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Abstract 

Weighted problems for the p-Laplacian represent a wide range of models arising from 
real-world research. Solving such problems involves, in many situations, variational ap-
proaches that are various and a virtually inexhaustible resource. In this paper, starting 
from a weakened saddle point type result, an existence theorem for a special kind of Di-
richlet weighted problem involving the p-Laplacian is proved using a broad range of ad-
ditional results. The continuing importance of this type of result is supported by a discus-
sion on the applicability of the model as well as by the possibility of constructing a con-
crete solution via an appropriate numerical method based on saddle point–type results. 
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1. Introduction 
Weighted problems involving the p-Laplacian represent an important tool for mod-

eling special types of real-world phenomena, such as in population dynamics in hetero-
geneous media [1], autocatalytic chemical reactions with nonlinear diffusion [2], reaction-
diffusion equations with structured source term [3], population biology and ecology with 
heterogeneous diffusion and growth, or flow in porous media and hydrology (with 
sources or sinks) [4]. 

There are very close matches that combine weighted p-Laplacian problems and min-
imax techniques, such as at Alziary et al. [5], where a resonant Cauchy problem is studied, 
or in the book [6], where “a weighted problem for the p-Laplacian” treats a weighted p-
Laplacian boundary value problem as an application of abstract operator theory; they cast 
a weighted p-Laplacian eigenvalue problem into the framework of compact operators and 
variational eigenvalue problems, and this provides a rigorous functional-analytic under-
pinning for the spectral theory of the weighted p-Laplacian. While they do not go deeply 
into saddle point theorems there, the framework is exactly the same variational setting in 
which saddle-point and minimax methods are later applied. 

Several papers study weighted eigenvalue problems for the p-Laplacian, often with 
variational and minimax tools, such as [7] which introduces an eigenvalue problem with 
possibly sign-changing weight m, or [8], where instruments are not always explicitly 
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named “saddle point theorems”, but the structure (indefinite functional, constrained min-
imization, critical point theory) is the same variational toolkit. 

More recently, weighted p-Laplacian problems using minimax-type methods have 
been considered [9,10] as a few examples where weighted p-Laplacian problems are at-
tacked via critical point theory (mountain pass/three critical points, etc.). 

Regarding the applications, they cover an extended field of subjects such as non-
Newtonian fluids and porous media [11], nonlinear elasticity and plasticity [7,8], popula-
tion dynamics and ecology [1], degenerate/singular diffusion and weighted Sobolev 
spaces [2]. 

In nonlinear functional analysis, saddle point type theorems giving critical points of 
functionals on infinite-dimensional Banach spaces have their origin in the result due to 
Rabinowitz in [12]. Its classical obtaining is via a minimax theorem deduced based on the 
original form of Ekeland variational principle [13], under the assumption of C1 Fréchet 
class for a real function on a Banach space, followed by versions for Lipschitz functions 
[14,15]. The same variational principle is used to obtain, in the Finsler manifolds, three 
theorems of minimax type with the afferent saddle point theorems [16]. Other works can 
be mentioned, such as [17–19]. 

The weighted p-Laplacian treated using minimax variational methods represents a 
highly topical subject of particular importance, as demonstrated by recent studies [10,20–
25]. 

In this paper, a variant of the saddle point theorem (SPT), obtained by the author in 
[26], is used to prove an existence result for a Dirichlet weighted problem involving the p-
Laplacian, followed by concrete applications in describing solutions for some interesting 
real-world models. 

2. Materials and Methods 
2.1. Preliminaries for a Saddle Point Theorem 

The main theoretical result used to characterize the solution of the problem studied 
in this paper is a particular variant of the saddle point theorem, previously obtained by 
the author in [26]. To introduce this theorem, several notions should first be defined. 

Definition 1. Let X be a real normed space. 
A nonempty set β of bounded parts of X, with the properties: 1௢  ⋃ 𝐴 ஺∈ஒ  = X, 2௢ A ∈ β  −A ∈ β and λ A ∈ β (λ > 0), 3௢ for every A, B in β there exists C in β such that A ⊂ C and B ⊂ C, 

is named bornology on X. 
For instance, the set ி of bounded symmetrical (M = −M) parts of X and the set ீ 

of finite symmetrical parts of X are bornologies on X (for the justification in the case ி 
use the balls). 

ଵ, ଶ being bornologies on X, the property: ∀A from ଵ ∃B in ଶ such that A ⊂ B 
will be designated by: 

ଵ  ଶ.  

We have: 

ୋ   β  ୊  

for every bornology β on X (see, for instance, [27], I, §3, 3.7 for clarifications). 
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Definition 2. Let β be a bornology on X and f : X → 𝐑 locally finite in the point a (i.e., 
there is a neighborhood of a on which f is finite). By definition, f is β-differentiable in a, if 
there exists ϕ in the dual 𝑋 such that, for every S in β, we have: 

lim௧→଴௛ௌ
𝑓(𝑎 + 𝑡ℎ) − 𝑓(𝑎)𝑡 = φ(ℎ)  

(uniform limit on S for t → 0). 
φ is the β-derivative of f in a, and it is denoted: ∇ஒ f (a).  

The function f is β-differentiable on a subset of X has the usual meaning. 

