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Abstract

Portfolio optimization is a multifaceted process aimed at achieving a balance between
investors’ risk tolerance and expected returns. However, the inherent uncertainty and
unpredictability of financial markets significantly hinder the attainment of this balance.
Therefore, there is an increasing need for models capable of representing these uncertainties
in a more realistic manner. In this study, novel intuitionistic fuzzy mathematical models
are proposed to provide alternative portfolio options that align with diverse investor ex-
pectations and risk perceptions. By utilizing mathematical programming formulations
incorporating intuitionistic fuzzy parameters, the study contributes to the theoretical frame-
work and enables the analysis of portfolio structures that vary in response to imprecisely
defined return levels. The intuitionistic fuzzy parameters are modeled using appropriate
membership and non-membership functions, and mean absolute deviation is employed as
the risk measure within the proposed models. Various alternative solutions are generated
by considering different lower and upper bound constraints, thereby allowing for the
construction of flexible investment strategies suitable for different investor profiles. The
practical applicability of the proposed models is demonstrated using real-world stock data
obtained from Borsa Istanbul. The empirical results reveal that the models provide solutions
that are sensitive to individual risk preferences and adaptable to changing market condi-
tions. Accordingly, the developed intuitionistic fuzzy models serve as effective tools for
determining optimal portfolio allocations and developing resilient investment strategies.

Keywords: portfolio optimization; intuitionistic fuzzy mathematical programming; mean
absolute deviation; risk management; uncertainty modeling; Borsa İstanbul (BIST)

MSC: 91G10; 90C70; 03E72; 90C90

1. Introduction
The capital directed by investors towards the right assets plays a critical role in eco-

nomic growth and market stability within financial markets. The foundation of investment
decisions lies in determining which financial instruments should be selected and the criteria
upon which these selections will be based. Portfolio optimization is a significant decision
problem that allows investors to balance their return objectives with risk tolerance. With
the increasing volatility in financial markets today, portfolio optimization has become a
strategic necessity for both individual and institutional investors. This process exhibits a
dynamic structure depending on investors’ risk perceptions and changing market condi-
tions. In general, a portfolio consists of financial assets such as stocks, mutual funds, bonds,
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and cash-like instruments. However, the abundance of available options complicates the
process of creating an optimal portfolio for investors [1].

Mathematically, the key components of portfolio optimization are risk and return.
When investors aim to achieve higher returns, they must also accept more risk. Therefore,
the primary objective of portfolio optimization is to effectively balance risk and return [2]. In
traditional portfolio theory, the concepts of risk and return are considered using quantitative
measures. However, in modern investment decisions, not only these two factors but also
different constraints and multiple criteria are taken into account.

The Markowitz portfolio model, developed by Harry Markowitz in 1952, is considered
one of the cornerstones of modern portfolio theory [3]. This model assumes that investors
make rational decisions and try to minimize risks while maximizing their returns. The
model emphasizes the importance of portfolio diversification by considering not only the
risk and return of individual assets but also the correlation between assets [4]. Since the
emergence of the Markowitz model, numerous studies have been conducted on portfolio
optimization, and alternative risk measures have been proposed. Hogan and Warren [5]
modeled investment risk using semi-variance, while Konno [6] suggested using Mean
Absolute Deviation (MAD) as a risk measure. Speranza [7] employed the semi-absolute de-
viation measure, and entropy was proposed as an alternative risk measure [8,9]. Campbell
et al. [10] adopted the Value at Risk (VaR) approach, followed by the Conditional Value at
Risk (CVaR) method [11]. Additionally, Polak et al. [12] used minimax-type risk measures
to address the portfolio selection problem.

Many researchers have attempted to incorporate practical aspects of portfolio man-
agement, such as fixed and variable transaction costs, investment limits for each asset, and
cardinality constraints [13–17]. The modification introduced by Chang et al. [13], which
added a cardinality constraint to the portfolio selection problem, is considered one of the
most significant innovations in portfolio optimization literature.

Investment decisions in financial markets generally involve uncertainty and risk.
Traditional portfolio optimization methods provide solutions aimed at balancing risk
and return under certain assumptions [18–20]. However, most of these methods fail to
adequately reflect the uncertainties and complex dynamics in the markets. At this point,
fuzzy logic and fuzzy set theory offer a revolutionary approach to modeling uncertainty
and abstract concepts. Fuzzy portfolio models provide a robust framework for portfolio
optimization by addressing the effects of uncertainty more effectively. This method enables
the optimization of portfolio composition in a more flexible and realistic manner by utilizing
fuzzy definitions of returns, risks, and other critical variables. Fuzzy portfolio management
allows investors to dynamically manage their portfolios while considering the returns and
risks of different assets. Furthermore, the goal is to develop more flexible and adaptive
strategies, taking into account market fluctuations and future uncertainties. The inherent
uncertainty in investor preferences may not be fully expressed using traditional quantitative
methods. Therefore, fuzzy logic enhances decision-making processes, supporting investors
in making informed and strategic decisions. In the context of increasingly important
complex financial products and new investment opportunities, fuzzy approaches contribute
to a more comprehensive perspective on investment decisions.

Fuzzy set theory, developed by Zadeh [21] in 1965, offers a more flexible framework
for problems by defining sets with uncertain and gradual membership degrees rather than
strict boundaries. Numerous studies in the literature have applied fuzzy set theory to
portfolio optimization. Zimmermann [22], and Bellman and Zadeh [23] developed fuzzy
linear programming models, while Katagiri and Ishii [24] conducted one of the pioneering
works applying fuzzy theory to portfolio selection problems.
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Mehlawat [25] addressed the reliability-mean-entropy model for the fuzzy multi-
objective multi-selection portfolio optimization problem. Deng and Li [26] proposed
a portfolio optimization model that includes borrowing constraints, using fuzzy mean,
fuzzy variance, and fuzzy covariance measures. Zhang and Zhang [27] developed a new
multi-period fuzzy portfolio selection model incorporating transaction costs, borrowing
constraints, threshold constraints, and cardinality constraints, using MAD as the risk
measure. Zhang et al. [28] proposed a multi-objective optimization model for portfolio
selection based on probabilistic entropy measure and designed a new hybrid intelligent
algorithm to solve this model. Bhattacharyya et al. [29] extended the classical mean-variance
portfolio selection model to a mean-variance-skewness model using the concept of interval
numbers in fuzzy set theory, considering transaction costs. Based on Data Envelopment
Analysis (DEA), Mehlawat et al. [30] presented a fuzzy multi-objective portfolio model
equipped with higher moments and developed several recommendations for investors with
different attitudes. Zhang [31] proposed an uncertain multi-period MAD portfolio selection
model, including threshold, cardinality constraints, transaction costs, and risk control.

Classical fuzzy set theory considers only the membership degree and does not fully
allow for modeling the uncertainty in investor decisions. In contrast, Intuitionistic Fuzzy
Set (IFS) theory extends this framework by incorporating both membership and non-
membership degrees, enabling the explicit modeling of hesitation, which can be effectively
minimized to enhance portfolio performance. Despite its potential, limited studies have
explored portfolio selection within an Intuitionistic Fuzzy (IF) context. IFS, developed
by Atanassov [32] and Atanassov and Gargov [33], extends classical fuzzy set theory by
allowing each element to have both membership and non-membership degrees. This
framework explicitly captures investor hesitation, which is often overlooked in prior fuzzy
portfolio models, providing a more nuanced representation of decision uncertainty.

