
Academic Editor: Jonathan Blackledge

Received: 30 August 2025

Revised: 9 October 2025

Accepted: 15 October 2025

Published: 17 October 2025

Citation: Min, M.; Lee, S.; Kim, T.-K.

Optimal Feedback Rate Analysis in

Downlink Multi-User Multi-Antenna

Systems with One-Bit ADC Receivers

over Randomly Modeled Dense

Cellular Networks. Mathematics 2025,

13, 3312. https://doi.org/10.3390/

math13203312

Copyright: © 2025 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license

(https://creativecommons.org/

licenses/by/4.0/).

Article

Optimal Feedback Rate Analysis in Downlink Multi-User
Multi-Antenna Systems with One-Bit ADC Receivers over
Randomly Modeled Dense Cellular Networks
Moonsik Min 1 , Sungmin Lee 1 and Tae-Kyoung Kim 2,*

1 School of Electronic and Electrical Engineering, Kyungpook National University,
Daegu 41566, Republic of Korea; msmin@knu.ac.kr (M.M.); armiche96@knu.ac.kr (S.L.)

2 Department of Electronic Engineering, Gachon University, Seongnam 13120, Republic of Korea
* Correspondence: tkkim@gachon.ac.kr

Abstract

Stochastic geometry provides a powerful analytical framework for evaluating interference-
limited cellular networks with randomly deployed base stations (BSs). While prior stud-
ies have examined limited channel state information at the transmitter (CSIT) and low-
resolution analog-to-digital converters (ADCs) separately, their joint impact in multi-user
multiple-input multiple-output (MIMO) systems remains largely unexplored. This paper
investigates a downlink cellular network in which BSs are distributed according to a homo-
geneous Poisson point process (PPP), employing zero-forcing beamforming (ZFBF) with
limited feedback, and receivers are equipped with one-bit ADCs. We derive a tractable
approximation for the achievable spectral efficiency that explicitly accounts for both the
quantization error from limited feedback and the receiver distortion caused by coarse ADCs.
Based on this approximation, we determine the optimal feedback rate that maximizes the
net spectral efficiency. Our analysis reveals that the optimal number of feedback bits scales
logarithmically with the channel coherence time but its absolute value decreases due to
coarse quantization. Simulation results validate the accuracy of the proposed approxi-
mation and confirm the predicted scaling behavior, demonstrating its effectiveness for
interference-limited multi-user MIMO networks.

Keywords: muti-user multi-antenna systems; limited feedback; one-bit ADCs; stochastic
geometric; beamforming

MSC: 94A05

1. Introduction
Stochastic geometry has become an indispensable tool for the modeling and per-

formance analysis of modern wireless networks, as it enables a tractable yet accurate
characterization of interference-limited systems with random spatial deployments. A grow-
ing body of work has applied stochastic geometry to study cellular networks under various
scenarios and technologies [1–7]. For instance, ref. [1] developed a mathematical framework
for computing the error probability in downlink multiple-input multiple-output (MIMO)
systems using stochastic geometry, and ref. [2] introduced an equivalent-in-distribution
approach to evaluate the performance of MIMO systems in stochastic cellular networks.
The work in [3] modeled multi-user MIMO (MU-MIMO) heterogeneous networks to assess
the success probability and area spectral efficiency, while ref. [4] examined the spectral and
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energy efficiency of intelligent reflecting surface (IRS)-assisted cellular networks. In addi-
tion, ref. [5] analyzed the spectral efficiency of multi-cell massive MIMO networks with
spatial antenna correlation, ref. [6] focused on outage-based secrecy rates in scalable cell-
free massive MIMO systems, and ref. [7] investigated the performance of non-orthogonal
multiple access (NOMA) systems aided by reconfigurable intelligent surfaces (RISs).

A common element in these works is the use of a Poisson point process (PPP) to
model base station (BS) locations and evaluate inter-cell interference, which is a dominant
performance-limiting factor in dense cellular deployments. PPP-based approaches have
also been extended to account for partial channel state information at the transmitter
(CSIT) in MIMO systems, where accurate CSIT acquisition is constrained by feedback
overhead. For example, ref. [8] considered a homogeneous PPP model in which each user
feeds back quantized CSIT to the transmitter, enabling multi-antenna transmission in
interference-limited environments. They analyzed the optimal feedback rate in terms of
the net spectral efficiency, assuming maximum ratio transmission (MRT) for single-user
cases and zero-forcing beamforming (ZFBF) for spatial division multiple access. Follow-
up works expanded this framework toward different objectives, such as net secrecy rate
optimization [9], and to configurations with multiple receive antennas [10]. Among these,
ref. [10] addressed the single-user case, whereas ref. [8] focused on the multi-user scenario.

