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Abstract

The first aim of this study is to point out new aspects of approximation theory applied
to a few classes of holomorphic functions via Vitali’s theorem. The approximation is
made with the aid of the complex moments of the functions involved, which are defined
similarly to the moments of a real-valued continuous function. By applying uniform
approximation of continuous functions on compact intervals via Korovkin’s theorem, the
hard part concerning uniform approximation on compact subsets of the complex plane
follows according to Vitali’s theorem. The theorem on the set of zeros of a holomorphic
function is also applied. In the end, the existence and uniqueness of the solution for a
multidimensional moment problem are characterized in terms of limits of sums of quadratic
expressions. This is the application appearing at the end of the title. Consequences resulting
from the first part of the paper are pointed out with the aid of functional calculus for self-
adjoint operators.
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1. Introduction

General knowledge in Analysis and Functional Analysis applied in previously pub-
lished articles and in this paper is contained in references [1-41]. The word-related problems
appearing in the title refer to approximation based on moment-like functions and to the
moment problems solved in Theorem 10 of Section 3 below. See also Theorem 9 below.
In the references list, the reader can find books and earlier articles on various aspects of
Analysis, approximation of real- and of complex-valued functions, as well as their appli-
cation to the moment problem. The purpose of this work is to prove new results (such as
Theorems 1-8 from below), especially on uniform approximation of continuous real-valued,
or of complex-valued analytic functions on compact subsets, and to recall and complete
the proof of a recently published result devoted to the solution of a moment problem (see
the detailed proof of Theorem 9 below). Related references have been cited and some of
them have been recalled. General knowledge in Analysis, Functional Analysis, and earlier
results on the Moment Problem are contained in references [1-11]. Main results on the
Lambert W function have been published in [12]. The study [13] continues the results first
published in [10], concerning the moment problem and relationships with Probabilities. The
monograph [14] covers a large spectrum of Functional Analysis, including that of ordered
and topological ordered vector spaces. Important cases are those of ordered Banach spaces
and Banach lattices. The article [15] refers to the Hamburger and Stieltjes moment problems
in several dimensions. For classical results in approximation of continuous functions of one
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real variable see Korovkin’s theorem [16]. The monograph [17] provides basic information
on Analysis, starting from results for functions of one real variable, but also considering
notions and theorems working in a much more general setting. The article [18] contains
interesting, applied approximation type results. In [19], we find Vitali’s theorem, which
is directly applied in the present paper, to approximate complex analytic functions of
one complex variable. The basis of functional calculus is resumed in [20]. Main earlier
and new information on the Moment Problem are pointed out in [21]. Results on convex
functions and their applications are recalled and completed in [22]. The article [23] refers
to the Lambert W function, involving deep approximation results in complex analysis. In
the article [24], a sufficient condition for determinacy of measures on R and, respectively,
on R, are pointed out. Monograph [25] is devoted to uniform approximation methods.
Article [26] provides a nonlinear extension of Korovkin’s theorem. In [27], among other
results, the isotonicity (increasing monotonicity) of a convex operator is characterized and
discussed. The studies [28-30] refer mainly to polynomial approximation on unbounded
subsets, which can be applied in solving moment problems. Earlier Hahn-Banach type
results are recalled in [30]. A very general constrained extension type result for linear oper-
ators, with two convex constraints, has been proved in [3] (Theorem 1) and recalled in [30]
(Theorem 2.28). Inequalities applied to approximation of functions and operators have
been proved in [31]. In the articles [32,33], optimization applied in Computer Science is the
main purpose. The article [34] provides classical and new results on the Moment Problem.
The recent study [35] is devoted to the uniqueness of the solution of the Moment Problem,
namely to the determinacy of the representing measure. Recent approximation methods
involving positive linear operators have been applied in [36,37]. Refinements of important
inequalities have been pointed out in [38]. In [39], stability results are discussed in a general
modern framework. The article [40] studies approximation by nonnegative polynomials
and applications to the Moment Problem. In [41], approximation of complex analytic func-
tions, quite like those from the first part of the present article, is under attention. According
to [28,30], any nonnegative function from X := L%, (Rd ), d > 2, where yu is the product of
moment determinate measures on R, can be approximated in L%, (R%) by sums of products
of polynomials p1(t1) - - - pa(ts), pi € R[ti], pi(t;) > 0, Vt; € R. Since each p; is a sum of
squares, we infer that any nonnegative element from L}l (R%) is the limit of polynomials
which are sums of squares of the form [T%, 7*(t:), g; € R[t;]. Following the same idea,
in [28,40], the author proved that a nonnegative continuous real function on the Cartesian
product S =51 x --- X §; C R, d > 1, where S; C [0,+c0), i =1,...,d, are compact
subsets, can be uniformly approximated on S by nonnegative polynomials of the form
pi(t1) -~ - pa(ts), pi € Riti], pi(t;) > 0, Vt; € [0, +00). This result is applied in the last the-
orem of the present work as well. Since each p; is a sum of special polynomials having the
explicit form £]'¢?(t;), q; € R[t;] and s; € {0,1}, we infer that any nonnegative continuous
function on § is a limit in C(S) of sums of polynomials of the form [T%_, tf"qiz(ti), g; € R[t;].
Thus, if T: C(S) — Y is a linear bounded operator with a codomain in an ordered Ba-
nach space Y, such that T(Hfl:l tf"q?(ti)) € Yy forall g; € R[], s; € {0,1}, we have
that T(f) € Y4 forany f € C(S), In other words, any such continuous linear operator
on C(S) is positive. By using the above discussion on approximation of elements from
(L;(Rd)) . with sums of special squares of polynomials [T¢_; 7%(t;), we infer that any
linear continuous operator T mapping each such square Hle g% (t;) into the positive cone
Y, is positive on the positive cone (L;(R‘ﬁ) K The converse works in a more general
setting: any linear positive operator acting between two ordered Banach spaces X, Y is
continuous (see [26]). The reason for recalling these results is that of applying them to prove
existence and uniqueness of the solution to the full-moment problem. With the notations
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from above, this problem consists of characterizing existence and uniqueness of a linear
positive operator solution T mapping X = L}J(Rd ) or X = C(S) into an order complete
Banach space Y, which verifies the following conditions.