There is a growing body of literature on portfolio optimization using IFS. Chen
et al. [34] developed a mean-variance-skewness portfolio model using IF min-max op-
erators, while Deng and Pan [35] proposed an IF optimization framework for the multi-
objective portfolio selection problem. Within an IF framework, Gupta et al. [2] used entropy
and higher moments to solve the multi-objective portfolio selection problem using polyno-
mial goal programming.

Wu et al. [36] aim to model stock prices using the fractional uncertain differential
equation and develop an investment risk reduction approach based on the optimization
model. First, the renewal process is introduced in the two-factor fractional Liu uncertain
model. Following the proposal of two techniques to detect and isolate the jump data,
formulas are established to calibrate the model’s parameters based on the market data uti-
lizing the properties of the fractional Liu and the renewal processes. Mohseny-Tonekabony
et al. [37] propose a two-stage methodology that integrates Data Envelopment Analysis
(DEA) with Goal Programming for portfolio selection, marking an innovative effort to com-
bine these techniques in this domain. This approach enhances the traditional risk–return
model by integrating supplementary financial variables and accounting for data uncer-
tainty, enabling a comprehensive analysis of portfolio performance that aligns with investor
preferences and varying degrees of risk aversion. Kumar et al. [38] propose a credibilistic
multi-objective, multi-period portfolio selection model that incorporates uncertainty using
credibility theory. It integrates DEA to evaluate and select efficient portfolios over multiple
time periods under fuzzy environments. Yadav et al. [39] present a multi-objective financial
portfolio selection model that incorporates sustainability criteria within an IF framework to
better handle uncertainty and investor hesitation. The approach balances risk, return, and
sustainability by integrating fuzzy logic with advanced optimization techniques.
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Although there exists a substantial body of research applying fuzzy set concepts to
portfolio selection, much of the prior work remains descriptive rather than comparative.
Several studies extend the classical mean–variance and MAD frameworks with fuzzy or
interval-valued parameters and apply diverse solution methods (e.g., goal programming,
possibilistic, or credibilistic approaches). However, these contributions typically (i) focus
on representing imprecision via single-component fuzzy numbers (membership only),
(ii) rarely quantify the role of hesitation explicitly in numerical experiments, and (iii) provide
limited cross-model comparisons under alternative uncertainty constructions, highlighting
the need for a more comprehensive and systematic framework.

The recent literature on alternative mean–risk criteria and multi-period or AI-assisted
rebalancing highlights both methodological diversity and the need for rigorous compar-
ative benchmarks. For example, Ji et al. [40] provide an extended study of Mean–Gini
formulations and computational strategies emphasizing cross-model testing, while Jiang
et al. [41] present a modern multi-period rebalancing framework integrating machine
learning to adjust risk aversion. These studies underline the importance of systematic com-
parison and robustness checks, motivating the adoption of an intuitionistic fuzzy approach
in this study.

This study proposes new portfolio optimization models using intuitionistic fuzzy
mathematical programming (IFMP). The proposed models offer a more flexible framework
for investors’ risk perceptions and decision-making processes under uncertainty. The main
contributions of the study are summarized as follows:

(a) The portfolio optimization problem is addressed through an advanced IFMP frame-
work, enabling a more comprehensive handling of uncertainty and investor hesitation
compared to conventional methods.

(b) IFS are employed to overcome the inherent limitations of classical fuzzy set theory by
simultaneously incorporating membership, non-membership, and hesitation degrees,
thereby enhancing the robustness of decision-making under ambiguity.

(c) Two novel IF portfolio selection models are developed, each tailored to accommodate
three distinct investor profiles characterized by varying levels of risk tolerance, thus
offering personalized and flexible investment strategies.

(d) A detailed sensitivity analysis is conducted to evaluate the responsiveness of the pro-
posed models to changes in membership and non-membership degrees, highlighting
the models’ adaptability and stability under varying decision environments.

(e) MAD is adopted as a risk metric due to its computational efficiency and interpretabil-
ity, while uncertainty in expected returns is captured using the IF framework, allowing
for a more realistic and nuanced modeling of financial data.

(f) The practical implications of the proposed models on investment decision-making
are thoroughly examined, and potential directions for future research and model
enhancement are identified, thereby contributing to the ongoing development of
sustainable and uncertainty-aware portfolio optimization methodologies.

The remainder of the paper is organized as follows: Section 2 presents the theoreti-
cal foundation of the proposed method. Section 3 demonstrates the applicability of the
model through a numerical example. Section 4 concludes the study and discusses future
research directions.

2. Materials and Methods
2.1. The Concept of Intuitionistic Fuzzy Sets

A helpful technique for figuring out whether a degree of information hesitation is
offered is the IFS idea, which may be utilized to address ambiguity. Type 1 fuzzy sets are
expanded upon by IFS. For recovering systems that involve uncertainty or ignorance, this
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theory is perfect. When there is little or no prior knowledge about the model parameters,
IFMP will eliminate this uncertainty as efficiently as possible by using both belonging and
non-belonging degrees to ensure the accuracy of the parameter values produced using
distributions and prior knowledge.

The fuzzy set theory is aimed at improving the oversimplified model; as a result, a
more robust and flexible model can be developed to solve real-world complex systems
involving human views [42]. The theory of IFS, originally proposed by Atanassov [32],
is a generalization of classical fuzzy set theory introduced by Zadeh [21]. A fuzzy set A
in a universe of discourse X is characterized by a membership function µA : X → [0, 1] .
Formally, a fuzzy set can be represented as

A = {x, µA(x)|x ∈ X}. (1)

where µA(x) indicates the degree of membership of element x to set A. The degree of
non-membership is 1 − µA(x). However, a human being who can easily express the degree
of membership of a given element in a fuzzy set usually cannot express the corresponding
degree of non-membership. It is a well-known fact that linguistic negation is not always
identified with logical negation. The notion of IFS was defined by Atanassov [43], who also
generalized the idea of fuzzy sets. An IFS is characterized by two functions, a membership
function and a non-membership function. They seem to be useful when modeling many
real-life cases, such as negotiation processes [32].

Let X be universe of discourse. An IFS
∼
A in X is defined as follows [44]:

∼
A =

{
x, µ∼

A
(x), v∼

A
(x)

∣∣∣x ∈ X
}

(2)

where µ∼
A

: X → [0, 1] is the membership function, indicating the degree to which the
element x belongs to the set A, v∼

A
: X → [0, 1] , is the non-membership function, indicating

the degree to which x does not belong to
∼
A. For ∀x ∈ X,the condition 0 ≤ µ∼

A
(x) +

v∼
A
(x) ≤ 1 must be satisfied.

In addition, the hesitation degree or indeterminacy degree, denoted by π∼
A
(x),

represents the lack of knowledge about whether x belongs to
∼
A and is calculated as

π∼
A
(x) = 1 − µ∼

A
(x)− v∼

A
(x), ∀x ∈ X and 0 ≤ π∼

A
(x) ≤ 1 [45].

Thus, each element in an IFS is characterized by a triplet
〈

x, µ∼
A
(x), v∼

A
(x)

〉
, incorpo-

rating not only the degree of membership but also non-membership and hesitation, which
collectively enable a richer and more nuanced representation of uncertainty compared to
classical fuzzy sets.

