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This paper introduces modulation spaces with variable smoothness and integrability,
defined via frequency-uniform decomposition operators and mixed Lebesgue-sequence
spaces. Since the conventional dyadic decomposition is replaced by a uniform one, a new
theoretical foundation is required. Therefore, we first introduce a new sequence of functions
and establish some important results related to these functions, which are fundamental
to our analysis. We then demonstrate that the definition of these modulation spaces is
independent of the choice of basis functions. Furthermore, we establish several embedding
theorems and prove the completeness properties of these spaces.
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1. Introduction

The theory of function spaces is pivotal to harmonic analysis and provides indispens-
able tools for investigating both ordinary and partial differential equations. Central to
the modern theory of function spaces is the technique of frequency localization, which
typically relies on two primary partitions of the Euclidean space R": the dyadic decom-
position R" = {x : x| < 1} U (U2 {x : [x| € [2/=1,2/)}), and the uniform decomposi-
tion R"” = Ugezn (k4 [—1/2,1/2)"). These partitions naturally induce the corresponding
dyadic and uniform decomposition operators. Then, together with the definition of ¢1(L”),
the Besov space By, ; and the modulation space M;, ; can be defined.

First introduced by Feichtinger [1] in 1983 via short-time Fourier transform on locally
compact Abelian groups, the modulation spaces M, , were conceived as a novel function
space theory, offering a viable alternative to the established Besov spaces. In the begin-
ning, the investigations of modulation spaces were focused on fundamental theories as
well as the analogy between Besov spaces and modulation spaces. However, in recent
times, there has been a growing recognition of their utility in characterizing the time-
frequency behavior of functions. Consequently, researchers have demonstrated significant
interest in modulation spaces, a-modulation spaces and their applications, as seen in the
works [2-9] and the references cited therein. In particular, from a PDE perspective, Wang
and collaborators [10-12] demonstrated the crucial role of combining frequency-uniform de-
composition operators with Banach function spaces of the form ¢7(X(R")) in the derivation
of nonlinear estimates, where X denotes a Banach function space on R”.

In parallel, variable exponent function spaces have attracted considerable interest in
the recent literature. While the investigation of variable Lebesgue spaces dates back to
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the seminal work of Orlicz [13,14], their modern resurgence began with the influential
paper by O. Kovacik and J. Rdkosnik in 1991 [15]. Subsequently, the results presented
in [15] were re-established in [16] via the methodology of Musielak—Orlicz spaces. These
foundations have led to the extensive exploration of variable Lebesgue and Sobolev spaces,
as documented in works such as [17-21].

The Besov spaces with variable smoothness BZE')(R”) were introduced in [22,23]
by Leopold and Schrohe when they studied pseudo-differential operators, and Besov
generalized them to the case Bf,g'q) (R") and F;,(q') (R™) in [24-26]. Xu began the study of
variable exponent Besov and Triebel-Lizorkin spaces, specifically the spaces B; 0 (R™)

A
and F* ) (R™), in [27,28], later establishing their atomic decompositions in [29]. A sig-

p()a

nificant advancement occurred in [30] when Diening, Hdsto and Roudenko introduced
the function spaces featuring both variable smoothness and integrability, specifically the
Triebel-Lizorkin space FZ(()) a0 (R™). This was followed by the introduction of the corre-
ZE; a0) (R™) by Almeida and Hésto in [31]. Since these foundational

works, the field has expanded significantly, with numerous contributions such as [32-34].

sponding Besov space B

Furthermore, Yang, Zhuo, and Yuan generalized these concepts to Triebel-Lizorkin-type
and Besov-type spaces with variable exponents, F;E%?() (R") and B;(())ﬁ() (R™) in [35,36].
In recent years, the landscape of variable exponent spaces has continued to grow, encom-
passing weighted versions like B;(())‘;() (R") and F;E;;’() (R"), Hardy spaces H*?()(X)
on RD-spaces, variable Besov spaces associated with heat kernels, as well as variable
matrix-weighted Besov spaces; see [37-41]. In [42], the authors studied weighted variable
modulation spaces M,(.) 4(.).(w) by some maximal functions. Additionally, variable ex-
ponent function spaces have demonstrated significant utility in a broad range of scientific
fields. Notable applications can be found in the study of fluid dynamics [43], the realm of
image processing [44], and within the framework of partial differential equations [45].
Motivated by the preceding research, this paper introduces a novel family of modula-
tion spaces characterized by variable smoothness s(-) and variable integrability exponents
p(-),q(-), denoted by MS(‘.)

QY
lation spaces. In [42], the function spaces MP(,),q(,)’u(w) is defined by means of certain

) (R™), which serves as a generalization of classical modu-

maximal functions in the case where s = 1. By contrast, in this paper we introduce a more
general framework, defining the function spaces M;(()) a0 (R") via frequency-uniform
decomposition operators under the assumption that s(-) is locally log-Holder continuous.

()

Moreover, the introduction of M’ (‘.) o) (R™) opens up a natural pathway for investigating

p
its connections with Bzgiq 0 (R™), enhancing our understanding of the structure of such
function classes. In this paper, we also derive several fundamental properties of these
spaces, such as embeddings and completeness. Additionally, we characterized the duals of
these variable exponent modulation spaces in [46].