T(p]> = y], ] c Nd.

Here pj(t) =t -t t = (t1,...,t) € R, j = (j1,...,ja) € N, N:={0,1,2,...},
YiEY,JE N?. The elements y; € Y are called the moments of the linear positive operator T
and conditions written above are named the moment conditions. Such a moment problem
is called a full moment problem, since all the values T(p;) of the operator T at basic
polynomials p; are prescribed, as being equal to y;, j € N?. 1f d > 2, the moment problem
is called multidimensional. When d = 1, we have a one-dimensional moment problem.
If the polynomials are dense in the function space X, and Y is an ordered Banach space,
then the linear positive solution of the full moment problem is also continuous, hence it is
unique. Another method is to define the linear operator firstly on subspace of polynomials,
such that T(p) > 0 for any polynomials p which belongs to the positive cone X of the
function space X. If the subspace P of polynomials is a majorizing subspace of the domain
space X, (thatis: Vx € X, dp € P,x < p), then any positive linear operator from P into
an order complete Banach space Y has a linear positive extension mapping X into Y. This
result holds true for any majorizing subspace in the order vector space X, not only for
the subspace of polynomials (see [2], or/and [14]). However, in applications the subspace
P of polynomials is the most important and often used. The convex cone generated by
all squares of polynomials is also important, since these sums of squares are dense in the
usual function spaces (L}A (Rd)) L TH being a product of moment determinate measures
on R (see [40]). Moreover, for a moment determinate measure y on a closed inbounded
subset F, any nonnegative continuous compactly supported function can be approximated
by dominating polynomials, in the norm of the space L%,(F ). Of course, generally, the
approximating dominating polynomials are not necessarily sums of squares. On the other
hand, according to [28], for any compact subset S C [0, 4-c0), the convex cone of restrictions
to S of all polynomials p, with p(t) > 0 for all t € [0, +c0), is dense in the convex cone
(C(S)),. of all functions ¢ € C(S), with ¢(t) > 0Vt € S. Part of these remarks and
comments are motivated by the results proved or recalled in Section 3, concerning the
moment problem. When the codomain Y is the real line, we have a scalar moment problem.
If Y is an ordered Banach space of self-adjoint operators, we have an operator-valued
moment problem. On the other hand, the problem of uniform approximating continuous
real-valued functions defined on [0, b], by means of functions defined as antiderivatives like
moments and the corresponding problem of approximating complex analytic functions, are
also under attention. Approximation of the limit of the sequence by estimating each term,
then passing to the limit, is pointed out in [41]. All the studies appearing in the references
list are related to theoretical results mentioned above and in the next sections or contain
applications in these areas. The rest of the article is organized as follows. In Section 2, we
point out the methods applied in what follows. The first part of Section 3 is devoted to
approximation by functions-like moments. In the second part, we recall, state and complete
the proof of an operator valued moment problem [40]. Here approximation of classes of
nonnegative real-valued functions by positive polynomials in several dimensions is applied.
For example, if ¢ : K=K x --- x Ky C RY — R, is continuous, then there exists a
sequence (p),, of polynomials, py(t1,...,tg) = pm (t1) - - Pmy(ta), pm;(ti) > 0Vt € Ry,
such that p,,|[x — ¢ uniformly on K, p;,(t) > ¢(t) Vt € K, VYm € N. For d = 1, this result
can be deduced from Lemma 2 of [28]. For d = 2, we apply Theorem 2 of [40]. It seems that
the general case d > 2 can be proved by induction upon 4.
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2. Methods
Here are the basic methods applied in this paper.

1. First, we prove uniform approximation results of real-valued continuous functions
on compact intervals [0, b], by using Korovkin’s theorem. Uniform approximating on
compact subsets of C or of the open unit disk U, of complex analytic functions, by
special analytic functions involving the antiderivatives of the complex moments. To
prove such results, mainly Vitali’s theorem is applied.

