. mathematics

Article

Investigations on the Chaos in the Generalized Double
Sine-Gordon Planar System: Melnikov’s Approach and
Applications to Generating Antenna Factors

Nikolay Kyurkchiev ¥?3(, Tsvetelin Zaevski

check for
updates

Academic Editor: Rodica Luca

Received: 15 October 2025
Revised: 9 November 2025
Accepted: 16 November 2025
Published: 18 November 2025

Citation: Kyurkchiev, N.; Zaevski, T.;
Iliev, A. Investigations on the Chaos in
the Generalized Double Sine-Gordon
Planar System: Melnikov’s Approach
and Applications to Generating
Antenna Factors. Mathematics 2025, 13,
3700. https://doi.org/10.3390/
math13223700

Copyright: © 2025 by the authors.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

1,34 3,%

and Anton Iliev %

Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, Acad. G. Bonchev Str., Bl. §,
1113 Sofia, Bulgaria; nkyurk@uni-plovdiv.bg (N.K.); t_s_zaevski@math.bas.bg (T.Z.)

Faculty of Mathematics and Informatics, University of Plovdiv Paisii Hilendarski, 24, Tzar Asen Str.,

4000 Plovdiv, Bulgaria

Centre of Excellence in Informatics and Information and Communication Technologies, 1113 Sofia, Bulgaria
Faculty of Mathematics and Informatics, Sofia University “St. Kliment Ohridski”, 5, James Bourchier Blvd.,
1164 Sofia, Bulgaria

Correspondence: aii@uni-plovdiv.bg

Abstract

Many authors analyze the chaotic motion of the driven and damped double sine-Gordon
equations and compute the Melnikov functions by numerical methods, taking an example
to verify good agreement between numerical methods and analytical ones. Unfortunately,
due to the lack of an explicit presentation of the Melnikov integral, the reader has difficulty
navigating and touching upon Melnikov’s elegant theory and, in particular, the formulation
of the Melnikov criterion for the occurrence of chaos in a dynamical system, based solely
on the provided illustrations of dependencies between the main parameters of the model
under consideration. In this paper we will try to shed additional light on this important
problem. A new planar system corresponding to the generalized double sine-Gordon
model with many free parameters is considered. We also look at the modeling of radiation
diagrams and antenna factors as potential uses for the Melnikov functions. A number of
simulations are created. We also show off a few specific modules for examining the model’s
behavior. There is also discussion of one use for potential oscillation control.

Keywords: homoclinic and heteroclinic bifurcations; Melnikov function; Melnikov antenna
factor; control over oscillations

MSC: 34C37

1. Introduction

Many authors focus their study on the planar system

dx
a—l/
dy
dt

1)
- % sin ¥ 4 €(A cos(wt) — ay)

|
™M=

i=1

corresponding to the so called multiple sine-Gordon equation [1]. There is a dearth of
literature on differential models of type (1) for M > 2, despite their physical significance.
The propagation of strictly resonant sharp-line optical pulses is described by the triple
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sine-Gordon equation [2]. A novel transformation for solving the triple sine-Gordon
equation is presented in [3]. It is demonstrated that this intermediate transformation
approach is effective in resolving complicated nonlinear evolution equations of a particular
type. In the case M = 1, the reader can find detailed information in the classic studies of
Tricomi [4], Stoker [5], Levi, Hoppensteadt and Miranker [6], Perko [7], and Guckenheimer
and Holmes [8,9].

Interesting research on the topic of travelling waves and double-periodic structures in
two-dimensional sine-Gordon systems can be found in [10-12].

Studies on the sine-Gordon and sinh-Gordon equations in the circle can be found
in [13,14].

The sinh-Gordon-type equations for CMC surfaces are considered in [15].

For the stochastic hyperbolic sine-Gordon equation, see [16].

Melnikov-type chaos of planar systems with two discontinuities is considered in [17].

For chaotic solitons in the driven sine-Gordon model, see [18].

The double sine-Gordon equation (M = 2) plays an important role. Detailed infor-
mation can be found in [19-25]. For other results, see [26-31]. The horseshoe chaos in the
double sine-Gordon system

Ty
dt
dy )

T —Apsinx — % sin 5 + e(A cos(wt) — ay)

using the Melnikov technique [32] is considered in [33]. Perhaps the most advanced and
trustworthy theoretical method for examining the beginning of chaos in dynamical systems
is the Melnikov function technique. Specifically, this method allows the requirements
for the presence of Smale’s horseshoe chaos to be calculated analytically in perturbed
dynamical systems that are “sufficiently close” to an integrable system in a function-space
sense (see [34]). The Melnikov approach can be successfully used for systems with complex
potentials, for which an analytic calculation of the corresponding integrals is not feasible, as
demonstrated by Bruhn and Koch [35]. The authors suggest using the Melnikov approach
numerically to identify parameter regions of complex behavior. The resulting integrals
must be assessed numerically due to the complex potential (e.g., using a fourth-order
Runge-Kutta method). More precisely, the authors in [33] apply the Melnikov method to
Equation (2) to study the phase-space portraits of the unperturbed equation (here written

as a first-order system)
dx

— — y
dt

dy )
dt

where A1, A; are varied in the range (—oo, +-00). Evidently, (3) is a Hamiltonian given by

. Ao o x
= —Agsinx — Fsinj,

2

H(x,y) = y? + A1(1 —cosx) + Ay(1 — cos %)
The chaotic motion of the driven and damped double sine-Gordon equation is examined
in [36]. The authors compute the Melnikov functions by numerical methods, taking
an example to verify the good agreement between numerical methods and analytical
ones. Unfortunately, due to the lack of an explicit presentation of the Melnikov integral
in the article cited above [33], the reader has difficulty navigating and touching upon
Melnikov’s elegant theory and, in particular, the formulation of the Melnikov criterion for
the occurrence of chaos in a dynamical system, based solely on the provided illustrations
of dependencies between the main parameters of the model under consideration.
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We will attempt to provide more insight into this significant issue in this study. We
also consider a possible application of the Melnikov functions in modeling antenna factors
and radiation diagrams. We suggest a new planar system corresponding to the generalized
double sine-Gordon model. A number of simulations are created. We also show off a few
specific modules for examining the model’s behavior.

