bx) and (13) and (12). Let f € Bpa(Bx). Then by (4) and
Lemma 2, we get

My f] ot = 5P @@ (W) ()l

eByx

2
< sup SNl + € sup €@/l 0 =gz o 19

z€By zeByx
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and

| My f(0)] = [9(0)£(0)| < [¢(0)[|f Il nar- (15)

Applying conditions ¢ € Be,uat(Bx) and (13)-(15), we can conclude the operator My :
Bat(Bx) — B nat(Bx) is bounded.

Assume that the operator My : Byat(Bx) — Bu,nat(Bx) is bounded. Then, by (7), we
get P € By nat(Bx).

(1) First we prove (13). Fix a € By; if a € Bx\{0}, let ¢, € T(a) be fixed. We choose
the test function f; : Bx — C given by

1
fa(z) = T Jalllatz) 2 € Bx. (16)
Then
"(z) = Agggglkﬂlgggg,gl
&) = T @z @
and
o el el i
S Yy P Al Gy PR an
Thus,

) 1 1
@< T e a ==

which suggests that f, € Bt (Bx) with || fa|[nar < 1*2\|ﬂ|\ < 1—ﬁﬂ\|2' Therefore, employing
the triangle inequality, (16) and (17) we get

4
(” 1_||a||z> 1My = 1 fallnat—piocn | My |
> (| Myfall, = My fall
= sup w(z)[|(Myfa)'(2)]|

z€By
w@)lya)lllall _ w@]y'(@)]
RO R e T "

From (18), it follows that for r € (0,1)

w(2)|p(z)|

sup
relll<1 1= lzl?
<1 w(z)|z| |y (z)]

sup
oclzl<r 1=zl

1<<5—r2>HM¢H+ sup |w<z>||¢'<z>u>

r<||z||<1

IN

IN

2 (6= )lIMyl + 9l (19)
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So
w(z)[y(z)]

sup
1= |lz[f?

zeBy
w(z)|p(z)| w(z)|p(z)|

< sup + sup ————5—
ez 1= 022 a2 N2l

V4
< sup 1_7HZH2 + ;((5 - 7’Z)HJ\/IIIJH + HIIJH(U)
< o,

that is, inequality (13) holds.
(2) Next, we will proceed to prove (12). For the given a € Bx\{0}, consider the
function g, given by

(z) =2In 2 — <ln 2 )2/ In 2 (20)
& 1= Talltaz) ~ \ " T=alltaz) ) " 1=l
for z € By. Then
oy~ 2lalta PN ETlnE  alta o
TG T 2y 1 el
for z € By, so that
|8a(0)] < 31n2, (22)
, 2
ga(a) = 6 (null operator) and g,(a) = In T (23)
On the other hand, we obtain from the estimate in [32]
, C
ga(2) < T2 for z € By, (24)

Qa € Buat(Bx) fora € Bx\{0} and sup ||gallnat < C. By (22)~(24) we obtain for |ja| >

aeBx\{0}
r>0

w(2)[8a(2)¢' (2)]]
< sup w(2)]|(Myga) (2)|| + sup w(z)|(2)| (=)

ZEBX ZEBX

wl(z z

<ol s S8
z€By
wl(z z
< Myl 1l + sup )
zeByx
wl(z z
< |My||(C+31n2) + sup W (25)
zeBx

Taking z = a in (25), we get

w(a)|[y' ()| In 1_2|a||2 = w(a)l|ga(a)y' (a)]]

w(z V4
S HA4¢”(C‘+’3h12)‘+ Sup f_}vim;).
zeByx
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From this and (13) we obtain

sup w(z)[§/(2)][In s < co. 26)
Izl >r>0 1— |zl

If ||lz|| <7 <1, using ¢ € By nat(Bx) we have

el — 2
w(3) ¥/ (2) 10 =

<In

2
@I @ <l < o,

which, in conjunction with (26), demonstrates that the condition in (12) is indeed necessary. [

In the subsequent theorem, we examine the boundedness of the operator My :
Banat(Bx) — Beunat(Bx) (¢ > 1) and obtain a sufficient and necessary condition, where w
is normal.