2. Approximation of classes of nonnegative functions from L;14 (R%), u being the product
of d M—determinate measures on R, by special products of nonnegative polynomials
on R, which are sums of squares (see [37,39]). Uniform approximation of nonnegative
functions from C(S1 X - -+ X Sy), S; compact subsets of Ry = [0,+00),i = 1,...,4d,
by sums of special positive polynomials of the form [T7, t7¢2(t;), q; € Rlt],
s;i € {0,1}, i =1,...,d. (see [38]). For applied approximation type results related to
the moment problem and its relationship with probabilities see [9,12]. For connections
with neural networks and positive linear operators see [31,32].

3.  Applying the results mentioned in point 2 to the characterization of the existence
and uniqueness of the solution of the moment problem, in terms of sums of
quadratic expressions.

3. Results

3.1. Approximation of Continuous Real-Valued Functions and of Complex Analytic Functions

Theorem 1. Let f € C([0,b]), 0<b <1 and

L)) = A e 08, L= F0)

Then
f(x) = lim L,(f)(x), x€][0,b] C[0,1).

n—o0

The convergence holds uniformly with respect to x € [0,b],and wr, ¢ £(dn) < 2w (6n) N\ 0.
Consequently, under the same assumptions on b, for any f € C*([0,b)), ng Jo "L (Hdt =0,
uniform convergence on [0, b].

Jo t"f(t)dt 0

_ 1 R 0 _ i _
Proof. For x = 0, we have: }Clir})Lnf(x) .—Jl{lir(l). ST () 3 chlg(l)x,, (x) = f(0).

Hence, defining L, f(x) := f(0) = lirr(1J L, f(x), the function L, f is continuous at zero. If
xX—

x is located in the interval (0, b], then obviously L,(f) is continuous at x, as a ratio of

continuous functions, with denominator not vanishing on (0, b]. To conclude, L, f defined

above is continuous on [0, b]. Due to Korovkin’s theorem [16], it is sufficient (and necessary)

to prove the convergence L,(f) — f for each f € {1,t,#*}. Indeed, for f = py = 1

we obtain fx
t"dt
— 0 _
Ln(l)(x) T x”+1/(n+1) 1

Forall x € (0,b], L,(1)(0) :==1, n € N.

L -1l = 0=0;
Orgggbl n(po)(x) — 1| [max,

For p1(x) = x, x € [0, b], it results:
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b

foxthrldt
— x| = < -
n—|—2x x’ n+2 - n+2

/(1) x’ - o?f%(b

max |L,(p1)(x) — x| = max <eg Vn>1/e—2.

0<x<b 0<x<b

In this case, the desired inequality Or?a;<1|Ln( p1)(x) — x| < e holds for all n greater
<x<

than the entire part of 1 — 2. If py(x) = x2, then:

2b? 2 2
= < <eg mn>--—23.
n+3 n+3 €

X pa2
fyea

_Jo boeb n+1 2_x2
"1/ (n+1)

n+3x

= ma
0<x<b

L —
(max | Ln(p2)(x) = x

!

0<x<b

Hence, for p, the required convergence holds uniformly on [0,1], for all entire n
greater than % — 3. Hence, the conclusion of Korovkin’s theorem holds. Namely, we have:
Lu(f) — f, n — oo, uniformly on [0, b]. Moreover, if we denote by w¢(J,) the modulus
of continuity of the continuous function f on the interval [0, 4], 0 < 6, < ¢, defined as fol-
lows: wg(dn) := sup{|f(x) — f(y)[;0 < x,y < 6y}, then for 0 < x,y < 5, \, 0 we obtain:
|f(t) = f(x)| < wf(6n) (O forall t in the closed interval of ends 0, J,. These yields

[Luf(x) = f(x) = (Lo f () = FUD] < |Laf (x) = F(O1 + (L f(y) = F(W)]

Jo t"(f()—f(x))dt Jo (D —F(y))dt
. /(11 1) + | Y/ (ntl) < zwf(‘sn) 0.

<

This can be written as wy, r¢(0n) < 2wf(dx), n € N. Due to the uniform continuity
of f on [0, 6], also using our assumption &, “\, 0, we infer that wr, ¢ ¢(5n) < 2w (dn) 0
follows consequently. Moreover, if f € C!([0,b]) is not constant, the following equalities

hold true
Lf(x) = lim Luf(x) = lim % _
lim (" (1) ) T G/ (n+10) " f G /m41) = F((=1)x) / (n+1)) _
e X/ (n41)
Jim (T i/ +1)"f6), e (U4, 2), j=1..n+1
Hence,

Lf(x) = Lim [ eV (6)dt = lim <x"+1f<x) —(n+ 1)/0x t”f(t)dt) —0, 0<x<b<l,

n—o0 J n—co
Lf =0= fecL Y0}, VfecCl]o,bn).

[m]

Remark 1. Theorem 1 proves that for any nonconstant function f € C([0,b}), 0 < b < 1, we
have Lf = lirilnLnf = 0 uniformly with respect to x € [0,b], and for f = al we infer easily
that L, (a1) = al for all n. The following question arises naturally: are the constants the only
continuous functions on [0, b], which are fixed points for all operators L,,? According to the next
proposition, the answer seems to be affirmative.