The notion of intuitionistic fuzzy sets provides a powerful mathematical foundation
for handling uncertainty. When this concept is adapted to the representation of numerical
quantities under uncertainty, the result is known as an intuitionistic fuzzy number (IFN).
An IFN is a specific type of IFS defined on the real number line R, where the member-
ship and non-membership functions satisfy additional properties to represent uncertain
numerical values.

An IFN
∼
A is an intuitionistic fuzzy set on R, such that

∼
A =

{
x, µ∼

A
(x), v∼

A
(x)

∣∣∣x ∈ R
}

with the following conditions: µ∼
A

: R → [0, 1] and v∼
A

: R → [0, 1] .

An intuitionistic fuzzy number (IFN) is indicated as
∼
A= (µ ∼

A
, v∼

A
, π∼

A

)
. Let

∼
A =(

µ∼
A

, v∼
A

, π∼
A

)
and

∼
B =

(
µ∼

B
, v∼

B
, π∼

B

)
be two IFNs, λ ∈ [0, 1] and some basic operations are

given as follows [32,46].
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i.
∼
A +

∼
B = ((µ ∼

A
+ µ∼

B
− µ∼

A
× µ∼

B
), v∼

A
× v∼

B
),

ii.
∼
A ×

∼
B = (µ ∼

A
× µ∼

B
, (v ∼

A
+ v∼

B
− v∼

A
× v∼

B
)),

iii. λ
∼
A = (1 − (1 − µ∼

A
)λ, v∼

A
λ); λ ≥ 0,

iv.
∼
A

λ

= (µ∼
A

λ, 1 − (1 − v∼
A
)λ); λ ≥ 0.

2.2. Intuitionistic Fuzzy Mathematical Programming

A sophisticated optimization framework called IFMP was created to address decision-
making issues in situations including uncertainty and imprecise, conflicting, or incomplete
information. By adding the richer informative structure of IFS, which concurrently captures
membership, non-membership, and hesitation degrees, this method expands on both
classical and fuzzy mathematical programming.

In classical linear programming formulations, the parameters involved in the objective
function and constraint set are usually considered to be known precisely and treated as crisp
numerical values. However, such an assumption often fails to reflect the complexities of real-
world decision-making environments, where data may be vague, incomplete, or imprecise
due to human subjectivity, lack of historical information, or rapidly changing conditions.
Particularly in financial and engineering systems, the values of certain parameters—such
as expected returns, resource capacities, or demand levels—are frequently derived from
expert opinions, estimations, or linguistic assessments rather than exact measurements.

To better capture this imprecision, parameters can be modeled using IFNs, which
extend classical fuzzy sets by incorporating three components: a membership degree (indi-
cating the degree of belief), a non-membership degree (indicating the degree of disbelief),
and a hesitation degree, which quantifies the uncertainty or lack of knowledge regarding
the parameter. This richer representation enables a more realistic modeling of uncertainty
compared to traditional fuzzy or crisp approaches. The inclusion of a hesitation degree is
especially important in practical scenarios where data may be partially known, imprecisely
reported, or entirely unavailable. For example, in sustainable finance, an investor may
be somewhat confident that a given asset aligns with environmental goals (membership),
somewhat doubtful due to lack of third-party verification (non-membership), and hesitant
due to limited disclosure (hesitation). Such nuanced judgments cannot be fully modeled
using only fuzzy membership values. Therefore, incorporating IFNs into optimization mod-
els enhances both the descriptive accuracy and decision quality, offering a mathematically
rigorous yet practically meaningful representation of uncertainty [47].

Let the IFMP model be represented by Equations (3)–(5),

Min z = ∑n
j=1 cjxj (3)

∑n
j=1 ajxj ≥

∼
b i, i = 1, . . . , m (4)

xj ≥ 0, j = 1, . . . , n (5)

where the right-hand side parameters bj are IFNs and cj and aj parameters are crisp.
Then the constraint handling mechanism is adjusted to incorporate the membership, non-
membership, and hesitation degrees associated with the IFN representation of parameters.
So proposed IFMP model is as follows:

Min z = ∑n
j=1 cjxj

µ∼
bi
(x) ≥ α, i = 1, . . . , m (6)
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v∼
bi
(x) ≤ β, i = 1, . . . , m (7)

α + β ≤ 1 (8)

α ≥ β (9)

where µ∼
bi
(x) is the membership function which is defined as Equation (10)

µ∼
bi
(x) =


0 ∑n

j=1 ajxj ≤ Lbi

1 −
Ubi

−∑n
j=1 ajxj

Ubi
−Lbi

, Lbi
< ∑n

j=1 ajxj < Ubi

1 ∑n
j=1 ajxj ≥ Ubi

(10)

and v∼
b
(x) is the non-membership function, which is defined as Equation (11):

v∼
bi
(x) =


1 ∑n

j=1 ajxj ≤ Lbi

1 − ∑n
j=1 ajxj−Lbi
Mbi

−Lbi
, Lbi

< ∑n
j=1 ajxj < Mbi

0 ∑n
j=1 ajxj ≥ Mbi

(11)

And α is the minimum acceptable degree of membership, where 0 ≤ α ≤ 1; β is the
maximum acceptable degree of non-membership, where 0 ≤ β ≤ 1.

Here, L and U notations represent the lower and upper confidence levels of the
confidence intervals, respectively. M represents the midpoint of the length of the confidence
interval and calculated by M = L + U−L

2 . In statistical analyses, having high confidence
levels when constructing confidence intervals is a desirable situation. Therefore, it is
important to work with different confidence levels. When constructing confidence intervals,
calculations were made based on the t or z distribution, depending on the characteristics of
the dataset. The confidence intervals were calculated using Equation (12) or Equation (13).

P
(

b + zα/2

(
σb√

n

)
< µb < b + zα/2

(
σb√

n

))
= 1 − α′ (12)

P
(

b + tα/2

(
Sb√

n

)
< µb < Xb + tα/2

(
Sb√

n

))
= 1 − α′ (13)

α′ is confidence levels, 0 ≤ α′ ≤ 1.

2.3. Model Description and Notation

The Konno–Yamazaki (KY) model [48] is a well-established approach in portfolio
optimization that minimizes the MAD as a risk measure while ensuring a minimum
expected return.

First, the KY model should be defined. Let Rj represent the rate of return (per period)
of the asset Sj, j = 1, 2, . . . , n, which is a random variable. Additionally, let xj represent the
proportion of the total fund M0 that will be invested in Sj. An investment’s expected return
is provided by

E
(
∑n

j=1 Rjxj

)
= ∑n

j=1 E
(

Rj
)
xj (14)

where E(.) represents the expected value of the random variable and the investor wants to
maximize the expected value in Equation (14). The MAD defined as the risk measure by
KY is given by Equation (15) [48].

E
∣∣∣∑n

j=1 Rjxj − E
(
∑n

j=1 Rjxj

)∣∣∣ (15)
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Equation (15) is approximated as Equation (16):

1
T ∑T

t=1

∣∣∣∑n
j=1

(
rjt − rj

)
xj

∣∣∣ (16)

rjt is the realization of the random variable Rj during period t. E
(

Rj
)
, which is

expected value of Rj, can be approximated by the average return of the j-th stock over
T periods rj = ∑T

t=1 rjt/T. Additionally, the average of the average return rates of the n

stocks over T periods is r =
∑n

j=1 rj
n . Then Equation (16) can be rewritten as Equation (17).

