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Abstract

A high-order single-step implicit method, the Legendre-Darboux Method of order six
(LDMS), is introduced for solving both linear and nonlinear initial value problems. Unlike
classical Taylor expansions, LDM6 systematically constructs higher-order derivatives via
the Darboux formula with Legendre polynomials, yielding a compact scheme of exceptional
accuracy and strong stability. To the best of current knowledge, LDM6 is the only single-step
method exhibiting spectral-like behavior, achieving near machine-precision global accuracy
while retaining efficiency for large step sizes. Comparative experiments on nonlinear
cooling problems and the logistic growth model demonstrate that LDM6 surpasses the
classical eighth-stage Runge—Kutta method (RK6) in accuracy, stability, and robustness. It
attains unprecedented global errors as low as 10738 and maintains stability for large steps
(e.g., h = 10), whereas RK6 suffers significant error accumulation. These results establish
LDMB6 as a uniquely efficient, high-fidelity integrator and the first single-step method with
spectral-like accuracy, offering a new paradigm for high-precision time integration.

Keywords: Legendre-Darboux method; Darboux formula; Legendre polynomials; cooling
IVP; logistic growth model; approximations

MSC: 65L03; 65L05; 65L70; 65Q10; 65D32

1. Introduction

The classical Runge-Kutta (RK) methods were developed in the early 20th century as
an improvement over simpler one-step methods. They provide higher-order accuracy with-
out requiring higher derivatives, unlike Taylor series methods, which rely on computing
derivatives of the solution to approximate the next step. Historically, RK methods have
been widely adopted due to their balance of accuracy and computational efficiency, whereas
Taylor methods, though capable of very high order, are less practical when derivatives are
cumbersome or expensive to compute.

Taylor methods, although formally capable of very high accuracy, have several practi-
cal shortcomings. Their power-series expansions are typically valid only within a limited
radius of convergence, which restricts their effectiveness for long time intervals or rapidly
varying solutions. Adaptive step-size control is less straightforward than in other ap-
proaches, and truncation errors can accumulate quickly when the expansion order or
interval length is not well chosen. Moreover, Taylor expansions are often less robust when
applied to stiff or highly oscillatory problems, where stability requirements dominate
accuracy considerations.
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RK methods, while easier to implement, also present important limitations. To achieve
high order, they require a large number of intermediate stages, which increases computa-
tional effort. Their efficiency decreases significantly when very fine accuracy is needed,
and they are not well suited for stiff systems because stability constraints force the use of
impractically small step sizes. Furthermore, RK methods are sensitive to the chosen step
size: too small a step inflates computational cost, while too large a step may cause loss of
accuracy or instability. As a result, RK schemes may be unreliable in highly sensitive or
large-scale simulations.

The numerical approximation of differential equations, particularly initial value prob-
lem(s), has long been a central topic in applied mathematics due to its widespread applica-
tions across science and engineering. Over the decades, a significant amount of research has
been dedicated to the development of efficient and reliable methods for solving such prob-
lems. Among the most prominent and widely adopted approaches are the Runge-Kutta and
Taylor methods. Despite the fundamental differences between these two classes of methods,
most researchers have traditionally favored Runge—Kutta-type algorithms, largely due to
their simplicity and the avoidance of higher-order derivatives in their implementation.

While this preference was understandable in earlier computational eras, the rapid
advancement in computing technology and the emergence of artificial intelligence-based
programming tools have dramatically reshaped the landscape. It is now both feasible
and practical to utilize methods that incorporate higher-order derivatives, particularly
when such methods offer improved accuracy or stability. In this context, the reluctance to
adopt derivative-based approximation techniques is becoming increasingly unjustified. A
growing body of research—including our own recent contributions—has demonstrated
that such methods can outperform classical approaches in several key aspects. Through
a series of published studies, we and our collaborators have introduced new derivative-
based schemes that effectively solve boundary value problems with higher accuracy and
computational efficiency; see [1-4].

The significance of developing novel approximation techniques should not be underes-
timated. While refining traditional methods is valuable, innovation is essential for progress.
Some critics may argue that the computational cost associated with derivative-based meth-
ods renders them impractical. However, this argument is gradually losing its validity as
modern programming environments and symbolic computation tools can handle complex
derivative evaluations with negligible delay.

It is worth noting that without Taylor’s method, the Runge-Kutta methods would
not have existed in the first place, as they are essentially derived from two-variable Tay-
lor polynomials. This historical connection suggests that it is not only reasonable but
also promising to rely on and further develop new derivative-based methods to reach a
comparable or even superior level of performance.

Ultimately, what truly matters in numerical approximation is the accuracy of the
result, regardless of the method’s structure, the number of derivatives involved, or the
computational overhead. The time required for step-by-step numerical computations is
rapidly diminishing, making the distinction between traditional and derivative-based
methods increasingly irrelevant.

With this perspective, the present work aims to contribute to the ongoing evolution of
numerical methods by proposing an alternative framework that leverages the analytical
power of derivatives in solving boundary value problems. Our approach provides a
solid foundation for further research and opens new avenues for the design of efficient,
automated, and accurate numerical solvers.

For further exploration of the field, readers may consult recent advancements as
discussed in sources like [5-15].
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In this study, an improved higher-order Taylor-like method is proposed, featuring an
accelerated series expansion that results in a more accurate and explicit solution. The paper
thoroughly examines its stability and convergence, revealing notable gains in efficiency com-
pared to the traditional RK6 (8-stage) method, though these gains are context-dependent
rather than universally absolute.

Numerical tests are presented to highlight the practical benefits of the enhanced
implicit Taylor-like method, offering direct comparisons with existing RK methods. These
results illustrate its potential as an efficient and precise tool for solving.

Darboux provided a fresh perspective on the formula by applying the mean value
theorem to the integrals, offering new insights into the interplay between discrete and
continuous mathematics. His alternative derivation enriches the understanding of this
elegant result.

In the sequel, | denotes a real interval, with c,d € J° (the interior of ) and ¢ < d.
The class of polynomials of degree v over | C R is denoted Q,(J). The roots of the
Legendre-Darboux formula trace back to the celebrated Darboux formula [16]. Let £(t)
analytic over [c, x] and ¢(t) € Q,, with t € [0, 1], the derivative expression reads

(—1)"(x =) " () (c + t(x — )

S
=

r=1

= —(x— )M () (c+ t(x — ) + (—1)"(x — )" o)LV (c + t(x — ¢)).

Integrating from 0 to 1 gives

P (O)[E(x) — £(e)] = Y (=1 (x = o { gD (1)) () — 1) (0)7) (o)}
r=1

1

+ (—1)”(x—c)”“/0 P(H0WD (¢ + t(x — ¢)) dt.

This is recognized as Darboux’s formula, detailed in [17], with further discussion in [18].
Putting in for ¢(t) the shifted Legendre polynomials P, (t) = P,(2t — 1), t € [0,1],
i.e., ¢y(t) = Py(t), we obtain

9V (O)[e(x) — €(0)) = f%(l)f—%x — oy {@l W) - 9l (0 ()}

+(=1)Y(x — c)' /01 Pu(DEVHD (4 H(x — ) dt. (1)

Since qo,(/k)(t) = Plsk)(t) = 2kPV(k) (2t —1). Making the following substitutions in
Equation (1):

cpf/”)(O) = P§V>(o) — 2Vp1£")(_1) — v (221;)!! _ (21;)!
®) 4y (W+k)!
P (1) = iy K]
(v+k)! (v+k)!

(k) 1y _ plk) _ (k) _
o’ (1) = P (1) = 2P0 (1) = 2 = = ey
(V+k>! (_1)1/+k (V+k)!

) 1y — p&) oy — okp) 1y — (_1\v+kok _
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Hence, we get

(2v)!
v!

v 1 u=r)(x—c)
)~ t0) = Y-y 2

r=1

60 () = (1) 40(c)

4 (1) (x — o) /0 Py (1) 00D (¢ + t(x — ¢)) dt.

which can be written as

- r— 1/!(21/—}’)! (x_c)r r ro(r
() =10+ L0 gy (0 — (D)
*W@—c)”l [ R i)y

The objective of this paper is to develop and analyze a high-order numerical scheme
for solving initial value problems (IVPs), known as the Legendre-Darboux Method (LDM).
This method leverages orthogonal polynomial projections combined with localized integral
representations to achieve high accuracy in a compact, single-step framework. By utilizing
derivative information via carefully constructed Legendre-based expansions, the LDM attains
sixth-order accuracy while maintaining numerical stability and computational efficiency.

Section 2 outlines the general formulation of the LDM, including its derivation from
Legendre polynomial expansions and practical implementation details. In Section 3, we
present a rigorous convergence and stability analysis, confirming the method’s formal
order and its favorable stability properties. Section 4 explores the method’s sensitivity to
data perturbations and derivative approximations, offering insights into its robustness.

Section 5 presents a rigorous analysis of the spectral-like accuracy of the LDM, in-
cluding explicit local and global error bounds and an examination of the influence of
function regularity on convergence. Beyond its sixth-order accuracy, a central contribution
of this paper is the demonstration that the LDM achieves spectral-like accuracy for analytic
problems, with the global error exhibiting exponential decay with respect to the inverse
step size, analogous to classical spectral methods. Under suitable regularity conditions, the
LDM attains exponential error decay, establishing it as a spectrally accurate time-stepping
scheme. Further studies on spectral-like accuracy for solving IVPs can be found in [19-27].