Theorem 2. With the notations and under the hypothesis from Theorem 1, the sequence (Ly),, is
uniformly bounded, and we have ||L,|| = 1 for all n. The convergence L,f — f holds for
each f € C([0,b}), and the constant functions f = f(0)1 are the only functions f € C(]0,b]), ver-
ifying the conditions L, f = f Vn € N.
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Proof. For an arbitrary function f € C([0,b]), assuming that L,f = f Vn € N, then the
following consequence holds true:

m=uﬂw—fw>=fﬁ£%ﬁf;—fuw=k§$§%]q?)ﬂ,neN, x e 0,0],
Laf(x) ~ f@)] < sup [f(H) — £(x)] = wy(b)

t,x€(0,b]

Obviously, this leads to: 0 = [y #"(f(t) — f(x))dt =: (t",f(t) - f(x)), n € N,
x € [0,b]. In other words, for any fixed x € [0,b], and any n € N, the continuous
function ¢(t) := f(t) — f(x) is orthogonal to the basic monomials ", on the interval [0, x].
Writing this for x = b, by the linearity in the first variable of the product (, ), we infer that
@(t) := f(t) — f(b) is orthogonal to any polynomial P on [0,b] : (¢, P) =0VP € R[t]. On
the other hand, by Weierstrass approximation theorem, there exists a sequence (P,),, of
polynomials such that ¢ = lir{lan, the convergence holding uniformly on [0, b]. Using the

above reasoning, we have: (¢, ¢) = <go, lium> = lim(¢, Py) = 0, that is fob @*(t)dt = 0.
m m

Since g is real-valued and continuous, its square ¢? is nonnegative-valued and continuous.
So, by the properties of the open nonempty set {t € [0,b]; ¢*(t) > 0} as a union of open
intervals, the integral fob @?(t)dt vanishes if and only if ¢(t) = 0 for all t € [0, b], that is
f(t) — f(x) =0Vt Vx € [0,b]. For x = 0, it results in f(t) = f(0) Vt € [0,b], thatis f is
constant on [0,b], and f = f(0)1. On the other hand, each linear operator L, is positive
on the Banach lattice C([0,]), so that for any ¢ € C([0,b]), with [|¢| < 1, and all n, it
results: |L,(¢)| < Lu(|@|) < La(||@||1) = ||¢||Ls(1) < L,(1) = 1. The conclusion is that
IILy|| = 1 Vn € N. Thus, the family of the terms of this sequence is equicontinuous (and the
least upper bound for {||Ly| },~, equals 1). o

Theorem 3. Let U be the open unit disk in the complex plane and f : U — C be the function
defined by
log(1+z
f)="80H2) L 0y =1 5

z

Then f has a removable singularity at zero and the following approximation holds uniform on
compact subsets of U.

f(z) = limw = limM )

n—>ooz”+1/(n + 1) T 5 mn(l) (z)

We have denoted: m,(f)(z) := foz u" f (u)du. With these notations, returning to the
restrictions of our functions to the interval [0, x), x € (—1,1), we have:

Jo t"(f(x) — f(t))at
x"H/(n+1)

—0, n—o, x€(-1,1).

Theorem 1 gives a method of approximating the distribution function f in terms of its

foz u f (u)du

normalized complex moment-functions e M E N, for n large enough

B foz u" f(u)du

 Jo wf(u)du
"1/ (n+1)

f@) Jo w'du

=f(2)

— 0, as n — oo, ze U 3)

The convergence result (2) stays valid for any holomorphic function f defined on
U\ {0}, having a removable singularity at zero. We proved this assertion in [41]. Now our
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purpose is to point out properties that are specific to the functions defined by (1) and to
other related analytic functions, also using a more general and improved method of the
author’s results from [41]. Next, we recall the statement of Vitali’s theorem, which will be
applied in the sequel. The proof of Theorem 4 stated below can be found in [19].

Theorem 4 (Vitali’s Theorem). Let Q) C C be an open and connected subset, and {f,}, C A(Q)

a bounded sequence of analytic functions. This means that for each compact subset K C Q, we

have: sup||fu||x < o, that is the sequence {f,}, is uniformly bounded on each compact sub-
n

set K of Q). Suppose that { f, }, converges pointwise on a set S, and S has accumulation points
in Q. Then {f,}, is uniformly convergent on compact subsets of Q) to some analytic func-
tionh € A(Q).

The sketch of the Proof for Theorem 3. From Theorem 1, we know that L,(f) — f,
n — oo, uniformly on [0, b]. The hard part is to infer the uniform convergence on compact
subsets of U. This will be proved below applying Vitali’s theorem on the convergence of a
bounded sequence in the space of analytic functions, to ) := U. To do this, it is sufficient
(and necessary) to show that the sequence (L,(f)), is bounded in the space of analytic
functions, that is, it is uniformly bounded on compact subsets of U. Since any compact
subset of the open unit disk is contained in closed disk of radius R < 1, centered at the
origin, we have to prove the uniform boundedness of the sequence (L, (f)),, on the closed
disk D(0, R) for any 0 < R < 1. The following estimates hold true:

|zl <R <1, neN,

Imply
La(f)(2)] = | Z sty
f01|log(1 + tz)|dt =
Jo | o7 Tt |t =
BT (1= w2+ (—1)"0") dooldt =
fol‘(w_w?z+...+(_])n7;’1;rll +> zt