1
T ∑T

t=1

∣∣∣∑n
j=1 ajtxj

∣∣∣ (17)

where ajt = rjt − rj, j = 1, 2, . . . , n, t = 1, 2, . . . , T. As a result of the linearization of
Equation (17), the KY model [48] is given by Equations (18)–(23). The notations, parameters,
and decision variables used in this study are summarized in Table 1 for the readers’ convenience.

Table 1. Symbols, parameters, and decision variables used in the study.

Symbols Description

n Number of stocks
j Stock index j = 1, 2, . . . , n
T Number of periods
t Any period within the T period t = 1, 2, . . . , T

Parameters Description

rjt The return rate of the j-th stock in period t
rj The average return rate of the j-th stock

ajt

The difference between the return of the j-th stock in the
t-th period and its average return over the T periods.
ajt = rjt − rj, j = 1, 2, . . . , n, t = 1, 2, . . . , T

uj The upper limit of the investment amount in the j-th stock
µ0 Total investment amount
ρ Expected return rate

M0 Large number
ρM0 Expected return amount

α The minimum acceptable degree of membership
β The maximum acceptable degree of non-membership

UρM0 Upper bound of the confidence interval
MρM0 Midpoint of the length of the confidence interval
LρM0 Lower bound of the confidence interval

Variables Description

xj Investment share of stock j
yt Auxiliary variable

Min∑T
t=1 yt/T (18)

yt + ∑n
j=1 ajtxj ≥ 0, t = 1, . . . , T (19)

yt − ∑n
j=1 ajtxj ≥ 0, t = 1, . . . , T (20)

∑n
j=1 rjxj ≥ ρM0 (21)

∑n
j=1 xj = M0 (22)

0 ≤ xj ≤ uj, j = 1, . . . , n (23)
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The objective of the KY model, given by Equation (18), is to minimize the risk of the
portfolio while achieving a specific level of return [48]. It uses the MAD as a risk measure.
The MAD of a portfolio is a risk indicator that measures how much the portfolio’s returns
deviate from the expected return. Equations (19) and (20) allow for the calculation of the
portfolio’s MAD. The investor may request the portfolio to achieve a certain minimum
expected return. Equation (21) ensures that the expected return of the portfolio does not
fall below a certain threshold. Equation (22) represents the capital budget constraint; this
constraint guarantees that the total investment in all stocks in the portfolio does not exceed
M0. Equation (23) ensures that the amount invested in each stock in the portfolio does
not exceed a specified upper limit. Limiting the investment amounts to a certain upper
boundary is used to control the diversification of the portfolio and prevent giving an
excessively large share to any single stock.

In this study, MAD is employed as the primary risk measure due to its computational
simplicity, interpretability, and robustness. Unlike variance-based measures that require
the estimation of a variance-covariance matrix and involve quadratic programming, MAD
is a linear and easily implementable risk metric. This linearity significantly simplifies the
portfolio optimization model and allows for faster solution times, especially in large-scale
problems. Additionally, MAD is less sensitive to extreme values compared to variance, mak-
ing it more robust in the presence of outliers and irregular data distributions—a common
scenario in emerging markets. Moreover, MAD provides a more intuitive understanding
of risk, representing the average absolute deviation from the mean return, which can be
more practical for decision-makers without advanced statistical backgrounds. Given these
advantages, MAD is considered a suitable and effective choice for modeling risk within the
proposed IF portfolio optimization framework. In this study, the MAD risk-based IF ex-
pected return rate optimization was created. Traditionally, the expected returns are treated
as deterministic or fuzzy values. However, to address the vagueness, incompleteness, and
hesitancy in real-world return estimation, we extend the KY model by representing the
expected returns as IFNs.

The proposed method employs IFS theory to represent uncertainty through the degrees
of membership and non-membership. We define R(x), the IFS to expected return as
Equation (24):

R(x) =
{

x, µ ∼
ρM0

(x), v ∼
ρM0

(x)
∣∣∣∣x ∈ X

}
(24)

where µ ∼
ρM0

(x) is the membership function which is defined as Equation (25)

µ ∼
ρM0

(x) =


0 ∑n

j=1 rjxj ≤ LρM0

1 −
UρM0−∑n

j=1 rjxj
UρM0−LρM0

, LρM0 < ∑n
j=1 rjxj < UρM0

1 ∑n
j=1 rjxj ≥ UρM0

(25)

and v ∼
ρM0

(x) is the non-membership function, which is defined as Equation (26)

v ∼
ρM0

(x) =


1 ∑n

j=1 rjxj ≤ LρM0

1 − ∑n
j=1 rjxj−LρM0
MρM0−LρM0

, LρM0 < ∑n
j=1 rjxj < MρM0

0 ∑n
j=1 rjxj ≥ MρM0

(26)

Membership and non-membership functions are represented graphically in Figure 1.
The horizontal axis represents the expected return level, while the vertical axis indicates
the degree of membership/non-membership.
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Figure 1. Membership and non-membership functions of the IF expected return.

The notation, parameters, and decision variables used in the proposed IFMP models
follow those defined in the Konno–Yamazaki model (Section 2.3) and are detailed in Table 1.
The proposed IFMP model for portfolio optimization (M1) is defined as

Model 1: M1

Min∑T
t=1 yt/T

1 −
UρM0 − ∑n

j=1 rjxj

UρM0 − LρM0

≥ α (27)

1 −
∑n

j=1 rjxj − LρM0

MρM0 − LρM0

≤ β (28)

yt + ∑n
j=1 ajtxj ≥ 0, t = 1, . . . , T

yt − ∑n
j=1 ajtxj ≥ 0, t = 1, . . . , T

∑n
j=1 xj = M0

0 ≤ xj ≤ uj, j = 1, . . . , n

α + β ≤ 1 (29)

α ≥ β (30)

Furthermore, when the model is examined, based on the concept of IFS, the constraint
α ≥ β and α + β ≤ 1 are directly adapted into the M1 thus M2 is derived.

According to IFS theory, the membership and non-membership functions given in
Equation (2) must satisfy the condition 0 ≤ µ ∼

ρM0
(x) + v ∼

ρM0
(x) ≤ 1. Then, by rearranging

Equations (25) and (26), Equations (31) and (32) are obtained, respectively, as follows:

µ ∼
ρM0

(x) = 1 −
UρM0 − ∑n

j=1 rjxj

UρM0 − LρM0

=
∑n

j=1 rjxj − LρM0

UρM0 − LρM0

LρM0 < ∑n
j=1 rjxj < UρM0 (31)

v ∼
ρM0

(x) = 1 −
∑n

j=1 rjxj − LρM0

MρM0 − LρM0

=
MρM0 − ∑n

j=1 rjxj

MρM0 − LρM0

LρM0 < ∑n
j=1 rjxj < MρM0 (32)
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To ensure that the condition µ ∼
ρM0

(x) + v ∼
ρM0

(x) ≤ 1 is satisfied, Equation (33) is

obtained as
∑n

j=1 rjxj − LρM0

UρM0 − LρM0

+
MρM0 − ∑n

j=1 rjxj

MρM0 − LρM0

≤ 1 (33)

In the proposed model M2, the membership function corresponding to the expected
return is defined as an increasing function, reflecting the objective of maximizing the
expected return. Conversely, the non-membership function is modeled as a decreasing
function with respect to the expected return. This formulation ensures that higher lev-
els of expected return correspond to higher degrees of membership and lower degrees
of non-membership.