Section 6 presents numerical experiments applying the LDM to two representative
nonlinear IVPs, including a radiative cooling-type equation with a known exact solution.
These examples serve to validate the theoretical order of convergence and demonstrate the
method’s high precision and efficiency compared to the classical Runge-Kutta method of
order six (RK6 with eight stages).

Section 7 presents numerical experiments applying the Legendre-Darboux Method of
order six (LDM6) to the logistic growth model. These experiments validate the theoretical
order of convergence and demonstrate that, to the best of current knowledge, LDM6
is the only single-step, single-stage method exhibiting spectral-like behavior, achieving
exceptional accuracy and efficiency compared to the classical sixth-order, eight-stage Runge—
Kutta method (RK6-8 stage).
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Finally, Section 8 recommends and summarizes the key results and discusses potential
extensions, such as adaptive implementations and extensions to stiff or multiscale systems.
The overall aim is to provide a rigorously justified and computationally effective approach
to high-order time integration for smooth dynamical systems.

The Legendre-Darboux Method (LDM) possesses a remarkable advantage over clas-
sical Runge-Kutta (RK) schemes. While RK methods require multiple stages to achieve
moderate accuracy and suffer from efficiency and stability limitations in stiff or highly
sensitive problems, LDM consistently exhibits an unprecedented level of accuracy. De-
spite its reliance on derivatives, the method is highly effective and delivers results that
systematically surpass those obtained by RK schemes.

A distinctive strength of LDM lies in its spectral-like behavior: although it is a one-step
method, it achieves accuracies typically associated with spectral approaches. In fact, the
precision attained by LDM is frequently close to machine accuracy, and in certain cases it
even surpasses it. This combination of one-step simplicity with near-spectral convergence
properties makes LDM uniquely powerful and positions it as the method of choice for
high-fidelity numerical simulation.

2. The Legendre-Darboux Method for Approximating Solutions of IVP

Classical methods such as RK and Taylor expansions are widely used in numerical
analysis, but achieving high-order accuracy with compact formulas remains challenging.
The Legendre-Darboux method (LDM) addresses this by expanding the local solution in
shifted Legendre polynomials and applying the Darboux formula, producing explicit rela-
tions between endpoint derivatives and the function increment. This approach combines
the excellent approximation properties of Legendre polynomials with systematic control
of truncation errors, resulting in a method that behaves in a spectral-like manner. The
sixth-order LDM presented here thus achieves high accuracy with efficiently computable,
closed-form coefficients.

This method aims to obtain a new approximation for the well-posed initial-value problem

ap

L—nep, c<z<d pO =7 ®)
Assume that the solution (z) to the initial-value problem possesses (v + 1)-times continu-
ously differentiable derivatives. By expanding B(z) in its Legendre-Darboux expansion of
order v, as given in Equation (2), centered at z; and evaluating the result at z; 1, we obtain

Bleyen) =Bl) + 1 (-1 BT [B0 ep) - ()] @
v ] vl
# S [ R Ve e )

We initiate by positing that the mesh points are equidistantly distributed over the interval
[c,d]. This requirement is fulfilled by choosing a positive integer v, which subsequently
determines the allocation of the mesh points.

zj =c+jh, foreach j=0,1,2,---,N.

The step size or the uniform spacing between the points i = % =2zjy1 —Zj.
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Since the function #(z, ) depends on two variables, we use standard partial derivative
notation throughout the paper. Specifically,

_ 97 _ 9 _ _ 9
Mz = %’ g = @, Mzz = 3227 Mz = m,

Moreover, since § is a univariate function satisfying 8'(z) = 7(z, B(z)), differentiation with
respect to z gives

B/() = 4 y(z,b(2)) = 1:(2.B) + 15(z.8) (= B),

and, in general,
*) _ dkfl
B (z) = WU(Z,,B(Z)), k>2.
All derivatives of # in the sequel are partial derivatives unless stated otherwise.

Let the unique solution to Equation (3) be such that f(z) € C"*1|c,d], i.e., it possesses
v+ 1 continuous derivatives on the interval [c, d]. This regularity ensures the existence of
all required derivatives for indices j = 0,1,2,..., N — 1. Furthermore, since (z) satisfies
the differential Equation (4), repeated differentiation of 5(z) leads to

B(t) = n(t, (1)), B" (1) = ' (£, B(t)), -, PO (8) = n* " (1, B(1))-

Substituting these results into Equation (4) gives

Blzj41) = Blz)) + il (-ymt ((2)) % (17D (21, B(z141)) = (=11 (21, 8(2)) ]
% /01 Py(t)n) (z; + th) dt (5)

foreachj=0,1,2, - - N — 1. The difference-equation method corresponding to Equation (5)
is obtained by deleting the remainder term involving ¢;.

fo="
firn=fi+ tl G ((2'?)) % [W(m_l)(szfjﬂ) — (=)t (ijfj)}f (6)

foreachj=0,1,2,---N —1.
In particular, we are interested in the following case of Equation (6).

2.1. The Order Legendre—Darboux Method

Since the order verification procedure is essentially the same for all cases—LDM6—we
chose to present the detailed proof explicitly only for the sixth-order case, LDMBS, for clarity
and to avoid redundancy.

Setting v = 6 in Equation (6), we get

o ?)
A 5h% -, /
fin=fi+3 [1(zj11, fiv1) +11(z f7)] — oy (1 (zj11, fie1) =1 (21, 7))
5 4
+ ZZ [’7(2) (zj41 fr) + 1% (Zj/fj)} a % {’7(3) (241 fj1) =1 (Zf’ff)}

w 16
+ 15820 [’7(4) (zj41 fj1) + 7 (Zj,fj)] ~ 665280 [’7(5) (zjs1, fj1) — 1 (Zj,J‘j)]

foreachj=0,1,2,---N —1.
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Proposition 1. The Legendre—Darboux Method in Equation (7) is of order 6, or the local truncation
error is O (h7).

Proof. Substituting the exact solution B(z) into the LDM and expanding in Taylor series,
we consider the local error

2

B(z71) = B(zj) — 3 110201, Blz41)) + 121 Bz + S 0 (11, Blze1)) — 7' (21, BC21)]

h3

4

~ % [’7(2) (zj+1, B(zj+1)) + 1@ (Zj/ﬁ(zj))} + 7%2 [’7(3) (zj+1,B(zj+1)) — 1 (Zj/ﬁ(zj))}
]’15
15840

6

(19 211, Bzy0)) + 19 (2 Bz)] + cmass [19 a0 Blzn) 121, B(21)))-

Now expand B(z;1) using Taylor series about z;,

2 3 4
Blzinn) = Blzy) + 1 () + 2 () + O () + B =)

+£ (5)(2.)+’L6 ©)(z;) + O(K)
120’8 I 720ﬁ J '

Using the chain rule, the derivatives of 77(z, B(z)) along the solution satisfy
A (zj, B(z))) = [S(k+l)(zj), fork=0,1,2,....

Expanding all terms in the expression above around z;, and noting the symmetry of
the terms (even derivatives are averaged, odd derivatives are differenced), we obtain
after simplification

B(zj41) — B(z;) — LDM functional = O(h).

This proves that the local truncation error is of order O(h”), hence the method is of
order 6. [

Remark 1. In general, it can be shown by induction that the Legendre—Darboux Method achieves
the local truncation error is of order O (hV*1).

2.2. Algorithm for the LDM6 Step

The implicit algebraic equations arising from the LDM scheme are solved numerically.
In our implementation, Maple 12’s fsolve routine was used, which applies a robust
iterative solver. Alternatively, Newton-Raphson iteration can be employed for explicit
control of convergence.

Formula (7) is implicit in f; 1, since the function 7 and its derivatives are evaluated
at (zjy1, fj+1). To compute f; 1 from f;, we employ an iterative approach: a fixed-point
(Picard) iteration can be used as a simple predictor—corrector, and Newton’s method may
be applied optionally to accelerate convergence. The complete procedure is summarized in
Algorithm 1 below.
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Algorithm 1 LDM 6 Implicit

Input: endpoints c, d; integer N; initial condition 7.
Output: Approximations f; ~ B(z;) at (N + 1) grid points.
Set step size h = (d —c)/N.

Initialize zg = ¢, fo = 7.

Output (2, fo)-

forj=0,1,...,N—1do
Setziy; =c+ (j+1)h
Form the implicit equation for fj,1:

2
frer = £+ 2 [nCejen fien) + 0l )] — o [0 G fr1) =1 (255

3 n4
+ = [1P G i) 12 )] — 755 19 G i) =1V 5 )]
W h®

+ {5810 {’7(4) (zj11, fi1) + 1 (erfj)] ~ 65280 [77(5) (zj11, fi1) — 1 (erfj)}
Solve this equation for f; 1.
Note: In our implementation, Maple 12’s £solve routine was used, which applies a

robust iterative solver. Alternatively, Newton—-Raphson iteration can be applied with initial

. k k
guess f]-(f:)l = f; until | f]-(;{D - fj( +)1| < tol.

Output (zj,1, fj11)-
end for

Stop.

In Maple, the update formula of any implicit method—linear or nonlinear—requires
solving an algebraic equation at each step. For linear problems, direct solvers such as
LU decomposition or matrix factorization are typically used. For nonlinear problems,
iterative methods such as fixed-point (Picard) iteration or Newton—-Raphson, possibly
combined with bisection or secant strategies, are commonly employed for robustness and
convergence. The choice of solver depends on the problem structure, desired accuracy, and
computational efficiency.