Proposition 1. Let f : X → 𝐑 be locally finite at a point a. f is ி-differentiable in a respective ீ-
differentiable in a, iff f is Fréchet differentiable and Gâteaux differentiable, respectively, in a, and 
in this case ∇ஒ୊  f (a) = f ′(a) and ∇ஒୋ  f (a) = 𝑓௪′(a)  

respectively [27]. 

Proposition 2. Let ଵ, ଶ be bornologies on X, ଵଶ. If f : X → 𝐑 is ଶ-differentiable in a, then 
f is also ଵ-differentiable in a and ∇ஒభ f (𝑎) = ∇ஒమ f (𝑎).  

In particular, if f is β-differentiable in a, then f is Gâteaux differentiable in a and ∇ஒ f (a) = 𝑓௪ᇱ (𝑎).  

Proposition 3 (β-derivative of the composed function). Let f : X → R β-differentiable in 𝑥଴ and 
F: R → R of C1 class on J open interval with f (𝑥଴) ∈ J. Then g : = F o f is β-differentiable in 𝑥଴ and ∇ஒ g(𝑥଴) = 𝐹ᇱ(f (𝑥଴)) ∇ஒ f (𝑥଴)  

[27]. 

Definition 3. Let X be a real normed space, β a bornology on X and ϕ : X → R. Let c be in 
R. ϕ verifies the Palais-Smale condition (respectively, the weak Palais-Smale condition) on the 
level c, (PS)௖, with respect to β, if ∀(𝑢௡)௡ଵ a sequence of points in X such that lim௡→φ(𝑢௡) = 𝑐 and   lim௡→ฮ∇ஒφ(𝑢௡)ฮ = 0,  

this sequence has a convergent subsequence (respectively, c is a critical value for φ, that 
is c = φ(𝑢଴) and ∇ஒ φ(𝑢଴) = 0). 

Let us now turn to the main foundational result. This is a variant of the saddle point 
theorem obtained in [26] via a minimax-type theorem derived using Ekeland variational 
principle. 

Theorem 1 (Saddle Point Theorem). Let X be a Banach space and φ: X → R continuous and 
Gâteaux differentiable with φ௪( · )(v) upper semicontinuous ∀v ∈ X. Suppose X = V ⊕ W, direct 
sum, with V, W closed subspaces and 

dim V < +∞, sup஢ೃ  φ < inf ௐ φ, σோ  : = {v ∈ V: ||v|| = R}.  

Let be 
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𝑆ோ  : = {v ∈ V: ||v|| ≤ R}, T: = {g ∈ C(𝑆ோ; X): g(t) = t on σோ},  𝑐 ∶ = inf௚∈் supௌೃ  (φ o g).  

If φ verifies the weak (PS)௖ condition, then c is a critical value for φ. 

Remark 1. The above theorem was obtained by Rabinowitz [12] under the assumption φ 
belongs to the C1 - Fréchet class. The extension to continuous φ with φ௪( · )(v) upper sem-
icontinuous (u.s.c.) for all v ∈ X was carried out by the author [26]. 

Remark 2. In the above statement, the Gâteaux derivative can be replaced by any β-deriv-
ative, where β denotes a bornology on X, as stated in paper [26]. 

2.2. The Weighted Problem with p-Laplacian 

2.2.1. The Problem Under Study 

Based on the above result, the solution of the following problem can be characterized 
as follows: (𝐏) ቊ−∆௣𝑢(𝑥) = 𝑎(𝑥)𝑢௣ିଵ + 𝑓൫𝑥,𝑢(𝑥)൯, on,𝑢(𝑥) = 0, on .   

Here Ω is a bounded smooth domain of 𝐑ே, f : Ω × R → R is assumed to be a Carathéodory 
function (for details, see, for instance, Definition 2.9 from [28]) satisfying the growth con-
dition: 

|f (x, s)| ≤ β|𝑠|௣ିଵ + α(x), ∀x ∈ Ω\A with μ(A) = 0 ∀s ∈ R,  

where μ is the Lebesgue measure, β ≥ 0, α ∈ 𝐿௣ᇱ(Ω), ଵ௣ + ଵ௣ᇱ = 1, 1 ≤ p ≤  ଶேேିଶ , when N ≥ 3, 

1 ≤ p ≤ +∞, if N = 2. In the above-presented problem (P), a ∈ 𝐿(Ω). 

Clarification. Regarding the behavior of the nonlinear term, the function f does not intersect 
the spectrum of the weighted p-Laplacian; that is, there is no resonance either at infinity or 
at zero. 