To reflect a rational decision-making behavior that favors portfolios with higher ex-
pected returns, an additional constraint is imposed such that the membership degree must
be greater than or equal to the non-membership degree. This condition µ ∼

ρM0
(x) > v ∼

ρM0
(x)

guarantees that the selected portfolios are evaluated as being more strongly associated
with the desired level of return than being excluded from it. This assumption is consistent
with the underlying intuitionistic fuzzy set framework and supports a more optimistic
assessment of favorable investment alternatives.

The constraint formulated by incorporating the membership degrees is presented in
Equation (34).

∑n
j=1 rjxj − LρM0

UρM0 − LρM0

>
MρM0 − ∑n

j=1 rjxj

MρM0 − LρM0

(34)

Based on this constraint, the enhanced IFMP model for portfolio optimization model,
denoted as M2, is constructed and presented below.

Model 2: M2

Min∑T
t=1 yt/T

∑n
j=1 rjxj − LρM0

UρM0 − LρM0

+
MρM0 − ∑n

j=1 rjxj

MρM0 − LρM0

≤ 1

∑n
j=1 rjxj − LρM0

UρM0 − LρM0

>
MρM0 − ∑n

j=1 rjxj

MρM0 − LρM0

yt + ∑n
j=1 ajtxj ≥ 0, t = 1, . . . , T

yt − ∑n
j=1 ajtxj ≥ 0, t = 1, . . . , T

∑n
j=1 xj = M0

0 ≤ xj ≤ uj, j = 1, . . . , n

3. Results
In this study, two mathematical models (M1 and M2) based on IFS theory are proposed

for solving the Portfolio Optimization problem. To examine the portfolio options generated
by the proposed models, data from the stocks of 50 companies listed on Borsa İstanbul
(BIST) were utilized. The proposed fuzzy models were compared with the KY model.
Comparison criteria included expected return, risk value, and the number of selected
stocks. Furthermore, sensitivity analyses were conducted for M1 and M2 by solving the
models using different tolerance levels for the expected return to assess the effects on
the solutions.
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During the solution phase, the CPLEX solver (version 21.10) was employed. All
numerical analyses were performed on a computer equipped with an Intel Core i7-9700
3.00 GHz processor and 8 GB of RAM.

Daily returns were calculated based on the 30-month daily closing prices of the BIST
50 stocks, and each monthly dataset was coded as a separate problem. For instance, P1
represents the data for the first month, P2 for the second month, and. . ., P30 for the thirtieth
month. Solutions for M1 and M2 were obtained and analyzed for these 30 periods. This
dataset is sufficient to test the validity and accuracy of the models and can also be easily
applied to large-scale problems.

During the 30-month period considered in this study, the constituents of the BIST50
index remained unchanged, and no adjustments occurred. This ensures that there is no
survivorship bias arising from additions or removals of stocks. The analysis focuses on
periods without dividend distributions or stock splits, and portfolio returns are calculated
arithmetically. The relevant formulas and calculation procedures are provided below in a
step-by-step manner. The entire dataset is available at this link and can also be accessed via
the Borsa İstanbul website at https://borsaistanbul.com/ (accessed on 20 August 2025).

It should be emphasized that this cross-sectional framework was deliberately adopted
to represent the short-term market uncertainty faced by investors in each decision period.
Using 30 months of historical data, independent cross-sectional distributions were con-
structed for each month, and corresponding L, M, and U values were derived to build
separate membership and non-membership functions. This design focuses on the relative
behavior of assets within each period rather than forecasting future movements, thus
maintaining consistency with the single-period structure of the Konno–Yamazaki (KY)
model. While time-series approaches can capture long-term volatility dynamics, they may
introduce additional complexity and data dependency without necessarily improving the
interpretability or comparability of results across months. Therefore, the proposed method
provides a valid and coherent basis for evaluating the relative performance of the M1, M2,
and KY models under identical short-term uncertainty conditions.

The steps followed in the implementation are detailed below. Additionally, the algo-
rithm was executed for the first monthly period, corresponding to the P1 problem.

Step 1: Calculate average return of the j-th stock over T periods (rj)
k jt; j = 1, 2, . . . , n, t = 1, . . . , T, denotes the closing price of the j-th stock at the end

of period t. The return of the j-th stock at the end of period t + 1 was calculated using
Equation (35).

rj(t+1) =
k j(t+1) − k jt

k jt
, j = 1, . . . , n, t = 1, . . . , T − 1 (35)

Step 2: Calculate the average of the average return rates of the n stocks over T periods
(r) and standard deviation (S)

The standard deviation of the average return of the j-th stock over T periods is
calculated using Equation (36).

S =

√
1

n − 1∑n
j=1

(
rj − r

)2 (36)

For the P1 problem, the average return and standard deviation of the 50 stocks over
the 25-day period were calculated as r = 0.055410 and S = 0.653554, respectively.

Step 3: Determine the tolerance values for the expected returns.
To generate parameters with IF returns, tolerance values were constructed based on

confidence intervals. The normality of the average returns (rj, j = 1, 2, . . . , 25) was assessed
using the Kolmogorov–Smirnov test at a 0.05 significance level. The data for the P1 problem
were found to conform to a normal distribution (p > 0.05). Since the sample size is less than

https://borsaistanbul.com/
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30 and the population variance is unknown, the confidence intervals were obtained based
on the t-distribution. The confidence intervals, constructed based on the t-distribution at a
(1 − α′) confidence level, were obtained using Equation (37).

P
(

ρM0 + tα′/2

(
SρM0√

n

)
< µρM0 < ρM0 + tα′/2

(
SρM0√

n

))
= 1 − α′ (37)

P
(

LρM0 < µρM0 < UρM0

)
= 1 − α′ (38)

In the confidence interval given by Equation (38), LρM0 represents the lower bound,
UρM0 represents the upper bound, and MρM0 denotes the midpoint of the interval. The 95%
confidence interval for r is provided by Equation (39).

P
(
−0.131355 < µρM0 < 0.242175

)
= 0.95 (39)

The length of the confidence interval was determined to be 0.37353, resulting in a
midpoint value of MρM0 = 0.055410. Based on this, the membership function associated
with the expected return was constructed and is illustrated in Figure 2. The x-axis shows
the expected return values, and the y-axis shows their corresponding membership degrees.

Figure 2. Membership functions of the expected return rates for the P1 problem.

Step 4: Based on the tolerance values, the membership functions were constructed.
For the P1 problem, the membership functions constructed using Equations (13) and

(14) are presented in Equations (40) and (41).

µ ∼
ρM0

(x) =


0 ∑n

j=1 rjxj ≤ −0.131355

1 −
0.242175−∑n

j=1 rjxj
0.242175+0.131355 , −0.131355 < ∑n

j=1 rjxj < 0.242175
1 ∑n

j=1 rjxj ≥ 0.242175

(40)

v ∼
ρM0

(x) =


1 ∑n

j=1 rjxj ≤ −0.131355

1 − ∑n
j=1 rjxj+0.131355

0.055410+0.131355 , −0.131355 < ∑n
j=1 rjxj < 0.055410

0 ∑n
j=1 rjxj ≥ 0.055410

(41)

Step 5: The solutions of the M1 and M2 models were obtained using the member-
ship functions.