Theorem 3. Let a > 1; then, the operator My : By nat(Bx) — Bu,nat(Bx) is bounded if and

only if
w@IWE| _ ”
P Tl <> 7
and

zeBy (1= [2[12)*1

Proof. Suppose that (27) and (28). Let f € Bq uat(Bx). Then by (4) and Lemma 3, we get

[Myfl et < sup w(@) @I f (@) + sup w(z)|f(2)][¢' ()l

eBx zeBy
@@ _ w@ Gl
= S gy e € S0 Gy e )
and
[Myf(0)| = [(0)£(0)] < [1(0) | lla- (30)

Using conditions (27)—(30), we can conclude the operator My : B nat(Bx) = B nat(Bx)
is bounded.

Assume that the operator My : Byuat(Bx) — Buwuat(Bx) is bounded. Then ¢ €
Bw,nat<BX )

(1) First we prove (27). For a € Bx\{0}, using I, € By nat(Bx) and ¢ € B nat(Bx),
we get

w(@)Ilalll$(@)] = w(@) L@ $E)] < sup w(2)|p(z)L(E)|l

zeByx

< sup w(z)[[9(2)l;(2) + L(2)¢'(2)[| + sup w(2) ¢ (2)]|[la(2)]

zeBx zeByx

< [|Myll + ([l

From which we have
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< s GO e GOV

< sup (“{(fﬂ'ﬂii' Ao, S [9@lga)
< sup EEWG + e (Ml + k)

< 00,

that is, Equation (27) follows.

(2) Next, we will prove (28). For the given a € Bx\{0}, consider the test function h,
given by

1

hy, = , fi By. 31
B = ey e ey
Then
, (1—a) ]|t} (2)
I S Sl L | 7 A
&) = T (o))
(= a)allt
— —(l — ||a||£a(2))“' forz € By, (32)
so that
|ha(0)] =1, (33)
1
1al®) = T ayeT 54
L (= a)allte
and k) (a) = A=) (35)

On the flip side, we get for z € By,

, (e = Dllallltall _ (2—1)
i@l < G =nmpr < a==ne

hence h, € Byuat(Bx) fora € Bx\{0} and sup ||ha]lanat < 2%(ax —1). By (31)—(36) we
aeBx\{0}

(36)

obtain for all ||a|| > r > 0and z € Bx

w(2)|ha(2)[[[9' (2l

< sup w(z)[[(Myhz)'(2)|| + sup w(z)lw(Z)lm
zeBy ze€Byx
_ w(2) ()| 28— 1)
= ||M¢hu||w,nat +ZS;BIZ( ( )Ilp( )| (1 _ ”2”2)04
2%(a — 1)

< || My || ta]| +:§B€(w(z)l¢(z)lw

2%(a—1)
= | Myl (1allanat + 11a(0)]) + sup w(Z)IlP(Z)lw
< My 2% (@~ 1) + 1) +2(e — 1) sup LEWE] (37)

zeBy (1= 12[1%)*
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From (27), (37) we obtain
w(a)|[y’ ()]
(1= laf?)>t
< Myl (2%(x —1) +1) +2%(a — 1) sup M < o (38)

zeBy (1= [2[7)*
forall ||la]| >r > 0.If [[a|| <7 < 1, using ¢ € B nat(Bx) we have

wwmwwmu_n;aal

1 , 1
< WW(”)HB’J (a)]| < m“#’”w < oo,
which together with (38) implies that the condition in (28) is necessary. O

Remark 2. The method of proving (27) is also suitable for the proof of conditions (3) and (13).

Example 1. Case (1)0 < a < 1. Let w(z) = 1 — ||z||? and a € Bx\{0},
Pap(z) = W (B >0). Then ¢, 5 € Buat(Bx) and

S @@l 1- 2P

e L2~ e, (1= 2201 fallta(2) P
_ 2

< oup 11l 1

" zemy (1= 1221 = llalD)? = = falP

By Corollary 1, the operator M%’ﬁ * Bunat(Bx) — Buat(Bx) is bounded.