The energy functional ϕ associated with the problem (P) is ϕ: 𝑊଴ଵ,௣(Ω) → R, defined 
by: 

ϕ(u) = ଵ௣ ||𝑢||ଵ,௣௣ ׬− ቂ௣ 𝑎(𝑥)𝑢௣(𝑥) + 𝐹(𝑥,𝑢(𝑥))ቃ 𝑑𝑥 , (1) 

where  𝐹(𝑥, 𝑡) = ׬ 𝑓(𝑥, 𝑠)𝑑𝑠௧଴  ,  ||𝑢||1,௣ = ||u|| +௅೛(ஐ) ∑ ቛడ௨డ௫೔ቛ௅೛(ஐ)ே௜ୀଵ  is a norm on  𝑊଴ଵ,௣ (Ω) 

which is equivalent to the norm u →  ቆ||𝑢||௅೛(ஐ)௣ + ∑ ቛడ௨డ௫೔ቛ௅೛(ஐ)௣ே௜ୀଵ ቇభ೛ and it is also equiv-

alent to the norm u → || |∇u| ||௅೛ (ஐ) (this equivalence is proven in [28]). The vector space 𝑊଴ଵ,௣(Ω), endowed with one of these three equivalent norms, is a smooth Banach space (for 
more details, see, for instance, [28]). Regarding F, by taking into account the Carathéodory 
property of f, i.e., the growth condition, one immediately deduces: |𝐹(𝑥, 𝑡)| = ቤන 𝑓(𝑥, 𝑠)𝑑𝑠௧

଴ ቤ න |𝑓(𝑥, 𝑠)|𝑑𝑠௧
଴ න [|𝑠|௣ିଵ௧

଴ + α(𝑥)]𝑑𝑠 = 𝑝 |𝑡|௣ + 𝑡α(𝑥), (2) 

∀x ∈ Ω\A with μ(A) = 0 ∀t ∈ R. 
Suppose, in addition, that f satisfies: 
(f 1) f (x, s) = o(|𝑠|௣ିଵ), s → 0, uniformly for x ∈ . 
(f 2) There exist constants μ > p and r > 0 such that, for |s| ≥ r, 

0 < μF(x, s) ≤ s f (x, s), ∀x ∈.  
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Property (f 1) implies [29]: limୱ→଴୶∈ഥu 𝑓(𝑥, 𝑠)|𝑠|௣ିଵ = 0   > 0  > 0, such that |𝑠|    ฬ𝑓(𝑥, 𝑠)|𝑠|௣ିଵ − 0ฬ  ,𝑥.  

One integrates on [0, t], |t| ≤ δ: 0 < |f (x, s)| ≤ ε|𝑠|௣ିଵ, for x fixed in . Hence: 0  𝐹(𝑥, 𝑡)  ε𝑝 |𝑡|௣. (3) 

Property (f 2) implies ([29]): 𝑓(𝑥, 𝑠)𝐹(𝑥, 𝑠) 𝜇𝑠 ,  

whence, by integration, 

ln|F(x, s)| ≥ μ ln |s| + C�,  

and hence, for |s| ≥ r, 

F(x, s) ≥ C|𝑠|. (4) 

2.2.2. The Eigenvalue Problem 

The first eigenvalue of the associated homogeneous problem: (𝐸𝑃) ൜−∆௣𝑢(𝑢) = 𝑎(𝑥)𝑢௣ିଵ, on,𝑢(𝑥) = 0, on ,   

where a(x) ≥ 𝑎଴ ≥ 0 a.e. on Ω, is (infimum of weighted Rayleigh quotient): 

ଵ = inf௨଴ ׬ |∇𝑢|௣𝑑𝑥׬ 𝑎(𝑥)|𝑢|௣𝑑𝑥

= inf௨ௐబభ,೛()\{଴}
‖𝑢‖ௐబభ,೛()௣‖𝑢‖௅೛ೌ()௣ ,  

where the norm from the numerator has been defined above and the norm from the de-
nominator is that weighted on 𝐿௣(), i.e., 

‖𝑢‖௅೛ೌ() = ቌන 𝑎(𝑥)|𝑢(𝑥)|௣𝑑𝑥


ቍଵ௣,  

while the usual norm on 𝐿௣() (and it is also used, as in the above relations can be seen) 
is: 

‖𝑢‖௅೛() = ቌන |𝑢(𝑥)|௣𝑑𝑥


ቍଵ௣.  

In [30], it is noted, in accordance with [31,32], that when the measure of the set {x ∈ 
Ω: a(x) > 0} is strictly greater than zero, the problem (EP) admits at least one sequence (௡) 
of eigenvalues tending to +∞. A detailed presentation of such eigenvalues is also provided 
in [33]. 

Remark 3. The above condition imposed on the function a is motivated by the fact that, if 
a(x) = 0 on a set of positive Lebesgue measure, the eigenvalues may be excessively large 
or may fail to exist. Such a situation can arise in models involving equations with discon-
tinuous coefficients, which may occur in composite materials or in models containing 
dead zones. Degenerate cases were investigated in [34]. 
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3. Main Result 
The central theoretical result of this paper is a generalization of Theorem 8.2 from 

[35], adapted to the weighted p-Laplacian Dirichlet problem. We formulate it as follows. 

Theorem 2. Consider the above problem (P) under the conditions previously presented. Then, for 
any λ ∈ R, the problem (P) has a nonzero solution in 𝑊଴ଵ,௣(Ω) in the sense of 𝑊ିଵ,௣ᇱ(Ω). 

Clarification. For more information and details related to the definition of this type of so-
lution, one can consult [28]. 

Proof. For the case λ < ଵ(𝑎), one may apply the version of the mountain pass theorem 
from [26] in a manner similar to that used in [29], involving differences too minor to war-
rant detailed discussion.   