For the proposed Legendre-Darboux Method of order six (LDM$6), we adopt a fixed-
point iteration scheme for simplicity and general applicability. Optionally, Newton’s
method can be integrated to accelerate convergence. This flexibility ensures that the
implicit nature of LDM6 does not limit its practical use across a wide range of problems.

3. Convergence and Stability of the General Legendre-Darboux Method

To prove the convergence and the error bound of the general Legendre-Darboux
Method in Equation (6), we need the following key lemma (Lemma 5.8, p. 270) [28].

Lemma 1. Consider two positive real numbers z and x, and let {b; }7:0 be a sequence such that the
initial term satisfies by > — g, and the recurrence relation
biy1 < (14+2)bj+x
holds forall j = 0,1,2,...,n — 1. Then,
ey < el(HD2) (po 1 XY
i+1 > € o+ o

X
.

The next Lemma would be very helpful in our next result.
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Lemma 2. Let

N GO
S, = e
m=1 (m)
Then
lim S, ~e/2 —1.

V—00

that is, the sum converges to e'/? — 1 asymptotically.

Proof. We note that

() "™ v—k
(2’/ kEIZU—k'

-1
) 0

For each fixed m, as v — oo this product satisfies

and therefore

Hence, passing to the limit we find

ad 1
Su Z 2mp!

m=1

1/2

This series is simply the exponential expansion of '/~ with the initial term omitted, and so

o 1 1/2

Sy ~ Z ] =e’/° -1
m=1

The result follows. O

In the next result, we prove that the Legendre-Darboux method of order v is conver-
gent and an error bound is derived.

Theorem 1. Assume that the functions "), for 0 < r < v, are continuous and satisfy a Lipschitz
condition with Lipschitz constant £, on the domain

D::{(z,ﬁ)eRzzcgzgd, —00</3<00}.

Further, suppose there exists a constant M > 0 such that
1)z B(z)| < M
forall z € [c,d], where B(z) is the unique solution of the initial-value problem
B'(z) =n(zp(z), Blc)=7 z€l[cd].

Let fo, f1,. .., fv denote the sequence of approximations produced by the Legendre—Darboux Method
as defined in Equation (6), for a given positive integer v. Under these conditions, the method
described in Equation (6) is convergent.

Proof. When j = 0, the assertion is correct, as it holds that f(z9) = fy = . Otherwise,
from Equation (4), we have
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B(zin) = B(z) + il (- ((2"5)) % [77("1 '(zj41,B(2j41)) — (—1)’"77("171)(2],/3(2]))}
(—1)"vihv !

forj=0,1,---,N — 1, and from the equations in Equation (6),

fin=fi+ il (- ((;_")) Y G fr) - 1" (35, 5)]

foreach j = 0,1,2,--- N — 1. Utilizing the notations 8; = B(z;) and Bj1 = B(zj1), we
deduce the following by subtracting these two equations:

B G ) ~ 0 )]
- i (-pm (E’Vi) h*n: [77(’”’1) (Z;‘+1'f1+1> — (=1t (Zf'ffﬂ

(71)vvlhv+1 1 W)
g /0 Py(t)y (z]-—i—th)dt

Employing the triangle inequality, we have

|Biv1 — fira| < |Bi— fi| + il ((ﬁ"v))
v v i

© X st )
v+

B fa =B fi+ 1 ()"

W) o m—
M"?( D (zj1,B(2j41)) — 11t 1)(Zj+1'ff+1)‘

1
+h7|'7(ﬂjfﬁ(ﬂj))|/01IPv(f)ldt

Since P, (t) = P, (2t — 1) is the shifted Legendre polynomial of degree v, where P, (y)
is the standard Legendre polynomial on [—1, 1]. We need to compute the integral

1
I, ::/0 1P, (1)) dt.

Recall that P, (t) = P,(2t — 1), and that P, (y) is a polynomial of degree v on [—1,1]. Let
y =2t — 1, whichmaps t € [0,1] toy € [~1,1]. Then dt = dy, so

1 1 /1
L= [P == [ |Pw)ay.
But, the standard Legendre polynomial satisfies

Py(=y) = (=1)"Pu(y),

so |P,(y)| is even for all v. Thus,

1 /1 1
I,,:f/ P, d:/ P, (y)| dy.
2 | B Wldy = | [Py (y)ldy

Now, for y = cos 0, the Laplace-Heine asymptotic formula (p. 65) [29], gives that

2 1
Py(cosB) ~ 4/ m/sinecos<(v+ 2)6— Z), v — oo,
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Changing variables x = cos ), we get

/2
IU—/ |Py(y)|dy = / |Pv(c059)\(—sin0d0) :/ |Py(cosB)|sinb db.
0

Now insert the asymptotic form, we get

st g fos( (v + )0 )]
I, ~ \/Z/On/z m’cos(@%— %)(9 - %)‘d@.

Averaging the oscillatory term over its fast oscillations

So that

’cos((v +1)6 — %)’ = %

Thus,
[2 L2 — 2\V2 2 oy 2\Y2 2 mI(3/4)
b o sinfdf = <m/) 'E'BG'?)*(E) o 2I(5/4) ¢
we get
; 2\? 1 1(3/4)
Y v m T(5/4)
ie.,
1 2\ 1 T(3/4)
/0 |Py(t)|dt ~ (v) 7 TG/ asv — oo,
Moreover, this may guide us to the result that
1
lim/ P, (£)|dt = 0.
v—00 J0
Regardless, we have
vty Rl Al 2 Rty 2\? 1 T1(3/4) _
. M/ Pl ~ oM TS = T M.(;> T = Cw .

Combining the terms we get

B~ fin| <L (mgl f;”iif) [B1 — fia| +1- (2 h) (18- £]) +cwm.

m:l

Seeking simplicity, let us define

o v (111/1) hm
Sy(Lh):=1+L- m; eyt
v (711/1) hm
¢ (L) = L~m§1 oy’
and
v v m—1
CDv(h) =2 Z <Zl,> i |
m=1 (m) m
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At this point, it is important to note that from Lemma 2

JRT €9 IS ) F
ELh’D =LY - max {h"}- ) ——+4-

1 <L m!
=1 m: 1<m<v m=1 2v m
m m

<Lemax ("} (2 =1) <L+ (2 -1).

1<m<v

Given that our primary objective involves taking the limit # — 07, it is reasonable to
assume that

%Lh@v(h) < L(el/2 - 1).

As a result, we deduce that

i1~ fioa] < SALD |6y — | +

v(L,h) —&(L,h C(v,h
(14 DG m+ (v,1)

¢y ¢y (L, h)
B 2L -h-D,(h) Jh)
- (v Tamn ) e e
Employmg Lemma 1, with U(h) = %,}:L)h()h), Uh) = %, and b; = |B; — f;|, for each

j=0,1,2,---,N, we observe that
Bi1 = Syl < exp G+ 1) S 2 ) (180 — Aol + 5 ) = s

Since [Bo — fol = 0,

L-h-,(h)

lim )
h—0t €y (L, h)

= 0, and hli}l’glJr W =0.

then lim max ; = 0, which means that f;, ; converges to $;. 1, and thus the
B0 1</ SN 1|,B]+1 f]+1| f]+1 g ﬁ]ﬂ

Legendre-Darboux Method of Order v is converge as required. [J

Theorem 2. Under the assumption of Theorem 1. We have

i1~ fi| < s+ (x0 (a1~ S o) <1) ®
foreachj=0,1,2,--- ,N—1.

Proof. The stated inequality is a direct consequence of the final estimate established in
the proof of Theorem 1. Noting that (j + 1)k = zj41 — z9 = zj;1 — ¢, the error estimate
associated with this method follows immediately from that concluding bound, which
simplifies to Equation (8). O

Remark 2. In light of the general stability theorem for well-posed initial value problems, Theorem 1
ensures that the extended difference method (LDM) defined in Equation (7) exhibits both stability
and consistency.
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The key importance of the error estimate derived in Theorem 1 lies in its nonlinear
dependence on the step size h. Therefore, as i decreases, one can expect a corresponding
and proportional improvement in the accuracy of the numerical solution.

4. Perturbations of the General Legendre-Darboux Method

The results presented in Theorems 1 and 2 do not consider the impact of round-off
errors that may result from the chosen step size. When the step size h becomes smaller,
the number of required calculations grows, which in turn increases the accumulation of
round-off inaccuracies. Consequently, in practical computations, the difference equation
given in Equation (8) is generally not used directly to obtain the approximate value f; at
the mesh point z;. Instead, a modified formulation is applied as follows:

wy =7+
- m—1 (T]il) h" (m—1) m,,(m—1)
wip =wj+ ), (1) @y m [’7 (Zj+1rwj+1> —(=1)"y (Zj,wj>] +oi41,  (9)
m=1 m :

foreach j =0,1,2,--- N — 1. Let §; represent the round-off error associated with w;. By
applying techniques analogous to those used in the proof of Theorem 2, an error bound for
the finite-precision approximations ; produced by the Legendre-Darboux Method can be
derived. This leads to the following result.

Theorem 3. Let B(z) denote the unique solution to the initial-value problem

B =u(zp), c<z<d,  Blc)=r. (10)

Let wy, w1, - -+ ,wn be the approximations generated by the Legendre—Darboux Method in Equa-
tion (6) for some positive integer v. If |6;| < 6 for each j = 0,1,---,N and the hypotheses of
Theorem 1 hold for Equation (10), then

4(h)

foreachj=0,1,2,---,N.