This paper is organized as follows. Section 2 provides a comprehensive review of the
fundamental concepts and notations pertaining to semimodular spaces, variable Lebesgue
spaces, and the framework of mixed Lebesgue-sequence spaces. Section 3 presents several
technical lemmas that play a crucial role in this paper. A key distinction in our approach
is the utilization of a uniform decomposition of R"” during the definition of M;(())q 0 (R™),
rather than the traditional dyadic decomposition. This necessitates the development
of new techniques, as the standard y-function methods employed in references such
as [30,31,35-38] are no longer directly applicable. To address this issue, we first introduce
a new sequence of functions, namely 6-functions. Subsequently, we establish several
useful lemmas concerning these functions. In Section 4, with the aid of frequency-uniform
decomposition operators and mixed Lebesgue-sequence spaces, we introduce the spaces

M;(()) a()" A key result demonstrated therein is that the definition of these spaces does
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not depend on the specific choice of {¢y};.z» € Y or the associated frequency-uniform
decomposition operators. In Section 5, we prove several elementary embedding properties
about modulation spaces with variable exponents. These properties serve as the foundation
s(-)
p()a(
& and its dual space .#”’. Finally, we show the completeness of M;(()) a()

for deriving the embeddings among modulation spaces M y Schwartz function space

2. Preliminaries

This section is devoted to recalling essential definitions, establishing notation, and
presenting fundamental results. The constant C, appearing repeatedly throughout the
paper, is independent of the main variables and may assume different values in different
contexts. The relation A ~ B, implies that A and B are comparable, meaning there exists
a constant C > 0 such that 1/C < A/B < C. The notation A < B is used to express the
inequality A < CB. For a real number s, [s] denotes the floor function of s. We adopt
the standard conventions N = {1, 2, --- } and Z; = NU {0}. For x € R", we define the
functions (x) = (1+ |x|2)"/2 and (x), = 1+ |x1| + |x2| + - - - + |xn|, noting that (x) ~ (x),.
Given a multi-index & = (a1, a5, -+ , &), we use the standard notation D* = 8‘;1832 AR Ml
Furthermore, for k = (ky,ka, - - - ,kn) € R", |k|eo = max;_1 ... , |k;| denotes the supremum
norm of k.

Let . := . (R") denote the Schwartz space of rapidly decreasing functions, and let
S = " (R") be its strong dual, consisting of all tempered distributions. For f € .7, the
Fourier transform .Z f and its inverse .7 ! f are defined respectively as follows:

Ff(&)=f(&) = o f(x)e—zmxg dx, Ff(x)= L, f((:)ezmxg d.

Throughout this paper, ¥ stands for the Lebesgue sequence space, while L¥ := LV (R")
represents the Lebesgue space of measurable functions on R”, with norm || - |[ ..

2.1. Modular Spaces

In the subsequent discussion, let X denote a vector space defined over the real or
complex field. Our analysis of function spaces is carried out within the context of semi-
modular spaces. We direct the reader to [19] for a thorough and detailed exposition of the
underlying theory.

Definition 1. Let ¢ : X — [0, 00| be a function, and it is a semimodular on X provided it fulfills
the following conditions:

M e0)=0

(i) Forall f € X and all scalars A € R or C with |A| =1, o(Af) = o(f);

(iii) Ifo(Af) =0forall A >0, then f =0;

(iv) Forany f € X, the mapping A — o(Af) is left-continuous on the interval [0, o).

A semimodular g is referred to as a modular when o(f) = 0 forces f = 0. It is said
to be continuous provided A — o(Af) is continuous on the interval [0,00) for all f € X.
Additionally, a semimodular ¢ is said to possess the (quasi)convexity property if for any
f,g € Xand 6 € [0, 1], the inequality

o(0f +(1-0)g) < Alfo(f) + (1 —0)o(g)]

holds for some constant A. Specifically, the case A = 1 is convexity, while A € [1, ) is
quasiconvexity (see [31] (p. 1631)).
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Remark 1. Let ¢ be a convex semimodular on X and f € X. Then

@) o(Af) = o(|Alf) < [Ale(f) forall|A] <1.
(i) o(Af) = o(|Alf) = [Ale(f)  forall|A] > 1.

A semimodular gives rise to a (semi)modular space, defined as follows:

Definition 2. Let ¢ be a (semi)modular defined on X. The (semi)modular space associated with ¢ is
defined as
Xo:={f€X:31>0,st 0(Af) < oo}

The following conclusions can be founded in [19,31].

Lemma 1 (see [31] (Theorem 2.3)). For a (quasi)convex semimodular ¢ on X, the space X,
becomes a (quasi)normed space when endowed with the Luxemburg (quasi)norm, which is given by

(I fllo :=inf{A >0:0(f/A) <1}
By definition, the infimum over the empty set is equal to infinity.

Lemma 2 (see [19] (Lemma 2.1.9)). Suppose o is a (quasi)convex semimodular on X, and let {x; }
be a sequence in X,. Then, the convergence ||xi|lo — 0as k — oo is equivalent to the condition that

lim o(Axx) =0
k—o0
holds for every A > 0.

By virtue of the definition and the left-continuity property, we derive the subsequent
relationship, which facilitates the treatment of certain intricate norm definitions.

Lemma 3 (see [19] (Lemma 2.1.14). Norm-modular unit ball property). For a semimodular ¢
on Xand f € X, ||fllo < 1is equivalent to o(f) < 1. Moreover, when ¢ is continuous, the strict
inequality ||f|lo < 11is equivalent to o(f) < 1, and equality ||f||o = 1 is equivalent to o(f) = 1.

Corollary 1 (see [19] (Corollary 2.1.15)). Given a semimodular ¢ on X and f € X, the following
properties hold:

@ fll < Yimplies o(x) < || fllp -
(i) 1 <||fllqimplies || fllo < o(f)-
(iii) [[flle <o(f)+1.