Case (2) a = 1. Let u(z) = w(z) =1 —||z||%. Leta € Bx\{0}, $51(z) = W Then
1/’11,1 S Bnat(BX)/
w(z)[¢a(2)] 1—1z)2
sup — 2 = sy
h 1-lEF T T Talll()[(1 = [=]?)
1
<
1—|al
and
2 (1= llzI*)llall[4:(=)] 2
sup w2 || ;(2)||In ——— = su 22" n
o @G TEE = 2 T R@E TP
< sup 1=zl 2 C
T ey (L=lall)2 1= z[2 = (1~ [la])*
By Theorem 5, the operator My, , Brat(Bx) — Buar(Bx) is bounded.
Case (3) & > 1. Let w(z) = (1 — ||z||*)* and a € Bx\{0}, ¥,1(z) = W Then

1pa,l S th,nut (BX)/

(@) |Ya1(2)] _ S ERE
o A=z~ 2 U= lallta(z)] (1 — 2]
1

< _
~ 1|l
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and
sup w(@)l1a, I _ “u (1= lz1®)"llall |4 (2)]
ceBy (L= 1227 ey (11— [lallla(2)])*(1 — [l2]|2)2
< 2 .
1—|al

By Theorem 6, the operator My, , : Bunat(Bx) — Bunat(Bx) is bounded.
Finally, since

(1= [21%) 1 (=) 1 2|
su = su
iy -l T = Telll(@) (1 [=P)*
1
= su
iy 11— alla (I~ =)
1
>sup —— -,
= e 200 [P

so by Theorem 6, the operator My, , : By nat Bx) — Buar(Bx) is not bounded.

3. The Boundedness of the Operator My, : By, at,0(Bx) — Bu,nat,0(Bx)

In this section, we will explore the generalization of the little Bloch space By (D). Thus,
we first present the natural little y-Bloch-type space Bj, 0(Bx). Then, we investigate the
boundedness of the operator My : By,mt,o(IBX) — Bonato(Bx).

Definition 2. The natural little y-Bloch-type space By uat,0(Bx) is a subspace of By nat(Bx)
consisting of all f such that

lim u(z)||f'(2)|| =

llz]—1

Next, we develop and validate several ancillary results.

Lemma 5. If f € By, yat,0(Bx) and fo 1 dt—oo then

RCT.
\|Z|H1 fI\ZH 1 dt

Proof. If f € B, nato(Bx) and fo dt = oo, then for every € > 0, thereisa é > 0
such that

€

(2] < —— (39)
7 < 5
for all z with < ||z|| < 1. Since
llz]l
lim / Lo,
lzl=1Jo p(t)
thereisa 7 € (4,1) such that
)
O+ 2 Asatlfly
<z, (40)
I|z]] 1 a4t 2

0 nu(t)

forall zwith 7 < ||z]| < 1.
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By (39) and (40) we have

1
£ £+ [ 102 =01t
o+ [T Iz el + [ 1 el el

[E

E \|f||u ellz||
el [T [
R ST OB

[zl

1zl
<1f0 |+/ Sl [ g
Iz 1 e Izl 1 e
S/O Wdt§+/o Wdti
:/HZH Ldte
o ut)

for all z with T < ||z|| < 1, thatis

f@L
e SO L

O

Proposition 1. The natural little p-Bloch-type space By, nat0(Bx) is a closed subspace of
By nat(Bx).

Proof. The proof of this proposition is similar to the proof of [32] (Proposition 3.3). [

We now turn to describe the boundedness of My : By, uat,0(Bx) — Buw,nat,0(Bx)-

Theorem 4. Suppose € H(Byx, C).
1
1) Iffo ﬁdt = oo,

[zl 1
M := 41
swp @V @[ @)
and
L Y@IE] 2
b NTON “

then the operator My : By, uat,0(Bx) — Bu,nat,o(Bx) is bounded.
(2) If « > 0 and the operator My : By nato(Bx) — Benaro(Bx) is bounded, then
P e Bw,nat,O (Bx) and

ap L)

— T o0, (43)
zeBy (1= [12[12)"