‘I/H»l

2
< fol <|Z|t+ hT'tz""”jL ‘i+1 Pl ')dt <

dt <

R + R2 R+l

s+ 5 ...+W+...<
1 1 1 —
(1= 2) 4k () ot

The obtained upper bound 1 does not depend on z (with |z| < R) or on positive R < 1.
According to Vitali’s theorem [19] on the converge of the uniform bounded sequence
(Lu(f)),,, also using the theorem on the zeros of an analytic function, the conclusion will
follow. Namely, for a line segment [0, b] C [0,1),0 < b, the convergence

L,(f) — fholds uniformly on [0, b, 4)

due to Theorem 1. Since [0, b] has accumulation points in U, and the sequence (L, (f)),, is
uniformly bounded on any closed disk, application of Vitali’s theorem leads to the uniform
convergence of a subsequence (denoted also by (L (f)),,), of (Lx(f)),, on compact subsets,
to a holomorphic function /2 on U. For x € [0, ], we know that f(x) = lifln L, (f)(x). Hence
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the holomorphic function 7 — lim L, (f) has as zeros all points x of the interval [0, b]. From
n

the theorem on zeros of the holomorphic function, we infer that

h(z) — lirrln L,(f)(z) =0, Vzel. )
Now Equations (4) and (5) provide the conclusion that
hz) = lim Lu(f)(z) = f(), zell,
uniformly on any compact subset of U. o
Theorem 5. If x € [0,1] and m € N, m > 2, then the following inequalities hold true:
log(1+ x) < Sp(x) ::x—x;—i—f—x‘l(i - ;) — - 2'”(21”—2"19:_1), (6)
log(1+4 x) > sp(x) :=x — x;+%3 - %4+ <x55 x;) +---+x2m+1(2m1+1 - me+2>. 7)
§2m+2
0§Sm(x)—log(l+x)§2m+2—>0, m — oo. 8)
If z € C, |z| <1, then the expansion: log(1+z) =z — % + § +-+ (—1)”2”:; 4.

holds true for all z # —1.

Proof. Let z € U. The simplest path of ends zero and z is the line segment joining
these points. The parametric equation of this path is w = zt, t € [0,1]. This implies
dw = zdt. According to the integration term by term theorem for the absolute convergent
geometric series 0" , (—w)" on the path of ends zero and z recalled above, we are led to

the next result. z 1 z 1
log(1+z) = [y mmdw = [y —(—ydw =

Jo(l—w+w?*+ - (=1)"w" + - )dw = )
2 3 n+1
-5+ 5+ A (D)t
If z = x € (0,1), then from (3) and using that all the expressions —x2" (ﬁ - meﬁ)

have negative signature, we derive that:

2 3
X X 1 «x 1 X
log(1 S i (i ISR L [ S I
og(l+x) =x—7 43 x(4 5) * <2m 2m+1> =
K8 +(1 x om [ 1 X
Xt i = >0
Sm(x)i=x=5+3 x<4 5> * <2m 2m—|—1)’ "=

For the converse type inequality, one observes that x € (0, 1) implies all the expressions
in the parentheses appearing below and their coefficients x>"*1 have positive signature;
hence, we can write:

3 4 5

¥2  x X X X 1 X
1°g<1+x>‘x‘z+3‘4+<5‘6)+“'+xzm“<zm+1‘zm+z>+”‘2
2 3 4 5 6
_ Xy (e N w1 X >0
sm(¥) =¥ =5+ 3 4+<5 6>+ T (2m+1 2m+2>' "= e
x2m+2
OgSm(x)—log(1+x)SSm(x)—sm(x):2m+2, xe[0,1], meN.
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On the other hand, the last expansion of the function z — log(1 + z) appearing in
the statement of the theorem and its convergence set is known, because of Dirichlet test. o

Theorem 6. Let H be a Hilbert space and A a bounded linear operator acting on H, with the
spectrum o(A) contained in the unit interval [0,1]. Then A is self-adjoint and for any m € N,
m > 2, the following operator inequalities hold:

Az A3 1 A om (1 A
< = [ - — P m _- .
log(I+A) <Sw(A)=A——-+F - A <4 5) A (2m 2m+1),

A (1 A s(1 A omir( 1 A
> = [ - — — - — — — .
log(I+ A) > sm(A) A(I 2>+A (3 4)+A (5 6)+ +A il Imia

2m+-2 1

< — < < .
0<Su(A) ~log(I+4) < 35 < 5ms 1 =0, (10)

|Sm(A) —log(I+ A)| < —0 m—s oo. (11)

2m +2 !