2.2. Function Spaces of Variable Exponents

In this section, we begin with the variable Lebesgue spaces LP() (R"). A measurable
function p(-) : R" — (0,0] is classified as a variable exponent function if it satisfies
p(x) > c for some ¢ > 0. The family of all such functions is denoted by Py, and we use P
to signify the subclass where p(-) takes values in [1, c0]. Let p(-) be a measurable function
and (2 C R" a measurable set. We introduce the notation:

pg = essﬂinfp(X) and pf, := esssup p(x).
Q

When the domain is the entire space R", we simply write p~ and p™ for pg, and pf.,
respectively.
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Let f be a locally integrable function on R". We define its Hardy-Littlewood maximal
function as follows:

Mf(x) = sup oo [ 1f(W)ldy, VxR,
x€B /B

where the supremum is taken over all balls B centered at x, and |B| denotes the Lebesgue

measure of B. To ensure the boundedness of the Hardy-Littlewood maximal function on

variable exponent Lebesgue spaces, it is necessary to impose additional constraints on

the exponent function. Specifically, this requires the exponent to satisfy the log-Holder

continuity condition, a concept initially introduced in [21].

Definition 3. Let p(-) : R" — R be a given function.
(i)  The function p(-) is said to be locally log-Holder continuous, denoted by p € Cigf, pro-

vided that
P(3) =P < (ot 0
log(e+1/|x —yl)
for some cipg > 0 and all x,y € R".
(i) If, in addition to being locally log-Holder continuous, p(-) satisfies
P = Pl < o B e @

for some poo € Rand all x € R", then it is referred to as globally log-Holder continuous,
written as p € C°8.

Remark 2.

(i)  For brevity, in this article, we will use abbreviations to denote assumptions about relevant
functions. For example, when referring to a variable exponent function p(-), we simplify the
notation by writing p € P instead of p(-) € P.

(i) Clearly, the membership p € Cigcg implies that p € L*.

(iii) For p € Poand p* € (0,00), p € C'°8 is equivalent to 1/p € C'°8. Moreover, the validity
of (2) ensures that peo = lim|,|_,eo p(x).

We define the class P8 as the collection of all variable exponents p € P for which
% € C'°8. A corresponding definition applies to P(l)og.
We introduce the function ¢, (t) as follows:

t#ifp € (0,00,
pp(t) =149 0 ifp=occandt<1,
o ifp=coandt>1,

with the understanding that 1° = 0 which guarantees the left-continuity of ¢,. For a
measurable function f on R", its variable exponent modular is defined as

QP(')(f) = Rn (Pp(x)(|f(x)|)dx~

Following Definition 2, the associated semimodular space LP{") (R"), which is referred
to as the variable exponent Lebesgue space, is thereby defined.

Remark 3. Let p € Py.
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(i)  The Luxemburg (quasiynorm on LPC) (R™) is given by

Il = int{ 2> 0: ) (§) <1}.

This space forms a Banach space provided that p~ € [1, o0].
(ii) For a measurable set Q0 C R" with positive measure. LP)(Q) is the set of measurable
functions f on Q) for which ¢, .\ (Af) is finite for some A > 0:

PO Q) = {f is measurable on Q= @,y (Af) < oo for some A > 0}.

Lemma 4 (Generalized Holder inequality, see [18,19]). Suppose p € P(R"). Then, for every
pair of functions f € LPC)(R") and g € LV'C)(R™), the following inequality holds:

1 1
[ 17 as < (1455 = 1l sl
The exponent p'(-) is the conjugate of p(-), characterized by the identity ﬁ + ﬁ =1 for

all x € R", and we adopt the convention 1/00 := 0.

Remark 4.

(i)  Membership of p(-) in C'°8 implies that its conjugate exponent p'(-) is also an element of C'°8.
(i) (See [19] (Lemma 4.6.3)) Assume p € P'8. Then, for any f € LPC)(R") and any
nonnegative, radially decreasing ¢ € L' (R"), the following convolution inequality holds:

1f *&llpey < Cllfllp llglh
where C > 0 is a constant that does not depend on the functions f and g.

We now turn our attention to the mixed Lebesgue-sequence space £4()(LP()), a con-
struction due to Almeida and Hasto [31].

Definition 4. Given p,q € Py and a measurable domain Q) C R", the mixed Lebesgue-sequence
space £10) (L”(') (Q)) consists of those sequences { f; }jeN of LPC)(Q)-valued functions satisfying

H{'f]'}]‘HZ‘i(')(LP(‘>(Q)) = ll’lf{/\ >0: QW(')(U’(‘)) ({f]XQ//\}]) < 1} < oo.
The corresponding modular @ . (LP0)) is defined via the expression

. fi
QpaC) (Lp()) ({fj}]) = %mf{m > 010, (Hl/{i() st
IS j

]

under the assumption that A\1/® =1 for any A > 0.

Remark 5. Suppose p,q € Py.
(i) Whenq" < oo, the following identity holds:

inf{/\ >0: 0, (f/;w(l») < 1} = “|f|q(')“,®.
=
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Following the convention established in [31], we denote the left-hand side by this expression
even in the case g = oo. Consequently, we frequently utilize the simplified form:

cewror (1) =TI

oE
q()

(ii) According to Proposition 3.3 in [31], if g € (0, 00] is a constant exponent, then the norm satis-

fies:

163 o, = {0500},

with q4 = oo, then condition (1) readily implies that q(x) = oo everywhere

gq‘

(iif) Suppose g € Cigf
on R". This means the norm || - ||£q(.)(L,,(A>) coincides with || - ||é°°(LP<‘))‘

(iv) As shown in [31] (Proposition 3.5), @) (LP0)) defines a semimodular. It is worth noting that
it is a modular provided that p™ < oo, and it exhibits continuity whenever p™, g+ < oo.