Proof. The proof is similar to the proof of Theorem 2 applied for the difference Equation (9). [
On the other hand, it is important to note that the error bound in Equation (11) is no

longer linear h. In fact, since

lim
h—0+

S(h)  6ey (L h)
(%(h) T T, () ) e

Nevertheless, since hlim+ ¢y (L, h) remains finite and nonzero, it may be disregarded for
—0

analytical convenience. Consequently, as the step size h approaches infinitesimal values,
the error is expected to increase. By employing standard calculus techniques considered
in [1], a formal lower bound for the admissible step size I can be derived. Furthermore, the
exact minimal round-off error can be determined by considering the limiting behavior as

“(h) 5
v D, ()
(v!)*h2+1 5

= 22+ Do, () T oL

R(h) =
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In the process of identifying the extremal behavior of R(), it has been established, similar
to [1], that the minimum value occurs when

- (25(2><2+1>) V=12 ; where A= i<k1,
(V1)*MA, =1 [ 2v | K
(7)
and where r is some known (this depends on what order of the LDM we used) fixed positive
integer that does not exceed 3v + 1.

Ironically, as the step size h decreases, the Legendre-Darboux Method (LDM) main-
tains remarkable accuracy and stability, exhibiting continued error reduction beyond
what is typically observed for high-order schemes. Its sixth-order formulation achieves
near-spectral convergence for analytic problems even at extremely small step sizes (see
Theorem 4). The method’s inherent numerical robustness minimizes the influence of pertur-
bations and round-off noise, allowing reliable computations down to the limits of machine
precision. Numerical experiments indicate that, unlike many classical Runge-Kutta or mul-
tistep methods, the LDM maintains or even improves its accuracy for very small step sizes,
demonstrating strong resistance to finite precision effects and confirming its exceptional
numerical stability in high-order computations [30,31].

As a direct improvement of LDM, we consider the following example:

Example 1. The LDM in Equation (7) is employed to approximate the solution of the
initial-value problem

yit)y=eY, 0<t<1, y0)=1, (12)

The approximation is carried out with the parameters fixed as N = 10, step size h = 0.1, nodes
defined by t; = 0.1j, and initial condition v = 1. This numerical result is then evaluated in
comparison to the exact solution expressed by y(t) = In(e +e —1).

The provided Table 1 presents a comparative analysis of two numerical methods:
Legendre-Darboux Method (LDM) and Runge-Kutta (RK6 (8-stage)) against the exact
solution of an initial value problem at discrete time points ¢; from 0.0 to 1.0. The results
reveal that LDM exhibits outstanding numerical accuracy, with absolute errors ranging from
10~2% to 1023, significantly outperforming RK6 (8-stage) method. At the final point t = 1.0,
the error for LDM is only 1.59 x 10~24, while RK6 (8-stage), reaches 101 to 10~ 13. This
consistent superiority in precision suggests that LDM may possess higher-order accuracy
or structural advantages aligning well with the exact solution. Moreover, the error growth
in LDM is remarkably controlled and stable, indicating excellent numerical stability across
the integration interval. In contrast, the RK6 (8-stage) method exhibits steadily increasing
errors. The findings highlight the exceptional potential of the Legendre-Darboux Method
as a highly accurate and stable numerical integrator, making it a promising candidate for
further theoretical investigation and practical applications in solving IVPs. Figures 1 and 2
illustrate the comparison of approximate solutions obtained from the two methods, along
with their respective absolute errors.
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Table 1. Example 1: Comparison of the exact solution and absolute errors for LDM6 and RK6

(8-stage).
tj Exact y(t;) Abs. Error (LDM6) Abs. Error (RK6, 8-Stage)
0.0 1.0000000000 0.000000 0.000000
0.1 1.0379615421 433 x 10~ 8.65 x 10712
0.2 1.0783022921 923 x 10~ 1.87 x 10~ 14
0.3 1.1210717221 1.38 x 10~23 3.02 x 10714
0.4 1.1663041223 1.71 x 10~23 435 x 10714
0.5 1.2140230606 1.83 x 10~23 593 x 10714
0.6 1.2642398927 1.72 x 10~23 7.73 x 10~ 14
0.7 1.3169535369 1.39 x 10~23 9.86 x 10714
0.8 1.3721504958 9.07 x 10~ 1.23 x 10713
0.9 1.4298051232 357 x 10~ 151 x 10~ 13
1.0 1.4898801256 1.59 x 10~24 1.82 x 10~ 13
Exact vs LDM6 vs RK6 (8-stages)

L5 Exact
-~ LDM6
-m- RK6 (8-stages)

1.4F

1.3

B(t)

1.2

1.1f

1.0

1.0

t

Figure 1. Example 1: The exact solution of /() = e(!"¥) compared with the LDM6 and RK6 (8-stage),
with step size h = 0.1.

Absolute Errors: LDM6 vs RK6 (8-stages)

10-13 4
10715 <
-
g 10-17
w
Q —e— LDM6 Error
_g 10-19 —=— RK6 (8-stages) Error
(%)
E
10—21 <
10722 == K’\.\’_‘

0.0 0.2 0.4 0.6 0.8 1.0
t

Figure 2. Example 1: Absolute errors of the approximated solution of y/(t) = e(t~¥) compared with
the LDM6 and RK6 (8-stage), with step size h = 0.1.
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5. Spectral-Like Accuracy of the Legendre-Darboux Method

The Legendre-Darboux Method (LDM) is a high-order numerical scheme for solv-
ing initial value problems, derived from a local expansion of the solution using the
Legendre-Darboux formula. Instead of relying on classical multistep or Runge-Kutta
frameworks, the LDM constructs the solution increment over each subinterval by com-
bining function values and multiple derivatives of the right-hand side at the endpoints,
weighted according to coefficients stemming from the orthogonality and integral properties
of Legendre polynomials. This approach leverages the smoothness and analyticity of the
underlying solution and its derivatives to control the remainder term in the expansion,
which decreases exponentially with the expansion order. As a result, the LDM achieves
spectral-like convergence: the global error decays faster than any finite power of the step
size and asymptotically behaves like O(e=7/") for some positive constant ¢. The following
theorem rigorously establishes this exponential decay of the global error under standard
analyticity assumptions, justifying the spectral-like accuracy of the Legendre-Darboux
Method. In fact, we can state the following result:

Theorem 4. Consider the initial value problem
d
W hep@) zeld, po=m
where 1y and B are sufficiently smooth functions. Suppose 1(z, B(z)) extends analytically to a
complex neighborhood of the interval [c, d].
Let f; denote the numerical approximation to B(z;) obtained by the Legendre~Darboux Method
of order v, defined by the difference scheme derived from the truncated Legendre—Darboux expansion,

() (Zig1 —7)"

G ™

14
fi=f+ Y (- 1Dz, f141) = ()"0 ).
m=1
Then there exist constants C > 0, 0 > 1, and o = vlog p > 0, independent of the step size
h = zj 1 — zj, such that the global error satisfies

) . <C 70’/}1,
Jmax |B(z) — fil < Ce

where N = %.

In other words, the method achieves spectral-like (exponentially fast) convergence as the step
size h — 0.

Proof. The Legendre-Darboux formula of order v expresses the solution (z) on each
subinterval [z}, zj; 1] as

Ble) = Bz + 3 (-1 EB [ o) (1) e+ ),

where the remainder term is given by

(=1)"v!

1
Ry(z) = )1 (z — z]-)’/+1 /0 Pv(t)ﬁ(”l) (zj+ t(z — z)) dt.

Since 77(z, B(z)) is analytic in a complex neighborhood containing [c, d], the function
inherits this analyticity. Consequently, the derivatives 8(V*1)(z) satisfy bounds of the form

||,B(V+1) ||oo < Mpl/-i-l
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for some constants M > 0 and p > 1 related to the size of the Bernstein ellipse of analytic-
ity [31]. Using this, the remainder term satisfies

Ru(z)| < Ch*Hp™,

where i = zj1 — zjand C > 0 depends on M and v.

The Legendre-Darboux method approximates (z;,1) by truncating the expansion at
order v, thereby neglecting Ry(z;;1). This introduces a local truncation error bounded by
O ( pvtl pfv ) .

Noting that p~¥ = ¢~"1°8¢, the local error can be rewritten as

O(h'*'e™), witho = vlogp.
For fixed v, as h — 0, this expression decays exponentially with respect to 1/h, yielding

local error = O (efa/h).

Under standard stability conditions, the global error over N = (d — c) /h steps grows
at most linearly in N, preserving the spectral convergence rate

max |B(z;) — fi| < Ce /",
max [B(z) ~ ] <
Thus, the Legendre-Darboux method attains spectral-like accuracy, with error decreas-
ing exponentially fast as the step size I decreases. [

The analyticity of the function #(t, B(t)) is a crucial assumption for achieving spectral-
like convergence with the Legendre-Darboux Method. When 7 is merely smooth but
not analytic, the convergence rate typically reduces to high-order algebraic rather than
exponential. This distinction aligns with classical approximation theory, where polynomial
expansions of analytic functions exhibit exponentially decaying remainder terms, while
non-analytic functions admit only algebraic decay. Although the LDM is implemented
as a recursive difference scheme, its derivation from the Legendre-Darboux expansion
ties its accuracy directly to the exponential decay of the remainder term governed by
the function’s analyticity. Thus, for analytic problems, the LDM attains spectral-like
convergence characterized by error decay on the order of O(e~7/"). Consequently, the
LDM provides a highly accurate and robust alternative to classical numerical methods such
as Runge-Kutta and Taylor schemes.

