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Abstract

The importance of statistical distributions in representing real-world scenarios and aid-
ing in decision-making is widely acknowledged. However, traditional models often face
limitations in achieving optimal fits for certain datasets. Motivated by this challenge, this
paper introduces a new probability distribution termed the weighted sine generalized
Kumaraswamy (WSG-Kumaraswamy) distribution. This model is constructed by inte-
grating the Kumaraswamy baseline distribution with the weighted sine-G family, which
incorporates a trigonometric transformation to enhance flexibility without adding extra pa-
rameters. Various statistical properties of the WSG-Kumaraswamy distribution, including
the quantile function, moments, moment-generating function, and probability-weighted
moments, are derived. Maximum likelihood estimation is employed to obtain parameter
estimates, and a comprehensive simulation study is performed to assess the finite-sample
performance of the estimators, confirming their consistency and reliability. To illustrate the
practical advantages of the proposed model, two real-world datasets from epidemiology
and reliability engineering are analyzed. Comparative evaluations using goodness-of-fit
criteria demonstrate that the WSG-Kumaraswamy distribution provides superior fits com-
pared to established competitors. The results highlight the enhanced adaptability of the
model for unit-interval data, positioning it as a valuable tool for statistical modeling in
diverse applied fields.

Keywords: Kumaraswamy distribution; weighted sine-G family; unit-interval data;
maximum likelihood estimation; statistical modeling

MSC: 60E05; 62F10; 62N05

1. Introduction
Probability distributions serve as fundamental tools for modeling and analyzing real-

world phenomena across diverse scientific and engineering disciplines. By characterizing
the uncertainty inherent in observational data, these mathematical frameworks enable re-
searchers to make informed decisions, predict future outcomes, and understand underlying
processes [1]. From reliability engineering to financial risk assessment and hydrological
forecasting, probabilistic models provide the backbone for data-driven inference in applied
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contexts [2,3]. These models have also proven valuable in emerging areas such as sports
data analysis, where the models help evaluate athlete performance and game outcomes,
and music engineering, for modeling instrument lifetimes and sound patterns [4,5]. Among
the extensive repertoire of continuous distributions, the Weibull model and its variants
occupy a prominent position due to their flexibility and interpretability [6,7]. The two-
parameter Weibull distribution, in particular, has been extensively studied and applied for
modeling time-to-event data, failure rates, survival times, and extreme events in fields like
physical education and reliability [8–10]. Flexible modifications of the Weibull baseline have
recently been proposed, incorporating trigonometric elements to enhance quartile-based
properties and overall fitting performance [11]. Its special cases, such as the exponential
and Rayleigh distributions, further extend its utility in specific scenarios where hazard
rates exhibit monotonic behavior. The Rayleigh distribution, defined on positive real line
with a scale parameter, emerges as a useful model in reliability studies involving increasing
failure rates [12]. Recent works have successfully applied trigonometric transformations to
Rayleigh and generalized Rayleigh baselines, yielding models with enhanced flexibility
for sports and engineering datasets [4,11]. Tangent-based generalizations of the Rayleigh
model have shown particular promise in analyzing reliability and musical instrument
data, offering superior fits without additional parameters [5]. Similar approaches have
been used to modify inverse Weibull structures for hydrology and reliability applications,
demonstrating superior fits in failure time modeling [3]. Despite their widespread adoption,
classical distributions often lack the flexibility to capture complex data patterns, such as
bathtub-shaped or unimodal-bimodal hazard rates, skewed densities, heavy-tailed behav-
ior, or proportions bounded on the unit interval. This limitation has motivated statisticians
to develop more flexible families through various generalization techniques, including the
addition of shape parameters, composition methods, compounding, and transformation
approaches [13]. Extra parameters, however, can introduce estimation challenges, overfit-
ting risks, and reduced interpretability, as noted in several recent modifications of Weibull
and Rayleigh models [5,11]. Recently, trigonometric-based transformations have gained at-
tention as a parsimonious way to inject flexibility without adding parameters [14]. Notably,
ref. [14] introduced the weighted sine-G (WS-G) family, which generates a new distribution
by applying a specific trigonometric transformation to the cumulative distribution function
of any baseline distribution. This strategy resonates with the philosophy behind recent
weighted approximation methods [15], where a deterministic weight function is used to en-
rich model capability without increasing complexity. This method preserves the parameter
count while significantly enriching density and hazard shapes, as demonstrated in several
recent studies applying the WS-G family or similar trigonometric approaches to Weibull,
Rayleigh, exponentiated Weibull, and inverse Weibull baselines for diverse applications
including musical instruments, physical education, sports, and hydrology [3–5,8,11]. Along-
side Weibull-type models, the Kumaraswamy distribution [16] has emerged as a versatile
two-parameter model supported on the unit interval (0, 1). With its tractable closed-form
CDF, and probability density function, it offers advantages in data fitting over the beta
distribution in certain proportional data applications such as hydrological, reliability, record
and actuarial datasets [17–22]. Its density assumes various shapes, including unimodal,
increasing, decreasing, or U-shaped, making it particularly suitable for modeling rates,
proportions, efficiencies, and other bounded phenomena. Recent extensions of the Ku-
maraswamy model have further expanded its use in survival analysis and double-bounded
hydro-environmental data [23]. Nevertheless, the standard Kumaraswamy distribution
may still be inadequate for fitting datasets exhibiting more complex behaviors, such as
those with pronounced skewness or non-standard hazard forms commonly encountered
in real-world unit-interval data. While some generalized Kumaraswamy families exist in
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the literature, a trigonometric-weighted modification based on the WS-G approach has
not yet been explored for this distribution. This gap presents an opportunity to develop a
more adaptable model that retains the simplicity of Kumaraswamy and bounded support
while enhancing its flexibility for practical modeling in reliability and related fields. Mo-
tivated by the above considerations, this study introduces the weighted sine generalized
Kumaraswamy (WSG-Kumaraswamy) distribution, derived by applying the WS-G trans-
formation to the Kumaraswamy baseline. The extensions of the Kumaraswamy distribution
usually introduce one or more additional shape parameters, which may complicate estima-
tion and increase the risk of overfitting. The WSG-Kumaraswamy distribution proposed
in this work follows a different strategy: it applies the weighted sine-G transformation,
a deterministic trigonometric weighting that enhances the density and hazard-rate shapes
without adding extra parameters. Consequently, the model preserves the parsimony of the
two-parameter Kumaraswamy baseline while gaining the flexibility to represent hazard
rates with various shapes. This makes it especially attractive for unit-interval data where
conventional Kumaraswamy variants may lack the necessary adaptability.