Most of the aforementioned studies, however, adopt the conventional assumption of
infinite-resolution analog-to-digital converters (ADCs). In practice, high-resolution ADCs
are both power-hungry and costly, particularly in systems operating over wide millimeter-
wave bandwidths. This has motivated research into low-resolution ADCs—especially
one-bit ADCs—as a power-efficient and cost-effective alternative [11]. The performance
of communication systems employing one-bit ADCs has been extensively studied [11–17].
For example, ref. [12] investigated the capacity of a one-bit quantized single-input single-
output Gaussian channel, while ref. [13] analyzed the achievable rates of MIMO systems
with one-bit ADCs. Specifically, the authors in [13] derived an exact capacity expression
for multiple-input single-output (MISO) channels and provided upper bounds for the
capacities of single-input multiple-output (SIMO) and MIMO channels under the perfect
CSIT assumption. Hybrid architectures with few-bit ADC receivers were also considered
in [14], and the effect of partial CSIT via limited feedback was investigated in [15] for
systems employing finite-bit ADCs at the receivers.

Despite this progress, the joint impact of multi-user interference, partial CSIT,
and coarse quantization remains underexplored. While prior studies have examined one-bit
ADC systems or limited feedback in isolation, few have considered multi-user MIMO trans-
mission in dense cellular networks that jointly capture the effects of one-bit ADC receivers
and partial CSIT based on limited feedback within a stochastic geometry framework. In
our previous work [17], we analyzed the performance of multi-cell systems with limited
feedback and low-resolution ADCs, derived the optimal feedback rate, and proposed
an accurate approximation method for its determination. While those results provided
valuable insights, they were obtained under the simplifying assumption of a single-user
scenario, limiting both the practicality and generality of the conclusions. In this study, we
address these limitations by extending the analysis to a multi-user setting, where simul-
taneous transmissions to multiple users introduce additional layers of interference and
complexity. Compared to the single-user case, the multi-user setting poses the following
additional challenges:

• Inter-user interference becomes a critical factor, requiring advanced precoding schemes
such as ZFBF for effective mitigation.

• The benefit of feedback bits must be balanced not only against inter-cell interference
but also against the need to accurately separate multiple users within the same cell.
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• The joint statistical characterization of the signal-to-interference ratio (SIR) in a PPP
network with both quantization error (from limited feedback) and receiver distortion
(from one-bit ADCs) is analytically more involved.

To address these challenges, this paper investigates the optimal feedback rate in a
multi-user MIMO cellular network with one-bit ADC receivers, where BSs are deployed
according to a homogeneous PPP and operate under ZFBF precoding with limited feedback.
The main contributions of this study are summarized as follows:

• We develop an analytically tractable approximation for the achievable spectral effi-
ciency in a multi-user MIMO setting with one-bit ADC receivers and limited feedback.
This approximation allows closed-form differentiation with respect to the number of
feedback bits.

• Based on this approximation, we derive the optimal number of feedback bits that maxi-
mizes the net spectral efficiency. Our results show that the optimal feedback rate scales
logarithmically with the channel coherence time. However, the use of one-bit ADCs
reduces the absolute number of optimal feedback bits due to coarse quantization.

• Simulation results validate the proposed approximation and confirm the predicted
scaling behavior, demonstrating its applicability to realistic multi-user, interference-
limited cellular networks.

The remainder of this paper is organized as follows. Section 2 describes the system and
channel models, beamforming strategy, and performance metrics. Section 3 presents the
derivation of the optimal feedback rate. Section 4 provides simulation results, and Section 5
concludes the paper.

2. System Model
In this paper, we consider a cellular network, which is modeled as a two-dimensional

plane where the base stations (BS) are deployed according to a homogeneous Poisson point
process (PPP) with intensity λ. The distance from the origin to the nearest BS i is denoted
by di. Each BS has N antennas for transmission, while each user has a single antenna. Users
are independently distributed according to another homogeneous PPP, independent of the
BS process. It is assumed that the user density is sufficiently larger than λ, ensuring that
each BS serves almost surely at least N user within its Voronoi cell.