Proof. (1) First assume that (41) and (42) holds. From Theorem 1, it follows that the
operator My : Byuat(Bx) — Bunat(Bx) is bounded. Since By, a10(Bx) C Bynat(Bx),
My : B%mtro(IB%X) — B nat(Bx) is bounded. According to the Closed Graph Theorem, we
only need to prove that My f € By nat0(Bx) for all f € B, 0(Bx). For an arbitrarily € > 0,
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if f € By, nato(Bx), from fo 1 dt = oo and Lemma 5, we have that thereisa 0 < 61 <1
such that

kI @) < 57

</0|z| Vgt)dt)l!f(ZM B ﬁ

for all z with é; < ||z|| < 1. Using (41) and (42), we get

( ) (Myf) (2)]|
w(@) Y @IIf @) +w@)f )¢ (2)]]
z z)le (B4l €
ggg';(g” +e@I @[ ity
<e€ (44)

for all z with é; < ||z|| < 1. From (44), we conclude that

lim w(z)[[(Myf)' (2)]| =
Izl —1
Hence Mlpf S Bw,nat,O(BX) for all f S By,nat,O(BX)- SO, Mlp : By,nat,O(BX) — Bw,nat,O(BX)
is bounded.
(2) Suppose the operator My : By yiat0(Bx) — Benato(Bx) is bounded. That means
that My f € B nat,o(Bx) for all f € By nato(Bx). Choose f(z) = 1, then

Jim, w(@)ly'(2)] = Jim @My f) (2)]| =
that is, P e Bw,nat,O (Bx)
To prove (43) holds, fix a € Bx\{0} and let ¢, € T(a) be fixed. We take the test
function [, : Bx — C. Since

L& <1,

s0 Iy € Bynato(Bx) with ||lz]|anat < 1. Hence, using the proof of (27) in Theorem 3,
condition (43) follows. [

In the following theorem, we consider the boundedness of the operator My :
Bzx,nat,O(]BX) — Bw,nat,O(BX)-

Theorem 5. If 0 < & < 1, then the operator My : By nato(Bx) — Beonato(Bx) is bounded if
and only if My : By nato(Bx) — Beonat(Bx) is bounded, { € B, pato(Bx),

w(z)|p(z)|

RS SVA R S B a5 45
- [z7)r < )

L := sup

ZEBX

and

, T
lim w(z)||1p(z)||/o Aot =0 (46)

[zl =1
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Proof. If 0 < & < 1 and the operator My : By yat0(Bx) — Bew,nato(Bx) is bounded, then
the operator My : By nato(Bx) — Beuwuat(Bx) is bounded and ¢ € B nat0(Bx). Since
Iy € Bynato(Bx), as in Theorem 4, (45) holds. Since

1 1 p
/0 (1—12)a Fseo

(46) follows.

On the other hand, to prove the operator My : By nat,0(Bx) — Bew,nat0(Bx) is bounded,
we only need to prove that My f € B, nat0(Bx), for f € By uato(Bx). For any € > 0, there
isa 0 < J, < 1 such that

( M (Myf)(2)l]
w@)p@If @I +w@If @Y )]l

w@)lp(a)le , "I
<ﬂ“””)+MwwW@QOm+A SN

(
)

[zl
< e+ M@ EI(FO1+ [ T mdtflas ).

for 6, < ||z|| < 1, condition ¢ € By, nato(Bx) and (46) implies that My f € B nato(Bx)-
Thus the operator My : By nat,0(Bx) — Beo,uat,0(Bx) is bounded. [

In the following theorem, we characterize the boundedness of the operator My :
Bnat,O (BX) — Bw,nat,O (BX)

Theorem 6. The operator My : Byato(Bx) — Beonato(Bx) is bounded if and only if the operator
My : Buato(Bx) — Buw,nat(Bx) is bounded, € By nato(Bx),

2
K:= sup w(z)||¢'(2)] lnw < 0 (47)
zeByx
and
N := sup %lp(zz)l < oo. (48)
zeBy 1|2l

Proof. If the operator My : Bya0(Bx) — Buwnat(Bx) is bounded, ¢ € By, jat0(Bx) and
(47) and (48) holds, and we only need to prove that My f € B, 0(Bx), for f € Bya0(Bx).
If f € By o(Bx), then for every € > 0, there exists a 6 > 0 such that