The proposed model inherits the bounded support of Kumaraswamy and tractability
but gains considerable extra flexibility in density and hazard shapes without introducing
additional parameters. The specific aims of this paper are

1. To define the WSG-Kumaraswamy distribution and derive its essential statistical
properties.

2. To estimate the model parameters using the maximum likelihood method and evaluate
the performance of the estimator via a comprehensive simulation study.

3. To demonstrate the practical utility of the distribution by applying it to two real-world
datasets and comparing its fit against several competing distributions.

The remainder of the paper is organized as follows. Section 2 presents the WSG-
Kumaraswamy distribution and its density, survival and hazard functions. Section 3 derives
key statistical properties including quantile function, moments and moment-generating
function. Section 4 discusses parameter estimation via maximum likelihood estimation
method. Section 5 provides the simulation details and reports the simulation results.
Section 6 provides two empirical applications. Finally, Section 7 offers concluding remarks
and suggests directions for future research.

2. WSG-Kumaraswamy Distribution
The Kumaraswamy distribution, a flexible two-parameter model supported on the

unit interval (0, 1), has found widespread use in many areas due to its closed-form CDF
and tractability compared to the beta distribution [17,22]. The cumulative distribution
function (CDF) and probability density function (PDF) of the Kumaraswamy distribution
are given by

FK(y | δ, α) = 1 − (1 − yδ)α, 0 < y < 1, (1)

and
fK(y | δ, α) = δαyδ−1(1 − yδ)α−1, 0 < y < 1,

where δ > 0 and α > 0 are shape parameters.
The approach introduced by [14], referred to as the WS-G family, offers a systematic

way to construct new probability distributions based on a trigonometric transformation
without introducing additional parameters. The CDF of the WS-G family is defined
as follows:

F(y; ξ) = sin
[π

2
G(y; ξ)

]
e1−sin[ π

2 G(y;ξ)], (2)
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with the corresponding PDF

f (y; ξ) =
π

2
g(y; ξ) cos

[π

2
G(y; ξ)

]
e1−sin[ π

2 G(y;ξ)]
[
1 − sin

(π

2
G(y; ξ)

)]
,

where G(y; ξ) and g(y; ξ) are the baseline CDF and PDF, respectively.
In this section, we propose the WSG-Kumaraswamy distribution as a novel extension

obtained by applying the WS-G family transformation to the Kumaraswamy baseline.
Substituting the Kumaraswamy CDF (1) to Equation (2) yields the CDF of the WSG-
Kumaraswamy distribution as

F(y | δ, α) = cos
(π

2
(1 − yδ)α

)
e1−cos( π

2 (1−yδ)α), 0 < y < 1, δ, α > 0. (3)

The PDF corresponding to the CDF given in Equation (3) for the WSG-Kumaraswamy
distribution is

f (y | δ, α) =
π

2
δαyδ−1(1 − yδ)α−1 cos

(π

2
(1 − yδ)α

)
e1−cos( π

2 (1−yδ)α)
[
1 − cos

(π

2
(1 − yδ)α

)]
. (4)

The survival function (SF) and hazard rate function (HRF) of the WSG-Kumaraswamy
distribution are

S(y | δ, α) = 1 − cos
(π

2
(1 − yδ)α

)
e1−cos( π

2 (1−yδ)α),

and

h(y | δ, α) =
π
2 δαyδ−1(1 − yδ)α−1 cos

(
π
2 (1 − yδ)α

)
e1−cos( π

2 (1−yδ)α)[1 − cos
(

π
2 (1 − yδ)α

)]
1 − cos

(
π
2 (1 − yδ)α

)
e1−cos( π

2 (1−yδ)α)
.

The WSG-Kumaraswamy distribution offers considerable flexibility for modeling
data on (0, 1). The top panel of Figure 1 illustrates various shapes of its PDF, including
decreasing, increasing,

and near-symmetric and skewed unimodal patterns. The bottom panel of Figure 1 dis-
plays the HRF plots, which exhibit decreasing, bathtub, or increasing behaviors depending
on the parameter values.