We assume that the density of users are much higher than that of the BSs, such that
each BS can randomly select sufficient number of users from its Voronoi cell for downlink
transmission. Because of the stationarity of the homogeneous PPP, the ergodic spectral effi-
ciency is identical across users, provided that all BSs adopt a common transmission strategy.
Consequently, any user on the network can be chosen as a representative for performance
evaluation. Thus, without loss of generality, any scheduled user can be considered as a
target user for performance evaluation. Moreover, The stationarity of homogeneous PPP
also implies that the target user for performance evaluation can be assumed to be located
at the origin by means of a suitable parallel translation.

2.1. Channel Model

Each BS serves K single-antenna users, and we assume that each BS exploits the full
diversity, which means K = N for this study. We denote the target user located at the origin
as user k. User k is served by the nearest BS to the origin, which is denoted as BS bk. Then,
the received signal of user k is modeled as

yk = ∥dbk
∥−

α
2 hH

k vksk +
K

∑
k′=1,k′ ̸=k

∥dbk
∥−

α
2 hH

k vk′ sk′ +
∞

∑
i=1,i ̸=bk

∥di∥−
α
2 hH

k,iGiti + zk, (1)
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where the channel between BS bk and user k is modeled as hk ∈ CN×1. The entries of hk are
independently and identically distributed (i.i.d.) circularly symmetric complex Gaussian
random variables with unit variance (Rayleigh fading). The beamforming vector associated
with the user k is denoted as vk, while sk denotes the information symbol for user k. The
additive noise zk is also modeled as a circularly symmetric complex Gaussian random
variable with unit variance. The path loss exponent α ∈ R is assumed to satisfy α > 2,
and P denotes the total transmit power, implying that E[|sk|2] = P. In addition, we assume
an ideal channel estimation such that each user has perfect knowledge of its downlink
channel vector. As the system is assumed to employ one-bit ADCs at the receiver, the real
and imaginary components of yk are quantized separately using two independent ADCs.
Consequently, the one-bit quantized received signal is given as follows:

rk = sign(Re[yk]) + sign(Im[yk])j (2)

where j represents the imaginary unit and sign is the sign function.
Note that our study is mainly conducted under the assumption of Rayleigh fading for

small-scale fading, and it is therefore applicable primarily to wireless channels with rich
scattering environments.

For notational simplicity, we use the following simplified notation regarding the
distance between the target user (i.e., user k) and its serving BS (i.e., BS bk):

d = dbk
. (3)

At last, we summarize multi-cell parameters hk,i, ti, and Gi as follows:

• hk,i: Channel vector from BS i to the target user.
• ti: Information symbol vector of BS i prepared for its associated users.
• Gi: Beamforming matrix of BS i contructed for spatial division multiplexing to its

associated users.

2.2. Limited Feedback Model

This study assumes communication systems based on frequency division duplex
(FDD), where the BS cannot directly estimate its downlink channel. Thus, the receiver is
needed to provide some information about the downlink channel to its associated BS. A
well-known approach in this context is the limited feedback technique, in which each user
is equipped with a predefined codebook and quantizes the channel direction vector to the
closest one within the codebook. The target user’s channel direction vector is defined as

h̃k ≜
hk

∥hk∥
. (4)

Although an explicit codebook-based approach can be used, this study instead adopts
the well-known approximation model called the spherical-cap approximation of vector
quantization (SCVQ). The SCVQ model provides an upper bound approximation of perfor-
mance in the context of codebook-based limited feedback. Moreover, for a sufficiently large
B, this bound becomes tight, which explains why SCVQ is widely used to analyze MIMO
systems with limited feedback. Let vector ĥk denote the result of the quantization, which is
called quantized vector in this study. This quantized vector can generally be expressed as

ĥk = (cos θk)h̃k + (sin θk)fk, (5)

where fk represents an istropically distributed vector within the left null space of h̃k and
the square of sin θk is defined as the quantization error. Using the SCVQ model [18],
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the cumulative distribution function (CDF) of the quantization error is approximated
as follows:

Fsin2 θk
(x) =

 2BxN−1, 0 ≤ x ≤ δ,

1, x ≥ δ,
(6)

where δ = 2−
B

N−1 and B is the number of feedback bits per user. This CDF implies that

sin2 θk
d
= δ · βN−1,1, (7)

where βα,β denotes a random variable following the beta distribution with parameters α

and β.