The main novelties of our generalization are mainly in three directions. First, the
introduction of scaled cosines influences the frequencies of the perturbations. Second,
the weights of these cosines have an impact on the amplitude of the oscillations. And
third, the combination of both factors may capture some desired complicated behaviors of
the spectrum.

Last but not least, we suggest a probabilistic construction that has several significant
features. First, the approach we use allows a further improvement of the model both in
amplitude and frequency by assuming non-discrete factors as well as specific mass in
the different parts of the domain. Second, using a complex exponential presentation of
the trigonometric functions, we relate the cosine functions with exponential functionals.
Later, summing them (in stochastic terms, taking expectation), we reach the characteristic
functions. Thus we can use the related techniques to simplify the oscillator dynamics
while at the same time adding the desired behavior of the perturbations through suitable
stochastic distributions. Three examples based on some very important distributions are
discussed—normal (Gaussian), exponential, and gamma. Furthermore, this technique can
be further generalized via Fourier transform theory.

The paper’s plan is as follows. In Section 2, we provide our model. Additionally, a
few simulations are shown. Section 3 applies the probabilistic techniques based on the
characteristic functions to the oscillators. Finally, Section 4 concludes the paper.

2. A Fresh Model—A Few Simulations

We take into consideration the following updated model of the form

dx
at Y

dy M/\' s X al i (4)
& _ZT’SIHT+€ ZAicos(zwt)—ay ,

i=1 i=1

where0<e<1,a>0,w>0,A; >20,i=1,2,...Nand N is an integer.

21. TheCase M =2, A1 =—-1, A=A 0< A <4

More precisely, we consider system (4) inthecase M =2, A1 = =1, A, = A, 0< A < 4
and random N. The level set H(x.y) = 0 is composed of two homoclinic orbits:

Xpom (t) = £4arctan (msech (\/?.t> >
2\/X(4—/\)sech(\/§.t> tanh( %.t) ®)
A+(4—A)sech? <\/§.t> '

The heteroclinic orbits are of the form [33]

Xpet () = T4 arctan <« / ﬁsinh (\ /1+ iA.t) >
2\/1(4+)\)cosh<,/1+§)\.t> (6)
4+A+Asinh? (,/1+§At> '

Yhom(t) = F

yhet(t) ==
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The homo/heteroclinic orbits for A = 0.001 are depicted in Figure 1. In [37], numerical tech-
niques were used to establish the existence (and non-existence) of heteroclinic connections
between the fixed points of the reduced ordinary differential equation associated with the
model partial differential equation. For other results, see [38]. We note that the Melnikov
function [32] corresponding to model (4) is of the form

0 N
M(to; A a; Aj) = / (]/hom Y Ajcos(iw(t+to)) — “]/%m) dt. 7)
i=1

—00

From
cos(iw(t+ty)) = cos(iwt) cos(iwty) + sin(iwt) sin(iwty)

it is easy to see that

N
M(to; A a; Aj) = ZAi sin(iwty)I; — al, (8)
i=1
where )
) zﬁ(z;_msech(,/u.t) tanh(,/u.t>
dt,

- /700 A+ (4—A)sech2(\/§.t>

L 2VA4— A)sech(ﬁ.t) tanh( =y
" Lw A+ (4 — A)sech? (E.t)

fori=1,2,...,N.
It is known that if M(ty) = 0 and dAC/{t(;O) # 0 for some ty and some sets of parameters,
then chaos occurs in the considered differential model.

)
sin(iwt)dt

Remark 1. 1. For fixed N = 1, the threshold curve is

al
A1l

This result coincides with that obtained by Bartuccelli et al. in [33]. As already noted, due to the
lack of an explicit presentation of the Melnikov integral, the reader encounters difficulties in the
formulation of the Melnikov criterion for the occurrence of chaos in a dynamical system, based
solely on the provided illustrations of dependencies between the main parameters of the model under
consideration and bifurcation diagrams in confidential intervals. Now we will try to shed additional
light on this important problem.

2. First, we will present the integrals I and I;, i = 1,2,... N in a different way, in order to
more conveniently calculate the integrals I;. As a result, we obtain

N
M(to; A;a; A;) = Y A;sin(iwto)If — al”, )
i=1
where )
) 2ﬁsinh<, /gu)
dt,

I* :/
PN+ ﬁcosh2 («/ﬁ".t)
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Zﬁsinh(\/‘le.Q
I =
14+ ﬁcosh2 (\ / T.t)
fori=1,2,...,N.

3. We will note that the integral I'* can be written in the following explicit form

sin(iwt)dt

2
I* =8v4 — A —4AArcCoth| — |.
(\/4—)\)

4. For any arbitrary N, the reader can define the Melnikov criterion for the occurrence of chaos
in the dynamical system under consideration. The integrals I} can be calculated numerically.

We will illustrate what has been said with two relevant examples.

Figure 1. Homo/heteroclinic orbits for A = 0.001.

Example 1. Letusfix M =2; N =5, A1 =09, A = 0.1, A3 =02, Ay =04, A5 = 0.8, and
a = 0.03.

(1) Forw =022and A = 0.1, from (9) for the Melnikov function, we obtain

M(ty) = A16.32597sin(wty) + A29.04617 sin(2wty)+
A37.7784 sin(3wtg) + A44.52442 sin(4wty)+
As1.34062 sin (5wtq) — 0.443587.

From Figure 2a, it can be seen that M(t() has a unique root in the interval (0,15).
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(b)  Forw =0.22and A = 0.363, from (9) for the Melnikov function, we obtain

M(ty) = A14.92654sin(wty) + A,7.48983 sin(2wty)+
A37.3189 sin(3wty) + A45.52315 sin(4wty)+
As3.33141 sin(5wty) — 0.376268.

From Figure 2b, it can be seen that M(t() has a root tp ~ 5.03 and dl\éligo) ~ 0.8847.
Some nonstandard methods for solving nonlinear equations of type M(ty) = 0 can be

found in [39].

M(to)

N ER TR (o S T T
-1 -10

Figure 2. Melnikov function M(tp): (a) Example 1(a); (b) Example 1(b).
We will look at some interesting simulations of model (4) (for fixed M = 2):

Example 2. For given N = 3,2 = 0.03, w = 0.32, A = 0.001, A; =0.23, A; = 0.1, A3 = 0.8,
and € = 0.1, the simulations of system (4) for xo = 0.4 and yo = 0.2 are depicted in Figure 3.