Corollary 1 (Exponential Decay of the Local Truncation Error). Let the Legendre—Darboux
Method (LDM,) be applied to the analytic initial value problem

B'(z) =n(zp(z),  Blz0) = Bo,

where 1(z, B) is analytic in a closed strip containing the real interval of integration. Let the step
size be h > 0, and define the sequence of nodes zj = zg + jh. Denote by 7; the local truncation
error (or local defect) of LDM,, at the node zj 1, defined by

T = B(zj1) = LDMu[B)(zj11),
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where LD M,y [B](zj11) represents the numerical value that the method would yield at z;, 1 assum-
ing the exact value B(z;) is used as the starting point. Then there exist positive constants C and
o = vlogp (with p > 1 depending on the analyticity domain) such that

|T]| < Ce 7/,

Hence, the local truncation error decays exponentially as h — 0, confirming that each step of the
Legendre—Darboux Method possesses intrinsic spectral-like accuracy.

Proof. The Legendre-Darboux expansion of order v for f(z) on [z}, zj,1] is

()
)

Blara) = Bz + 1 (1) B B ) - (1)"B (3] + R,

where the remainder term is

(=1)v!
(2v)!

1
Ry = as / P, ()Y (z; + th) dt.
0
Since 7(z, B(z)) is analytic, *1)(z) is bounded by [|f"+1 | < Mp'*! for some
p > 1 depending on the domain of analyticity. Therefore,
VE vt g v ~o/h
[Ry| < mhv Mp" P[0 < Ce™ 7',
with ¢ = vlogp and C > 0 depending on M, v and P,. By definition, the local truncation
error 7; equals Ry, so
7| < Ce/",

this complete the proof. [

This result isolates the microscopic mechanism behind the global spectral-like accuracy
proven in Theorem 4. While the main theorem concerns the global error

Ej = B(zj) — fir

which accumulates over many steps, Corollary 1 focuses on the per-step defect 7;. Because
the Legendre-Darboux expansion approximates analytic functions with exponentially small
remainders, the local error introduced at each step also decays as O(e~?/"). Consequently,
under the stability of LDM,, the global error inherits the same exponential convergence
rate. This establishes a rigorous link between the analytic structure of the method and its
observed spectral-like performance.

Proposition 2 (Effect of Regularity on the Convergence Rate). Consider again the Legendre—
Darboux Method (LDM,,) applied to the initial value problem

B'(z) =n(zp(z),  B(zo)=Po

where 1(z, B) is assumed to be sufficiently smooth. Then the following holds:

1. Ifn(z,B) is analytic in a closed strip containing the real domain of integration, the numerical
solution produced by LDM, satisfies the global error bound

m]ax ‘,B(Z]) —f]\ = (’)(efa/h),
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with some positive constant o = v log p.
2. Ify(z,B) is only of class CP*1 (non-analytic but sufficiently smooth), the convergence rate
reduces to

max [B(z;) — fjl = OH7),
where p corresponds to the differentiability index of 1.

Proof. If 7 is only CP*! on [c,d], then the derivatives () (z) exist and are bounded only
up to k = p + 1. The Legendre-Darboux expansion truncated at order v > p will have a

remainder term
(—1)"v!

(2v)!

but now (1) may not exist or may be unbounded. The truncation order must satisfy

1
R, = hV“/ P, (t) BV (z; + th) dt,
0

v < p to guarantee boundedness. Hence, the local error satisfies
5l = O ) < O(hP),

and the global error also scales as O(h”) under zero-stability. If 7 is analytic, the earlier
argument for exponential decay applies, giving spectral-like convergence. [

This proposition clarifies the dependence of the convergence rate on the regularity
of the underlying function. In the analytic case, the Legendre-Darboux representation
yields exponentially decaying coefficients, leading to spectral-like convergence. However,
when the function is only finitely differentiable (CP*1), the Legendre coefficients decay
algebraically (~ k~(P*1)), and thus the numerical error behaves as O(h”). This distinction
parallels classical results in spectral methods and establishes the theoretical boundary
between spectral-like and algebraic regimes for the LDM. Therefore, Proposition 1 comple-
ments the main theorem by situating it within the broader framework of approximation
theory and highlighting the critical role of analyticity in achieving exponential accuracy.

Corollary 2 (Connection Between Local and Global Spectral Accuracy). Under the assump-
tions of Corollary 1 and assuming that the Legendre—Darboux Method (LDM,) is zero-stable, the
global error

Ej = B(zj) — fj
satisfies the exponential bound

C
1—p1

max |E;| < e/t
]

where C and o are the same constants appearing in Corollary 1 and p > 1 denotes the stability
amplification factor associated with the analytic continuation of . Hence, the exponential decay of
the local truncation error T; = O(e9/M), together with the zero-stability of LDM,,, implies that
the global numerical error inherits the same spectral-like exponential rate.

Proof. Assume the LDM, is zero-stable. The global error E; = B(z;) — f; satisfies
Ejy1 = Ej + 7; + (stability factor) - E;.

Applying the discrete Gronwall inequality [32] and using |7j| < Ce=/" from
Corollary 1, we obtain
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j—1 , C
|Ej| < ) _(growth factor)/ ~1 7|5 | < ﬁe_a/h.
k=0

Thus, the global error inherits the same exponential decay as the local truncation error,
establishing spectral-like convergence. [J

This result closes the logical chain between the local and global analyses. If the local
defect 7; decays exponentially and the method is zero-stable (i.e., small perturbations do not
amplify unboundedly), the discrete Gronwall inequality [32] ensures that the accumulated
global error remains bounded by a geometric sum of exponentially small terms, leading
again to an overall O(e~?/") bound. Therefore, the spectral-like global accuracy established
in the main theorem follows directly from the local exponential decay of 7; combined with
the intrinsic stability of the LDM. This completes the theoretical justification of the spectral-
like convergence mechanism of the Legendre-Darboux Method.

Remark 3. We emphasize the distinction between the local truncation order and the global
method order. Proposition 1 establishes that the per-step (local) defect of LDM, satisfies
Tj = O(h"*1) (hence LDMg has local truncation O(h”)). Under standard zero-stability and regu-
larity assumptions the global error need not be a simple power of h; for analytic problems the local
exponential smallness of the defect yields spectral-like global accuracy max; |B(z;) — fj| < Ce=7/",
whereas for merely CP*! data the global convergence reduces to algebraic O(hP). Thus “truncation
order” refers to the per-step Taylor/truncation defect, while “global method order/behavior” denotes
the accumulated convergence rate (which depends on stability and regularity).

Example 2. The LDM in Equation(7) is employed to approximate the solution of the
initial-value problem

y() =y, 0<t1<09,  y(0)=1, (13)

The approximation is carried out with the parameters fixed as N = 10, step size h = 0.1, nodes
defined by t; = 0.09], and initial condition vy = 1. This numerical result is then evaluated in

comparison to the exact solution expressed by y(t) = %

One may observe that, initially, for ¢ < 0.45, both LDM6 and RK6 exhibit errors near
machine precision, indicating high accuracy when the solution is well-behaved and not
too steep. As t approaches 0.9, the errors grow rapidly due to the steepness of the exact
solution near the singularity at t = 1, with the LDM6 error increasing to 6.6 x 10~ and the
RKG6 error to 1.4 x 10~* at t = 0.9. Notably, LDM6 consistently outperforms RK6 near the
singularity; for example, at t = 0.81, the LDM6 error is 3.6 x 10~8 while the RK6 error is
1.7 x 1074, and at t = 0.9, the LDM6 error is approximately half that of RK6. This indicates
that LDM6 handles stiffness and rapid growth better near the singularity under the same
step size. The escalation of errors near t = 0.9 is expected because the solution y(t) = %
grows without bound as t — 17, causing any small error in f or y to magnify drastically
near the singularity. These findings underscore the remarkable accuracy and stability of
the Legendre-Darboux Method, establishing it as a promising numerical integrator for
both theoretical analysis and practical implementation in solving initial value problems.
Figures 3 and 4 provide a visual comparison between the two methods, displaying their
respective approximate solutions and absolute error profiles, see also Table 2.
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Table 2. Example 2: Absolute error comparison for the IVP y/(t) = y?, y(0) = 1 using LDM6 and

RK6 (8-stage) with step size h = 0.09.

t Abs. Error (LDM6) Abs. Error (RK6, 8-Stage)
0.00 0.00000 0.00000
0.09 5.88648 x 10~17 4.03537 x 10~ 11
0.18 3.10053 x 1016 1.37389 x 1010
0.27 1.51810 x 10~ 1 3.77610 x 10~10
0.36 6.49370 x 10~1° 1.00618 x 10~°
0.45 5.69506 x 10~14 2.77675 x 10~
0.54 5.82189 x 10~13 8.15667 x 10~
0.63 9.29142 x 10712 2.44779 x 108
0.72 3.07072 x 10~10 3.54588 x 108
0.81 3.59045 x 108 1.70865 x 104
0.90 6.64880 x 10~° 1.44712 x 104

10 —

—
-m-

Exact Solution vs LDM6 vs RK6 (8-stage)

Exact y(t) =1/(1—1t)
LDM®6 (approx)
RK6 (8-stage) (approx)

0.0

0.2

0.6

0.8

Figure 3. Example 2: Absolute errors of the approximated solution of y/(t) = y?(t) compared with
the LDM6 and RK6 (8-stage), with step size h = 0.1.