2.3. Zero-Forcing Beamforming

For spatial division multiplexing, we use limited-feedback-based zero-forcing beam-
forming (ZFBF) at transmitter [19,20]. That is, vi in (1) is given by the i-th normalized
column of Ĥinv, where Ĥinv is calculated as the pseudo-inverse matrix of quantized CDIs,
as follows:

Ĥ = [ĥ1, . . . , ĥK], Ĥinv = Ĥ
(

ĤHĤ
)−1

. (8)

For each i, each BS located at di constructs its own ZFBF precoding matrix Vi using
the quantized CDIs provided by its associated users.

2.4. Performance Metric

According to information theory, the instantaneous rate is upper-bounded by the
mutual information between the received signal and the transtmitted signal. In this context,
as noted above, the mutual information between the quantized received signal r and the
original transmitted signal s serves as an upper-bound on the instantaneous rate achieved
by the target user, which is defined as

R(H,D) ≜ max
Fs

I(r; s), (9)

for given channel realization H and BS locations D, where maximization is taken over all
possible input distributions of s.

2.5. Main Scope of This Study

The application considered in this paper, together with the experimental tools used
for its implementation, can be summarized as follows, with details provided in this section
as follows:

• Cellular mobile networks are modeled using PPP.
• Rayleigh fading is adopted as the small-scale fading model assuming rich-

scattering environments.
• ZFBF is employed as a distributed spatial division multiple access scheme with

multiple transmit antennas.
• Frequency division duplex is adopted as the duplexing scheme, enabling CSI feedback

to improve the performance of ZFBF.
• The CSI feedback scheme is approximated using the SCVQ model.

Feedback-based precoding is one of the most widely used schemes in mobile commu-
nication standards, and the contribution of this work lies in providing analytical results
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that can be directly applied to the implementation of feedback-based precoding in such
practical cellular networks.

3. Analysis of Optimal Feedback Rate
3.1. Spectral Efficiency for Channel Model

From Section II, we use index bk to denote the target BS for performance evaluation,
which simultaneously serves K users indexed by 1, · · · , K via ZFBF. Among these users,
the target user of interest is denoted as user k. From (1), the received signal of user k is
expressed as

yk = ∥d∥−
α
2 hH

k vksk +
K

∑
k′=1,k′ ̸=k

∥d∥−
α
2 hH

k vk′ sk′ +
∞

∑
i=1,i ̸=bk

∥di∥−
α
2 hH

k,iGiti + zk. (10)

On the right-hand side, the first term represents the desired signal of the target user
(i.e., user k). The second term represents the interference caused by the signals intended for
the other K − 1 users served by bk, which we refer to as intra-cell multi-user interference.
Finally, the third term represents the interference generated by signals transmitted from
other BSs in the network, referred to as multi-cell interference.

In general, the spectral efficiency of a communication system depends on the SINR of
the received signal, which is defined as

SINRk(B, K) =

P
K
∥d∥−α

∣∣∣hH
k vk

∣∣∣2
P
K
∥d∥−α

K

∑
k′=1,k′ ̸=k

∣∣∣hH
k vk′

∣∣∣2 + P
K
∥di∥−α

∞

∑
i=1,i ̸=bk

∥∥∥hH
k,iGi

∥∥∥2
+ σ2

Z

, (11)

where σ2
Z denotes the variance of the thermal noise. By normalizing with respect to the

transmit power, this can be reformulated as

SINRk(B, K) =
∥d∥−α

∣∣∣hH
k vk

∣∣∣2
∥d∥−α

K

∑
k′=1,k′ ̸=k

∣∣∣hH
k vk′

∣∣∣2 + ∥di∥−α
∞

∑
i=1,i ̸=bk

∥∥∥hH
k,iGi

∥∥∥2
+

Kσ2
Z

P

. (12)

In the denominator, the term Kσ2
Z

P vanishes as the transmit power P becomes sufficiently
large. Thus, in this high-power regime, the denominator is dominated by intra- and inter-
cell interference so that the SINR can be approximated as

SINRk(B, K) ≈
∥d∥−α

∣∣∣hH
k vk

∣∣∣2
∥d∥−α

K

∑
k′=1,k′ ̸=k

∣∣∣hH
k vk′

∣∣∣2 + ∥di∥−α
∞

∑
i=1,i ̸=bk

∥∥∥hH
k,iGi

∥∥∥2
≜ SIRk(B, K), (13)

where we call SIRk(B, K) at the right-hand side the signal-to-interference ratio (SIR). We
employ this SIR as the primary performance metric in this study, which can be reformulated
as follows:

SIRk(B, K) =

∣∣∣hH
k vk

∣∣∣2
∥hk∥2

K

∑
k′ ̸=k

∣∣∣h̃H
k vk′

∣∣∣2︸ ︷︷ ︸
Φ

+
∞

∑
i=1,i ̸=bk

∥∥∥∥di
d

∥∥∥∥−α∥∥∥hH
k,iGi

∥∥∥2

︸ ︷︷ ︸
Ψ

=
∥hk∥2|h̃H

k vk|
2

Φ + Ψ
. (14)
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In (14), Φ and Ψ are induced by the intra-cell multi-user interference and multi-cell
interference described in (10), respectively.

Furthermore, the target user’s downlink channel can be modeled as a one-bit quan-
tized complex Gaussian channel, which is notified in [12]. In [12], the maximum mutual
information of a one-bit quantized complex Gaussian channel is derived as

2(1 − Hb(Q(
√

SINR))), (15)

and the maximum is achieved when the real and imaginary part of the signal are composed
of two independent antipodal components, which is called quadrature phase shift keying
(QPSK). In (15), Hb(·) represents the binary entropy function,

Hb(p) = −p · log p − (1 − p) · log(1 − p), (16)

where Q(·) denotes the Gaussian Q-function, which corresponds to the complementary
cumulative distribution function of the standard normal distribution, and is defined as

Q(x) =
∫ ∞

x

1√
2π

e−
t2
2 dt. (17)

As we discussed above, the effect of thermal noise is negligible in the system model
considered in this paper. Therefore, we use SIR instead of SINR, which leads to the following:

R(H,D) = 2
(

1 − Hb(Q(
√

SIRk))
)

(18)

= 2

1 − Hb

Q


√

∥hk∥2|h̃H
k vk|

2

Φ + Ψ

, (19)

and the ergodic spectral efficiency achieved by the target user is expressed as

Re = E
[
2
(

1 − Hb(Q(
√

SIRk))
)]

(20)

= E

2

1 − Hb

Q


√

∥hk∥2|h̃H
k vk|

2

Φ + Ψ

. (21)

We consider the following ergodic net spectral efficiency as the main performance metric:

RNet ≜ Re −
B
Tc

(22)

= 2 − 2 ·E

Hb

Q


√

∥hk∥2|h̃H
k vk|

2

Φ + Ψ

− B
Tc

, (23)

where Tc denotes the channel coherence time.

3.2. Approximation of the Spectral Efficiency

In order to simplify the performance analysis and to derive bounds on the system
performance, we aim to obtain a mathematical approximation of the SIR defined in (14).
Since h̃H

k vk is the inner product of two i.i.d. N-dimensional unit vectors, |h̃H
k vk|

2 follows
beta distribution with parameters 1 and N − 1. Focusing on (a)(∥h̃H

k vk′∥2), vk′ is a vector
within the nullspace of h̃k (k ̸= k′), which are i.i.d. vectors. Given h̃k, the ZF beamformer
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vk′ lies in the null space of ĥk, and it is uniformly distributed over that (N − 1)-dimensional
subspace. Due to SCVQ (or RVQ), the estimated channel vector can be represented as

h̃k = ĥk · cos θk + gk · sin θk,

where vector gk is within the nullspace of ĥk and our discussion of vk′ and ĥk means that
ĥkvk′ = 0, which is derived as follows:

h̃H
k vk′ =���*

0
ĥkvk′ · cos θk + gk · vk′ sin θk,

∥h̃H
k vk′∥2 = sin2 θK · |gkvk′ |2. (24)

Building on the distributional analysis of h̃H
k vk, the vectors gk and vk′ are assumed

to be i.i.d. over the N − 1 dimensional space. Consequently, the squared inner product of
between them follows a Beta distribution with parameters (1, N − 2), i.e., β1,N−2. Then, we
can rewrite the SIR as approximated form with stochastic distributions as follows:

SIRk(B, K) ≈ ∥hk∥2β(1, N − 1)

∥hk∥2 sin2 θk

K

∑
k′=1,k′ ̸=k

β(1, N − 2) + Ψ

≜ SIRapprox
k . (25)