(v) Almeida and Hiisto [31] established that || - HM(‘)(M(.)) defines a quasi-norm for arbitrary

p(-),q(-) € P. A norm structure is obtained if the pointwise inequality % + ﬁ <1
is satisfied or if q is constant. Subsequently, Kempka and Vybiral [34] extended this result
by proving that the quasi-norm becomes a norm under the conditions that p(-),q(-) € P
and either 1 < g(x) < p(x) < oo a.e. or p(x) > 1 with q being a constant in [1,00)
almost everywhere.

3. Some Technical Lemmas

The boundedness of the Hardy-Littlewood maximal operator is well known to play
a key role in classical function space theory. However, within the framework of variable
exponent function spaces, this property does not generally hold. Specifically, see [31]
(Example 4.1), the Hardy-Littlewood maximal operator often lacks boundedness on the
mixed Lebesgue-sequence space. To address this, convolution operators involving radially
decreasing kernels provide a natural fit; such kernels are precisely the #-functions referred
to in many studies.

However, since we adopt uniform decomposition over dyadic decomposition in this
paper, we can no longer use 77-functions. This means we have to develop a new class
of functions, which lead us to introduce f-functions. In this section, we will present
several lemmas and remarks related to the f-functions, such as some properties concerning
convolution and property akin to the r-trick. These properties play a crucial role in the
study of the modulation spaces with variable exponents.

In this paper, we introduce a family of functions on R”, referred to as 6-functions,
defined by
rt

ko ke Z", m>0,
(14 rifx])™

Ok, m (x) =
where 7 := /n(1 + |k|e). It is worth noting that for m > n, 6;,, € L! and the norm
|0km||; = cm is a constant that does not depend on the index k. In [30,31], #-functions
were defined by 7, (x) = (1 + |x|)~™ and #om(x) = 2"5,(2°x), v € N. We can find
that 0y ,,,(x) = r{nm(rx) which are different from #,,,(x). For consistency, we write
O (x) = (14 |x|) ™™ in our paper.

Next we will give some useful results about §-functions. These results are based on
the lemmas about 7-functions which were presented in [30,31].

Lemma 5. For ki,ky € Z", let ry, > r,,m > n,and x € R". Then

(i) ekz,m(x) < Zmekl,m (x), if |x] < rlzll’

https://doi.org/10.3390 /math14030518


https://doi.org/10.3390/math14030518

Mathematics 2026, 14, 518

8 of 22

() Oy (¥) < 20k (%), if [ > 1t
Proof. Let |x| < r;ll, then 1+, [x| <2, and we have

Oy (X) rZz(1+rk1|x|)m ) rpom

= < 2m,
lerm(x) 71111 (1 + 7k, |x|)m r’k11

If |x| > rk_zl, then 14 7, |x| < 27y, |x[, and we can get

Ok m (X) _ g (147 |x))"
Oy m (X) r,’jz(l + 15, |x\)m

r,’gl (2, |x|)™ rZ;*” .om
m-—-n

< <2
AT

<

O

Remark 6. If |ky — ki|eo < 1and m > n, then Oy, ,,(x) ~ O, m(x). In fact, if |ky — k1]eo < 1,
then ry, < 2ry, and ry, < 2ry,, thus we have

Oy, m (X) _ e, (L4 |x[)"™
Ok, m () . (1+ rk2|x|)m

(2r)"(1+ Zrk2|x|)m
" (1+ 7, |x))"

< <2m.om,

that is 6, m(x) S Ok, m(x). By the same way, we can get O, »,(x) < Ok, m(x). Therefore, we
obtain O,y (x) ~ O, m(X).

Lemma 6. Let ki,ky € Z", m > nand x € R". If we denote k € {kq,ky} satisfying ry =
min{ry,, rx, } by kn, then we get the estimate

Oy, * Oy (X) ~ O, (x),
and the constants involved are determined by m and n alone .

Proof. The proof is based on Lemma A.1 in [30]. By symmetry we may assume that
Tk, = Tk,- The condition m > n ensures that |0, .||, < cm and ||6g,mll; < cm. If [y| <
rel <1, then rly| < riglyl < Tand 1+ rg|x —y| < 1+ || +rglyl < 21+ ri, |1,
thus 6y, ,, (x —y) > C O, ,u(x). Therefore, we get

O * 0o (¥) = [ B = )0, (1) dy

{v: ni=rct}
> Couu(x) [ (L) "y
{w: wi=r}
> C27 "0, m(x) / er dy

e wirt)

> C27 "0k, m(x).

We proceed to establish the remaining assertion.
Define the set E := {y eR": |y| < 37,;21 or [x —y| > |x|/2}. For y € E, we have the
estimate 1+ 7y, [x —y| > % (1 + rg,|x|), which yields 8, ,, (x —y) < 6k, (x). Consequently,

[ 8ot = )00 ) Y S By () [ )y S By ).
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Now consider the case y € R"\E, which implies |y| > 3r,:21 > r,:zl and |y| > |x|/2. By
Lemma 5, we have 0y, (y) < 0k, (y) S Okym(x). Furthermore, we derive the inequality

/]R"\E ekg,m(x - ]/)le,m(]/) d.‘/ 5 ekz,m(x) / sz,m(x - ]/) d]/ S sz,m(x)'

R"\E

Finally, by summing the contributions from E and R"\ E, we conclude that

le,m * sz,m (x> 5 sz,m(x)'
Therefore, Ok, * 0k, m(x) ~ 6, m(x) and the proof is completed. [

Remark 7. By Remark 6 and Lemma 6, if |ky — ki|eo < 1 and m > n, then we have

le,m * 9k2,m(x) ~ lerm(x) ~ sz,m(x).

Especially, we also have 6y, * 0y, (x) ~ O (x).

Lemma?7. Lets(-) € Cigcg and k € Z". Then, for any R > ciog(s), there exists a constant C > 0
so that

(k)5 B i (x = y) < C (k) WOy (x — 1)

holds for any x,y € R". Here, ciog(s) denotes the constant associated with s(-) from inequality (1).