3.1. Solutions of the M1 Model and Comparison Analysis

The M1 model was initially solved for the P1 problem using different values of
the membership degree (α) and non-membership degree (β) that satisfy the conditions
α + β ≤ 1, α ≥ β, α ≥ 0 and β ≥ 0. For α, the values 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9,
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and 1.0 were used, and for β, the values 0.1, 0.2, 0.3, 0.4, and 0.5 were employed. This
resulted in 36 different parameter pairs that satisfy the specified conditions. The expected
return and risk values corresponding to the feasible solutions are presented in Table 2.
Since solutions that do not satisfy the condition α ≥ β were excluded, the corresponding
cells in Table 2 are left blank.

Table 2. Solutions of M1 for the P1 Problem under Different α and β Values.

β = 0.0 β = 0.1 β = 0.2 β = 0.3 β = 0.4 β = 0.5

α = 0.0
Return 0.011150

Risk 0.001818

α = 0.1
Return 0.011150 0.008193

Risk 0.001818 0.001706

α = 0.2
Return 0.011150 0.008193 0.005236

Risk 0.001818 0.001706 0.001612

α = 0.3
Return 0.011150 0.008193 0.005236 0.002279

Risk 0.001818 0.001706 0.001612 0.001552

α = 0.4
Return 0.011150 0.008193 0.005236 0.005236 0.005236

Risk 0.001818 0.001706 0.001612 0.001612 0.001612

α = 0.5
Return 0.011150 0.011150 0.011150 0.011150 0.011150 0.011150

Risk 0.001818 0.001818 0.001818 0.001818 0.001818 0.001818

α = 0.6
Return 0.017064 0.017064 0.017064 0.017064 0.017064

Risk 0.002069 0.002069 0.002069 0.002069 0.002069

α = 0.7
Return 0.022979 0.022979 0.022979 0.022979

Risk 0.002333 0.002333 0.002333 0.002333

α = 0.8
Return 0.028893 0.028893 0.028893

Risk 0.002615 0.002615 0.002615

α = 0.9
Return 0.034807 0.034807

Risk 0.002897 0.002897

α = 1.0
Return 0.040722

Risk 0.003178

According to Table 2, for α = 0.3 and β = 0.3, the lowest return and risk values were
obtained as 0.002279 and 0.001552, respectively. The highest return (0.040722) and highest
risk (0.003178) were observed for α = 1.0 and β = 0.0. These results support the theory that
higher-risk investments generally offer higher potential returns. Investors who are willing
to accept greater risk expect potential returns that compensate for that risk.

When examining changes in return and risk values across different α and β values,
it is observed that as the return increases, the risk also rises. Consequently, the solution
with the lowest risk also corresponds to the lowest return. A similar pattern is observed for
the highest-risk and highest-return solutions. Although there is a single solution each for
the lowest and highest risk–return pairs, the risk and return values were identical for all
solutions with α ≤ 0.5 and β = 0.0. Moreover, for α ∈ (0.5, 0.9), the results were found to
be the same regardless of the value of β. Graphs illustrating the expected returns and risk
values for all solutions of M1 across different α and β values are presented in Figure 3.

The sensitivity of Model M1 to the α and β parameters arises from the structure of the
membership functions that represent the uncertainty of expected returns. These functions
are constructed from the L, M, and U values derived from the cross-sectional distribution
of stock returns for each month.

For any α and β values satisfying α ≥ β and α + β ≤ 1, only one of the constraints
in Equations (27) and (28) becomes binding, while the other remains inactive. The active
constraint depends directly on the chosen α and β values. Although the solution remains
stable for some α − β combinations, varying β can still yield distinct outcomes; for example,
when α = 0.4, different β values lead to diverse portfolio selections.
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Figure 3. Solutions of the P1 Problem for the M1 Model Across Different α and β Values: (a) Return
values (b) Risk values.

The definition of the membership and non-membership functions (µ ∼
ρM0

and v ∼
ρM0

),

together with their increasing or decreasing structure, determines the relative influence of
α and β on the solutions. Numerical experiments show that variations in α have a stronger
effect on the results compared to β. This behavior can be attributed to two structural aspects
of the model. First, since the IF constraint set includes α + β ≤ 1 and α ≥ β, the feasible
range of β is generally narrower than that of α, reducing the likelihood that β becomes
binding. Second, the piecewise-linear membership and non-membership functions place
critical decision thresholds primarily on the membership (α) side, meaning that increasing
α tightens the acceptable lower bound of expected returns, while the non-membership
threshold β often remains non-binding for the considered datasets.

The investment allocations of the stocks in the solutions corresponding to the lowest
and highest risk–return values obtained for different α and β levels are presented in Figure 4.
The x-axis represents stock indices, and the y-axis represents the proportion of investment
in each stock. Analyzing the distribution shares of the stocks shown in Figure 4, it is
observed that the solution with the lowest risk includes investments in 22 stocks, whereas
the solution with the highest risk involves 20 stocks. In both solutions, 18 stocks are
common, although the allocation proportions differ.

 

Figure 4. Stock allocation shares in the M1 solutions for the P1 problem: (a) Solution with the lowest
risk–return value; (b) Solution with the highest risk–return value.

After a detailed examination of the P1 problem, the aim was to compare the KY and
the M1 solutions for 30 independently considered portfolio optimization problems (P1, P2,
. . ., P30). At this stage, a total of 1080 problems were solved for sensitivity analysis, corre-
sponding to 36 different α, β pairs that satisfy the constraints for each problem. Detailed
results based on the M1 solutions, including the lowest and highest risk–return values
and the corresponding number of selected stocks (NS) for each problem, are presented in
Appendix A (Table A1).

Upon examining Table A1, it is observed that the lowest risk and return values for
each problem were obtained at different α and β levels, indicating that these solutions
represent alternative optimal solutions. In contrast, the highest risk and return values
were consistently obtained at α = 1.0 and β = 0.0. Comparing the model solutions with
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the lowest risk–return values obtained using M1 to those from the KY model, identical
solutions were found for 18 out of the 30 problems. For the remaining 12 problems, the
M1 solutions exhibited lower risk values. When comparing the solutions in terms of the
number of selected stocks, the stock counts were identical for solutions with the same
lowest risk–return values. For problems P1, P8, and P11, where M1 identified lower-risk
investment plans, the number of selected stocks increased by one, whereas for problems
P7 and P16, the number decreased by one. For the remaining problems, the number of
selected stocks remained unchanged.

In the M1 model, obtaining the highest return at membership degrees of α = 1.0 and
β = 0.0 is an expected outcome. This result corresponds to investment plans that, among
the high-return options permitted by the membership functions, exhibit the lowest risk.
The risk and return values of these investment plans are higher compared to the solutions
of the KY model. Similarly to the KY model, the objective function employed in M1 is to
minimize risk. Furthermore, the M1 model allows investors to explore both the lowest-risk
and highest-risk portfolio options within a given expected return range when different α

and β values are considered.

3.2. Solutions of the M2 Model and Comparison Analysis

The second proposed model, M2, was obtained by directly incorporating the mem-
bership and non-membership functions into the model. In this context, the IFNs were
developed to satisfy the conditions α + β ≤ 1, α ≥ β, α ≥ 0 and β ≥ 0. The model includes
the functions directly, without explicitly using membership degrees. Therefore, the compar-
ative analyses were intended to observe the effects of changes in tolerance values. Within
this study, the tolerance values were derived from confidence intervals. Consequently, the
analysis was based on monitoring the variations corresponding to the lower (LρM0 ), upper
(UρM0 ), and midpoint (MρM0 ) values obtained at different confidence levels. To determine
these lower, upper, and midpoint values, three different confidence levels—90%, 95%, and
99%—were considered. The results of the 30 problems, obtained using the membership and
non-membership functions constructed based on the lower, upper, and midpoint values for
the different confidence levels, are presented in Appendix B (Table A2).