Example 3. For given N = 6,a = 0.03, w = 025, A = 3.1, A} =09, A, = 0.1, A3 =0.2,
Ay = 0.6, A5 = 0.6, Ag = 0.9, and e = 0.01, the simulations of system (4) for xo = 0.6 and
yo = 0.2 are depicted in Figure 4.
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L (x(0),¥(8))

d
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=20

Figure 3. (a) The solutions of the system (4); (b) phase space (Example 2).

(x(), y(6))
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Figure 4. (a) The solutions of the system (4); (b) phase space (Example 3).

22.TheCase M =2, A1 =1, A=A 0< A <4
More precisely, we consider system (4) in thecase M =2, A = A, 0 < A < 4,and
random N.
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The heteroclinic orbits are of the form [33]

Xpet (£) = +4 arctan( % tanh( 166*4/\2 t))

(16— A2)sech? (@t) (10)
e (Vo))

The heteroclinic orbits for A = 0.001 are depicted in Figure 5.

6 -

-15 -10 -5 10 15

&

Figure 5. Heteroclinic orbits for A = 0.001.

In this case, the Melnikov function corresponding to model (4) is of the form

N
M(t; M a A) = [ <]/het2Ai cos(iw(t +ty)) — ay%et> dt
= (11)
N
= ) Ajcos(iwt)]; —a],
i=1
where
o (16—)\2)sech2(\/161_6Az.t)
Ji= / cos(iwt)dt,
- 2<4 — A+ (44 A) tanh? < lo_A2 t> >
2
. (16 — A2)sech? (1/161”1)
- / dt
o 2<4A+ (4+/\)tanh2<y/1664’\2t>>
fori=1,2,...,N.
We will note that the integral | can be written in the following explicit form:
J= 2(\/16 Epy: +2AArcTanh<4+A)>
Vie—212))
Example 4. Letusfix M =2, N =5, A1 =09, A = 0.1, A3 =02, Ay =04, A5 = 0.8; and

a = 0.03.

(a) Forw =0.22and A = 0.1, from (11) for the Melnikov function, we obtain
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M(to)

A16.02374 cos(wto) + A5.12469 cos(2wto)+
A34.042082 cos (3wty) + A43.04087 cos(dwt)+ (12)
A52.22736 cos(5wty) — 0.2495.

From Figure 6a, it can be seen that M(f() has a unique root in the interval (0, 15).

M(to)

M™(0)

(b)

Figure 6. (a) Melnikov function M(ty) (from Example 6(a)); (b) Melnikov antenna factor (from

Example 6(b)).

(b) In our previous publications, we discussed a possible application of the Melnikov

functions in the modeling and synthesis of radiation antenna diagrams.

We define the hypothetical normalized antenna factor as follows:

M*(0) = %|M(Kcos€+k1)|,

where 0 is the azimuth angle; K = kd; and k = 27" (A is the wave length; d is the
distance between emitters; k; is the phase difference; and D = max M(6) in the considered

interval [40]). Usually d is chosen as a function of wave length, i.e., d = g(A).
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The general N-element linear-phased array factor used to find Ay coefficients is

=

AF(0) = ) Agcos((2k —1)u) = M(x),

k=1

where u = %d cos @ and x = xg cos u, where xg is a design parameter.

We note that the array factor depends on the array geometry, amplitudes, and phase
of the excitation of individual antennas. This idea was borrowed from Soltis [41], in his
generation of new Gegenbauer-like and Jacobi-like antenna arrays. In the cited article, the
reader can find interesting comparisons with the classical Dolph-Chebyshev antenna array.

After determining the amplitudes of the excitation currents, it is necessary to take the
so-called energy characteristic. We will note that the Melnikov function corresponding to
the considered differential model is in practice a generalized trigonometric polynomial.
These studies encouraged us to offer specialists working in the field of antenna feeder
analysis tests the possibility of generating Melnikov-type antenna arrays. This will be a
part of much wider Web-based application that we plan to develop [42]. We foresee future
contacts with specialists from the field of radio-electronics and radio-location and possi-
ble development of a prototype with the possibility of applying additional optimization
methods for controlling the side radiation.

For w = 0.22; A = 0.1; and K = 7.96; k; = 0.01, the Melnikov antenna factor based on
(12) is depicted in Figure 6b.

Example 5. Let usfix M =2; N =7; A1 = 03; Ay =0.1; A3 = 0.1, Ay = 0.2; A5 = 0.3;
Ag = 0.71; A7 = 0.65; and a = 0.03.

(a) Forw =0.2and A = 0.2, from (11) for the Melnikov function, we obtain

M(tg) = A16.181794 cos(wty) + Ap5.48496 cos(2wty)+
A34.42261 cos(3wty) + Ay3.46242 cos(4wty)+
A52.63921 cos (5wty) + Ag1.98139 cos(6wty)+
A71.47511 cos(7wty) — 0.25915.

(13)

Melnikov function M(ty) is depicted in Figure 7a.

(b) Forw =0.2; A =0; K=11.5; and k; = 0, the Melnikov antenna factor based on (13)
is depicted in Figure 7b.

Example 6. Let us fix M = 2; N = 11; Ay = 0.18; A, = 0.01;, A3 = 0.05; A4 = 0.01;
As =0.26; Ag = 0.1, Ay = 0.1, Ag = 0.86; Ag = 0.1, A1p = 0.16; A17 = 0.36; and a = 0.01.

(a) Forw =0.18 and A = 0.3, from (11) for the Melnikov function, we obtain

M(tg) = A16.33567 cos(wtqy) + A25.6794 cos(2wty)+
A34.81018 cos(3wty) + A43.91328 cos(4wty)+
As53.10156 cos(5wty) + A2.41932 cos(bwty)+
A71.86959 cos(7wty) + Ag1.43699 cos(8wty)+
Ag1.10117 cos(9wiy) + A100.842396 cos(10wiy)+
A110.643827 cos(11wty) — 0.0896499.

(14)

Melnikov function M(ty) is depicted in Figure 8a.
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(b) Forw = 0.18; A = 0.3; K = 16.5; and k; = 0 the Melnikov antenna factor based on
(14) is depicted in Figure 8b.