Proof. Let | € N be as minimal as possible with r¢|x —y| < 2 and 1+ r¢|x —y| ~ 2.
This implies
Omir(x —y) _ 1 ~<C2R
9k,m(x7y) (1+rk\x—y|)
In addition, it is straightforward to observe that (k) ~ r¢; then, combining with the
log-Holder continuity of s(-), we have

Clog(s) ,%
(k)W) =5() > (k)" TREHTET) > C PEEVFD

Clog<s)

2C(Zﬂx—m)@mmﬁw

Z C 2_lclog(s).

By choosing R > ¢jog(s) and combining above estimates, we can obtain the conclu-
sion. [J

Remark 8.
(i) Asthe Lemma 2.1 of [42], we also have

b 0, r(x—y) S W, (x —y)

forany1l < b < ocoand x,y € R"™.
(ii) Lemma 7 allows us to interchange the position of the term within the convolution, resulting in
the estimate

(R 0k % f(x) S O s ((0°OF) ().

Such a rearrangement facilitates the analysis of variable smoothness in various contexts.
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(iti) Fors(-) € C}gcg, k€ Z"and | € 7" with |l| < 1, we also have a result similar to the

previous lemma; that is,

(kY O i r (x =) S k) WOy m(x —y).

In the spirit of the r-trick from [30,31], we use the subsequent lemma to address
exponents less than 1.

Lemma 8. Suppose r > 0, k € Z" and m > n. Then, for any tempered distribution ¢ € .
satisfying supp § C {C : |€|eo < 1}, the inequality

18(x)| < C(B 8] (x))""
holds for all x € R", where C = C(r,m,n) > 0 is a constant.
Proof. As in the proof of Lemma A.6 of [30], for v = 0 and a fixed dyadic cube
Q=Qou:={xeR":uy; <x; < (u;+1),i=12,---,n},

where u € 7", we obtain the estimate

§(x)|" <supg(z)]" < C Z(1+|l|)_m/ 1§l dy.
zeQ =i Qo,u+i
Furthermore, if x € Qg , and y € Qg 41, then |x — y| ~ |I| for all sufficiently large I. It
follows that 1+ |x — y| ~ 1+ |I|. We thus conclude

suplg@" <C Y [ (14 x—y) " g)l'dy
zeQ 1ezn ¥ Qou+l

<C [ (@t b yl) gy = Cou gl (1)
Then we get the conclusion by taking the rth root. [

Remark 9. Let k € Z" and let g € ' be a tempered distribution whose Fourier transform is

supported in {& : |§ — k|oo < 1}.

(i)  Ifwe take g(x) = e~ 2"k g(x), then supp & C {&: |&|eo < 1}, thus, by Lemma 8 we have
18(x)| < C(Bm * |87 (x))"" as well.

(i) On the other hand, for ry, = /n(1+ |k|e), we can find v € N satisfying 2° < r, <
20t and {¢:|¢ — k|l <1} C {&: || <2°F1}. Choosing a fixed dyadic cube Q =
Quu = {xeR":27%; <x; <27%u; +1),i=1,2,--- ,n}, with u € Z", we can
proceed analogously to the proof of Lemma 8 to obtain |g(x)| S (Of pm * | g|r(x))1/ "

Now let us prove another lemma about f-functions, which is useful for £7() (LP("))
quasi norm.

1

locr We have

Lemma 9. Suppose p,q € P'°8. Then, for all m > n and sequences { fy }rezn C L

||{9k,2m *fk}kHM‘)(Lp(')) < CH{fk}kHM(')(U('))f

where C > 0 is a constant.
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Proof. We follow the ideas in [31] (Lemma 4.7). By a standard scaling argument, we may
assume without loss of generality that ||{ fi } Il () oy =1L This, in turn, implies

e (Ufih) = T 1l H
by virtue of Lemma 3. It remains to establish the existence of a constant c; > 0 for which
Jlex Bz = £l" |y < [, + G070 =c ©)
holds. Notably, this is equivalent to
H5 |e1 B2 * fie|” H

and likewise to
__1
H(S q() C1 lezm * fk

<1 4)
p()

In view of the log-Holder continuity of 1/g and the inclusion 6 € [<k> —+) 1 4 (k) _(”“)} ,
an argument analogous to that used in Lemma 7 gives

1 1

(67170 B (x = y) < C(671) T By (x — ).

1

Consequently, the term § 70) can be shifted inside the convolution, implying

1
Qk,m * <5‘7()fk) ‘

Then, according to Remark 4(ii), for an appropriate constant c; > 0, we have

57T | + fil] < C

1 1 1
H5 101 Ok0m * fi €1 Bjcm * (5 q”fk) < H(5 O fel| - ()
r() () p()
By the definition of 4, it is easy to get
1 q(+)
‘5 () fk <1,
r)
)
which is equivalent to
_ 1
] < o
()

Combining (5) and (6), we obtain (4), which means that (3) is true.
Notice that (k) ~ (k),. Furthermore, the number of lattice points k = (k1,kp, - -+ , ku) €
Z" such that |k| + |ka| + - - - + |ky| = i is bounded by O(i"~1). Consequently, we obtain

1 1 1
P IE s e .
kezn B G 8T S ke e = (LD
00 infl
) <
~ = (1 + l)n-‘,—l
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Therefore,
() : !
Y ille1 Oram * fl Hm <) |fk|Q()Hm+ L (kyn+1
kezn () kezn a()  kezr
1
S1+ ), g =<
kezn <k>

in which ¢; > 1. Then, combining with Remark 1, we have

c 1
Q) (Lr0)) ((C;f?k,zm *fk>k> < 5, 20wy (@1 8kam * fi)y) <1,

which implies
| (k20 *fk)kHMU(LP(‘)) <C

with a constant C > 0. This completes the proof of lemma. [

Remark 10.
(1) Asthe Lemma 2.2 in [42], we also have

162 * fioillear (1r0y < CN Okl e 100y

(ii) In certain situations, although the assumption p~—,q~ > 1 is needed, this condition can be
weakened with the help of Lemma 8 and the identity

I fickiell o rery = LA il g o) - @

1
T (L)
4. The Definition of Modulation Spaces

The definition of modulation spaces with variable exponents relies on certain back-
ground definitions from the constant exponent theory.