Upon examining the solutions presented in Table A2, it is observed that for 12 out
of the 30 problems (P1, P5, P6, P7, P8, P9, P11, P12, P16, P21, P22, P30), the M2 model
provided lower risk solutions than the KY model across all three confidence levels. In these
lower-risk solutions, the corresponding return values are also reduced.

Furthermore, the problems for which M1 and M2 yielded lower-risk solutions com-
pared to the KY model are identical. For the remaining 18 problems, the solutions of M2
and the KY model were found to be the same. The primary reason for the identical solutions
in these cases is related to the problem dataset: even though the expected return levels
were adjusted in the IF models, there was no investment plan with a lower risk than the
one identified by the KY model for the given expected return level. Although the expected
return was decreased, the risk value in the solution did not change due to the model struc-
ture, which prevents negative risk values. This phenomenon is associated with the data
distribution; in datasets with higher variance, the model results exhibit more variation.

As the confidence level increases, the corresponding confidence interval widens. With
a wider confidence interval, solutions with lower risk and return values are obtained. For
example, for the P9 problem, the KY model yields a solution with a risk of 0.000881 and
a return of 0.021982. Examining the solutions obtained using the M2 model for the same
problem, the portfolio options are as follows: at a 90% confidence level, risk = 0.000578 and
return = 0.011189; at a 95% confidence level, risk = 0.000570 and return = 0.008914; and at a
99% confidence level, risk = 0.000562 and return = 0.006820.
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Thus, the M2 model not only provides alternative investment options compared to the
KY model but also offers portfolios with lower risk levels. Moreover, it is observed that as
the confidence level in M2 increases, both the return and risk values decrease simultaneously.

4. Conclusions
This study proposes an innovative portfolio selection model based on the IFS theory

developed by [43], aiming to address uncertainties in financial markets more effectively
and offer greater flexibility in investor preferences. Unlike traditional portfolio theories,
which inadequately capture uncertainty, the IFS approach enhances decision-making by
incorporating both membership and non-membership degrees.

The model was tested using historical data from the Istanbul Stock Exchange. Re-
sults indicate that the IFS-based approach enables the construction of flexible portfolio
alternatives tailored to varying risk profiles, offering a more nuanced assessment of the
risk–return trade-off. The use of MAD instead of standard deviation as a risk measure
improved model performance. Moreover, defining solution boundaries through statistical
analysis and selecting appropriate membership functions played a critical role in achieving
realistic and reliable outcomes.

The results reveal consistent and interpretable trends across different α − β configura-
tions. As α increases, portfolios become more optimistic, exhibiting higher expected return
and greater risk, whereas smaller α values correspond to more conservative portfolios
with lower risk–return combinations. The proposed M1 and M2 models exhibit stable
behavior under these varying tolerance settings, outperforming the baseline KY model
in terms of adaptability and robustness. These findings confirm that the incorporation
of intuitionistic fuzzy parameters provides a more flexible and realistic framework for
decision-making under uncertainty, enhancing the practical value of the proposed formu-
lations. The intuitionistic fuzzy formulation also enables investors to construct portfolios
aligned with their individual hesitation levels, which highlights its applicability in dynamic
financial environments.

Overall, the comparative analyses demonstrate that both proposed models (M1 and
M2) achieve higher stability and improved adaptability compared to the classical KY model.
The incorporation of intuitionistic fuzzy parameters allows for a more flexible treatment of
uncertainty, particularly in short-term decision-making environments.

The proposed models demonstrate promising potential for applicability under dif-
ferent market conditions. However, since the validation in this study was based solely
on historical data from the Istanbul Stock Exchange (BIST50), further empirical testing is
required to confirm generalizability across other markets and asset classes. Future research
will therefore focus on extending the models to additional financial markets (e.g., U.S. and
European exchanges) and asset types (e.g., bonds, cryptocurrencies), and evaluating their
effectiveness with alternative risk measures such as variance and CVaR. Integration with
artificial intelligence-based optimization techniques, including genetic algorithms and deep
learning, could further enhance the model’s adaptability and performance under dynamic
market conditions.
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Appendix A
This appendix provides the detailed solutions obtained from Model M1. For each

benchmark problem, the results include the lowest and highest risk–return values and
the corresponding number of selected stocks (NS). The complete numerical results are
summarized in Table A1.

https://www.borsaistanbul.com


Mathematics 2025, 13, 3303 19 of 22

Table A1. Comparison of M1 and KY Model Solutions for 30 Different Problems.

KY Lowest Risk—Lowest Return Solution Obtained Using M1 Highest Risk—Highest Return Solution Obtained Using M1
P. No Return Risk NS Alfa Beta Return Risk NS Alfa Beta Return Risk NS

P1 −0.010520 0.006392 20 α = 0.3 β = 0.3 −0.022610 0.006231 21 α = 1.0 β = 0.0 0.029780 0.010086 18
P2 −0.004958 0.000001 22 α = 0.6 β = 0.4 −0.004958 0.000001 22 α = 1.0 β = 0.0 0.020828 0.002330 22
P3 0.012677 0.007961 19 α = 0.7 β = 0.3 0.012677 0.007961 19 α = 1.0 β = 0.0 0.025517 0.008363 18
P4 0.056018 0.000003 22 α = 0.5 β = 0.5 0.056018 0.000003 22 α = 1.0 β = 0.0 0.056018 0.000003 22
P5 −0.010866 0.001655 22 α = 0.3 β = 0.3 −0.023754 0.001236 22 α = 1.0 β = 0.0 0.032094 0.004456 22
P6 −0.026108 0.003252 21 α = 0.3 β = 0.3 −0.036473 0.003212 21 α = 1.0 β = 0.0 0.008443 0.003832 21
P7 0.020558 0.001375 21 α = 0.4 β = 0.4 0.013868 0.000943 20 α = 1.0 β = 0.0 0.057344 0.005669 20
P8 0.011150 0.001818 21 α = 0.3 β = 0.3 0.002279 0.001552 22 α = 1.0 β = 0.0 0.040722 0.003178 20
P9 0.021982 0.000881 22 α = 0.3 β = 0.3 0.010341 0.000575 22 α = 1.0 β = 0.0 0.060784 0.004711 21