M(tp)

AVAVAVIRTAVAUN

(b)

Figure 7. (a) Melnikov function M(ty) (from Example 5(a)); (b) Melnikov antenna factor (from
Example 5(b)).

Some simulations

Example 7. For given N = 3,a = 0.03, w = 0.32, A = 0.001, A; =0.23, A = 0.1, A3 =0.8,
and € = 0.1, the simulations of system (4) for xg = 0.4 and yo = 0.20 are depicted in Figure 9.

Example 8. For given N =5,2 = 0.03, w =022, A = 0.1, A; =09, A, = 0.1, A3 = 0.2,
Ay = 0.55, A5 = 0.8, and € = 0.1185, the simulations of system (4) for xo = 0.5 and yo = 0.2 are
depicted in Figure 10.

With the help of a dedicated module implemented in our web-based application [42], we
will present two more simulations on the triple and quadruple sine-Gordon differential model.

Example 9. For given N =6, M =3,2 =003, w =02,A1 =1, A =3,A3 =06, A; =0.2,
Ay =016, A3 =0.1, Ay = 0.6, A5 = 0.2, Ag = 0.9, and € = 0.13, the simulations of system (4)
for xo = 0.6 and yo = 0.2 are depicted in Figure 11.
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Example 10. For given N =7, M =4,0 =003, w=02,A1 =1, A =3, A3 =16, A4 =2,
A1 =02,A, =016, A3 =0.1, Ay =06, As = 0.1, Ag = 0.9, Ay = 0.7, and € = 0.13, the
simulations of system (4) for xo = 0.5 and yy = 0.2 are depicted in Figure 12.

Mi(to)

Figure 8. (a) Melnikov function M(ty) (from Example 6(a)); (b) Melnikov antenna factor (from
Example 6(b)).

HEGRIOY

- (a)

Figure 9. (a) The solutions of the system (4); (b) phase space (Example 3).
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@@, ¥(@)

Figure 10. (a) The solutions of the system (4); (b) phase space (Example 4).

1), ¥(0)

I
o5}

Figure 11. (a) The solutions of the system (4); (b) phase space (Example 5).
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T, y(0)

Figure 12. (a) The solutions of the system (4); (b) phase space (Example 6).

3. Probabilistic Constructions for Model Dynamics

We shall rewrite model (4) in terms of the characteristic functions of random variables.

3.1. Reformulation of the Problem

Suppose that )\j > 0andlet A = ijl,z Aj, A= Zj:1,2,... Aj, a= 4, pj = %, and

yoee

q; = %1. Let us have a measurable space (), F) with a discrete, possibly infinite, structure
of the sample outcomes Q) = {y1,72,73,...}. Let us have two not necessarily equivalent
probability measures P and Q, such that P(7y;) = p; and Q(;) = g;. Furthermore, let us
define two random variables & and 77 by &(j) = jand 5 (7vj) = % Thus we can rewrite the
second part of dynamics (4) as

dy YA x N .
a_—ZTSm—.-I-e A cos(jwt) — ay

j=1 j=1

M . N
=-1) %sin? + eA( qjcos(jwt) — ﬁy) (15)

j=1 j=1

= —AEF[ysin(xy)] + €A <—ﬁy +EQ [cos(th)]) .

Using the exponential presentation of the trigonometric functions

eitX _ e—ioc

sin(a) = ————
2 (16)

ellX + e—lﬂt

cos(a) = ———,

2
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we transform dynamics (15) into
2 (o) -]+ (s )

A / / €A _
= 2 (8 ) = (=) + 5 (237 + Y3 () + ¥ (~wh) ).
Above, we denoted by ‘I’E(x) and ‘I’?(x) the characteristic functions of the random vari-
ables 7 and ¢ w.r.t. the measures P and Q, respectively. Having in mind presentation (17),
we conclude that the kind of outcome set () is not important. Thus, the y-dynamics in (4)
can be generalized as

= [ n)sin(un(n)B(d) + Ac ( | cos@mwnaay) - ay) )
reQ yeQ
Thus the Melnikov function turns into
/ yo(t Zayg )—l—‘I’?(w(t—i—to)) —l—‘f?(—w(t—l—to)))dt. (19)

We shall now provide a particular example to illustrate this generalization. Assume
that the random variable # is normally distributed with parameters (y,c), whereas ¢ is
exponentially distributed with an intensity 5. The characteristic functions are

Y Gaussian (x) = 6'

(20)
Forp(x) = - F

B—ix

The derivatives of these functions are

! _ i;u## ; 2
Gaussian (x> =e m—ox

Hho) = P (21)
Thus the oscillator’s dynamics (4) can be written as
dx =Yy
dt
dy = —Ae” e <y51nyx+(7 xcosyx) +€A<—ay+ﬁz>. @
dt B + w2t?
On the other hand, Melnikov function (19) turns into
/ Yo(t (—ayo t) + ﬁz) dt. (23)
B2+ w?(t + ty)*

A particular example is depicted in the first column of Figure 13. The used parameters
area=02,A=1,€e=0015u=01,0=1,A=1,=10,w = 10,and xy = yp = —0.2.

Let us consider the symmetric dynamics assuming that ¢ is normally distributed
whereas 7 is exponentially distributed. Thus, dynamics (4) turns into
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dx
a Y o)
d]/ o /\[32x _ 7172w2t2
T 2(,82 e + €A< ay + cos(pwt)e” 2 >
The Melnikov function (19) is
e 2w (t+1)?
M(to) = [ wo(t) | ~ayo(t) + cos(ueo(t +to))e™ = . (25)

The results based on the same parameters as above are presented in the second column of

Figure 13.

L L L L
0 200 400 600 800 1000

(a) Normal vs. Exponential—x(t)

0 200 400 600 800 1000

(c) Normal vs. Exponential—y(t)

L L
0.1 0.2 0.3

(e) Normal vs. Exponential—phase portrait

Figure 13. Dynamics.