Figure 1. The PDF and HRF of the WSG-Kumaraswamy distribution for selected parameter values.
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3. Statistical Properties
In this section, we derive different statistical properties of the WSG-Kumaraswamy

distribution, involving the quantile function, moments and moment generating function.

3.1. The Quantile Function

The quantile function is a fundamental tool for computing quantiles and generating
random numbers from a given distribution. For the WSG-Kumaraswamy distribution with
CDF given in Equation (3), the p-th quantile Q(p) satisfies the equation

cos
(π

2
(
1 − Q(p)δ

)α
)

exp
{

1 − cos
(π

2
(
1 − Q(p)δ

)α
)}

= p, 0 < p < 1. (5)

Due to the transcendental nature of Equation (5), an explicit closed-form solution for
Q(p) in terms of elementary functions is not available. Nevertheless, the quantile function
can be computed efficiently using numerical algorithms. To improve numerical stability,
we rewrite the defining Equation (5) in logarithmic form

log

(
cos
(

π
2
(
1 − Q(p)δ

)α)
p

)
+ 1 − cos

(π

2
(
1 − Q(p)δ

)α
)
= 0. (6)

Equation (6) is well-behaved for all p ∈ (0, 1) and solved numerically using Brent’s
algorithm, which is robust and efficient even for extreme probabilities. The logarithmic
formulation avoids underflow or overflow issues, and convergence is typically achieved
within a small number of iterations. This makes the quantile function suitable for large-scale
simulation and bootstrap procedures.

To comprehensively characterize the behavior of the WSG-Kumaraswamy distribution,
we computed quantiles for a systematic parameter grid. The quantile function is computed
numerically by solving Equation (6) using the uniroot function in R version 4.4.3. Table 1
presents the quantile values for δ ∈ {0.5, 1, 2, 5, 10} and α ∈ {0.5, 1, 2, 5, 10} at probability
levels p ∈ {0.01, 0.1, 0.25, 0.5, 0.75, 0.9, 0.99, 0.999}.

Table 1. Quantile values of the WSG-Kumaraswamy distribution.

δ α Q(0.01) Q(0.1) Q(0.25) Q(0.5) Q(0.75) Q(0.9) Q(0.99) Q(0.999)

0.5 0.5 0.000022 0.002312 0.015790 0.076092 0.226199 0.434715 0.788339 0.929324
1.0 0.5 0.004696 0.048084 0.125660 0.275847 0.475603 0.659329 0.887885 0.964014
2.0 0.5 0.068526 0.219281 0.354486 0.525212 0.689640 0.811991 0.942276 0.981842
5.0 0.5 0.342249 0.545005 0.660449 0.772919 0.861884 0.920069 0.976498 0.992697
10.0 0.5 0.585020 0.738245 0.812680 0.879158 0.928377 0.959202 0.988179 0.996342
0.5 1.0 0.000006 0.000592 0.004217 0.022209 0.076092 0.173330 0.442443 0.656588
1.0 1.0 0.002351 0.024338 0.064939 0.149028 0.275848 0.416330 0.665164 0.810301
2.0 1.0 0.048484 0.156007 0.254830 0.386042 0.525212 0.645236 0.815576 0.900167
5.0 1.0 0.298015 0.475618 0.578763 0.683367 0.772919 0.839242 0.921692 0.958803
10.0 1.0 0.545907 0.689651 0.760765 0.826660 0.879158 0.916102 0.960048 0.979185
0.5 2.0 0.000001 0.000150 0.001090 0.006009 0.022210 0.055704 0.177536 0.318610
1.0 2.0 0.001176 0.012244 0.033014 0.077519 0.149029 0.236017 0.421350 0.564456
2.0 2.0 0.034293 0.110653 0.181698 0.278422 0.386042 0.485816 0.649115 0.751303
5.0 2.0 0.259468 0.414558 0.505522 0.599627 0.683367 0.749184 0.841257 0.891920
10.0 2.0 0.509380 0.643862 0.711001 0.774356 0.826660 0.865554 0.917200 0.944415
0.5 5.0 0.000000 0.000024 0.000178 0.001009 0.003908 0.010422 0.038626 0.080001
1.0 5.0 0.000471 0.004916 0.013339 0.031760 0.062511 0.102088 0.196536 0.282845
2.0 5.0 0.021693 0.070112 0.115494 0.178213 0.250023 0.319513 0.443324 0.531832
5.0 5.0 0.216036 0.345397 0.421719 0.501621 0.574370 0.633571 0.722251 0.776801
10.0 5.0 0.464797 0.587705 0.649399 0.708252 0.757872 0.795972 0.849854 0.881363
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Table 1. Cont.