Proof. Since the linear operator A is continuous, having its spectrum contained in R,
it results that A is self-adjoint. Moreover, because of the hypothesis c(A) C [0,1], we
infer that0 < A < [, thatis, 0 < (Ah,h) < (h,h) = (Ih,h) for all elements 1 € H. This
means that with respect to the order relation in the ordered Banach space of all self-adjoint
operators acting on H, we have: 0 < A < I. On the other hand, from (6) and (7), the first
two inequalities in the statement follow via functional calculus for continuous functions
defined on the spectrum of A. To prove (10), we apply the increasing monotonicity of the
operatorial norm on the positive cone of all self-adjoint operators. Proceeding this way,
from (8), (10) and (11) follow as well. o

Corollary 1. Theorem 6 holds true for any symmetric n X n matrix A with real entries, whose all
eigenvalues are in the unit interval [0, 1].

Theorem 7. For any x € (0,1] and any positive integer m, the following estimates hold true:

arctan(x) (1 2 om( 1 x?
T <« =1 — Z_Z ). - .

v Sk (0)=1ox (3 5 Y \2m+1 2m+3
arctan(x) X2 41 22 22 1 x?
it VAN =1 - . — .

o 2=l g e T T m s

arctan(x 1
0<y, (x)— x()§2m+5_>0’ m—s oo,

The convergence is uniform with respect to x € [0, 1].

Proof. For any x € (0,1] and any positive integer m, the following estimates hold true:

arctan(x) (1 x? 5 1 x?
R A =1 [ — .

v Sla® * (3 5 Y \am+1 2mt3
arctg(x) x? A1 P omia( 1 x?
had AUVASN = (1 - e - .

x 2 on(®) (1 3) 7\ 7)Y 23 T 2w s

0< Y, (- < 7 ) — o) =

— 0, — 00,
X m 2m+5 " *©
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arctan(x)
x

For x =0, wehave: }_,, (0) =1 = liﬂjl = 0y,41(0), for all m, so that the assertion
X

of the theorem holds uniformly on the closed interval [0, 1]. o

Corollary 2. The following estimates hold true:

B

< .
- 15

WIN

U
4
Proof. One applies the estimates proved in Theorem 4 to x = 1, taking only the expressions

appearing in the first parenthesis of } ; (x), 0q(x). o

Corollary 3. If A is aself-adjoint operator acting on a Hilbert space H, and the spectrum o(A) sat-
isfies the inclusion relation, o(A) C (0, 1], then the following estimates hold true:

Ailarctan(A) < Z (A):=I— A? 1 _ iz . p2m I . A?
T em 3 5 dm+1 2m+3)
A2 I A2 I A2
-1 > = (I1—-= 42 .. 2m+2 _
A" arctan(A) > oy (x) (I 3>—|—A (5 7)—1— +A (2m+3 2m+5)’

A2m+4
0< Zm (A) — A tarctan(A) < Zm (A) — om(A) = s

— 0, m —» oo.

Proof. Due to the hypothesis 0(A) C (0,1], we have 0 ¢ 0 (A), so that A is self-adjoint,
positive, and invertible. Application Theorem 7, accompanied by functional calculus, lead
to the desired estimates. o

Theorem 8. Let us consider the function

_arctan(z)

f(z)=——=%, zelU, =z#0, f(0):=1

z

Then f has a removable singularity at zero, it is holomorphic in the open unit disk U centered
at the origin, and so are all the functions L, (f), n € N, defined by

L) = 2 0 L©) =0) neNzeu

Moreover, the following asymptotic behavior of the sequence (L (f)),, holds true:
f(z) = lzZnLn(f)(z), ze U (12)
The convergence (12) holds uniformly on compact subsets of U.

Proof. The proof of Theorem 8 is quite like that of Theorem 3. The main part of the proof
is that of showing the uniform bondedness of the sequence (L (f)),~ on any closed disk
centered at the origin of radius R € (0,1). As in the proof of Theorem 2,if |z| <R, then,
fromu = tz, t € [0,1], du = zdt, we infer:
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1 1 " (arctan(tz
bt 1 Madont)

1La(£)(2)] =

21/ (n+1) =
arctan(tz) | _
m tz -
0<t<1
1252 a4 n p2ny2n
max’l—?—l—T—---—i-(—l) ot S

0<t<1
<1+&2+...+L2"+...) =: M(R) < 400
3 2n+1 o ’

Since the upper bound M(R) does not depend on 7 or on z with |z| < R, the desired
uniform boundedness follows. The act that M(R) is finite is obvious, since 0 < R < 1. The
conclusion is a consequence of Vitali’s theorem. This ends the proof. o

3.2. Polynomial Approximation by Nonnegative-Valued Polynomials and the Moment Problem

In the Stieltjes moment problem, a sequence of real numbers (y )~ is given and one
looks for a nondecreasing real function o (t) (+ > 0), which verifies the moment conditions:

e}

/' thdo =y, (k=0,1,2,...).
0

This is a one-dimensional moment problem on an unbounded interval. Namely, it is an
interpolation problem with the constraint on the positivity of the measure do. The numbers
Y k€ N:={0,1,2,...} are called the moments of the measure do. Existence, uniqueness,
and construction of the solution ¢ were studied. The moment problem is an inverse
problem: we are looking for an unknown measure, starting from its given moments. The
direct problem might be given the measure do, compute its moments fooo tdok =0,1,2,....
The connection with the positive polynomials and extensions of linear positive functional
and operators is quite clear. Namely, if one denotes by ¢;, ¢;(t) := t,jeN,t€[0,00), P,
the vector space of polynomials with real coefficients, and