In what follows, we address the problem in the opposite case: λ ≥ ଵ(𝑎). Taking into 
account the above considerations on the eigenvalues of the problem (EP), one can take 
λ ∈ [௞(𝑎),௞ାଵ(𝑎)]. The energy functional φ defined above in (1) fulfills the conditions 
asked by the SPT result displayed in the previous section, i.e., it is continuous and Gâteaux 
differentiable with φ௪( · )(v) upper semicontinuous ∀v ∈ X. For its first part containing 
the norm, the proof can be found in [28], while, for the second part, the proof of the needed 
properties can be found in [36]. Let us take the eigenvectors 𝑣ଵ, …, 𝑣௞, corresponding to 
the considered eigenvalues ଵ(𝑎), …, ௞(𝑎), and the vector subspace V of 𝑊଴ଵ,௣(Ω) that 
they generate, V = 𝑣ଵ,…,𝑣௞, and W is the vector subspace of 𝑊଴ଵ,௣(Ω) such that V ⊕ W = 𝑊଴ଵ,௣(Ω) (direct sum). Obviously, dim V < +∞. The choice of these eigenvectors generating 
V (which ensures its finite dimension) was made in order to guarantee that certain ine-
qualities are satisfied in what follows. 

For u ∈ W, we have 

||𝑢||ଵ,௣௣ − න 𝑎(𝑥)𝑢௣(𝑥)𝑑𝑥


 ൬1 − 
௞ାଵ൰ ‖𝑢‖ଵ,௣௣ ,  

since 

௞ାଵ ‖𝑢‖ଵ,௣௣‖𝑢‖௅೛ೌ()௣ න 𝑎(𝑥)|𝑢(𝑥)|௣𝑑𝑥



1

௞ାଵ ‖𝑢‖ଵ,௣௣ .  

So, 

φ(𝑢)  1𝑝 ൬1 − 
௞ାଵ൰ ‖𝑢‖ଵ,௣௣ − න 𝐹൫𝑥,𝑢(𝑥)൯𝑑𝑥




1𝑝 ൬1 − 

௞ାଵ൰ ‖𝑢‖ଵ,௣௣ − 𝑝 ‖𝑢‖ଵ,௣௣ − න α(𝑥)𝑢(𝑥)𝑑𝑥


  

1𝑝 ൬1 − 
௞ାଵ − ൰ ‖𝑢‖ଵ,௣௣ − 𝐾‖𝑢‖ଵ,௣, since න α(𝑥)𝑢(𝑥)𝑑𝑥



 ‖α‖଴,௤ᇲ‖𝑢‖଴,௤ 𝐾‖𝑢‖ଵ,௣.  

In the above relation, the inequality (2) was also involved in preparation of F: 

න 𝐹൫𝑥,𝑢(𝑥)൯𝑑𝑥


න 𝐹൫𝑥,𝑢(𝑥)൯𝑑𝑥



(ଶ) 𝑝 න |𝑢(𝑥)|௣𝑑𝑥



+ න α(𝑥)𝑢(𝑥)𝑑𝑥


=  

𝑝 ‖𝑢‖௅೛()௣ + න α(𝑥)𝑢(𝑥)𝑑𝑥



𝑝 ‖𝑢‖ଵ,௣௣ + න α(𝑥)𝑢(𝑥)𝑑𝑥



.  

From the relation (3), one obtains: 
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න 𝐹(𝑥,𝑢(𝑥))𝑑𝑥



(ଷ) ε𝑝 න |𝑢(𝑥)|௣𝑑𝑥



= ε𝑝 ||𝑢||଴,௣௣  𝐾||𝑢||ଵ,௣௣ ,  

hence 

න 𝐹(𝑥,𝑢(𝑥))𝑑𝑥


= 𝑂 ቀห|𝑢|หଵ,௣௣ ቁ as 𝑢 →  0.  

On the other hand, when take u in V having ‖𝑢‖ଵ,௣ = 𝑅, 

φ(𝑢) = 1𝑝𝑅௣ − 𝑝 න 𝑎(𝑥)𝑢௣(𝑥)𝑑𝑥


− න 𝐹൫𝑥,𝑢(𝑥)൯𝑑𝑥



(ସ)𝑅௣𝑝 − 𝑎଴௞𝑝 න 𝑢௣(𝑥)𝑑𝑥



− 𝐶 න |𝑢(𝑥)|ஜ𝑑𝑥


  

𝑅௣𝑝 − ൬𝑎଴௞𝑝 + 𝐶൰ ‖𝑢‖଴,௣௣   𝑅௣𝑝 − 𝐾′ ൬𝑎଴௞𝑝 + 𝐶൰ ‖𝑢‖ଵ,௣௣ = 𝑅௣𝑝 − 𝐾′ ൬𝑎଴௞𝑝 + 𝐶൰𝑅௣ < 0.  

Hence, R can be chosen so that the inequality required by the Saddle Point Theorem is 
satisfied. To prepare F in the above inequality, the relation (4) was employed. 