Also for ease of analysis, we additionally consider the following approximated SINR,
which is obtained by ignoring the intra-cell multi-user interference term,

∥hk∥2 sin2 θk

K

∑
k′=1,k′ ̸=k

β(1, N − 2), in the denominator of SIRapprox
k :

SIR−
k ≜

∥hk∥2β1,N−1

Ψ
. (26)

3.3. Derivation of Optimal Feedback Rate

As the instantaneous achievable rate, discussed in later sections, is expressed as a
function of SIR and will be differentiated to identify its optimal point, we first derive the
derivative of the SIR in this section as follows:

d
dB

SIRapprox
k = (−1) · ∥hk∥2β(1, N − 1)

∥hk∥2 · 2−
B

N−1 βN−1,1 ·
K

∑
k′=1,k′ ̸=k

β(1, N − 2)︸ ︷︷ ︸
IU

+Ψ



2 ×

∥hk∥2 ln 2 ·
(
− 1

N − 1

)
· 2−

B
N−1 βN−1,1 ·

K

∑
k′=1,k′ ̸=k

β(1, N − 2)︸ ︷︷ ︸
IU /∥hk∥2

(27)

=
1

N − 1
ln 2 · ∥hk∥2β(1, N − 1)

{IU + Ψ}2 · IU (28)

Utilizing the properties we derived above, we have the following approximations:

RNet = Re −
B
Tc

≈ E
[

2(1 − Hb(Q(
√

SIRapprox
k )))

]
− B

Tc
≜ Rapprox

Net (29)
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Note that the true optimal point that maximizes RNet can be analyzed by investigating
the critical points of its derivative, i.e.,

d
dB

RNet = 0, (30)

and the corresponding optimal value of B that corresponds to the zero-crossing point
of (30) is denoted by B∗. However, obtaining an explicit value of B∗ is extremely difficult,
although it can be numerically calculated based on an exhaustive simulation. Thus, instead
of directly investigating the zero-crossing points of (30), we consider the derivative of the
approximated net rate, which is given by

d
dB

Rapprox
Net

= E
[

1
N − 1

ln 2 · ∥hk∥2 · 2−
B

N−1 βN−1,1 ·
K

∑
k′=1,k′ ̸=k

β1,N−2 ·
SIRapprox

k
{IU + Ψ} · G′(SIRapprox

k )

]
− 1

Tc
. (31)

The zero-crossing point of (31) approximates the true optimal value B∗, and we denote
this approximation as B̂∗

1 for simplicity in comparison. Based on previous results, we know
that the optimal value of B∗ is typically large and increases as Tc increases. Thus, assuming
that B∗ is sufficiently large, we may consider further approximation, described as follows:

Ψ ≈ IU + Ψ. (32)

The rationale behind this approximation is that, for a sufficiently large B, the level of
multi-user interference becomes dominated by the level of multi-cell interference, since the
former decreases as B increases, whereas the latter remains independent of B. Applying
this approximation, the derivative of Rapprox

Net can be approximated as

d
dB

Rapprox
Net ≈ 2−

B
N−1 · ln 2

N − 1
E
[
∥hk∥2βN−1,1 ·

K

∑
k′=1,k′ ̸=k

β1,N−2 ·
1
ψ
· SIR−

k · G′(SIR−
k )

]
− 1

Tc
. (33)

Denoting the zero-crossing point as B̂∗
2 , we obtain the second approximation of B∗

as follows:

B̂∗
2 = (N − 1) log2

Tc ·
ln 2

N − 1
·E

[
∥hk∥2βN−1,1 ·

K

∑
k′=1,k′ ̸=k

β1,N−2 ·
1
ψ
· SIR−

k · G′(SIR−
k )

]
︸ ︷︷ ︸

E0

 (34)

= (N − 1) log2 Tc + (N − 1) log2 E0 (35)

Although it is difficult to obtain an exact deterministic expression for E0, Equation (34)
remains meaningful because it reveals the scaling behavior of the optimal B as a function
of Tc. This scaling property has been a key performance metric in studies investigating the
optimal feedback rate. In short, provided that E0 converges to a finite value, this equation
indicates that the optimal number of feedback bits (in approximation) grows logarithmically
with Tc.