To: P —R, T()(Z DC]§01> = Z &iYj, (13)

j€Jo j€lo

where Jo C N is a finite subset, then the moment conditions To(¢;) = y;,j € N are clearly
satisfied. It remains to check whether the linear form T defined by (3) has nonnegative
value at each nonnegative polynomial. If this condition is also accomplished, then one
looks for the existence of a linear positive extension T of Ty to a larger ordered function
space X which contains both P and the space of continuous compactly supported functions,
then representing T by means of a positive regular Borel measure y on [0, c0) via Riesz rep-
resentation theorem or applying Haviland theorem. Usually, the positive linear extension
is defined on a Banach function space. For deep results on the theory of Banach spaces
see [22,26]. If an interval (for example [a, b], R, or [0, o)) is replaced by a closed subset F of
R?, d > 2, we have a multidimensional moment problem. To provide an example of the
multidimensional real classical moment problem, let us denote

oi(t) ==t = (j1,...ja) ENY, t=(t,... ta) ERL, nEN,d> 2,
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If a sequence (yf)jeNd is given, one studies the existence, uniqueness, and construc-
tion of a linear positive form T defined on a function space containing polynomials and
continuous compactly supported real functions, such that the moment conditions

T(¢;) =y, jeN (14)

are satisfied. Usually, the positive linear form T (which is called a solution for the moment
problem defined by (14)), can be represented by means of a positive regular Borel measure

eN?
and this sequence is called a moment sequence. Similar definitions and terminology are

Aon R4 In this case, we say that A is a representing measure for the sequence y = (y]-)].

valid when we replace R by an arbitrary closed subset F of R?. We start by recalling the
solution for the constrained moment problem on R. In what follows, for i = (iy,...,i;),
j=G1,-.-,ja) € N and t € RY, we denote t/ = ]! - .-t i+ = *)1 .. -t;”ﬂd.

On the Solution to the Multidimensional Moment Problem

Theorem 9 [see [40], Theorem 1, pp. 3-5]. Let 1, ua be positive reqular Borel moment
determinate measures on R, with finite absolute moments | R|t|j du;(t) of all natural orders,
j € N,i = 1,2. In addition, assume that y := py X py is their product measure on R?. Also assume
that du; = p;(t;)dt;, p; continuous and positive on R,i = 1,2. Then the following approximations

hold true. Any function ¢ from (L}l X (R2)> | can be approximated in the norm of Ly, ., (R?)

by polynomials from the sub cone C C (L}l Xt (R2) ) N generated by special polynomials
r®ry, 1 € R[], (r;®@r2)(t, t2) :=r1(t1)r2(t2), r;(t;) > 0 forallt; € R,i =1,2.

Hence, ¢ can be approximated by sums of squares whose terms have the following form

gt t2) = () B() = (R 05) (), (ht) €R: geR[E], i=12 (15

Example 1. Theorem 8 could be applied to pi(t;) = ke |, pa(ty) = —|ta|e/2,
(t1,t2) € R, du;(t;) = p;i(t;)dt;, i = 1,2. Both measures y;, i = 1,2 are moment determi-
nate on R, so that Theorem 9 works for them.

Lemma 1 (Lemma 2 from [28], p. 5). Let K C [0, +o0) be a compact subset, and f: K — R
be a continuous function. Then there exists a sequence (qm),, of polynomials, q,,(t) > 0 for all
t € [0, 400), such that lim q,, = f, and the convergence holds uniformly on K.

m

Theorem 10 (Theorem 5 from [40]). Let H be a Hilbert space, and A;, i = 1,2 com-
muting positive self-adjoint operators acting on H, with their spectrums o(A;), i = 1,2.
Let Y := clos (span{A]fA]; : (1, j2) € NZ}) C SA(H) be the topological closure of the
span{AJil A]; : (j1, 2) € N?} in SA(H), where SA(H) is the ordered Banach space of all
self-adjoint operators acting on H. Let S := 0 (A1) X 0(A), and Ty : C(S) — Y be the linear
operator defined by T>(f) := f(A1, A2), f € C(S), where f(Aq, Ay) is defined with the aid of
functional calculus (see [7] or/and [20]). Being given a sequence (Uj)]. ez Y, the following
statements are equivalent.

(a) There exists a unique linear operator L: C(S)—Y, with the properties

L(tj) = U]‘, j€e N?,
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0<L(g) <Ta(p), @< (C(S)),.
L] <1.

(b) 0 < L(t]'r3(t1)t52r3(ta)) < AT'r3(A1)AP13(A), €€ {0,1}, r; € R[t], i =1,2.