For each k € Z", let Q; denote the unit cube centered at k. The collection {Qj }czx
forms a decomposition of R". Let ¢ € . (R") be a smooth function mapping R” to [0, 1]
such that ¢(&) = 1for || < 1/2and ¢(&) = 0for || > 1. We define ¢, as the translation
of ¢ by k:

¢k (G) = ¢(C — k), keZ

It follows that ¢4 (&) = 1 on Qg and Y k7 ¢x(¢) > 1 for any ¢ € R". Setting

-1
Pr() = <Pk(§)< Y <Pk(§)> , kezm,

kezn

we obtain

lpr(8)] = ¢, VG € Q,

supp ¢ C {¢ 1 ¢ —klo <1},

Ykez 9x(6) =1, VEeER?,

D" (8)] < Clapy VG ER", @ € (NU{O})".

We introduce the set

Y = {{@}rezn : {Px}regn satisfies (8)}.
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It is clear that Y is nonempty. For each { @y };c;» € Y, we can define a corresponding
family of operators via
O :=.7 Yo%, kel

These operators are referred to as frequency-uniform decomposition operators. For
s€Rand 0 < p,g < oo, the modulation space is defined by

1/q
M, (R") = ¢ f € (R") [ fllmg, = ( )3 <k>s‘7IIDkf||Z> < oo

keZn

Comprehensive discussions regarding frequency-uniform decomposition methods
and their relevance to partial differential equations are available in the monograph [11] as
well as the papers [10,12].

Definition 5. Given { @y }cyn € Y and the associated frequency-uniform decomposition operators

{0k }regn. for p,q € P(I)Og ul’(llf s € Cigcg, we define the modulation space with variable smoothness

and integrability, denoted M; ('.) o) 8 the collection of all tempered distributions f € . satisfying

{00 Of )

< o0,

4
Hf”M;(()) kHM(»(Lp(»))

,q(°) H
Remark 11.

(i)  On the basis of the aforementioned modulation spaces, we introduce the following modular:

o )= uo ey ({<k>s(‘) Dkf}k>'

().q()

¢
S
14

Utilizing this modular, one can establish the norm of the spaces.
(i) Asadirect consequence of Remark 5(ii), setting q to be constant yields

I = H{H<’<>S<'> mkap(,)}k

We proceed to demonstrate that the spaces introduced in Definition 5 do not depend on

01

the specific selection of { @y };c7» € Y and the associated frequency-uniform decomposition
operators.

log
loc”

{W¥k }xezn be two families in Y. Then, the quasinorms induced by these families on M;(('.)) g are
mutually equivalent.

Theorem 1 (Equivalent quasinorm). Suppose that p,q € P8, s € CI°8, and let { @k teeyn and

Proof. Symmetry considerations allow us to reduce the problem to proving that

¢ < ¥ . 9
I SR ©)

.q() ()

For convenience, let us denote
0f =7 g7, O =7 'y.7,
and we have the almost orthogonality of D,‘f:

¢ _ o ld
Dk - Z |:lk |:|k+l’
st
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that s,
FloTf=Y,

o<1

F o F T W Tf

= Y Fl'ox T xS

o<1

Choose r € (0,min{1,p~, g~ }) and select m > n to be sufficiently large. In accordance

with the definition of ¢, we have |9‘ _1g0k] < Cbyy, s, with C independent of k. Then by

Remark 9(i), we have

‘ﬁ Prx F

SGZm/r* (92111* 71

¢k+l*f‘<92m/r ‘J 1/’k+l*f)

r)l/r

In addition, combining Remark 7 with Minkowski’s integral inequality (with exponent

1/r > 1), we further obtain

_ 1 r
F ek F ¢k+l*f‘ N

SGZm*

Next, by Remarks 8 and 10, we get

@A o o, = [ {0

<

~

o<1

<

~

{00
S u|§<1 {ky?
{«

{«

<

~

o<1

S X

o<1

<[[{w

(92711/1'

iogf

oo (1

s(-)r

(k+1)°

(k+1)°

) D’lff}kHM()

1 r 7 r
*924’) * ’ﬁ 11pk+,*f’

_1 r
F ‘/’k+l*f’ .

r 1/r
}ng%%

92*

1/r
Fell e 2,
1/r
Vil o
1/r
}H e
1/r
ol

\Dwf o

k+

4
DkJrl

ey’

where we use the shift invariance of the mixed Lebesgue-sequence space as well as the fact
< (k41507 fors(+) € Cigcg This completes

that (k) ~ (k+ 1) when |I|c < 1and (k)sC
the proof. [

In light of Theorem 1, we may pick {¢x},c7» € Y as needed. Consequently, we will

suppress the dependence on ¢ in the notation for both the norm and the modular.

5. Embeddings

This section is devoted to establishing several fundamental embedding properties and

the completeness of the aforementioned modulation spaces.