It remains now only to verify the Palais-Smale-type condition (PS)௖ in order to al-
low the application of SPT and to complete the proof. To demonstrate that this property 
holds (one can consider c = 0), take (𝑢௡)௡ଵ in 𝑊଴ଵ,௣(Ω), endowed with the considered 

norm ‖∙‖ଵ,௣ , i.e., satisfying: ൝ lim௡→ஶφ(𝑢௡)  = 0 andlim௡→ஶ||φ௪ᇱ (𝑢௡)||ଵ,௣ᇱ  = 0  respectively. lim௡→ஶφ(𝑢௡)  = 0  im-

plies that the sequence (φ(𝑢௡))௡ଵ is bounded, so ∃ρ > 0 such that |φ(𝑢௡)| ≤ ρ ∀n from a 
rank on. lim ௡→ஶ ||φ௪ᇱ (𝑢௡)||ଵ,௣ᇱ = 0 implies that the sequence (‖φ௪ᇱ (𝑢௡)‖)௡ଵ is bounded, so 
∃M > 0 such that ||φ௪ᇱ (𝑢௡)||ଵ,௣ᇱ ≤ M ∀n from a rank on. Thus, 

|φ௪ᇱ (𝑢௡),𝑢௡| ≤ ||φ௪ᇱ (𝑢௡)||ଵ,௣ᇱ‖𝑢௡‖ଵ,௣ ≤ M‖𝑢௡‖ଵ,௣  

from a rank on. Hence ρ + ‖𝑢௡‖ଵ,௣ ≥ ϕ(𝑢௡) − ଵெ φ௪ᇱ (𝑢௡), 𝑢௡ and, from this relation, we 
obtain that the sequence (𝑢௡)௡ଵ is bounded. Evaluate now the last expression: 

φ(𝑢௡) − 1𝑀 φ௪ᇱ (𝑢௡),𝑢௡ = 1𝑝 ‖𝑢௡‖ଵ,௣௣ − 𝑝 න 𝑎(𝑥)𝑢௡௣(𝑥)𝑑𝑥


− න 𝐹൫𝑥,𝑢௡(𝑥)൯𝑑𝑥


− 1𝑀න(|∇𝑢௡|௣ିଶ|∇𝑢௡|ଶ)𝑑𝑥


+  

𝑀න 𝑎(𝑥)𝑢௡௣(𝑥)𝑑𝑥


+ 1𝑀න 𝑓(𝑥,𝑢௡(𝑥))𝑢௡(𝑥)𝑑𝑥



1𝑝 ‖𝑢௡‖ଵ,௣௣ +  ൬1𝑀− 1𝑝൰ න 𝑎(𝑥)𝑢௡௣(𝑥)𝑑𝑥



− 1𝑀න |∇𝑢௡|௣𝑑𝑥


+  

ቀ μ𝑀 − 1ቁ න 𝐹൫𝑥,𝑢௡(𝑥)൯𝑑𝑥



1𝑝 ‖𝑢௡‖ଵ,௣௣ + 𝑎଴ ൬1𝑀− 1𝑝൰ න 𝑢௡௣(𝑥)𝑑𝑥



− 1𝑀‖𝑢௡‖ଵ,௣௣  ൬1𝑝 − 1𝑀൰‖𝑢௡‖ଵ,௣௣ .  

and one can take M such that p < M < μ. So, we have: 

 + ‖𝑢௡‖ଵ,௣ ൬1𝑝 − 1𝑀൰‖𝑢௡‖ଵ,௣௣ ,  

i.e., the sequence (𝑢௡)௡ଵ is bounded. Since 𝑊଴ଵ,௣(Ω) endowed with the considered norm 
is complete [28], it is sufficient to prove that (𝑢௡)௡ଵ has a Cauchy subsequence. To prove 
this last assertion, remark that ϕ = Ψ − ଵ−ଶ, hence Ψ = ϕ + ଵ + ଶ, where 

(𝑢) = 1𝑝 ‖𝑢௡‖ଵ,௣௣ ,ଵ(𝑢) = 𝑝 න 𝑎(𝑥)𝑢௣(𝑥)𝑑𝑥


,ଶ(𝑢) = න 𝐹൫𝑥,𝑢(𝑥)൯𝑑𝑥


.  

Their (weak) derivatives, respectively, are: 
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ᇱ(𝑢),ℎ = න |∇𝑢(𝑥)|௣ିଶ∇𝑢(𝑥) ⋅ ∇ℎ(𝑥)𝑑𝑥


,ℎ𝑊଴ଵ,௣(),  

′ଵ(𝑢),ℎ = න 𝑎(𝑥)𝑢௣ିଵ(𝑥)ℎ(𝑥)𝑑𝑥


,ℎ𝑊଴ଵ,௣(),  

′ଶ(𝑢),ℎ = න 𝑓൫𝑥,𝑢(𝑥)൯ℎ(𝑥)𝑑𝑥


,ℎ𝑊଴ଵ,௣().  

For the next computations, the following inequalities [37] are necessary: |ξ − ζ|௣ ≤ A(|ξ|௣ିଶξ − |ζ|௣ିଶζ)(ξ − ζ), for p ≥ 2, (5) |ξ − ζ|ଶ ≤ A(|ξ|௣ିଶξ − |ζ|௣ିଶζ)(ξ − ζ)(|ξ| + |ζ|)ଶି௣, for 1 < p < 2. (6) 

Hence, in case p ≥ 2, one obtains: 

‖𝑢௠ − 𝑢௡‖ଵ,௣௣  𝑎‖ |∇(𝑢௠ − 𝑢௡)| ‖଴,௣௣ = 𝑎 න |∇𝑢௠ − ∇𝑢௡|௣𝑑𝑥



(ହ)

  