€

17 @I < 3= )
and
O+ 2] flluat _ €
In 1—ﬁz|\z’ < 3’ (50)

for all z with é < ||z|| < 1. Using the following limit again

1
lim ——F— =0,
HZH—)l ln W
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thereisa 7 € (4,1), such that

1 < €
2 2 ’
e 31nm||f||nat

In 1)

for all z with T < ||z|| < 1. By (49)-(51) we have

V@MSLﬂmr+/1WKwHWﬂﬂ
Fo)+ [T zbd+ [ 1) el

[zl

B Wl [
0 — =t
R A e R e s

IEL

<>+11+ﬁvnm+§11+nig
< O]+ 10 = fllwat + In _T|P§
<m#€+1 2 €2 ¢
1—[z]23 " T 1—[z]23 " T 1—z]?3
2
-z~
and
()WNwD()H
w @)@ @] +w@If G )]
g§m4LE1 N
<N Te@IY @I e
< €+ Ke,

for all z with T < [|z[| < 1,0, Myf € By nato(Bx). Thus the operator My : Bya10(Bx) —
By nato(Bx) is bounded.
If the operator My : Byato(Bx) — Bew,nato(Bx) is bounded, then My : Bya10(Bx) —
Bonat(Bx) is bounded. Using the proof of Theorem 4, { € By, yat0(Bx) and (48) holds.
To prove (47) holds, we take the test function g, : Bx — C given by (20) and get

||g;(z)|| — 2”01”611 721n1*‘|“|2w HaHEa

T el iy - el
2||€a|| In il | 20l

= Tl 1ifﬁp T Jla

o2 A0 e[ 1 9)

STl T el

_ 2 4t + %)

STl T @ el e

2 4 7T
< 2
ST e T 1= (2+ 312)

for z € By,

C
< PEEETIRTDA
~1—al?
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S0 §u € Bpato(Bx). Using the proof of (12) in Theorem 2, condition (47) holds. I

We characterize the boundedness of the operator My : By nato(Bx) — B, nat,o(Bx)
(a > 1).

Theorem 7. If « > 1, then the operator My : By nato(Bx) — Beonato(Bx) is bounded if and
only if the operator My : By nato(Bx) — Bu,nat(Bx) is bounded, Y € By naro(Bx),

AN
p:= ZS;BIz(W(Z)HIP (Z)H (1 _ ||Z||2)a_1 < (52)
and
e QG
Q=3P Az <™ )

Proof. In terms of sufficiency, if the operator My : By nat,0(Bx) — Buw,nat(Bx) is bounded,
¢ € B nato(Bx) and (52) and (53) holds; we only need to prove that My f € By, nat,0(Bx),
for f € Bynato(Bx). If f € By nato(Bx), then for every € > 0, there is a § > 0 such that

€

(54)

forall zwith ¢ < ||z|| < 1.
Using (54) we deduce

f@I<I 0|+/WWUAMﬂw

] ||f||a €ll=ll
0)[ + ||z ||/ ~Jtz|2)e +/ Wdt

IELl

|vm e
'+/ 1fwn a1 son et

€ €
< O+ >‘”W 200001 T 20D~ [z
1 €

< [f(0)] + m”f”a + 2001 5y +

2Q(a = 1)(1 — lz[?)*=

2Q(a = 1)(1 — [|z[)*

=C+

with C; = [f(0)| + (= 5 wllflle + Wand

w(@)[|(Myf)'(2)ll
<w@EIIf @) +w@If ¢ @)

w@IP()le ,
o E L +o@ I @I (6 + 5

e+ @@y @I (G +

IN

€
Qa—1)(1 - ||Z||2)”‘1)

A

Q Q 1 1 Z >

1—z[?)*~12Q(a — 1)

< e+ Cw(@)|¢'(2)] + sup w(z)[[¢'(2)]] (

zeByx

< et 5t Q@Y @I
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for all z with ¢ < ||z|| < 1. By the condition ¢ € By, uat0(Bx), we have

lim c(z)||(Mys)' ()] = 0,
[zl —1
so My f € B nato(Bx). Thus the operator My : By yaro(Bx) — Bunato(Bx) is bounded.
In terms of necessity, if the operator My : By nat0(Bx) — Beouato(Bx) is bounded,
then My : By nato(Bx) — Buwnat(Bx) is bounded. By the proof of (43) in Theorem 4,
P € Bnato(Bx) and (53) holds.
To prove that (52) holds, we take the test function /i, : Bx — C given by (31) and have
for z € By,