A key differentiating result is that, while in the single-user setting of [17] the scaling
rate of the optimal B coincides with that under infinite-resolution ADCs (IR-ADC), in the
multi-user case considered in this paper, the slope is different from the IR-ADC case derived
in [8]. Specifically, the scaling rate of the optimal number of feedback bits is not dependent
on the path loss exponent, if the target user employs one-bit ADCs. As a consequences,
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the absolute value of B∗ can be significantly reduced when one-bit ADCs are used, as we
further discuss in the following section. The following Table 1 summarizes the scaling rates
derived in previous studies along with that derived in this study.

Table 1. Comparison of optimal feedback rates found in the literature with our results.

Transmit Scheme ADC Type Optimal Feedback Rate

MRT for single user [8] Infinite-resolution ADCs (N − 1) log2 Tc

ZFBF for multiple users [8] Infinite-resolution ADCs α(N−1)
2 log2 Tc

MRT for single user [17] One-bit ADCs (N − 1) log2 Tc

ZFBF for multiple users (this study) One-bit ADCs (N − 1) log2 Tc

4. Simulation Results
In this section, we provide simulation results to substantiate the analytical results

discussed in Section 3, thereby confirming their validity and reliability under the specified
conditions. To ensure clarity in the comparison, we summarize some important parameters
which were defined in the previous section as follows:

• B indicates the number of feedback bits, while B∗ denotes the true optimal value of B
that maximizes RNet.

• B̂∗
1 and B̂∗

2 are approximated values of B∗.

In this section, ergodic net spectral efficiency RNet and its approximation Rapprox
Net

are obtained through simulation experiments performed using the Monte Carlo method,
in accordance with the established guidelines presented as follows:

1. Initialization: Set the system parameters as N, K, B, α, and λ. The network radius is
fixed to a sufficiently large value. In our situations, we adopt a radius of 5 km for the
entire network, while α = 4 and λ = 10−5/π are used as constant values.

2. BS locations: At each transmission frame, the number of BSs is drawn from a Poisson
distribution with parameter λ. Given this realization, the BS locations are then gen-
erated according to a homogeneous Poisson point process over a two-dimensional
plane. This procedure ensures that the spatial distribution of BSs follows the statistical
characteristics induced by the density parameter λ.

3. User and channel setup: In this step, the target user, denoted by user k, is assumed
to be located at the origin of the two-dimensional plane. Based on the BS locations
determined in step 2, the Euclidean distances di between the origin and each BS
are computed. The BS with the minimum distance to the origin is designated as BS
bk, which serves the target user. The small-scale fading channel between BSs and
the target user is denoted by hk. Each element of hk is independently drawn from a
circularly symmetric complex Gaussian distribution as defined in Section 2.

4. Channel quantization and precoding: Each user quantizes its channel direction vector,
and the result of quantization is denoted as ĥk. This quantized vector is obtained
by following the SCVQ model described in Section 2.2. Then, the precoding vectors
vk, k = 1, · · · , K are obtained by computing the pseudo-inverse of Ĥ, as described in
Section 2.3.

5. Net spectral efficiency: At each frame, evaluate the instantaneous net spectral ef-
ficiency RNet and its approximation Rapprox

Net can be obtained by calculating their
corresponding expressions defined in the previous section.

6. Monte Carlo simulation: Iterate the procedure described in steps 1 through 5 over
numerous channel realizations, and compute the ergodic averages to obtain the overall
net spectral efficiency and its approximation.
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All simulations were carried out in MATLAB (ver. R2024b) on a high-performance
CPU (Intel Core i9 processor) without employing GPU acceleration. For each scenario,
more than 300,000 frames were generated to ensure the reliable estimation of RNet.

In Figure 1, we verify the accuracy of the SCVQ model used for performance analysis.
In general, the SCVQ model is considered a valid approximation when B is sufficiently large.
In our study, the optimal value of B derived falls in a relatively large range (e.g., B∗ ≥ 15 if
Tc ≥ and N ≥ 4), and thus we assumed that the SCVQ model holds well. As can be seen
in Figure 1, when B = 9, there still exists a noticeable gap compared to the RVQ (used as
a lower bound). However, this gap diminishes as B increases, and at B = 15, the results
converge within a negligible margin of error.

50 100 150 200 250 300 350 400 450 500

0.25

0.3

0.35

0.4

0.45

0.5
B = 15

B = 12

B = 9

Figure 1. Net spectral efficiency obtained using the RVQ and SCVQ models as a function of Tc

simulated for various values of B.