δ α Q(0.01) Q(0.1) Q(0.25) Q(0.5) Q(0.75) Q(0.9) Q(0.99) Q(0.999)

0.5 10.0 0.000000 0.000006 0.000045 0.000256 0.001009 0.002748 0.010741 0.023455
1.0 10.0 0.000235 0.002461 0.006692 0.016008 0.031760 0.052418 0.103638 0.153150
2.0 10.0 0.015340 0.049608 0.081803 0.126523 0.178214 0.228950 0.321929 0.391344
5.0 10.0 0.188075 0.300759 0.367374 0.437389 0.501622 0.554493 0.635483 0.687105
10.0 10.0 0.433676 0.548415 0.606114 0.661354 0.708253 0.744643 0.797172 0.828918

The quantile values in Table 1 reveal that the WSG-Kumaraswamy distribution offers
substantial flexibility in shape behavior. The parameter δ primarily controls location,
with larger values shifting the distribution toward higher quantiles. Conversely, α influ-
ences both scale and shape, as increasing values concentrate probability mass near zero and
reduce overall dispersion. The model accommodates diverse distributional forms, ranging
from highly right-skewed to nearly symmetric configurations.

3.2. Moments

Moments of a probability distribution play a fundamental role in describing its location,
variability, asymmetry, and tail behavior, all of which are central to statistical inference.
For the WSG-Kumaraswamy distribution, the r-th raw moment is given by

E(Yr) =
∫ 1

0

π

2
δαyr+δ−1(1 − yδ)α−1 cos

(π

2
(1 − yδ)α

)
e1−cos( π

2 (1−yδ)α)
[
1 − cos

(π

2
(1 − yδ)α

)]
dy. (7)

To evaluate the integral in Equation (7), we apply the change of variable
θ = π

2 (1 − yδ)α, which leads to

E(Yr) =
∫ π/2

0

[
1 −

(2θ

π

)1/α]r/δ
cos θe1−cos θ(1 − cos θ)dθ. (8)

Since the integral in Equation (8) lacks a closed-form solution, we derive a series
representation. The kernel cos θe1−cos θ(1 − cos θ) is expanded as a power series, while the
term [1 − (2θ/π)1/α]r/δ is expanded via the binomial theorem. The resulting expression
involves partial Bell polynomials, which provide a compact notation for the coefficients
arising from the composition of series. Introducing u = 1 − cos θ, the kernel in Equation (8)
becomes u(1 − u)eu. Expanding the kernel as a power series gives

u(1 − u)eu =
∞

∑
n=1

bnun, b1 = 1, bn =
2 − n

(n − 1)!
(n ≥ 2).

The variable u possesses the trigonometric expansion

u = 1 − cos θ =
∞

∑
k=1

akθ2k, (9)

with ak =
(−1)k+1

(2k)! . Consequently, for n ≥ 1,

un =
∞

∑
m=n

c̃n,mθ2m, (10)

where the coefficients c̃n,m are expressible via the partial Bell polynomials Bm,n [24,25]

c̃n,m = Bm,n(a1, a2, a3, . . . ) = ∑
k1+···+kn=m, ki≥1

n

∏
j=1

akj
.
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Additionally, the power term in Equation (8) is expanded via the binomial series as

[
1 −

(2θ

π

)1/α]r/δ
=

∞

∑
j=0

(
r/δ

j

)
(−1)j

( 2
π

)j/α
θ j/α. (11)

Hence, substituting the series expansions given by Equations (9)–(11) into Equation (8)
yields

E(Yr) =
∞

∑
j=0

∞

∑
n=1

∞

∑
m=n

(
r/δ

j

)
(−1)j

( 2
π

)j/α
bn c̃n,m

∫ π/2

0
θ j/α+2mdθ

= α
∞

∑
n=1

∞

∑
m=n

∞

∑
j=0

bn c̃n,m

(π

2

)2m+1
(

r/δ

j

)
(−1)j

j + α(2m + 1)
. (12)

Since

∞

∑
j=0

(
r/δ

j

)
(−1)j

j + α(2m + 1)
= B

(
α(2m + 1),

r
δ
+ 1
)

in Equation (12), the r-th raw moment of the WSG-Kumaraswamy distribution has the form

E(Yr) = α
∞

∑
n=1

∞

∑
m=n

bn c̃n,m

(π

2

)2m+1
B
(

α(2m + 1),
r
δ
+ 1
)

(13)

where B(·, ·) denotes the beta function.

3.3. Moment Generating Function

The moment generating function (MGF) of the WSG-Kumaraswamy distribution can
be expressed directly in terms of its raw moments. Using the general definition

MY(t) =
∞

∑
r=0

tr

r!
E(Yr), (14)

and substituting the raw moment formula from Equation (13) into Equation (14), we obtain

MY(t) = α
∞

∑
r=0

tr

r!

∞

∑
n=1

∞

∑
m=n

bn c̃n,m

(π

2

)2m+1
B
(

α(2m + 1),
r
δ
+ 1
)

. (15)

After the rearrangement in Equation (15), the MGF of the WSG-Kumaraswamy distri-
bution can be written as

MY(t) = α
∞

∑
r=0

∞

∑
n=1

∞

∑
m=n

tr

r!
bn c̃n,m

(π

2

)2m+1
B
(

α(2m + 1),
r
δ
+ 1
)

.