Proof. We recall that the norm on Y is that induced by the norm on the space B(H) of all
linear continuous operators A : H — H. Since Y is contained in SA(H), we infer that:

A €Y = ||A| := sup ||Ax| = sup |(Ax,x)|. One can be easily prove that the above
x|| <1 x| <1
defined norm is m0Hr1ltone on thelz‘ Ilositive cone (SA(H)), of the Banach space SA(H).
Namely, the following implication holds true: A,B € SA(H), 0 < A < B = ||A|| <|B].
In particular, this implication holds for operators from Y. To prove Theorem 9, we may apply
Lemma 1, followed by functional calculus for continuous functions defined on the Cartesian
product S = 0 (A7) x 0(A3). Indeed, let us denote by C(P) the convex cone generated by
all the polynomials of the form q1 @ g2, g;(t;) > 0 for all t; € [0, +o0). Clearly, C(P) is the
convex cone generated by all polynomials #]'72(t)t52r3(t4), €; € {0,1}, r; € R[t}], i =1, 2
(see [21]). Assuming that (b) holds, adding a finite number of inequalities of the same sense,
we have 0 < L(r) < T(r) for all r € C(P).If ¢ € (C(S)) ., according to Lemma 1, there

exists a sequence of polynomials
(5m)p, Sm € C(P) Vm, |sy —¢| <enl —0, m — oo,

This is equivalent to s, —¢e,1 < ¢ < s;+e¢,1l. On the other hand, since
Sm — ¢, (Sm),, is a Cauchy sequence in C(P), hence —2¢,,1 < syy4p — S < 2€,1. Due to
positivity and property 0 < L(r) < T(r) Vr € W, we infer that

—2eml < L(Smyp) — L(sm) < 2enTo(1) =2¢I, m>N(e), peN.

This implies that the sequence (L(sy)),, is Cauchy in the ordered Banach space
Y, hence there exists L(¢) := linI}’lL(Sm) € Yy, ¢ € (C(9)),. It is easy to prove
that the definition does not depend on the sequence s, — ¢, s, € C(P) for all
m. Indeed, if uy, — ¢, uy € C(P) for all m, then |uy —su| — 0 in C(S), that is
—eml < uy — s < g1 — 0. Using the positivity of the linear operator T, this implies

|To(um —sm)| < Ta(Jum — sm|) < emT2(1) = eI — 0.

The preceding conclusion further yields: || Touy — Tosm|| — 0, hence, also using the
last inequality from point (a) of the statement, we conclude that the definition of L(¢) is
correct. Moreover, one can write:

0<L(p):= linI1nL(Sm) < linr1nT2(sm) =Ta(p), Vo €(C(S)),-

On the other hand, by the same method, it follows that for an arbitrary sequence
¢n — 0, ¢, € (C(S)),, we infer that L(¢,) — 0. If ¢, € C(S), ¥» — 0, then both
sequences ¥, and ¢, converge to zero, their terms are in (C(S)), and ¢, = ¢, — ¢, for
all n. By the above reason, we conclude that L(¢y,) := L(¢;) — L(¢, ) — 0. Thus, L is
continuous at zero and is linear, so that L is continuous everywhere in C(S). Moreover,

+L(yp) < L(¢]) < T(¢]) < Ta([l9lV) = llplL, € C(S). (16)

In the above written estimation, I is the identity operator from H to H and ||¢|| is
the norm of the continuous real-valued function ¢ in the Banach algebra C(S). Since the
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norm on Y is the restriction to Y of the operatorial norm on the space SA(H), from (16)
we derive:

(DI < I = llwll, ¥ < C(S).

This implies ||L|| < 1. Thus, the assertions stated at point (a) are proved. The im-
plication (a) implies (b) is obvious, by our notations and the definition of the operator L.

O

4. Discussion

In the first subsection of Section 3, the hard part is the approximation of complex
analytic functions by special such functions. In the second subsection, approximation
of real-valued nonnegative functions by positive polynomials on unbounded subsets is
the main goal. A main remark is that for any moment determinate positive regular Borel
measure ;i on an arbitrary closed unbounded subset F of R?, and any nonnegative function
f from L},(P), there exists a sequence (pp),,, with py,(t) > f(t) forallt € F, pyy — f
as m — oo, in the norm of L;(F ). Of note, from this statement it follows that all the
dominating polynomials p,, take nonnegative values. Here F is not necessarily the Carte-
sian product of special subsets of R. Even in the case of positive functions on a compact
subset K of [0, +c0), the approximation can be made uniformly on K, by nonnegative
polynomials on the entire semiaxes [0, +00). The corresponding result for compact subsets
S =5 x---x85; d>2,is discussed and applied to the multidimensional moment
problem. This is the point of the latest part of this study. The constant function 1 is the order
unit in C(S) and makes the proof easier and natural. In the cases of special compact subsets
in R¥, that are not Cartesian products of compacts contained in R, the moment problem
and related consequences are discussed in the references recalled in the Introduction and in
other works. For the multidimensional Hamburger and Stieltjes moment problems see [15].

Notation. In the statement of Theorem 10 we have used the notation f; ® f, defined
on 51 x Sy associated with functions f;: S; — R,i = 1,2, S;, being metric spaces and
fi continuous real-valued functions on S;, i = 1,2. By definition, (f1 ® f2)(x1,x2) =
fi(x1) f2(x2), (x1,x2) € 51 % Sa.

It is easy to see that the above-mentioned assumptions imply the continuity of f; ® f»
on S1 X S,.
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