15 T T T
1
0.5
0 i
-0.5
-1
-1.5 L -

L L
0 2000 4000 6000 8000 10,000

(b) Exponential vs. Normal—ux(¢)

0.25 T T T
0.2
0.15
0.1
0.05
0
-0.05
-0.1
-0.15

0 2000 4000 6000 8000 10,000

(d) Exponential vs. Normal—y/(t)

0.25

0.2r

0151

0.1

0.05

-0.15

-0.2 L L L L
-1.5 -1 -0.5 0 0.5 1 15

(f) Exponential vs. Normal—phase portrait



Mathematics 2025, 13, 3700 17 of 23

In addition to the previous examples, we present the behavior of both models w.r.t. to
their parameters. We vary p and ¢ in the interval (0.01,10), and y in (—10,10). The used
parameters are as follows: 4 = 02, A =1, =0.015, 4 =11, 0 =1, A =15, § = 10,
w = 1.6, xg = —0.01, and yp = 0. When some of the parameters, §, o, and y, are fixed, then
we use the values § = 10, ¢ = 1, and # = 1.1. The derived results are illustrated by the
phase portraits in Figure 14—the first column is for dynamics (22), whereas the second one
is for (24).

(a) Phase portrait w.r.t. p (b) Phase portrait w.r.t. u

-0.05
-0.1

-0.15
0.02

2002 o -0.02

(c) Phase portrait w.r.t. o (d) Phase portrait w.r.t. o

(e) Phase portrait w.r.t. B (f) Phase portrait w.r.t. B

Figure 14. Dynamics.
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3.2. Discussion on the Possible Control on the Perturbation

Note that the perturbation in dynamics (17) depends on the characteristic function of
the random variable ¢ through the term ‘I’?(a)t) + ‘I’?(—wt). We indicate above that its
form for the normal and exponential distributions is

20?2

‘P?(wt) +‘I’?(—wt) = cos(pwt)e™ 2
ﬁ?. (26)
B WA

‘I’?(wt) —I—‘I’?(—wt) =
respectively. We conclude that both alternatives lead to decay of the perturbations when ¢

tends to infinity. In the exponential case, this decay is of order tlZ' whereas it is significantly
2,22
faster for the Gaussian alternative — the order is e~ % . Furthermore, it is important

to note that the periodic term exists in the Gaussian case, whereas it vanishes for the
exponential one. On the other hand, the original model (4), defined on the distribution
with atoms in the points 1,2,..., N, leads to the existence of a periodicity without the
time decay. It begs the question whether there exists a distribution that leads to a growth
dependence. To answer, we consider one more example based on the gamma distribution
with parameters 6 and «. Its characteristic function is

Y2 (x) = (1-i6x) ™" 27)

and thus

W2 (x) + ¥E(—x) = (1—ifx) ™ + (1 +i0x)

(1+62

0x —*
<v1+92 2 \/1+92x2)
—

Ox
(1+ 02x2 >
V1+62x 7" \/1+92x

(e
(1+ 02x2 (cos( arccos(ﬁ)) +isin<—arccos(\/1_:w>)>a 28)
<c <arccos< 1_:92 )) +isin<arccos<\/1_:w>)>_a

1
o arccos —inx arccos| —F———
1 + 9242 ( 1+92 ) +e (\/1+92x2>

/(1 +62x2

Wm

(14 62x2)~ cos(zxarccos<1>).
V1+6%x2

We can conclude that the perturbation term increases w.r.t. the time as t. To complete our
example, we assume that the first random variable 7 is again gamma distributed with
parameters 0 and &. Similar arguments as in (28) lead to

1

V1 182

_ 5 o\ a1
‘YP/(x) f‘PP/(—x) = —2sign(x)ad (1 + 92x2) " sin (@ + 1) arccos

7 7 (29)

Thus the y-dynamics of model (4) can be written as
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dy _ —Asign(x)ad (1 +§2x2) - sin| (a + 1) arccos .t
ar . oen )
14822 (30)
+€eA <—5y + 4/ (1 +62x2) " cos (oc arccos (ﬁ) ) > .

The Melnikov integral turns into

+o00
= —a 2\ cos | aarccos ! .
M(to) __4 yo(t)< ayo(t) + \/(1+92(t+t0) ) (uc (\/1+92w2(t+t0)2))>dt (31)

The generated behavior for parameter values f=1,a=20=1,a=02,a=02A=1,
€ =0.01,w = 1.6, xg = —0.01, and yp = 0 can be seen in Figure 15.

Last but not least, similar conclusions can be made for the periodic behavior of the
main part of the y-dynamics w.r.t. the chosen distribution for the random variable 7.

0.015 0.015

j

-0.015 -0.015
0 100 200 300 400 500 0

0.

o

1

0.005

o

-0.005

-0.

o

1

100 200 300 400 500

(@ x(1) | (b) y(t)

0.03

0.02

0.01 1

ol

-0.01p

-0.02

-0.03 —
-0.015  -0.01  -0.005 0 0.005 0.01 0015

(c) Phase portrait

Figure 15. Dynamics based on the gamma distribution.

4. Conclusions

A new planar system corresponding to the generalized double sine-Gordon model is
considered. Several simulations are composed. We demonstrate also some specialized mod-
ules for investigating the dynamics of the model. One application for possible control over
oscillations is also discussed. Some two-sided methods for simultaneous determination of
all roots of trigonometric and exponential polynomials are considered in [43]. Regarding
other differential models proposed and analyzed by us using the correction }; A; cos(iwt),
see, for example, [44]. The new model has many free parameters, which makes it attractive
for engineering calculations. The proposed extended model is especially useful in an
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important filed of decision making, namely the antenna array theory. This is due to the pos-
sibility of generating high-order Melnikov polynomials and their corresponding Melnikov
antenna factors. Of course, this requires the use of various optimization and approximation
techniques in order to minimize the level of side radiation in the studied diagram. We will
not dwell on these issues here. The reader can find the necessary information in [45]. For
other basic results, see [41,46-58].
Challenges for Learners
We provide an efficient study strategy that emphasizes learning and challenges our
PhD students to consider the triangle of enigmatics, creativity, and acmeology.
After providing curriculum modules, we will set the following tasks for self-learning:
Task 1 (self-learning). Study the behavior of model (4) at fixed values N =7; M = 2;
M=124=0991;4=02 w =032 =0.1; xo =05; yo = 0.2:
(a) For what values of the parameters A;,i = 1,2,...,7 are the dynamics depicted in
Figure 16 obtained?
(b) Draw the corresponding conclusions.