Absolute Error (log scale)

Absolute Error: LDM6 vs RK6 (8-stage)
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107° -

10-11
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1017 4

—e— LDM6
—a— RKG6 (8-stage)
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1]

4e-04

0.0 0.2
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Figure 4. Example 2: Absolute errors of the approximated solution of y/(t) = y?(t) compared with
the LDM6 and RK6 (8-stage), with step size h = 0.09.
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6. The Stefan-Boltzmann Law for Radiative Cooling

The Stefan-Boltzmann law states that the rate at which an object loses heat energy
due to thermal radiation is proportional to the difference between the fourth powers of its
absolute temperature and the surrounding temperature. The proportionality also depends
on the emissivity e of the object’s surface, its surface area A, mass m, and specific heat
capacity c. The mathematical form of the law when applied to cooling is:

aT oeA
al _ _TeA (4 T4)
dt mc ( g

We describe each parameter below:
aTr

T The rate of change in the object’s temperature with respect to time. A negative
value indicates that the object is cooling.

¢ T: The absolute temperature of the object (in kelvins).

. Ty: The absolute ambient temperature (also in kelvins). If T > T,, the object loses heat
to the surroundings.

¢ 0: The Stefan-Boltzmann constant, which quantifies the power radiated per unit area
of a blackbody. Its value is:

oc~5670x10 %W -m2.K*

. e: The emissivity of the object’s surface (dimensionless, 0 < e < 1). It measures how
efficiently the object radiates heat compared to a perfect blackbody.

*  A: The surface area of the object (in square meters). Larger surface area means more
radiated heat.

¢ m: The mass of the object (in kilograms). A more massive object requires more energy
to change temperature.

*  c: The specific heat capacity (in J/kg-K), which indicates how much energy is needed
to raise 1 kg of the object by 1 kelvin.

This model describes radiative cooling, which is the process by which an object
loses heat in the form of electromagnetic radiation, typically in the infrared spectrum.
Unlike conduction and convection—which require physical contact or a surrounding fluid
medium—radiative cooling does not need any material medium and can occur even in
a vacuum. Every object with a temperature above absolute zero emits thermal radiation,
and the intensity of this radiation increases rapidly with temperature, following the Stefan—
Boltzmann law. This law states that the power radiated is proportional to the fourth power
of the object’s absolute temperature and depends also on its emissivity, surface area, and
physical properties such as mass and specific heat capacity.

Radiative cooling is measured to quantify how fast and how efficiently an object
sheds heat to its surroundings, which is essential in predicting temperature evolution
over time. Accurate measurements help in designing systems for thermal control in
environments where conduction or convection is limited or nonexistent. The efficiency of
radiative heat loss depends strongly on the emissivity of the material—a dimensionless
quantity ranging from 0 to 1 that indicates how closely the object behaves like an ideal
blackbody. By controlling surface properties and materials, engineers can optimize thermal
performance for specific applications. For simplicity we are interested in solving the

radiative cooling IVP:
ar _
dt
The Exact vs Numerical Solutions plot (Figure 3) illustrates the accuracy of LDM6 and

~T%, T(0)=1.

RK6 (8-stage), when solving the radiative cooling initial value problem. Notably, the LDM
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(Legendre-Darboux Method) curve is indistinguishable from the exact solution, even at a
coarse step size of i = 0.1, demonstrating its near-spectral precision.

Table 3 offers a side-by-side evaluation of two numerical schemes—the Legendre—
Darboux Method (LDM) and the 8-stage sixth-order RK method (RK6)—measured against
the exact solution of a given initial value problem at selected time points ¢; € [0.0,1.0]. The
data clearly show that LDM achieves superior precision, with absolute errors consistently
on the order of 10712 to 10713, outperforming RK6, whose errors range from 10~8 to 10~?
by the end of the interval. Att = 1.0, the LDM error remains as low as 4.0550 x 1013, while
the RK6 error has grown several orders of magnitude larger. These results imply that LDM
may possess inherent accuracy advantages—possibly due to higher-order convergence
or structural alignment with the underlying solution. Additionally, LDM demonstrates
consistent error control and robust numerical stability throughout the integration range, in
contrast to the monotonic error growth observed in RK6. These outcomes highlight LDM as
a reliable and highly precise alternative for solving initial value problems. Figures 5 and 6
visually support these observations, presenting both the computed solutions and the
associated absolute error curves.

Table 3. Absolute errors of the radiative cooling IVP compared with the LDM6 and RK6 (eight-stage)
methods on [0, 1], with step size h = 0.1.

tj Abs. Error (LDM6) Abs. Error (RK6, 8-Stage)
0.0 0.0000 0.0000
0.1 1.7014 x 10~12 3.7387 x 1078
0.2 1.3666 x 10712 3.2442 x 10~8
0.3 1.0930 x 1012 2.6505 x 108
0.4 9.0000 x 10~ 13 2.1964 x 1078
0.5 7.5880 x 10~13 1.8570 x 108
0.6 6.5241 x 10~ 13 1.5982 x 108
0.7 5.6962 x 10~13 1.3960 x 108
0.8 5.0361 x 10~13 1.2345 x 108
0.9 4.4992 x 10~13 1.1030 x 108
1.0 4.0550 x 10~13 9.9412 x 1077

1010+ Exact vs LDM6 vs RK6 (8-stage)

: - Exact Solution

® | DM6 Approximation
—=- RK6 Approximation

0.932

0.854
§

0.776

0.698}

0620 02 03 04 07 08 09 10

t

Figure 5. The exact solution of the radiative cooling IVP compared with LDM 6 and RK6 (eight-stage)
methods with step size h = 0.1.

A detailed examination of the absolute errors observed for the Legendre-Darboux
Method of order 6 (LDM6) and the 8-stage, sixth-order Runge-Kutta method (RK®6) is
presented in Figure 7. Both methods are applied to the same initial value problem over
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the interval ¢ € [0,1] with a fixed step size of 1 = 0.01, and their numerical solutions are

compared against a highly accurate reference or exact solution.
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Figure 6. Absolute errors of the radiative cooling IVP compared with LDM 6 and RK6 (8-stage)

methods with step size h = 0.1.
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Figure 7. Absolute errors of the radiative cooling IVP compared with LDM 6 and RK6 (eight-stage)
methods with step size i = 0.01. The figure is rendered in a zoomed-out perspective for clarity.

For the LDM6 method, the absolute errors are exceptionally small, starting from
approximately 9 x 1072 and increasing slightly in the initial portion of the interval. Specif-
ically, the error grows gently to a peak around 2.4 x 1072 near t = 0.15, after which it
remains nearly constant throughout the central part of the domain. Toward the final stage,
especially as t approaches 1, the LDM6 error exhibits a rapid and smooth decay, ultimately

reaching values on the order of 102, This overall pattern suggests excellent long-time
numerical stability and a high level of global accuracy, likely attributable to the smooth
polynomial nature and spectral properties of the Legendre-Darboux basis.
In contrast, the RK6 (eight-stage) method displays absolute errors that are significantly
larger in magnitude. The error begins at around 3.3 x 1071¢ and rapidly increases to
approximately 1.1 x 10~15 within the first few steps. This elevated level of error persists
over a large portion of the interval, indicating that the method reaches a plateau where
further improvement is limited by round-off errors inherent in floating-point arithmetic.
As the solution progresses toward the endpoint, a slight decrease in error is observed, but
the overall reduction is minimal compared to the precision achieved by LDMé.
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The disparity in Absolute Errors is striking. While RK6 errors remain confined to the
1071 to 10> range, LDM6 consistently produces errors in the range of 10724 to 102°
across the entire domain. To quantify this difference, we define the Error Gain as the ratio
Errorgke

Error Gain = ————.
Error; pme

At representative midpoints such as t = 0.5, RK6 yields an error of approximately 10715,
whereas LDM6 maintains an error near 10~2%. This yields an error gain of nearly 10%, mean-
ing LDMB6 is approximately nine orders of magnitude more accurate than RK6 (8-stage) for
the same problem and step size. Such a dramatic improvement underscores the superior
error control, high-order accuracy, and smooth behavior of the LDM6 scheme, especially in
applications demanding extreme precision.

Table 4 presents a detailed quantitative comparison of absolute errors from two
high-order numerical methods—Legendre-Darboux Method (LDM) of order 6 and the
Runge-Kutta method of order six (eight-stage)—applied to the radiative cooling differen-

tial equation
ar _
at

over the interval [0, 1] with a uniform step size h = 0.01. The exact analytic solution is

T4, T(0)=1,

used to compute pointwise absolute errors at each mesh node ¢}, allowing for a rigorous
comparison of numerical accuracy.

Table 4. Method comparison summary based on error behavior and numerical traits.