4. Maximum Likelihood Estimation
Maximum likelihood Estimation (MLE) is the most widely used method for parameter

estimation due to its desirable asymptotic properties, including consistency and efficiency.
Let y1, y2, . . . , yn be a random sample of size n drawn from the WSG-Kumaraswamy
distribution with PDF given in Equation (4). The log-likelihood function ℓ(ξ) corresponding
to the parameter vector ξ = (δ, α), after omitting additive constants that do not involve the
parameters, is given by
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ℓ(ξ) = n log δ + n log α + (δ − 1)
n

∑
i=1

log yi + (α − 1)
n

∑
i=1

log
(
1 − yδ

i
)

+
n

∑
i=1

log
[
cos
(π

2
(
1 − yδ

i
)α
)]

+
n

∑
i=1

[
1 − cos

(π

2
(
1 − yδ

i
)α
)]

+
n

∑
i=1

log
[
1 − cos

(π

2
(
1 − yδ

i
)α
)]

. (16)

The MLEs δ̂MLE and α̂MLE are obtained by maximizing ℓ(ξ) with respect to δ and α.
This is achieved by solving the score equations

∂ℓ(ξ)

∂δ
= 0,

∂ℓ(ξ)

∂α
= 0

where the partial derivatives of ℓ(ξ) given by Equation (16) are

∂ℓ(ξ)

∂δ
=

n
δ
+

n

∑
i=1

log yi − (α − 1)
n

∑
i=1

yδ
i log yi

1 − yδ
i

− π

2
α

n

∑
i=1

yδ
i log yi

(
1 − yδ

i
)α−1 sin

(
π
2
(
1 − yδ

i
)α
)

cos
(

π
2
(
1 − yδ

i
)α
)

+
π

2
α

n

∑
i=1

yδ
i log yi

(
1 − yδ

i
)α−1 sin

(π

2
(
1 − yδ

i
)α
)

+
π

2
α

n

∑
i=1

yδ
i log yi

(
1 − yδ

i
)α−1 sin

(
π
2
(
1 − yδ

i
)α
)

1 − cos
(

π
2
(
1 − yδ

i
)α
) , (17)

and

∂ℓ(ξ)

∂α
=

n
α
+

n

∑
i=1

log
(
1 − yδ

i
)

− π

2

n

∑
i=1

(
1 − yδ

i
)α log

(
1 − yδ

i
)

sin
(

π
2
(
1 − yδ

i
)α
)

cos
(

π
2
(
1 − yδ

i
)α
)

+
π

2

n

∑
i=1

(
1 − yδ

i
)α log

(
1 − yδ

i
)

sin
(π

2
(
1 − yδ

i
)α
)

+
π

2

n

∑
i=1

(
1 − yδ

i
)α log

(
1 − yδ

i
)

sin
(

π
2
(
1 − yδ

i
)α
)

1 − cos
(

π
2
(
1 − yδ

i
)α
) . (18)

Since the score Equations (17) and (18) do not admit closed-form solutions, the MLEs
must be computed numerically using iterative optimization algorithms. In the implemen-
tation for this study, the optim function in R was employed with the BFGS algorithm to
maximize the log-likelihood function and obtain the parameter estimates.

The log-likelihood function in Equation (16) is continuously differentiable with re-
spect to δ and α over the parameter space. In the numerical experiments, the likelihood
surface exhibited a unique maximum for the datasets. As with many bounded-support
distributions, special attention is required when the sample contains observations very
close to the boundaries 0 or 1. In such cases, the contributions log yi or log(1 − yδ

i ) can
become numerically unstable. A practical remedy is to add a small tolerance (e.g., 10−10) to
confine the data inside (0, 1) before fitting. The simulation study in Section 5 confirms the
consistency of the MLEs and the robustness of the numerical optimization.
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5. Simulation Study
To assess the finite-sample performance of the MLEs δ̂ and α̂ of the WSG-Kumaraswamy

distribution parameters, a comprehensive simulation study is conducted. Samples of
sizes n = 25, 50, 100, 200, 400, 600 are generated from the distribution using the quan-
tile function detailed in Section 3.1. For each sample size n, the simulation is replicated
N = 1000 times under four distinct parameter scenarios, which cover various shapes and
scales of the distribution:

• Scenario 1: δ = 0.75, α = 2,
• Scenario 2: δ = 2, α = 0.5,
• Scenario 3: δ = 1, α = 1,
• Scenario 4: δ = 3, α = 2.

The performance of the estimators is evaluated using

• Bias: Bias(η̂) = 1
N ∑N

j=1(η̂
(j) − η),

• Mean squared error: MSE(η̂) = 1
N ∑N

j=1(η̂
(j) − η)2,

• Mean absolute error: MAE(η̂) = 1
N ∑N

j=1 |η̂(j) − η|,
where η represents the true value of δ or α.

The simulation results are presented in Tables 2–5 and illustrated in Figure 2.