Figures 2 and 3 illustrate the comparison of the rate, its derivative (differential rate),
and their corresponding approximations for cases N = 4 and N = 8, respectively. The
vertical lines represent the optimal point of each ergodic achievable rate, which corre-
sponds to the zero-crossing point of the derivatives on the B-axis. We can find that the
two vertical lines representing the zero-crossing points are located at the same B or in a
small gap (under 1 bit), which means that our approximation fits well with the theoretically
derived results.

In Figures 4 and 5, the optimal number of feedback bits is presented as a function of
Tc, along with their analytical approximations. The vertical lines in Figures 2 and 3 indicate
the optimal values of B corresponding to specific values of Tc shown in Figures 4 and 5,
thereby illustrating how the optimal B varies with Tc. In addition, we plot B̂∗

1 and B̂∗
2 ,

which approximate the true optimum B∗. While B̂∗
1 provides an accurate approximation of

B∗, the gap between B̂∗
2 and B∗ is larger due to the additional simplifications adopted for

analytical tractability. Nevertheless, the primary goal of this simplification is to characterize
the scaling behavior of the optimal feedback rate, and in this regard, B̂∗

2 successfully
fulfills its purpose, as it exhibits the same scaling rate as B∗. Moreover, because RNet varies
slowly with respect to B, the resulting RNet values corresponding to B̂∗

2 and B∗ are very
close, as demonstrated in Figures 4 and 5. This observation indirectly confirms that both
approximations, B̂1∗ and B̂∗

2 , are sufficiently accurate for maximizing the net spectral
efficiency RNet.



Mathematics 2025, 13, 3312 12 of 15

10 12 14 16 18 20 22 24 26 28 30

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

Figure 2. Net spectral efficiency vs. B. (N = 4, Tc = 300).
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Figure 3. Net spectral efficiency vs. B. (N = 8, Tc = 400).
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Figure 4. The optimal number of feedback bits vs. Tc. (N = 4).
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Figure 5. The optimal number of feedback bits vs. Tc. (N = 8).

Figures 6 and 7 compare the net spectral efficiency achieved using the optimal values
of B, which vary as a function of Tc, as identified in the previous results. The spectral
efficiency is plotted as a function of Tc, along with that obtained using a fixed B for
reference. As expected, employing the optimal B consistently outperforms the fixed-B cases.
It is also observed that, depending on the range of Tc, the fixed-B curve intermittently
intersects the curve corresponding to the optimal B. Figures 6 and 7 further compare the
resulting spectral efficiencies for B = B∗, B = B̂∗

1 , and B = B̂∗
2 , to validate the accuracy of

our analysis in the previous section. The case B = B∗ is obtained via exhaustive search and
serves as a performance benchmark (red curve). The results for both approximations (blue
star and blue cross markers) closely follow the benchmark, with only minor deviations.
This confirms the earlier observation of a “small gap” in the predicted optimal B; the slight
discrepancy in B leads to a practically negligible difference in the net spectral efficiency.
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0.25

0.3
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Figure 6. Net spectral efficiency attained by using B = B∗ vs. Tc. (N = 4).
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Figure 7. Net spectral efficiency attained by using B = B∗ vs. Tc. (N = 8).

5. Conclusions
This paper analyzed the optimal feedback rate in a multi-user MIMO cellular network

employing one-bit ADC receivers within a stochastic geometry framework. By developing
an analytically tractable approximation for the achievable spectral efficiency, we derived
closed-form insights into how limited feedback and coarse quantization jointly influence
system performance. Our results show that the optimal feedback rate maintains a loga-
rithmic dependence on channel coherence time but the presence of one-bit quantization
reduces the absolute number of feedback bits required. Simulation results validate both the
accuracy of the proposed approximation and the predicted scaling law, providing practical
design guidelines for feedback resource allocation in power- and cost-constrained MIMO
systems with low-resolution ADCs.

Looking ahead, future research may extend this analysis to architectures employing
few-bit or mixed-resolution ADCs, while incorporating spatial correlation, user mobility,
or millimeter-wave propagation effects into the channel model. Another promising direc-
tion is to develop adaptive transmission strategies that jointly optimize power control,
beamforming, and feedback allocation. Moreover, evaluating alternative performance met-
rics such as energy efficiency, latency, or secrecy rate would offer a broader understanding
of the inherent trade-offs. These research directions build upon the analytical framework
presented in this work and can further guide the design of practical, high-performance
wireless networks operating under stringent hardware and feedback constraints.
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