(Answer: when performing the task correctly, you should get the following approxi-
mate values: A; =2.1; A, =1.2; A3 =0.1; Ay = A5 = Ag = 0; A7y = 0.05).

oL (x(D, ¥ (L)

—100

20

—40 -30 20 —-10 @- P (k)

Figure 16. (a) The solutions of the system (4); (b) phase space (Task 1 (self-learning)).

Task 2 (self-learning). Study the behavior of model (4) at fixed values N = 3; M = 2;
AM=1A=21,a=0.03 w=0962;, A1 =09; A, =0.1; A3 =0.9:
(a) For what value of the parameter € (0 < € < 1) is the phase portrait depicted in
Figure 17 obtained?
(b)  Show a chaotic phase portrait/sensitive dependence for parameters above this threshold;
(c) Draw the corresponding conclusions.

Our conclusion as teachers is that with the proposed methodology, students adapt
relatively well and touch upon the elegant theory of Andronov—Melnikov for the possible
occurrence of chaos in the dynamical system under consideration.

The reader can find basic research on double and triple sinh-Gordon equations, for
example, in [59-63]. We anticipate future research on this interesting topic in light of the
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considerations in this article. This analysis will include the computation of Lyapunov
exponents and the construction of bifurcation diagrams, as well as the use of Poincaré maps
and long-term trajectory simulations.

Figure 17. Phase portrait (Task 2 (self-learning)).

Author Contributions: Conceptualization, N.K., T.Z. and A.I; methodology, N.K. and T.Z.; software,
T.Z. and A.L; validation, T.Z. and N.K.; formal analysis, A.L, N.K. and T.Z.; investigation, T.Z,,
N.K,, and A.L; resources, AL, N.K. and T.Z.; data curation, T.Z. and A.L; writing—original draft
preparation, N.K., T.Z. and A.L; writing—review and editing, A.I,, N.K. and T.Z.; visualization, T.Z.
and A.IL; supervision, T.Z. and A.IL; project administration, N.K. and T.Z.; funding acquisition, A.I.,
N.K. and T.Z. All authors have read and agreed to the published version of the manuscript.

Funding: The work was supported by the Centre of Excellence in Informatics and ICT under the
Grant No BG16RFPR002-1.014-0018-C01, financed by the Research, Innovation and Digitalization for
Smart Transformation Programme 2021-2027 and co-financed by the European Union.

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1. Bullough, R.; Coudrey, P. Nonlinear Evolution Equations Solvable by the Inverse Spectral Transform; Calogero, E,, Ed.; Pitman: London,
UK, 1978.

2. Bullough, RK, Caudrey, PJ.; Gibbs, H.M. Solitons; Bullough, RK., Caudrey, PJ., Eds.; Springer: Berlin/Heidelberg,
Germany, 1980.

3. Fu, Z-T,; Liu, S.-K,; Liu, S.-D. Exact Solutions to Triple sine-Gordon Equation. Commun. Theor. Phys. 2005, 43, 1023-1026.
[CrossRef]

4. Tricomi, F. Integratione di un’ equazione differenziale presentatasi in elettrotecnica. Ann. Della Sc. Norm. Super. Di Pisa Cl. Di Sci.
1933, 2, 1-20.

5. Stoker, ].J. Nonlinear Vibration in Mechanical and Electrical Systems; Interscience: New York, NY, USA, 1950.

6. Levi, M,; Hoppensteadt, F.,; Miranker, W. Dynamics of the Josephson junction. Q. Appl. Math. 1978, 35, 167-198. [CrossRef]

7.  Perko, L. Differential Equations and Dynamical Systems; Springer: New York, NY, USA, 1991.

8. Guckenheimer, J.; Holmes, P. Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields; Springer: New York, NY,
USA, 1983.

9.  Sanjuan, M.A.F. The effect of nonlinear damping on the universal escape oscillator. Int. ]. Bifurcat. Chaos 1999, 9, 735-744.

[CrossRef]


http://doi.org/10.1088/0253-6102/43/6/012
http://dx.doi.org/10.1090/qam/484023
http://dx.doi.org/10.1142/S0218127499000523

Mathematics 2025, 13, 3700 22 of 23

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

37.

38.

39.

Vitanov, N. On travelling waves and double-periodic structures in two-dimensional sine-Gordon systems. . Phys. A Math. Gen.
1996, 29, 5195-5207. [CrossRef]

Vitanov, N.; Martinov, N. On the solitary waves in the sine-Gordon model of the two-dimensional Josephson junction. Z. Phys. B
1996, 100, 129-135. [CrossRef]

Martinov, N.; Vitanov, N. Running wave solutions of the two-dimensional sine-Gordon equation. J. Phys. A Math. Gen. 1992, 25,
3609-3613. [CrossRef]

McKean, H.P. The sine-Gordon and sinh-Gordon equations in the circle. Commun. Pure Appl. Math. 1981, 34, 197-257.

Zine, Y. Hyperbolic sine-Gordon model beyond the first threshold. arXiv 2025, arXiv:2504.07944v2. [CrossRef]

Joaquin, P. Sinh-Gordon Type Equations for CMC Surfaces; Universidad de Granada: Granada, Spain, 2011; pp. 145-156.

Seong, K. Exponential ergodicity for the stochastic hyperbolic sine-Gordon equation on the circle. arXiv 2023, arXiv:2308.01378.
[CrossRef]

Castro, ].; Alvarez, ]. Melnikov-Type Chaos of Planar Systems with Two Discontinuities. Int. J. Bifurcat. Chaos 2015, 25, 1550027 .
[CrossRef]

Levkov, D.G.; Maslov, V.E.; Nugaev, E.Y. Chaotic Solitons in Driven Sine-Gordon Model. Chaos Solitons Fractals 2020, 139, 110079.
[CrossRef]

Chirikov, B.V. A universal instability of many-dimensional oscillator systems. Phys. Rep. 1979, 52, 263-379. [CrossRef]

Salerno, M. A mechanical analog for the double sine-Gordon equation. Phys. D Nonlinear Phenom. 1985, 17, 227-234. [CrossRef]
Salam, FM.A ; Sastry, S.S. The complete dynamics on the forced Josephson junction circuit: The regions of chaos. In Chaos in
Nonlinear Dynamical Systems; Chandra, J., Ed.; SIAM: Philadelphia, PA, USA, 1984; pp. 43-55.