Table 2. Simulation results for Scenario 1: δ = 0.75, α = 2.

n Parameter Bias MSE MAE

25 δ 0.05380 0.02715 0.12488
α 0.73824 3.72122 1.09238

50 δ 0.02374 0.01160 0.08236
α 0.30144 0.77908 0.60620

100 δ 0.01282 0.00542 0.05861
α 0.13742 0.25680 0.38189

200 δ 0.00567 0.00250 0.03933
α 0.06294 0.10836 0.25067

400 δ 0.00196 0.00121 0.02761
α 0.02360 0.04938 0.17372

600 δ 0.00090 0.00073 0.02198
α 0.01438 0.02878 0.13482

Table 3. Simulation results for Scenario 2: δ = 2, α = 0.5.

n Parameter Bias MSE MAE

25 δ 0.17643 0.28882 0.40472
α 0.10074 0.06708 0.17150

50 δ 0.07948 0.12906 0.28275
α 0.04628 0.02307 0.11285

100 δ 0.04023 0.05870 0.19107
α 0.02265 0.00959 0.07460

200 δ 0.02008 0.02749 0.13174
α 0.01096 0.00420 0.05036

400 δ 0.00952 0.01279 0.09049
α 0.00525 0.00194 0.03457

600 δ 0.00601 0.00826 0.07197
α 0.00341 0.00124 0.02738

The results presented in Tables 2–5 and Figure 2 demonstrate that the maximum
likelihood estimators δ̂ and α̂ of the WSG-Kumaraswamy distribution exhibit strong finite-
sample performance across all scenarios. As the sample size increases, bias, MSE, and MAE
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decrease monotonically toward zero, confirming the consistency of the estimators. In small
samples, some bias is observed, particularly when one parameter deviates substantially
from unity; however, this rapidly diminishes, becoming negligible for larger samples.
The MSE shows a substantial reduction with increasing sample size.

Table 4. Simulation results for Scenario 3: δ = 1, α = 1.

n Parameter Bias MSE MAE

25 δ 0.07159 0.04170 0.16188
α 0.29581 0.74363 0.45305

50 δ 0.03165 0.01757 0.10562
α 0.12079 0.18547 0.29436

100 δ 0.01580 0.00800 0.07120
α 0.05509 0.06063 0.19335

200 δ 0.00754 0.00371 0.04842
α 0.02628 0.02526 0.13150

400 δ 0.00275 0.00251 0.03986
α 0.00880 0.00876 0.07343

600 δ 0.00132 0.00153 0.03172
α 0.00567 0.00516 0.05709

Table 5. Simulation results for Scenario 4: δ = 3, α = 2.

n Parameter Bias MSE MAE

25 δ 0.21519 0.43432 0.49953
α 0.73823 3.72116 1.09237

50 δ 0.09496 0.18567 0.32943
α 0.30143 0.77907 0.60620

100 δ 0.05126 0.08665 0.23442
α 0.13741 0.25680 0.38190

200 δ 0.02269 0.04006 0.15731
α 0.06293 0.10836 0.25068

400 δ 0.00782 0.01930 0.11042
α 0.02359 0.04938 0.17372

600 δ 0.00359 0.01174 0.08791
α 0.01438 0.02879 0.13483

Figure 2. Behavior of MSE, MAE and bias for the MLEs of δ and α across the four parameter scenarios
as sample size increases.
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An examination of the simulation results in Tables 2–5 suggests that the estimator α̂

often achieves a slightly faster reduction in bias and mean squared error compared to δ̂.
This pattern is most evident when the true value of δ is relatively small, a situation in which
information about the lower tail of the distribution is limited.

Overall, these findings validate the desirable asymptotic properties of the MLEs
and show reliable performance even for moderate sample sizes. The results support the
practical application of the maximum likelihood method for fitting the WSG-Kumaraswamy
distribution to unit-interval data.

6. Real Data Applications
This section aims to illustrate the practical utility of the WSG-Kumaraswamy distribu-

tion by applying the distribution to two real-world datasets originating from epidemiology
and reliability engineering. The WSG-Kumaraswamy distribution is evaluated against
two well-established competing models: the beta distribution and the Kumaraswamy
distribution. The probability density functions of the competing models are given below:

• Beta distribution:

f (y) =
1

B(δ, α)
yδ−1(1 − y)α−1, 0 < y < 1, δ > 0, α > 0,

• Kumaraswamy distribution:

f (y) = δαyδ−1(1 − yδ)α−1, 0 < y < 1, δ > 0, α > 0.

All model parameters are estimated using the maximum likelihood method. To
compare the goodness-of-fit of the models, a set of evaluation criteria (EC) is employed.
The EC include:

• EC1: Kolmogorov-Smirnov (KS) statistic,
• EC2: p-value corresponding to the KS statistic,
• EC3: Anderson-Darling (AD) statistic,
• EC4: p-value corresponding to the AD statistic,
• EC5: Maximized log-likelihood (log-L),
• EC6: Akaike Information Criterion (AIC),
• EC7: Bayesian Information Criterion (BIC).

For the KS and AD statistics, smaller values of EC1 and EC3 indicate a better agreement
between the empirical distribution and the fitted model, whereas larger p-values (EC2 and
EC4) suggest stronger support for the null hypothesis that the data originate from the fitted
distribution. A higher log-likelihood value (EC5) signifies a better overall fit to the observed
data. Regarding the information criteria, lower AIC (EC6) and BIC (EC7) values reflect a
more favorable balance between goodness-of-fit and model complexity.

6.1. Application to COVID-19 Mortality Data

The first dataset, studied by [26,27], consists of daily mortality rates due to COVID-19
in France over 24 days, from October 1 to October 24, 2021. The data values are: 0.0740,
0.1190, 0.1344, 0.1926, 0.2232, 0.3140, 0.3243, 0.3393, 0.3563, 0.3706, 0.3843, 0.4164, 0.4482,
0.4578, 0.4616, 0.4755, 0.4917, 0.5045, 0.5069, 0.5325, 0.5625, 0.5972, 0.8057, and 0.8078.