(@ —Dlall _ (a=1)la]l

I ()l < < ,
! 11— llalla(z)[" = 1 = [lall®

(55)

It follows from (55) that
14
lim (1—|z]?) |k (z)] =0,
Jim (1= z07) 5 2)]

=1

s0 hg € By nato(Bx). Using the proof of (28) in Theorem 3, condition (52) follows. This
completes the proof of Theorem 7. [

Finally, we provide a sufficient condition of the boundedness of the operator My :
Bln,nat(BX> — Bﬂﬂf(BX)'

Theorem 8. (1) If

In —¢—
z€Bx 7 1]
and
6
sup (1— ||z*)[[¢'(2)]| lnlnw < co. (57)

zeBy

Then the operator My : Bin yat(Bx) — Buat(Bx )is bounded.
(2) If the operator My : Bin ot (Bx) — Buat(Bx )is bounded, then (56) holds.

Proof. (1) Suppose that (56) and (57). Let f € By nqt(Bx). Then by (4) and Lemma 4,
we get

1My £y = sup (1=l wf) @)

. 6
< sup L 4 sup (1 22) 19/ () [t = e, G

z€Byx 1—|z]] z€Bx

and

| My f(O)] = [ (0)£(0)| < [$(0)]Ifin- (59)

Applying conditions (56)-(59), we can conclude the operator My : Bin a0t (Bx) — Buat(Bx)
is bounded.
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(2) For a € Bx\{0}, using I; € B t(Bx) and ¢ € Byt (Bx), we get

(1= llz[*) alllp ()] = (1 = Iz} 17 @) ()] < sup (1~ [12]*) [$(2)15(2)]]

zeBx
< sup (1— |1z|*)[|¢(2)I)(z) + L ()9 () || + sup (1 — ||z|I*)[|¢ (z) |1« (2)|
zeBx zeBx
< | Mylallnat + sup (1 — ||z]|*)[|¢'(z) |
ZGBX
< IMy || + 119l nat-
From which we have
zZ
wp 1912
z€Bx T 1-l7]]
_ 2
< sup 1|llJ(Ze)| n 1 — sup (1 1|\7~||€)|llJ(Z)|
el M A=) I
[$(2)] 1 2
< sup + sup (1 —[z[|7)|¢(z)|
leler My A=) Ins pa
[$(2)] 1
< sup + (1Ml + 19l nar)
el My (172 "
< 0,

that is, (56) holds. O

Remark 3. At the moment, we are not sure if the boundedness of the operator My : Bip yqt(Bx) —
Bhat(Bx) implies that condition (57) holds. Hence, for interested readers, we leave this as an
open problem.

4. Conclusions

There has been significant interest in the operators on subspaces of H(Bx ). We provide
the definition of the natural y-Bloch-type space B) uq(Bx). Thus, our aspiration is that
this exposition will spur on further research and activity in this field. In the current work,
our aim is to investigate the boundedness of the multiplication operators from By nq: (Bx)
(or By nato(Bx)) into Bunat(Bx) (O By nato(Bx)) on the unit ball Bx. This serves as an
excellent foundation for discussion and further inquiry. Naturally, collaborating with
operators on the unit ball of Banach spaces X presents certain challenges, in contrast
to working with multiplication operators on the subspace comprising all holomorphic
functions within the open unit disc or the unit ball. This is mainly because the test function
in the natural a-Bloch space By nat(Bx) or By nato(Bx) (« > 0) is not easy to obtain. The
methods, ideas and tricks presented here, with some modifications, can be used in some
other settings, which should lead to some further investigations in this direction. For
future research, one possible direction would be to investigate the compactness of the
multiplication operators from By yiat(Bx) (0r By nat0(Bx)) into Be nat (Bx) (0r By nat,o(Bx)).
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