𝐵 න(|∇𝑢௠|௣ିଶ∇𝑢௠ − |∇𝑢௡|௣ିଶ∇𝑢௡)(∇𝑢௠ − ∇𝑢௡)𝑑𝑥


=  

𝐵 න |∇𝑢௠|௣ିଶ∇𝑢௠(∇𝑢௠ − ∇𝑢௡)𝑑𝑥


− 𝐵 න |∇𝑢௡|௣ିଶ∇𝑢௡(∇𝑢௠ − ∇𝑢௡)𝑑𝑥


=  

BΨ'(𝑢௠),𝑢௠ − 𝑢௡ − BΨ'(𝑢௡),𝑢௠ − 𝑢௡ = Bϕ'(𝑢௠),𝑢௠ − 𝑢௡ − Bϕ'(𝑢௡),𝑢௠ − 𝑢௡ +  

B′ଵ(𝑢௠),𝑢௠ − 𝑢௡ − B′ଵ(𝑢௡),𝑢௠ − 𝑢௡ + B′ଶ(𝑢௠),𝑢௠ − 𝑢௡ − B′ଶ(𝑢௡),𝑢௠ − 𝑢௡ ≤  

B(||ϕ'(𝑢௠)||ଵ,௣′ + ||ϕ'(𝑢௡)||ଵ,௣′) ||𝑢௠ − 𝑢௡|| +ଵ,௣௣    B||ψ'(𝑢௠) − ψ'(𝑢௡)||ଵ,௣′ ||𝑢௠ − 𝑢௡|| ,ଵ,௣ ௣     

where we used the notation  = ଵ + ଶ, hence 

||𝑢௠ − 𝑢௡||  ≤ଵ,௣௣    B(||ϕ'(𝑢௠)||ଵ,௣′ + ||ϕ'(𝑢௡)||ଵ,௣′ + ||ψ'(𝑢௠) − ψ'(𝑢௡)||ଵ,௣′)||𝑢௠ − 𝑢௡|| .ଵ,௣ ௣     

Since φ'(𝑢௡) → 0 and ′ଶ = 𝑁௙ (Nemytskii operator; for the proof of this property, 
one may consult [28]) is compact, we can assume, passing (if it is necessary) to a subse-
quence of (𝑢௡)௡ଵ, that it is convergent in 𝑊଴ଵ,௣(Ω). 

To prove the (PS)௖ condition for 1 < p < 2, 

||𝑢௠ − 𝑢௡|| ଵ,௣ ଶ    B' |Ψ'(𝑢௠), 𝑢௠ − 𝑢௡ − Ψ'(𝑢௡), 𝑢௠ − 𝑢௡| (||𝑢௠||  +ଵ,௣ ଶି௣  ||𝑢௡|| )ଵ,௣ ଶି௣ . (7) 

To demonstrate the above relation, we use the statement: ∀s ∈ (0, +∞) ∃ 𝐶௦ > 0 a con-
stant such that (𝑥 + 𝑦)௦ ≤ 𝐶௦(𝑥௦ + 𝑦௦), ∀x, y ∈ (0, +∞) (8) 

and take: 

 ||𝑢௠ − 𝑢௡||  ଵ,௣ ଶ    a || |∇(𝑢௠ − 𝑢௡) | || =𝑳೛() ଶି௣     a ൫׬ |∇𝑢௠ − ∇𝑢௡|
௣ 𝑑𝑥൯మ೛.  

Continue with: 
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׬ |∇𝑢௠ − ∇𝑢௡|
௣ 𝑑𝑥 = ׬ (|∇𝑢௠ − ∇𝑢௡|

ଶ)೛మ𝑑𝑥 (଺)
  

𝐴௣ଶ න [(|∇𝑢௠|௣ିଶ∇𝑢௠ − |∇𝑢௡|


௣ିଶ ∇𝑢௡)(∇𝑢௠ − ∇𝑢௡)(|∇𝑢௠| + |∇𝑢௡|)ଶି௣]௣ଶ𝑑𝑥 =  

𝐴೛మ ׬ [(|∇𝑢௠|௣ିଶ∇𝑢௠ − |∇𝑢௡|
௣ିଶ ∇𝑢௡)(∇𝑢௠ − ∇𝑢௡)]೛మ(|∇𝑢௠| + |∇𝑢௡|)೛(మష೛)మ 𝑑𝑥  ≤  

A'[׬ (|∇𝑢௠|௣ିଶ∇𝑢௠ − |∇𝑢௡|
௣ିଶ ∇𝑢௡)(∇𝑢௠ − ∇𝑢௡)𝑑𝑥]೛మ[׬ (|∇𝑢௠| + |∇𝑢௡|)௣ 𝑑𝑥](మష೛)మ 

(଼)
  