Table 6 presents the descriptive statistics of the dataset. The positive skewness together
with the negative kurtosis indicates an asymmetric distribution with lighter tails.

The maximum likelihood estimates of the parameters and the corresponding evalua-
tion criteria are reported in Tables 7 and 8. Table 7 lists the point estimates δ̂MLE and α̂MLE

for each model. Table 8 provides the computed values of the seven EC.
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Table 6. Descriptive statistics for the COVID-19 mortality data.

Statistic n Mean Median Std. Dev. Skewness Kurtosis Sk/Ku

Value 24 0.4125 0.4323 0.1872 0.1985 −0.2601 −0.7633

Table 7. Parameter estimates for the COVID-19 mortality data.

Distribution δ̂MLE α̂MLE

Beta 2.4495 3.4956
Kumaraswamy 2.0487 4.0201
WSG-Kumaraswamy 2.0632 0.9531

Table 8. Evaluation criteria for the COVID-19 mortality data.

Distribution EC1 EC2 EC3 EC4 EC5 EC6 EC7

Beta 0.1244 0.8083 0.4696 0.7763 6.93913 −9.87826 −7.52215
Kumaraswamy 0.1168 0.8616 0.4567 0.7896 6.95118 −9.90236 −7.54625
WSG-Kumaraswamy 0.1165 0.8634 0.4483 0.7982 6.98818 −9.97636 −7.62025

Inspection of Table 8 reveals that the WSG-Kumaraswamy distribution delivers the
best overall performance. It achieves the smallest EC1 and EC3 statistics, the highest EC2

and EC4, the largest EC5, and the lowest EC6 and EC7. Consequently, among the three can-
didates, the WSG-Kumaraswamy distribution provides the most adequate representation
of the COVID-19 mortality data. The estimated parameters produce a unimodal density
that peaks away from the boundaries, indicating that daily mortality rates tend to cluster
around a central value with a slight asymmetry toward higher rates.

Figure 3 displays the histogram with the fitted density, the empirical and fitted cumu-
lative distribution functions, and the quantile-quantile (QQ) plot. The visual inspection cor-
roborates the numerical findings, showing an agreement between the WSG-Kumaraswamy
distribution and the empirical data. The QQ plot reveals a broadly linear trend between
theoretical and empirical quantiles, confirming a reasonable overall fit. A mild upward
curvature in the upper tail suggests that the empirical distribution has a slightly heavier
tail than the fitted model, which aligns with the positive skewness reported in Table 6.

Figure 3. Fitted plots for the COVID-19 mortality data: histogram with fitted density (top left),
empirical and fitted CDFs (top right), and QQ plot (bottom).
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6.2. Application to Times Between Failures Data

The second dataset, studied by [28,29], represents times between failures of secondary
reactor pumps and consists of 23 observations. The data values are: 0.216, 0.015, 0.4082,
0.0746, 0.0358, 0.0199, 0.0402, 0.0101, 0.0605, 0.0954, 0.1359, 0.0273, 0.0491, 0.3465, 0.007,
0.656, 0.106, 0.0062, 0.4992, 0.0614, 0.532, 0.0347, and 0.1921.

The descriptive statistics are given in Table 9. The positive skewness and positive
kurtosis indicate a right-skewed distribution with relatively heavy tails.

Table 9. Descriptive statistics for the times between failures data (normalized).

Statistic n Mean Median Std. Dev. Skewness Kurtosis Sk/Ku

Value 23 0.1578 0.0614 0.1931 1.2763 0.2430 5.2521

Parameter estimates and evaluation criteria are summarized in Tables 10 and 11.

Table 10. Parameter estimates for the times between failures data.

Distribution δ̂MLE α̂MLE

Beta 0.6307 3.2318
Kumaraswamy 0.6766 2.9360
WSG-Kumaraswamy 0.6787 0.6926

Table 11. Evaluation criteria for the times between failures data.

Distribution EC1 EC2 EC3 EC4 EC5 EC6 EC7

Beta 0.1541 0.5918 0.6886 0.5667 20.02854 −36.05708 −33.78609
Kumaraswamy 0.1393 0.7123 0.5755 0.6696 20.32962 −36.65924 −34.38825
WSG-Kumaraswamy 0.1376 0.7263 0.5634 0.6814 20.33736 −36.67473 −34.40374

The results in Table 11 favor the WSG-Kumaraswamy distribution. It attains the
smallest EC1 and EC3 values, the highest EC2 and EC4, the largest EC5, and the lowest
EC6 and EC7. The Kumaraswamy distribution follows as the second-best model, while
the beta distribution exhibits the poorest fit. The parameter estimates reflect a reliability
scenario where short failure intervals are common and the likelihood of longer intervals
diminishes rapidly.

Figure 4 provides a graphical comparison, confirming that the WSG-Kumaraswamy
distribution captures the overall shape of the empirical data very closely. The QQ plot
shows good alignment along the reference line, indicating that the WSG-Kumaraswamy
distribution captures the empirical quantiles well across the entire range.

The two empirical applications clearly demonstrate the enhanced flexibility and supe-
rior fitting ability of the WSG-Kumaraswamy distribution for modeling unit-interval data.
In both datasets, the proposed model outperforms the competing models according to all
considered evaluation criteria.
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Figure 4. Fitted plots for the times between failures data: histogram with fitted density (top left),
empirical and fitted CDFs (top right), and QQ plot (bottom).