Genchev, Z.G; Ivanov, Z.G.; Todorov, B.N. Effect of a Periodic Perturbation on Radio Frequency Model of Josephson Junction.
IEEE Trans. Circuits Syst. 1983, 30, 633-636. [CrossRef]

Ablowitz, M.].; Kaup, D.J.; Newell, A.C.; Segur, H. Method for solving the sine-Gordon equation. Phys. Rev. Lett. 1973, 30,
1262-1264. [CrossRef]

Kumar, P; Holland, R.R. Quasi solitons: A case study of the double sine-Gordon equations. In Nonlinear Problems: Present and
Future; Bishop, A.R., Campbell, D.K., Nicolaenko, B., Eds.; North-Holland Mathematics Studies: Amsterdam, The Netherlands,
1982; Volume 61, pp. 229-235.

Kitchenside, PW.; Mason, A.L.; Bullough, R.K.; Caudrey, P]. Perturbation theory of the double sine-Gordon equation. In Pro-
ceedings of the Symposium on Nonlinear (Soliton) Structure and Dynamics in Condensed Matter, Oxford, UK, 27-29 June 1978;
Bishop, A.R.B., Schneider, T., Eds.; Springer: Berlin/Heidelberg, Germany, 1978.

Pagano, S.; Soerensen, M.P.,; Christiansen, P.L.; Parmentier, R.D. Stability of fluxon motion in long Josephson junctions at high
bias. Phys. Rev. B 1988, 38, 4677-4687. [CrossRef] [PubMed]

Salerno, M.; Samuelsen, M.R. Internal oscillation frequencies and anharmonic effects for the double sine-Gordon kink. Phys. Rev.
B 1989, 39, 4500-4503. [CrossRef]

Bishop, A.R.; Flesch, R.; Forest, M.G.; McLaughlin, D.W.; Overman, E.A,, II. Correlations between chaos in a perturbed sine-
Gordon equation and a truncated model system. SIAM J. Math. Anal. 1990, 21, 1511-1536. [CrossRef]

Golbabai, A.; Arabshahi, M.M. On the behavior of high-order compact approximations in the one-dimensional sine-Gordon
equation. Phys. Scr. 2011, 83, 015015. [CrossRef]

Siovitz, I.; Gluck, A.-M.E.; Deller, Y.; Schmutz, A.; Klein, E; Strobel, H.; Oberthaler, M.K.; Gasenzer, T. Double sine-Gordon class
of universal coarsening dynamics in a spin-1 Bose gas. Phys. Rev. A 2024, 112, 023304. [CrossRef]

Afshar, B.; Peyravi, M.; Bamba, K.; Moradpour, H. A Double-Sine-Gordon Early Universe. arXiv 2024, arXiv:2409.10402. [CrossRef]
Melnikov, V.K. On the stability of the center for time periodic perturbations. Trans. Mosc. Math. Soc. 1963, 12, 3-52.

Bartuccelli, M.; Christiansen, P.L.; Pedersen, N.F.; Salerno, M. “Horseshoe chaos” in the space-independent double sine-Gordon
system. Wave Motion 1986, 8, 581-594.

Christiansen, P.L.; Parmentier, R.D.; Skovgaard, O. Coherence and Chaos Phenomena in Josephson Oscillators for Superconducting
Electronics; Technical Report; U.S. Army European Research Office: London, UK, 1989.

Bruhn, B.; Koch, B. Homoclinic and heteroclinic bifurcations in rf SQUIDs. Z. Naturforsch. A 1988, 43, 930-938. [CrossRef]
Zheng, H.; Xia, Y.; Pinto, M. Chaotic motion and control of the driven-damped double sine-Gordon equation. Discret. Contin.
Dyn. Syst. B 2022, 27, 7151-7167. [CrossRef]

Forest, M.G.; Pagano, S.; Parmentier, R.D.; Christiansen, P.L.; Soerensen, M.P,; Sheu, S.-P. Numerical evidence for global
bifurcations leading to switching phenomena in long Josephson junctions. Wave Motion 1990, 12, 213-226. [CrossRef]

Fu, Z.-T,; Liu, S.-K,; Liu, S.-D. Exact Jacobian elliptic function solutions to the double sine-Gordon equation. Z. Naturforsch. A
2005, 60, 301-312.

Iliev, A.; Kyurkchiev, N. Nontrivial Methods in Numerical Analysis: Selected Topics in Numerical Analysis; LAP Lambert Academic
Publishing: Saarbriicken, Germany, 2010; ISBN 978-3-8433-6793-6.


http://dx.doi.org/10.1088/0305-4470/29/16/036
http://dx.doi.org/10.1007/s002570050102
http://dx.doi.org/10.1088/0305-4470/25/12/021
http://dx.doi.org/10.48550/arXiv.2504.07944
http://dx.doi.org/10.48550/arXiv.2308.01378
http://dx.doi.org/10.1142/S0218127415500273
http://dx.doi.org/10.1016/j.chaos.2020.110079
http://dx.doi.org/10.1016/0370-1573(79)90023-1
http://dx.doi.org/10.1016/0167-2789(85)90007-7
http://dx.doi.org/10.1109/TCS.1983.1085411
http://dx.doi.org/10.1103/PhysRevLett.30.1262
http://dx.doi.org/10.1103/PhysRevB.38.4677
http://www.ncbi.nlm.nih.gov/pubmed/9946856
http://dx.doi.org/10.1103/physrevb.39.4500
http://dx.doi.org/10.1137/0521083
http://dx.doi.org/10.1088/0031-8949/83/01/015015
http://dx.doi.org/10.1103/df5w-3yfd
http://dx.doi.org/10.1016/j.dark.2025.101990
http://dx.doi.org/10.1515/zna-1988-1104
http://dx.doi.org/10.3934/dcdsb.2022037
http://dx.doi.org/10.1016/0165-2125(90)90040-b

Mathematics 2025, 13, 3700 23 of 23

40.

41.
42.

43.

44.

45.

46.

47.

48.
49.

50.

51.

52.

53.

54.
55.

56.

57.

58.
59.

60.
61.

62.
63.