A'[׬ (|∇𝑢௠|௣ିଶ∇𝑢௠ − |∇𝑢௡|
௣ିଶ ∇𝑢௡)(∇𝑢௠ − ∇𝑢௡)𝑑𝑥]೛మ[𝐶௣(׬ |∇𝑢௠|௣𝑑𝑥 + ׬ |∇𝑢௡|

௣ 𝑑𝑥 )](మష೛)మ =  

𝐴௣[න (|∇𝑢௠|௣ିଶ∇𝑢௠ − |∇𝑢௡|


௣ିଶ ∇𝑢௡)(∇𝑢௠ − ∇𝑢௡)𝑑𝑥]௣ଶ  ቎ቆන |∇𝑢௠|௣𝑑𝑥


ቇ(ଶି௣)ଶ + ቆන |∇𝑢௡|


௣ 𝑑𝑥ቇ(ଶି௣)ଶ ቏ =  

𝐴௣ ቂ׬ (|∇𝑢௠|௣ିଶ∇𝑢௠ − |∇𝑢௡|
௣ିଶ ∇𝑢௡)(∇𝑢௠ − ∇𝑢௡)𝑑𝑥]೛మ(||𝑢௠|| +1,p     (మష೛)೛మ  ||𝑢௡|| )1,p      (మష೛)೛మ ,  

so ൫׬ |∇𝑢௠ − ∇𝑢௡|
௣ 𝑑𝑥൯మ೛≤ B''׬ (|∇𝑢௠|௣ିଶ∇𝑢௠ − |∇𝑢௡|

௣ିଶ ∇𝑢௡)(∇𝑢௠ − ∇𝑢௡)𝑑𝑥(||𝑢௠|| +1,p    (మష೛)೛మ ||𝑢௡|| )2𝑝1,p      (మష೛)೛మ ,  

hence the inequality (7) holds true, and then the conclusion as in case p ≥ 2, the necessary 
properties of Ψ and 𝑊଴ଵ,௣(Ω) being kept also for 1 < p < 2 [28]. □ 

4. Discussion 
The weighted p-Laplacian problem discussed through a saddle point-type result be-

longs to a class of boundary-value and eigenvalue problems for a weighted p-Laplacian 
operator, whose solutions are obtained via variational methods exhibiting a saddle-point 
structure. Roughly speaking, when the corresponding functional φ is not bounded from 
below on the entire X or fails to be coercive (for example, at resonance), saddle point-type 
results are often employed instead of simple minimization techniques. This corresponds 
to a saddle point-type result arising when a special geometry is present, namely when 
φ⏐𝑋ଵ is low, while φ⏐𝑋ଶ is high for a decomposition X = 𝑋ଵ ⊕ 𝑋ଶ; a minimax character-
ization is then used to obtain a critical value corresponding to a solution. Thus, the prob-
lems addressed in this work, together with the proof techniques we describe, are not fun-
damentally new; however, they differ from those encountered in the specialized literature. 
The aim of this section is to compare the problems and methods presented in this paper 
with related works in the literature, in order to highlight the differences, the novelty, their 
effectiveness, and, most importantly, to identify the fundamental applications of this type 
of problem in modeling real-world phenomena. 

Closely related works combining weighted p-Laplacian problems with saddle point 
and minimax techniques can be found in [5], where the resonant Cauchy problem is stud-
ied: −∆௣𝑢(𝑢) = λଵ𝑚(|𝑥|)|𝑢|௣ିଶ𝑢 + 𝑓(𝑥), on𝐑ே,𝑢 ∈ 𝐷ଵ,௣(𝐑ே),  

with a positive radial weight 𝑚(|𝑥|) that decays at infinity. As key points, it is worked in 
weighted Sobolev and Lebesgue spaces 𝐿௣(𝐑ே;𝑚); the associated energy functional is not 
coercive at the first eigenvalue λଵ, and they decompose the space along the first eigen-
function and show that the functional has saddle point geometry when 1 < p < 2, and then 
apply a type of saddle point theorem to obtain existence of solutions. By comparing the 
above equation with that considered in our problem, we observe differences both in the 
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terms appearing on the right-hand side and in the domain where the solution is sought. 
In the present paper, the parameter λ is arbitrary, whereas in [5] only the first eigenvalue 
λଵ is involved. Moreover, we employ a particular variant of the Saddle Point Theorem, 
and the problem is also solved for p > 2. 

In the monograph [6], Section 2.3.2 “A weighted problem for the p-Laplacian”, ad-
dresses a weighted p-Laplacian boundary value problem as an application of abstract op-
erator theory. The authors recast a weighted p-Laplacian eigenvalue problem within the 
framework of compact operators and variational eigenvalue problems. This gives a rigor-
ous functional-analytic underpinning for the spectral theory of the weighted p-Laplacian. 
Although the authors do not explore saddle point theorems in depth, the framework is 
exactly the same variational setting in which saddle-point and minimax methods are later 
applied. 

Several papers study weighted eigenvalue problems for the p-Laplacian, often with 
variational and minimax tools, as also in [7] where an eigenvalue problem is introduced: −∆௣𝑢(𝑢) + 𝑉(𝑥)|𝑢|௣ିଶ𝑢 = λ𝑚(𝑥)|𝑢|௣ିଶ𝑢,  

with possibly sign-changing weight m. The associated functional is indefinite; Cuesta uses 
minimax arguments and the notion of a threshold quantity α (V, m) to ensure bounded-
ness from below on a weighted unit sphere. In the case of the above equation, the nonlin-
ear term f in our problem (P) has a special form, whereas the weight m is subject to more 
general conditions. Consequently, the resulting solutions are completely different. 