6.3. Simulation-Based Model Comparison

To further investigate the robustness and generalizability of the superior fit ob-
served in the real-data applications in Sections 6.1 and 6.2, we conducted an additional
simulation study. Data were generated from three competing distributions: Beta(2, 3),
Kumaraswamy(2, 3) and WSG–Kumaraswamy(2, 3), with sample size n = 100 over
M = 100 independent replications. Each generated dataset was then fitted using all
three candidate models. The average values of the seven evaluation criteria across the M
replications are summarized in Table 12 (criteria for which smaller values indicate a better
fit) and Table 13 (criteria for which larger values are preferred).

Table 12. Average evaluation criteria (EC1, EC3, EC6, EC7) for the three fitted distributions across
M = 100 replications.

True Distribution Criterion Beta Kumaraswamy WSG-Kumaraswamy

Beta EC1 0.06238 0.06319 0.06260
Kumaraswamy EC1 0.06390 0.06288 0.06265
WSG-Kumaraswamy EC1 0.06652 0.06199 0.06149

Beta EC3 0.37143 0.38286 0.37621
Kumaraswamy EC3 0.39111 0.37599 0.37266
WSG-Kumaraswamy EC3 0.44401 0.38695 0.38136

Beta EC6 −44.29420 −44.07363 −44.08824
Kumaraswamy EC6 −38.71087 −38.82817 −38.80964
WSG-Kumaraswamy EC6 −145.61167 −146.34561 −146.36645

Beta EC7 −39.08386 −38.86329 −38.87790
Kumaraswamy EC7 −33.50053 −33.61783 −33.59930
WSG-Kumaraswamy EC7 −140.40133 −141.13527 −141.15610

The results exhibit a clear and consistent pattern: each model achieves the best average
goodness-of-fit when it is fitted to data generated from its own distribution. In every
row of Tables 12 and 13, the diagonal element (where the fitted model matches the true
data-generating mechanism) corresponds to the smallest value of EC1, EC3, EC6, EC7 and
the largest value of EC2, EC4, EC5. This confirms that the true underlying distribution is
correctly identified by the evaluation criteria.
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Table 13. Average evaluation criteria (EC2, EC4, EC5) for the three fitted distributions across
M = 100 replications.

True Distribution Criterion Beta Kumaraswamy WSG-Kumaraswamy

Beta EC2 0.79957 0.78447 0.79229
Kumaraswamy EC2 0.77418 0.79037 0.79379
WSG-Kumaraswamy EC2 0.74697 0.80350 0.80941

Beta EC4 0.86370 0.85141 0.85726
Kumaraswamy EC4 0.83766 0.85322 0.85579
WSG-Kumaraswamy EC4 0.80277 0.84676 0.85153

Beta EC5 24.14710 24.03682 24.04412
Kumaraswamy EC5 21.35543 21.41408 21.40482
WSG-Kumaraswamy EC5 74.80584 75.17281 75.18322

Two further observations are noteworthy. First, the proposed WSG-Kumaraswamy
distribution not only performs best on data generated from itself but also remains highly
competitive when fitting data that originate from the Beta or Kumaraswamy distributions;
its criterion values are often very close to those of the true model. Second, the absolute
values of the log-likelihood (and consequently of AIC and BIC) for the WSG-Kumaraswamy
rows are substantially larger than those for the Beta and Kumaraswamy rows. This is a
direct consequence of the exponential term exp

(
1− sin(πG/2)

)
in the WSG-Kumaraswamy

density, which naturally elevates the likelihood scale. Within each row, however, the relative
comparison of the three fitted models on the same dataset is valid, and the superiority of
the diagonal elements is clear.

Overall, this simulation-based comparison reinforces the findings of the empirical
applications: the WSG-Kumaraswamy distribution possesses the flexibility to adapt to
various data patterns while consistently providing excellent fit when the data genuinely
follow the proposed trigonometric-weighted structure.

7. Conclusions
This study has introduced the WSG-Kumaraswamy distribution as a novel and flexible

model for unit-interval data. Derived by integrating the Kumaraswamy baseline with the
weighted sine-G family, the WSG-Kumaraswamy distribution offers enhanced adaptability
in density and hazard shapes without additional parameters, addressing limitations of
traditional bounded models. Key statistical properties, including the quantile function,
moments and moment-generating function have been derived. Parameter estimation via
the MLE method has been explored, with a simulation study confirming the consistency
and efficiency of the WSG-Kumaraswamy distribution across various scenarios.

To demonstrate its practical value, the WSG-Kumaraswamy distribution was applied
to two real-world datasets from epidemiology and reliability engineering. In both cases,
the WSG-Kumaraswamy distribution outperformed competing models as evidenced by
superior goodness-of-fit measures.

While the WSG-Kumaraswamy distribution exhibits strong performance for the ana-
lyzed unimodal and skewed datasets, it may have limitations in capturing bimodal patterns
or extreme tail behaviors in certain applications. Moving forward, we plan to explore fur-
ther modifications, such as incorporating additional shape parameters or compounding
techniques, to enhance its applicability across a broader range of data structures.
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