Kyurkchiev, N.; Zaevski, T.; Iliev, A.; Kyurkchiev, V.; Rahnev, A. Dynamics of a new class of extended escape oscillators:
Melnikov’s approach, possible application to antenna array theory. Math. Inform. 2024, 67, 1-15. [CrossRef]

Soltis, J.J. New Gegenbauer-like and Jacobi-like polynomials with applications. J. Franklin Inst. 1993, 330, 635-639. [CrossRef]
Golev, A,; Terzieva, T.; Iliev, A.; Rahnev, A.; Kyurkchiev, N. Simulation on a generalized oscillator model: Web-based application.
C. R. L’Acad. Bulg. Sci. 2024, 77, 230-237. [CrossRef]

Makrelov, I.; Kyurkchiev, N.; Tamburov, S. Two two-sided methods for simultaneous determination of all roots of trigonometric
and exponential polynomials. Proc. Sci. Works Univ. Plovdiv Math. 1985, 23, 289-298.

Kyurkchiev, N.; Zaevski, T.; Iliev, A.; Branzov, T. A note on the dynamics of modified rf-SQUIDs: Simulations and possible control
over oscillations. Mathematics 2025, 13, 722. [CrossRef]

Kyurkchiev, N.; Zaevski, T.; Iliev, A.; Kyurkchiev, V.; Rahnev, A. Studying Homoclinic Chaos in a Class of Piecewise Smooth
Oscillators: Melnikov’s Approach, Symmetry Results, Simulations and Applications to Generating Antenna Factors Using
Approximation and Optimization Techniques. Symmetry 2025, 17, 1144. [CrossRef]

Dolph, C.L. A current distribution for broadside arrays which optimizes the relationship between beam width and side-lobe level.
Proc. IRE 1946, 34, 335-348. [CrossRef]

Tu, L.; Ng, B.P. Exponential and generalized Dolph-Chebyshev functions for flat-top array beam pattern synthesis. Multidimens.
Syst. Signal Process. 2013, 24, 119-132.

Apostolov, P. An addition to binomial array antenna theory. Prog. Electromagn. Res. Lett. 2023, 113, 113-117. [CrossRef]

Hutu, E; Cauet, S.; Coirault, P. Antenna arrays principle and solutions: Robust control approach. Int. J. Comput. Commun. Control
2008, 3, 161-171. [CrossRef]

Hutu, F.; Cauet, S.; Coirault, P. Robust synchronization of different coupled oscillators: Application to antenna arrays. J. Frankl.
Inst. 2009, 346, 413-430. [CrossRef]

Heath, T.; Kerr, R.R.; Hopkins, G.D. Two-dimensional, nonlinear oscillator array antenna. In Proceedings of the IEEE Aerospace
Conference, Big Sky, MT, USA, 5-12 March 2005; pp. 1104-1115.

Iordache, M.; Paillot, ].M.; Dumitrescu, I.; Ionita, M. Analysis of coupled oscillators applied to antenna arrays. Ann. Univ. Craiova
Electr. Eng. Ser. 2010, 34, 25-28 .

Apostolov, P.S. Linear equidistant antenna array with improved selectivity. IEEE Trans. Antennas Propag. 2011, 59, 3940-3943.
[CrossRef]

Gachev, M. Synthesis of Antenna Grids with Optimal Directivity Chart. Ph.D. Thesis, VMEI, Sofia, Bulgaria, 1981.

Joseph, S.K.; Schoebel, J. Designing antenna arrays using signal processing, image processing and optimization toolboxes of
MATLAB. In MATLAB-Modelling, Programming and Simulations; Leite, E.P., Ed.; InTech: Rijeka, Croatia, 2010; pp. 1-20.
Vinogradova, J.; Couillet, R.; Hachem, W. Statistical inference in large antenna arrays under unknown noise pattern. IEEE Trans.
Signal Process. 2013, 61, 5723-5737. [CrossRef]

Fiks, G.E.; Fiks, I.S. Optimal statistical antenna synthesis using the near-zone field. Radiophys. Quantum Electron. 2009, 52, 435.
[CrossRef]

Cheng, D.K. Optimization techniques for antenna arrays. Proc. IEEE 1971, 59, 1664-1674. [CrossRef]

Fu, Z.-T,; Liu, S.-K,; Liu, S.-D. Exact solutions to double and triple sinh-Gordon equations. Z. Naturforsch. A 2004, 59, 933-937.
[CrossRef]

Khare, A. A QES band-structure problem in one dimension. Phys. Lett. A 2001, 288, 69-72. [CrossRef]

Khare, A.; Habib, S.; Saxena, A. Exact thermodynamics of the double sinh-Gordon theory in (1+1)-dimensions. Phys. Rev. Lett.
1997, 79, 3797-3801. [CrossRef]

Polyanin, A.D.; Zaitsev, V.E. Handbook of Nonlinear Partial Differential Equations; Chapman & Hall/CRC: Boca Raton, FL, USA, 2004.
Habib, S.; Khare, A.; Saxena, A. Statistical mechanics of double sinh-Gordon kinks. Phys. D 1998, 123, 341-356.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.53656/math2024-4-1-dyn
http://dx.doi.org/10.1016/0016-0032(93)90103-2
http://dx.doi.org/10.7546/CRABS.2024.02.08
http://dx.doi.org/10.3390/math13050722
http://dx.doi.org/10.3390/sym17071144
http://dx.doi.org/10.1109/JRPROC.1946.225956
http://dx.doi.org/10.2528/PIERL23080104
http://dx.doi.org/10.15837/ijccc.2008.2.2384
http://dx.doi.org/10.1016/j.jfranklin.2009.01.001
http://dx.doi.org/10.1109/TAP.2011.2163743
http://dx.doi.org/10.1109/tsp.2013.2280443
http://dx.doi.org/10.1007/s11141-009-9144-9
http://dx.doi.org/10.1109/PROC.1971.8523
http://dx.doi.org/10.1515/zna-2004-1207
http://dx.doi.org/10.1016/S0375-9601(01)00527-8
http://dx.doi.org/10.1103/PhysRevLett.79.3797

	Introduction
	A Fresh Model—A Few Simulations 
	The Case M=2, 1=-1, 2=, 0< <4
	The Case M=2, 1=1, 2=, 0<<4

	Probabilistic Constructions for Model Dynamics 
	Reformulation of the Problem
	Discussion on the Possible Control on the Perturbation

	Conclusions 
	References