P10 0.028341 0.001664 21 α = 0.5 β = 0.5 0.028341 0.001664 21 α = 1.0 β = 0.0 0.055917 0.003244 22
P11 −0.037220 0.000911 22 α = 0.3 β = 0.3 −0.049706 0.000007 23 α = 1.0 β = 0.0 0.004399 0.005328 22
P12 0.020656 0.000001 23 α = 0.3 β = 0.2 0.013693 0.000000 23 α = 1.0 β = 0.0 0.055471 0.003231 20
P13 0.029360 0.008476 19 α = 0.7 β = 0.3 0.029360 0.008476 19 α = 1.0 β = 0.0 0.043753 0.008699 18
P14 −0.005994 0.000000 23 α = 0.9 β = 0.1 −0.005994 0.000000 23 α = 1.0 β = 0.0 −0.004569 0.000001 23
P15 0.020844 0.000000 23 α = 0.5 β = 0.5 0.020844 0.000000 23 α = 1.0 β = 0.0 0.020844 0.000000 23
P16 0.055410 0.032453 21 α = 0.3 β = 0.3 −0.000620 0.030826 20 α = 1.0 β = 0.0 0.242175 0.049164 21
P17 0.220466 0.003587 21 α = 0.5 β = 0.5 0.220466 0.003587 21 α = 1.0 β = 0.0 0.237035 0.004628 22
P18 0.151225 0.000003 22 α = 0.5 β = 0.5 0.151225 0.000003 22 α = 1.0 β = 0.0 0.151225 0.000003 22
P19 −0.006493 0.000000 23 α = 0.5 β = 0.5 −0.006493 0.000000 23 α = 1.0 β = 0.0 −0.006493 0.000000 23
P20 −0.141931 0.000000 23 α = 0.7 β = 0.3 −0.141931 0.000000 23 α = 1.0 β = 0.0 −0.028655 0.008998 21
P21 −0.112302 0.010778 22 α = 0.3 β = 0.3 −0.166005 0.005001 22 α = 1.0 β = 0.0 0.066707 0.037851 19
P22 −0.308194 0.010213 22 α = 0.3 β = 0.3 −0.361894 0.007233 22 α = 1.0 β = 0.0 −0.129193 0.027777 21
P23 −0.004971 0.000000 23 α = 0.5 β = 0.5 −0.004971 0.000000 23 α = 1.0 β = 0.0 −0.004971 0.000000 23
P24 −0.151982 0.000000 23 α = 0.5 β = 0.5 −0.151982 0.000000 23 α = 1.0 β = 0.0 −0.151982 0.000000 23
P25 −0.194647 0.000005 22 α = 0.7 β = 0.3 −0.194647 0.000005 22 α = 1.0 β = 0.0 −0.094378 0.000007 23
P26 0.186908 0.000000 23 α = 0.5 β = 0.5 0.186908 0.000000 23 α = 1.0 β = 0.0 0.186908 0.000000 23
P27 −0.154844 0.005046 20 α = 0.8 β = 0.2 −0.154844 0.005046 20 α = 1.0 β = 0.0 −0.098586 0.009055 21
P28 0.420299 0.000000 23 α = 0.5 β = 0.5 0.420299 0.000000 23 α = 1.0 β = 0.0 0.420299 0.000000 23
P29 −0.030882 0.000000 23 α = 0.5 β = 0.5 −0.030882 0.000000 23 α = 1.0 β = 0.0 −0.030882 0.000000 23
P30 −0.347212 0.008543 22 α = 0.3 β = 0.3 −0.395862 0.006439 22 α = 1.0 β = 0.0 −0.185044 0.030242 20
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Appendix B
This appendix presents the detailed results of Model M2 for the 30 benchmark prob-

lems. The model outcomes are reported for three confidence levels (90%, 95%, and 99%),
based on the corresponding lower, upper, and midpoint values derived from the member-
ship and non-membership functions. The complete numerical results are summarized in
Table A2.

Table A2. Comparison of the KY and M2 Solutions at 90%, 95%, and 99% Confidence Levels.

KY M2 (%90) M2 (%95) M2 (%99)
P. No Return Risk NS Return Risk NS Return Risk NS Return Risk NS

P1 −0.010520 0.006392 20 −0.021831 0.006241 21 −0.023877 0.006216 21 −0.028529 0.006159 21
P2 −0.004958 0.000001 22 −0.004958 0.000001 22 −0.004958 0.000001 22 −0.004958 0.000001 22
P3 0.012677 0.007961 19 0.012677 0.007961 19 0.012677 0.007961 19 0.012677 0.007961 19
P4 0.056018 0.000003 22 0.056018 0.000003 22 0.056018 0.000003 22 0.056018 0.000003 22
P5 −0.010866 0.001655 22 −0.022850 0.001265 22 −0.025110 0.001193 22 −0.030014 0.001044 21
P6 −0.026108 0.003252 21 −0.035715 0.003214 21 −0.037730 0.003209 21 −0.038011 0.003209 20
P7 0.020558 0.001375 21 0.013868 0.000943 20 0.013868 0.000943 20 0.013868 0.000943 20
P8 0.011150 0.001818 21 0.002877 0.001564 22 0.001170 0.001530 22 −0.002100 0.001463 22
P9 0.021982 0.000881 22 0.011189 0.000578 22 0.008914 0.000570 22 0.006820 0.000562 21

P10 0.028341 0.001664 21 0.028341 0.001664 21 0.028341 0.001664 21 0.028341 0.001664 21
P11 −0.037220 0.000911 22 −0.048730 0.000007 23 −0.050989 0.000006 23 −0.055790 0.000003 23
P12 0.020656 0.000001 23 0.011032 0.000000 23 0.009841 0.000000 23 0.009841 0.000000 23
P13 0.029360 0.008476 19 0.029360 0.008476 19 0.029360 0.008476 19 0.029360 0.008476 19
P14 −0.005994 0.000000 23 −0.005994 0.000000 23 −0.005994 0.000000 23 −0.005994 0.000000 23
P15 0.020844 0.000000 23 0.020844 0.000000 23 0.020844 0.000000 23 0.020844 0.000000 23
P16 0.055410 0.032453 21 0.003525 0.030856 20 −0.006854 0.030780 20 −0.027887 0.030643 20
P17 0.220466 0.003587 21 0.220466 0.003587 21 0.220466 0.003587 21 0.220466 0.003587 21
P18 0.151225 0.000003 22 0.151225 0.000003 22 0.151225 0.000003 22 0.151225 0.000003 22
P19 −0.006493 0.000000 23 −0.006493 0.000000 23 −0.006493 0.000000 23 −0.006493 0.000000 23
P20 −0.141931 0.000000 23 −0.141931 0.000000 23 −0.141931 0.000000 23 −0.141931 0.000000 23
P21 −0.112302 0.010778 22 −0.162023 0.005168 22 −0.171954 0.004751 22 −0.192132 0.003905 22
P22 −0.308194 0.010213 22 −0.357917 0.007389 22 −0.367863 0.006999 22 −0.388032 0.006209 22
P23 −0.004971 0.000000 23 −0.004971 0.000000 23 −0.004971 0.000000 23 −0.004971 0.000000 23
P24 −0.151982 0.000000 23 −0.151982 0.000000 23 −0.151982 0.000000 23 −0.151982 0.000000 23
P25 −0.194647 0.000005 22 −0.194647 0.000005 22 −0.194647 0.000005 22 −0.194647 0.000005 22
P26 0.186908 0.000000 23 0.186908 0.000000 23 0.186908 0.000000 23 0.186908 0.000000 23
P27 −0.154844 0.005046 20 −0.154844 0.005046 20 −0.154844 0.005046 20 −0.154844 0.005046 20
P28 0.420299 0.000000 23 0.420299 0.000000 23 0.420299 0.000000 23 0.420299 0.000000 23
P29 −0.030882 0.000000 23 −0.030882 0.000000 23 −0.030882 0.000000 23 −0.030882 0.000000 23
P30 −0.347212 0.008543 22 −0.392271 0.006594 22 −0.401259 0.006205 22 −0.419555 0.005414 22
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