Theorem 2. Let p,q1,q2 € P(I)Og, s € Cigf If g1 < qo, then

(
M)

=

(
p()a2()’
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Proof. If g1 < gp and A <1, we have

and it follows that
Qp(-) T < 0p() I

for k € Z". Thus, by Definitions 4 and 5, we obtain
o0 (f/m)<ep0  (f/m)
p()a2() p()a1()

for each p > 0, which implies

IFIl s < LFI s
Myt M0,

up) )1 ()

This completes the proof. [

Theorem 3. Let p,q1,q2 € P(l)og, S1,82 € Cigf For the following three conditions,
() g <q; ands; > sy,
(i) g >qy and (s1 —s)” > % — ﬁ > 0;
(iii) (51 *Sz)_ > L >0,
92
if one of them is satisfied, then
s1(-) s2(")
My = Moy (10)

Proof. By Theorem 2, we have
s1(-) s1(+) s2(+) s2(-)
Mpera() = My 20D My = Myt an

For case (i), the assumption s, < s1, directly implies that
|=mue],, < @O0
r() ()

which implies

e ool < Rleood, ),

s1(+) s2(+)
MP(')/‘JT - Mp(‘)/ﬁ

L
i

Hence,

by Remark 11 (if). In view of £7i < % when gi < g, , we can obtain
s1(°) s2(+) 12
Mycrar 7 Mpcra7 12

which together with (11) implies (10).
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For case (ii), the combination of Holder’s inequality and the inequality sq(-) —sa2(+) >
(s —s2)~ yields

H { H <k>52(.)DkaP(-) }k

. {H<k>sz(~)—s1<-><k>s1<-)gkap(_)}k
{<k>(5152)‘H<k>51(-)gkap(.)}k
{H<k>51(.)mkap(.)}k gt

@ —a;) /979y
. ( Z <k>(S1Sz)qfqz/(qfqz)> )
kez"

2

IN

2

IN

Since

(1+l)1’l 1—(s1—s2)~ '11 9 /(‘71 ‘72) (13)

MS

Y (k) ~(s172) 400y /(4 —42) <
kezr i

0

and (s; —sp)” > qi, — q% are sufficient to ensure the convergence of the series on the
2 1
right-hand side of (13), we thus obtain (12) which makes (10) true.
For case (iii), if f € M) ., then by 0 < £ we can get

PO
H{H<k>szom"f“p<->}k

. {H<k>52(')51(')<k>51(')|jkap(.)}k

2

: {<k><swz>u<k>ﬂ<->mka Ll
<@ s [0 Omer], b
S {<k>7(51752)_ kller H{H<k>$l 4 DkaP(')}k o

<|{Joommr] }

where the last inequality relies on the observation that

o,

+ 7
A

9
2

- <k>*(51*52)_q5
kezn

00 —
Z 1+1n 1—(s1—2)7 9, < o0,

when (s; —s3)” > qi_ > 0. Therefore, we get (12) and finish the proof of theorem. [J
2

Remark 12. Ifsi(-) > sy(-), then M;l((.')?q(') — M;z(())q() In fact, if s1(-) > sa(-), we have

Ozt (f) = Qutr (100 ({<k>52(') Dkf}k)
>

kez"

. q(-)
<k>sz()Dkf’ Hp(‘>

q(-)
i (. q()
< ¢ [lws=0ou™]
kezr Fel
=0 a0 (f),
M0
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1
'B q(x

0k < ([ 0 00— (8

which implies
Ifll w0 < fIl o
M0 My,

q(: ()

Theorem 4. For py,p2,9 € P(I)Og and s1,8, € Cllgg with s1(-) > sa(-), the condition that 1/q and

C

. ISz(x)—ﬁ

are locally log-Holder continuous yields

51() 22()
M () ™ Mpy(a0) (14)

Proof. We use a similar argument to the proof of [31] (Theorem 6.4) . A standard scaling

argument allows us to restrict our attention to the normalized case where || f|| w0 =L
p1()a()
In this case, the Norm-modular unit ball property ensures that

D

kO o]
kez"

<1.
) =
q()

Next, we will prove that there exists an constant ¢; > 0 such that

+ (k)= (=, (15)

j21Q)
q(-)

. q() , q(-)
e1 (=00 f] Hm(,) < H\<k>51<>mkf\
()

Denote a := s, — . Notice that § € {(k)f(”“), 1+ (k)*(”“)} ; then through a similar
argument as in the proof of Lemma 9, we have

__r_

BT (k)" O f(x) |7 < CB™ T (k) (B g [T fI') ()

< Cek,m * <IB

07 (1)) |Dkf|)r<x>

for fixed r € (0, p; ) and large m. Lets = p;/r € Py, the Holder’s inequality implies

L0 o oy an)
7 () |Dkf|) ) dy)

RO

(16)

'1/r

<[t ontx =), |67 0

p1(-)
For the first norm on the right-hand side of (16), since (k) ~ ry for k € Z", we can
investigate the corresponding modular as follows:

_syn

o) (0 T0u(x =) = [ (00 " A rfx = y) ™ Wy
< C/Rn rZ(1+rk\x—y|)_msl(y)dy

< C/ 1+ |rex —z)) ") dz < o,
RVI

when m is large enough such that m(s’)” > n. This establishes the boundedness of
the first norm. Furthermore, suppose that H |f|aC) H () < A, this condition implies that

1
A b f < 1. Hence, the second norm in (16) is

p()

Qp()

: <f|;”> < 1, which in turn yields
q0)
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bounded by 1, a result justified by the definition of 8 and the identity a + % =5y — ;—2 +
}% = 51.
Therefore, we can take an appropriate constant c; € (0, 1] such that

pa(x)

o R pa(e)—p (x)
(ms 7 (k)2 x>|Dkf<x>|) _h (clﬁ a<x><k>“|mkf<x>|)

n pl(x)
(B R )

1

n pl(x)
< (5w Ens)