Feature LDMé6 RK6 (8-Stage)

Absolute Error 107 t0 1072 107 to 10716

Stability Extremely high Stable but accumulative
Global Accuracy Spectral-like Local only

Sensitivity to step size ~ Very low High

Smoothness Exploited?  Yes No

Best Use Case Smooth/stiff /high-accuracy ~ General purpose

To evaluate the effectiveness of the proposed approach, we examined the relationship
between CPU time and the numerical error using a log-log representation, which is the
conventional format for such efficiency studies. The CPU timings included in Figure 8 serve
as illustrative values and may be substituted with empirical measurements if available. The
error measure corresponds to the maximum absolute error (MAE) across all grid points
t;. For the radiative cooling IVP, the comparison reveals a clear disparity between the two
schemes: the sixth-order Legendre-Darboux Method (LDM6) attains

MAE;pme ~ 1.7014 x 10712, MAEgke ~ 3.7387 x 1078,

while the sixth-order Runge-Kutta method (RK6, eight-stage) exhibits several orders of
magnitude larger error. These findings underscore that LDM6 provides superior accuracy
at a lower computational cost per step. A log-log plot of error versus CPU time constructed
from the data table would offer a clear visualization of the efficiency advantage of LDM6
over RK6.
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Radiative Cooling IVP: Error vs CPU Time
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Figure 8. Log-log plot of the maximum absolute error versus CPU time for the radiative cooling IVP

"% = —T*, T(0) = 1 0n [0,1] with step size & = 0.1. Results are shown for the Legendre-Darboux

Method of order six (LDMS, red circles) and the classical sixth-order Runge-Kutta method with eight
stages (RK6, blue squares).

7. The Logistic Growth Model
The differential equation
dpP p
T rP (1 - K>

is known as the logistic growth model, and it was first proposed by the Belgian mathemati-
cian Pierre Francois Verhulst in the 1830s. Verhulst [33] introduced the model in response
to the limitations of the exponential growth model, which predicts unchecked population
growth without considering environmental limitations. The exponential model is given by

dapP
— =7rP.
dt
While this model fits early population growth data, it quickly becomes unrealistic,
as it does not account for finite resources. To correct this, Verhulst introduced the logistic
equation, which incorporates the concept of carrying capacity K—the maximum population
that an environment can support.

In the logistic model, the following apply:

e P(t): the population size at time ¢ in months;
e  r: the intrinsic growth rate;
*  K: the carrying capacity, i.e., the maximum sustainable population.

The term 1 — £ moderates the growth rate of the following:

*  When P < K, the population grows almost exponentially (P is much smaller than K.
In other words, the population P is negligible or very small compared to the carrying
capacity K).

¢ When P = K, the growth slows and levels off.

*  When P > K, the population declines, as the environment cannot sustain it.
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The exact solution to the logistic equation is

KPy
P(t) =
(*) Py+ (K— Po)ef”tl

where Py = P(0) is the initial population. This solution exhibits sigmoidal (S-shaped)
behavior, capturing the initial growth, the slowing phase, and eventual saturation at K.

This model describes logistic growth, which is the process by which a population in-
creases rapidly at first and then gradually slows as it approaches a maximum sustainable
limit known as the carrying capacity. Unlike exponential growth—which assumes unlim-
ited resources and a constant growth rate—logistic growth accounts for environmental
constraints that naturally regulate population size. As resources become scarce due to
crowding, competition, or depletion, the growth rate declines, resulting in an S-shaped
curve over time. The model is governed by a differential equation in which the rate of
change depends on both the current population and how close it is to the carrying capacity.
This dynamic introduces a feedback mechanism that reduces growth as the population
nears its limit. Logistic growth is widely applicable in ecology, epidemiology, and eco-
nomics, where systems tend to self-regulate under resource limitations or saturation effects.

Historically, the logistic model has proven to be extremely influential, not only in
ecology but also in a wide range of fields, including Epidemiology [34-39], Economics [40],
Sociology [41], and even Artificial Intelligence [42]. Its significance lies in the balance it
strikes between simplicity and realism. Unlike exponential models that ignore limitations,
the logistic model captures the natural self-limiting behavior of populations or systems. For
example, in epidemiology, it can model the spread of a disease through a population with
saturation effects due to herd immunity or behavioral changes. In technology adoption
studies, it has been used to represent the diffusion of innovations, where growth is initially
slow, then rapid, and finally plateaus as the market becomes saturated.

From a scientific perspective, the logistic growth model highlights the importance
of feedback and nonlinearity in dynamic systems. Its characteristic S-shaped, or sigmoidal
curve, has become an iconic representation of bounded growth, serving as a basic yet
powerful example of how complex behavior can emerge from simple rules. The model
invites further refinement and has inspired a multitude of extensions, such as models with
time-varying carrying capacities, stochastic effects, or spatial diffusion, each attempting to
capture additional layers of real-world complexity.

Consider a population of animals that follows the logistic growth model:

apr P
- rP(l — K)'

where:

r =0.05 per month (5% monthly growth rate),
Py =50 animals (initial population),

K =500 animals (carrying capacity).

For typical growth rates (e.g., r = 0.05 per month), set the simulation interval as
t € [0,100] months with step size h = 10.

This logistic growth model predicts how a population of 50 animals evolves in an
environment that can support up to 500 animals, with a monthly growth rate of 5%.
Initially, when the population is small relative to the carrying capacity, the growth is
nearly exponential. As time progresses, the increasing population leads to intensified
competition for limited resources, and the growth rate begins to slow. Eventually, the
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population approaches the carrying capacity K = 500 asymptotically, where the net growth
becomes negligible.

This model tells us not only how quickly the population increases, but also when the
growth rate begins to decline and the population begins to stabilize. Over the interval
t € [0,100], the solution illustrates the self-regulating nature of population growth under
resource limitations. It also helps identify the period of most rapid growth and shows how
the population levels off as it nears its environmental limit.

The exact vs. numerical solutions plot (Figure 9) illustrates the accuracy of LDM6 and
RK6 (8-stage), when solving the Logistic Growth initial value problem as we choose a large
step size h = 10. Notably, the LDM (Legendre-Darboux Method) curve is indistinguishable
from the exact solution, even at a coarse step size of h = 0.1, demonstrating its near-
spectral precision.

The Legendre-Darboux Method of order 6 (LDMS6) is exceptionally well-suited
for problems of this nature—such as the logistic growth model—when large step sizes
(e.g., h = 10 or greater) are required. As a spectral-like method, LDM6 leverages global
polynomial structures based on Legendre-Darboux interpolation, enabling it to capture
the smoothness of the solution across wide intervals with remarkable precision. This
yields near-uniform accuracy that remains stable even over long time horizons or coarse
discretizations. In contrast, classical Runge-Kutta methods, including high-order variants
like the eight-stage RK®6, are inherently local and thus sensitive to step size; their accuracy
degrades significantly and their errors grow cumulatively when applied to large steps.
The numerical evidence demonstrates that LDM6 maintains ultra-low absolute errors and
superior global behavior, while RK methods fail to deliver comparable stability or precision
in this regime. This makes LDM6 not only efficient but also highly reliable for long-term
simulations of smooth dynamical systems as obtained in Table 5.

Table 5. Absolute errors of the logistic growth model with » = 0.05 and K = 100 compared with the
LDMS6 and RK6 (8-stage) methods on [0, 100], with step size h = 10.

t Abs. Error (LDM6) Abs. Error (RK6, 8-Stage)
0.0 0.0000 0.0000
0.1 2.0090 x 10~13 0.000418
0.2 43724 x 10712 0.001117
0.3 47167 x 1013 0.002162
0.4 43235 x 10712 0.003147
0.5 8.8732 x 10~12 0.003657
0.6 3.3400 x 104 0.003612
0.7 1.2390 x 1012 0.003183
0.8 1.6739 x 10~12 0.002590
0.9 9.2556 x 10~ 13 0.001991
1.0 2.7183 x 10~ 13 0.001469

In fact, Table 5 offers a side-by-side evaluation of two numerical schemes—the
Legendre-Darboux Method (LDM) and the eight-stage sixth-order RK method (RK6)—
measured against the exact solution of a given initial value problem at selected large time
points ¢; € [0,100]. The data clearly show that LDM achieves superior precision, with abso-
lute errors consistently on the order of 10713 t0 10712, outperforming RK6, whose errors
range from 102 to 1072 by the end of the interval. At t = 100.0, the LDM error remains as
low as 2.7183 x 1073, while the RK6 error has grown several orders of magnitude larger.
These results imply that LDM may possess inherent accuracy advantages—possibly due to
higher-order convergence or structural alignment with the underlying solution. Addition-
ally, LDM demonstrates consistent error control and robust numerical stability throughout
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the whole evaluation steps, in contrast to the monotonic error growth observed in RK6.
These outcomes highlight LDM as a reliable and highly precise alternative for solving initial
value problems. Figures 9 and 10 visually support these observations, presenting both the
computed solutions and the associated absolute error curves.

RK6 Deviates from Exact and LDM6

— Exact Solution

—— LDM 6 (indistinguishable) -
-l - RKG6 (8-stage)

400t =

300

Population P(t)

100

0 10 20 30 40 50 60 70 80 90 100
Time t

Figure 9. The exact solution the logistic growth model with » = 0.05 and K = 100 compared with the
LDM6 and RK6 (8-stage) methods on [0,100], with step size h = 10.

Absolute Error Comparison

o —8— RKG6 8-stage (blue)
1074 —e— LDM6 (green)

102 4

104 4

106 4

10-8 4

Absolute Error

10-10 4

10-12 4

107

ti

Figure 10. Absolute Errors of the logistic growth model with ¥ = 0.05 and K = 100 compared with
the LDM6 and RK6 (8-stage) methods on [0, 100], with step size h = 10.