In [8] is considered the equation: −∆௣𝑢(𝑢) = λ𝑔(𝑥)|𝑢|௣ିଶ𝑢,  

with g in a weak 𝐿ே/௣ space and an eigenvalue theory using variational techniques is de-
veloped. These are not always explicitly called “saddle point theorems”, but the structure 
(indefinite functional, constrained minimization, critical point theory) is the same varia-
tional toolkit. However, both the problem and the solving methods are different from 
those of this work. 

Qualitative properties (nonexistence, Hardy–type inequalities, eigenvalues) for: −∆௣,௪𝑢(𝑢) ≔ −div(𝑤(𝑥)|∇𝑢|௣ିଶ∇𝑢) = 𝑓(𝑥,𝑢),  

with weights w ∈ 𝐴௣ (Muckenhoupt) are studied in [9], which uses a weighted Picone 
identity and variational tools to derive eigenvalue properties. In the present work, a gen-
eralized form of the p-Laplacian is considered, and the analytical tools developed are com-
pletely different, as is also the case in the paper cited below. 

In [10], a weighted p-Laplacian Dirichlet problem in a weighted Sobolev space 𝑊଴ଵ,௣ (a; Ω) is studied, and a three-critical-points theorem (Bonanno-Ricceri), a mini-
max/saddle point type result is applied to obtain at least three weak solutions. There is 
also a substantial body of literature on weighted eigenvalue problems and antimaximum 
principles for the p-Laplacian with Neumann or Dirichlet boundary conditions, again em-
ploying variational and spectral methods. 

Interesting applications to real-world modeling involving the p-Laplacian and its 
weighted variants consider u as a state variable (such as temperature, concentration, dis-
placement, population density, etc.), while the p-Laplacian encodes nonlinear diffusion or 
conductivity (with diffusion depending on ∣∇u∣), and the weight describes heterogeneity 
of the medium (porosity, conductivity, density, geometry). Some concrete modeling con-
texts are discussed below. 

In non-Newtonian fluid flow or filtration in porous media, the effective viscosity de-
pends on the shear rate. In certain regimes, this leads to diffusion operators of p-Laplacian 
type. A weight w(x) may represent spatially varying permeability or porosity of the 
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medium. General references on such quasilinear equations include Diaz�s monograph 
[11], which repeatedly uses p-Laplacian-type operators in modeling diffusion and free-
boundary phenomena. 

The p-Laplacian also appears in models of nonlinear elasticity and plasticity, where 
the stored energy grows like |∇𝑢|௣. In a heterogeneous material, a weight w(x) can encode 
spatial variation in stiffness. Existence and multiplicity results for weighted p-Laplacian 
eigenvalue problems underpin stability or buckling analysis for such structures [7,8]. 

In reaction-diffusion models for population dynamics, one often writes: 𝜕௧𝑢 − div(𝐷(𝑥)|∇𝑢|௣ିଶ∇𝑢) = 𝑓(𝑥,𝑢),  

where D(x) is a spatially varying diffusion coefficient, giving a weight in the elliptic sta-
tionary problem. Weights may model habitat quality, spatial ʺpatchinessʺ, or barriers; 
spectral properties of the weighted p-Laplacian then govern persistence and/or extinction 
thresholds [38–40]. 

Weights that vanish or blow up (e.g., w(x) = |𝑥|஑) model degeneracy near certain re-
gions (interfaces, boundaries, singular points). Garain�s work analyzes such degenerate 
weighted p-Laplacian equations, proving Hardy inequalities, comparison principles, and 
eigenvalue properties in the framework of weighted Sobolev spaces [9]. This is directly 
motivated by PDEs where the medium has “holes”, highly conductive channels, or aniso-
tropic structures. 

There is also an active line of research on nonlocal and fractional (weighted) p-Lapla-
cian operators (e.g., Ref. [41]), where saddle-point methods are used to obtain sign-chang-
ing or multiple solutions. These models appear, for example, in anomalous diffusion in 
heterogeneous media. 

One may stress that the proposed solving method is limited to the case μ({x ∈ Ω: a(x) 
> 0}) > 0 a.e., limitation reflected in possible applications in characterizing and solution 
construction of real-world models. 

The importance of this type of result lies in the possibility of extending the analysis 
in order to obtain concrete solutions via appropriate variational methods based on saddle 
point-type results. Moreover, the relaxation of the conditions in SPT leads to analogous 
relaxations in the main theorem for the p-Laplacian problem. One may also note that the 
weakened assumptions represent an additional step toward a more realistic modeling 
framework. 

5. Conclusions 
In this paper, an existence result for a weighted Dirichlet problem involving the p-

Laplacian, based on a saddle point-type theorem, has been established. The associated 
eigenvalue problem was also employed in the proof of this main result. The weakened 
conditions of the SPT result are reflected in the corresponding conditions required by the 
main theorem, leading to significant potential applications in modeling real-world phe-
nomena. 

In the Discussion section, published papers in the same field have been analyzed and 
compared in order to highlight the novelty of the present work and to emphasize the im-
portance of this type of result for the development of solutions to concrete real-world 
problems. Such a structured approach leads toward a complete solution, which can be 
visualized after the application of an appropriate numerical method. 

The present research is intended to be continued and extended through the develop-
ment of appropriate numerical methods for obtaining and visualizing the solution using 
CFD software, the investigation of the existence of multiple solutions, the study of the von 
Neumann problem, and the possible introduction of fractional operators. 
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