Integration of this inequality over R", together with the definition of §, yields

q() q()
(er (k)20 101 (010 [0ef1)
1) B 0] p

which implies (15).
Then, by the similar discussion in the proof of Lemma 9 and summing on both sides
of (15), we obtain

200" < 0, £ ~(n+1)
L |lerw=0mg [T, < B om0+ E
i ke ) ke
<1+ Y (k)0 < o) < oo,
kezn

where ¢; > 1is a constant. Then, combining with Remark 1, we have

A () 1 52()
QM(')(U‘Z(‘)) <{C2 <k> 2 Dkf}k) < & QM(')(U’Z(')) ({Cl <k> 2 Dkf}k) <1,

which implies

<C
kHW(‘)(U’z(')) -

Al = || 0= 0f
My 0a0) H{ }
with a constant C > 0. Therefore, we get the embedding (14) and finish the proof. [

Let O C R" be compact. The space Lg(') comprises those functions f € LP()(R") for
which supp.# f C Q). Then, in the following theorem which has been given in [47], we can
compare [|f|[,,.) with || f|[(.) as in the constant exponent Lebesgue spaces.

Lemma 10 (see [47] (Theorem 4.14)). For any compact subset Q) of R" and p, q € Py satisfying
0 < p(x) < g(x) < oo, there exists a constant C > 0 ensuring that

ID* fllgy < Clifllpe

and

D" flleo < CllIfllp

forall f € LE)(') and every multi-index « = (aq, a0, -+, &n).

Remark 13. In the context of constant exponent modulation spaces, the embedding relation
M;}llql C My, 4, holds whenever sy < s1,p1 < pp and q1 < qy. If p1, p2 are variable exponents,

https://doi.org/10.3390 /math14030518


https://doi.org/10.3390/math14030518

Mathematics 2026, 14, 518

19 of 22

we can obtain a similar conclusion, namely M;ll(') e M;ZZ(AMZ when s, < s1,p1(x) < pa(x)

A
and q1 < qp.

In fact, using Lemma 10, we have |Uyf ||,y < [Ckfllp, (), which implies
RNk f Wl oy S GBS M py )

for k € Z"". Then, in view of {1t C {92 and Remark 11, we obatin

[{ k=100 } |

S
1 = Mlﬂz

S{{ w100},

092 1

51
and M, ()4 (Va2

It is well known that #(R") C M;, ,(R") C .7/ (R") for the constant exponent modu-
lation spaces. Similarly, combining the above several embedding properties, we are able to
establish the conclusion below:

Theorem 5. Given p,q € ’P(IJOg and s € C,°8, then

loc”

) — ..

s(-
= My a0

S(

Proof. Let us prove Mp(',)) ) " first. Since p(x) < p*, by Theorem 4, we have

s(-) s(-)+n/pt—n/p()
My)a) T Mpra) ’

Taking e > n/g~ > 0, together with Theorems 2 and 3 and the constant exponent case,
we can get

MY Cy SO POF ey Ul g

s(+) !
Hence, Mp(-),q(~) — 7.

On the other hand, since p(x) > p~, by Theorem 4 again, we have

s(-)+n/p~—n/p(-) s(+)
M= a0 = My a0y

Taking s € R" satisfying so > (s(-) +n/p~ —n/p(-))" +n/q~, we deduce

80 s(-)+n/p~—n/p(:)
S Mpiq* - Mpiq() ’

)

Therefore, .7 — Ms('
p(-).q(-)

, and the proof is completed. [

()

Analogous to the constant exponent case, the completeness of M; ('.) o) can be proven

as follows, rendering it a (quasi-)Banach space. To prove the completeness, we need the
following lemma.

Lemma 11 (see [48]). Given p,q € Po(R") with g~ < oo, consider any sequence {fi}r of
measurable functions. The inequality

1 1
I{ kel oo ey < max{@m(~)(m(-))({fk}k)q Qa0 () ({fiedi) }

holds if Qg (1p)) ({fih) > 0 0r g™ < co.
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Theorem 6. Let p,q € PlOg, < oo,ands € C}gcg, then M (())q( ) is complete.

Proof. Let {f;};, be a Cauchy sequence in M;(())q (O Then, Theorem 5 implies that {f; };° ;
is likewise a Cauchy sequence in .#’. Owing to the completeness and local convexity of .7,
there exists an element f € ./ with f; — f in the strong topology of ./, which implies
Ok fi = Okf in .’ for every k € Z" when | — co.

On the other hand, the fact that {f;},° is a Cauchy sequence in M (()) S s M;(()) gt

ensures that {{J; f;}7- is a Cauchy sequence in LPC) (R™). Invoking Lemma 10, we deduce
that {C; f;};-, is also a Cauchy sequence in L*(R"). As L®(R") is complete, we can find a
gk € L™ satisfying

10kf1 = 8kllo =0, as I —co, (17)

Thus, we have Uy f; = g almost everywhere. Combining the convergence U f; — Oy f in
" as | — oo with (17) and the inclusion L® C .#/, we conclude that g, = i f.
Then, by using Fatou’s lemma twice, we have

QMf,(('.)),M(fl —f) = Qut)roy ({<k>s(') O (fi — f)}k)

- ¥ |lwo o -

p()

kezn 70
s() 1 q()
= ()=t lim D (f —fm)‘ o
kezZn ol
q()
tim ||| Oefy = )| |
k€Z” m—00 Z(.)
< 1 s() q()
im Y |60 D~ S| )|
IR ke o
= lim ¢, ., (fi—fum)
m=eo “p(-),q(-)
which, combining with Lemma 2, implies
QMS(A) (fl — f) — 0, as [ — oo. (18)
p().q()

By Lemma 11, we can obtain f € M;i)) a0 and ||f; —f||Ms(,> — 0as! — oo. The
’ p()a()
proof is completed. [J
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