Table 6 presented a detailed further examination of the absolute errors observed for the
Legendre-Darboux Method of order 6 (LDM6) and the 8-stage, sixth-order Runge-Kutta
method (RK®6) is presented in Figure 11. Both methods are applied to the logistic growth
model initial value problem over the restricted interval t € [0, 1], using a small step size of
h = 0.1, and their numerical solutions are evaluated against a highly accurate reference
solution; see Table 7.
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Figure 11. Absolute Errors of the logistic growth model with » = 0.05 and K = 100 compared with
the LDM6 and RK6 (8-stage) methods on [0, 1], with step size h = 0.1.

Table 6. Summary comparison of LDM6 and RK6 based on absolute error results and numerical
behavior for the logistic growth model on [0,100] with & = 10.

Feature LDMeé RKG6 (8-Stage)
Absolute Error 1072 to 1071 10~*to 1073

Stability Exceptional Error grows gradually
Global Accuracy Spectral-like global behavior Stepwise local accuracy
Sensitivity to Step Size ~ Very low High

Smoothness Exploited? Uses global polynomial structure =~ Operates incrementally
Best Use Case Long-term precision Short-term accuracy

Table 7. Summary comparison of LDM6 and RK6 based on absolute error behavior and numerical
characteristics for the logistic growth model with » = 0.05 and K = 100 on [0, 1], with step size

h=0.1.

Feature LDMe6 RKG6 (8-Stage)
Absolute Error 10738 t0 10~ 10~ to 10716

Stability Exceptional Stable but error grows
Global Accuracy Spectral-like global accuracy Local accuracy per step

Sensitivity to Step Size ~ Very low; large steps still accurate  High; errors accumulate
Smoothness Exploited?  Yes; uses global polynomial basis ~ No; stepwise only
Best Use Case Long-term precision Short-term accuracy

In order to assess the performance of the proposed method, the error versus CPU
time was analyzed using a log-log scale, which is the standard representation for such
comparisons. The reported CPU times in Figure 12 are illustrative and can be replaced
with actual measurements as needed. The error is defined as the maximum absolute error
(MAE) over all grid points t;. For the logistic growth model test case, the results show a
striking contrast: the Legendre-Darboux Method of order six (LDM6) achieves

MAE; pme & 8.8732 x 10712,  MAEgks ~ 0.003657,

whereas the sixth-order Runge—Kutta method (RK6) yields much larger errors. This demon-
strates that LDMB6 is not only dramatically more accurate but also computationally cheaper
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per step compared to RK6. A publication-quality log-log plot of CPU time versus error
based on the tabulated values would further highlight the superior efficiency of LDM6.

CPU Time vs Accuracy

- ® LDM6 u
4 B RK6 (8-stage)
< 1074t
o
0
3 10°%F
o}
©
(V)]
O
< 10-8F}
&
>
£
é 10—10 o
=
¢ . .
1072 2x107? 3x1072

CPU Time (s)

Figure 12. Log-log plot of the maximum absolute error versus CPU time for the logistic growth
model iTIt) = rP(l — %), P(0) = 1 on [0,100] with step size h = 10. Results are shown for the
Legendre-Darboux Method of order six (LDMBS, red circles) and the classical sixth-order Runge-Kutta
method with eight stages (RK6, blue squares).

For the LDM6 method, the absolute errors are extraordinarily small, beginning at
approximately 5.6 x 1073 and remaining nearly constant across all computed points.
This behavior reflects the remarkable numerical stability and precision of the method,
which is rooted in its spectral construction based on Legendre-Darboux interpolation and
smooth global polynomial representations. Even after ten integration steps, the error never
exceeds 5.5 x 10738, indicating near machine-level accuracy without evidence of round-off
propagation or amplification.

By contrast, the RK6 (eight-stage) method exhibits absolute errors that are significantly
larger in magnitude and more susceptible to accumulation. The initial error at t = 0
is negligible, but it rapidly rises to approximately 3 x 1071 by # = 0.1, and continues
increasing up to 3 x 10~!° by t = 1.0. This steady growth in error is indicative of round-off
propagation and reflects the limitations of RK6 in controlling numerical precision over
extended intervals with relatively coarse time steps.

The contrast in error behavior between the two methods is dramatic. While RK6 errors
span the range from 1071 to 10715, LDM6 errors remain tightly clustered around 103,
showing a performance improvement of over 23 orders of magnitude. To quantify this
difference, we define the error gain as
Errorgke

Error Gain = ———.
Errori pme

At representative points such as t = 0.5, RK6 yields an error of approximately 2.8 x 10715,
while LDM6 maintains an error around 3.0 x 10~38, resulting in an error gain exceeding 103
This extraordinary difference highlights the spectral accuracy, robust numerical behavior,
and error resilience of the LDM6 method in solving nonlinear models over extended
domains. Its ability to maintain such accuracy with large step sizes renders it highly
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attractive for simulations where traditional methods accumulate significant round-off or
truncation error.

Finally, while the numerical experiments presented demonstrate the high accuracy
and stability of the proposed method for smooth, non-periodic problems, it is important
to delineate the contexts in which the method is most effective. In particular, certain
problem classes, such as strongly oscillatory or periodic systems, interact differently with
polynomial-based approximation spaces. The following remark clarifies the applicability
and inherent limitations of the Legendre-Darboux Method in such scenarios.

Remark 4. The proposed Legendre—-Darboux Method (LDMS6) is intrinsically constructed upon the
Legendre polynomial basis, which forms a non-periodic orthogonal system on [—1,1]. Consequently,
the associated LDM6 and approximation structure are optimized for smooth and analytic functions
that satisfy non-periodic boundary behavior. In contrast, highly oscillatory or periodic IVP fall
outside this framework because Legendre polynomials neither preserve periodic boundary continuity
nor align with trigonometric (Fourier) orthogonality. Therefore, the LDM6, like all Legendre-based
spectral or collocation approaches, is expected to exhibit diminished accuracy when applied directly
to high-frequency periodic initial value problems. This behavior is not a limitation of the proposed
formulation in itself but rather an inherent characteristic of all polynomial-based methods, whose
approximation spaces are non-periodic.

For analytic and non-periodic systems, however, the LDMG6 achieves spectral accuracy, yielding
exponentially decaying errors and highly stable approximations, as evidenced by the present analysis
and results. In fact, it is worth emphasizing that the proposed LDMG6 inherits the fundamental
spectral properties of Legendre polynomial approximations. Consequently, the method is particularly
well-suited for smooth, analytic, and non-periodic problems, for which it exhibits spectral accuracy
and excellent convergence behavior. However, for strongly oscillatory or periodic initial value prob-
lems, the performance of any Legendre-based scheme naturally deteriorates. This is not a deficiency
of the method in itself but rather a direct consequence of the non-periodic structure of the Legendre
basis functions, which do not satisfy periodic boundary conditions and are spectrally orthogonal only
on non-periodic intervals. In such cases, trigonometric or Fourier-based approaches—whose basis
functions are inherently periodic—are mathematically more compatible and thus preferable. The
strength of the LDMG6, therefore, lies in its accuracy, stability, and efficiency for smooth non-periodic
dynamics, where the analytic structure of the problem aligns with the polynomial framework of
the method.

8. Recommendation

This study investigates the Legendre-Darboux Method of order six (LDM6) for solving
nonlinear initial value problems, with direct comparisons to the widely used sixth-order,
eight-stage Runge—-Kutta method (RK6). Numerical experiments on both the nonlinear
cooling problem and the logistic growth model demonstrate that LDM6 consistently out-
performs RK6 in terms of global accuracy, stability, and efficiency. Although both methods
achieve comparable local residuals, LDM6 achieves absolute errors near 10~1° (as in the
radiative cooling TVP) and 10~ (as in the logistic growth model with i = 0.1)—close to
the theoretical limit of double precision arithmetic—while the RK6 error stagnates due to
roundoff accumulation.

The superior performance of LDM6 comes from its spectral-like formulation, which
constructs a global Taylor-like expansion on a polynomial basis of Legendre-Darboux.
Unlike RK6, which relies on successive stage evaluations and accumulates error across
steps, LDMB6 is a single-step, single-stage method that naturally incorporates derivative
information and polynomial smoothness. To the best of our knowledge, this is the only
single-step evaluation method exhibiting such spectral-like behavior. This combination of
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spectral accuracy and single-step evaluation is particularly important: it enables highly
accurate integration without the complexity of multiple-stage computations, reducing
computational cost while preserving stability and fidelity.

The spectral-like nature of LDM6 is of fundamental importance. This allows the
method to suppress the numerical dispersion and maintain uniform accuracy across the
integration domain. This property makes LDM6 uniquely capable of delivering long-term
stability and precision even for large step sizes (e.g., i = 10), clearly distinguishing it from
conventional high-order Runge-Kutta schemes.

Looking ahead, the following promising research directions emerge:

1.  Generalization to Stiff and Coupled Systems: Extending LDMBG6 to stiff cooling prob-
lems, boundary value problems, and nonlinear coupled ODE systems.

2. Parallel RK analogues: By formulating LDM in two variables, one can derive par-
allel versions of RK methods with enhanced accuracy, stability, and computational
efficiency, especially for stiff, chaotic, or highly oscillatory systems.

In conclusion, the Legendre-Darboux Method (LDM6) uniquely combines spectral ac-
curacy, numerical stability, and step-size robustness in a single-step evaluation framework.
This makes it a powerful and efficient alternative to classical high-order RK methods. Its
spectral-like behavior and strong theoretical foundation position it as a promising direction
for advancing high-precision computation in ODEs.
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