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Abstract

In this paper, we discuss several shift retrieval problems, both classical and compressed,
and provide connections between them using the general framework of circulant matrices.
We review the properties of circulant matrices necessary for our calculations and then show
how circular shifts can be recovered from as few measurements as possible in different
scenarios. We treat several cases: circular shifts between two signals and between multiple
pairs of signals, and linear combinations of circular shifts. In all these cases, we provide
conditions under which the shift recovery is successful, we give explicit formulas, and
we state convex optimization problems for the practical recovery of the shifts for both the
noiseless and noisy measurement scenarios. Our goal is to accurately and robustly recover
shift information from as few linear measurements as possible. Experimental results then
validate the findings through simulation, where we compare the classic cross-correlation
result with the proposed approaches.

Keywords: shift retrieval; compressed sensing; cross-correlation; phase correlation; Fourier
transform; sparsity
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1. Introduction
The shift retrieval problem is fundamental to many areas of signal and image process-

ing. Shift retrieval refers to the problem of estimating an unknown translation between two
observations or signals. This problem appears wherever alignment or relative displacement
must be identified, usually as a preprocessing step before further processing takes place.

The shift retrieval solutions often reveal patterns, delays, or matching features,
which are of fundamental importance in pattern recognition, radar processing, or time
series analysis.

There are two domains where shift retrieval is essential: time and space. When dealing
with signals in time, the problem bears the name Time Delay Estimation (TDE) [1,2], while
for space we have image registration [3] and alignment problems [4]. Several applications
include synchronization for Global Positioning Systems (GPSs) and wireless communica-
tions [5], radar ranging [6] and sonar direction estimation [7], alignment and calibration for
speaker localization [8], and augmented reality [9]. Very recent machine learning and mul-
timedia cybersecurity applications include complex alignment and matching tasks in the
context of robust feature representations for accurate human parsing in complex scenes [10]
and robust watermarking techniques for light-field imaging [11]. Furthermore, modern
image retrieval techniques such as the one proposed in [12], which is histogram-based on
local neighborhood difference patterns (ELNDP), could benefit from preprocessing with
alignment invariance techniques to add robustness to the retrieval process.
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Previous work [13,14] has dealt with the problem of recovering the shift between
signals given as few measurements as possible. They were the first to show that the shift
can be recovered from Fourier measurements using a few samples and less computation
compared to the classical cross-correlation setup. They showed that only one Fourier
coefficient may suffice to recover the true shift. Subsequently, the work in [15] established
a robust shift recovery method based on Bezout’s identity and then also analyzed the
recovery of weighted sums of two shifts.
Contribution. The shift retrieval problem is typically solved by maximizing the multi-
plicative cross-correlation between the two signals. Cross-correlation is a powerful tool for
finding similarities between signals by systematically testing their alignment. In this paper,
we consider different optimization problems that involve the minimization of quantities
and whose solutions reduce to entry-wise division operations. In this setting, several
known results can be contextualized together, and new results are naturally obtained. The
contributions are summarized as follows:

• We give a unified, noiseless/noisy classic, and compressed view of previously known
results on the shift retrieval problems (Results 1, 2 and 3; Remark 3);

• We make explicit the connections between the proposed approach and the classical
circular convolution and phase cross-correlation theorems (Remark 2);

• We provide the exact necessary conditions under which scaling and shift information
is retrieved from noiseless and noisy measurements (Remarks 1 and 4);

• We provide new explicit results that show the performance of the shift recovery
accuracy depending on the noise level and the lengths of the signals (Remark 6);

• We provide new results regarding the generalization of shift retrieval problems to
pairs of multiple signals (Results 4 and 5);

• We provide a new result related to the recovery of multiple shifts from measurements
that are circular linear combinations (Result 6).

This paper is organized as follows: In Section 2, we provide the basic properties of
circulant matrices and provide the classic cross-correlation shift retrieval method. Then,
in Section 3, in different sub-sections, we analyze several shift retrieval problems and
provide solutions based on optimization problems involving circulant matrices. In Section 4,
we provide numerical simulation results for shift retrieval accuracy, and then we conclude
the paper in Section 5.

Notation. Normal text presents scalars (real or complex valued), lowercase bold letters denote
vectors, uppercase bold letters denote matrices, (·)T is the transpose of a vector/matrix, (·)H is the
Hermitian transpose, (·)∗ is the complex conjugate of a scalar/vector/matrix, we denote j =

√
−1,

⊙ and ⊘ denote element-wise multiplication and division, respectively, between matrices of the
same size, given a scalar x, then |x| is the absolute value, given a vector x then |x| is the entry-wise
absolute value. Given a vector x, we denote its Fourier transform as x̃ or explicitly FFT(x). For a

vector x of size n, the ℓp norms are defined as ∥x∥p = (∑n−1
i=0 |xi|p)

1
p , and for a matrix X of size

n × N, the squared Frobenius norm is defined as ∥X∥2
F = ∑i,k |Xik|2. The matrix In is the identity

of size n× n, and 0n×N and 1n×N are the zero and one matrices of size n× N, respectively. Symbols
N,Z,R and C denote the natural, integer, real and complex numbers, respectively, and ℜ(·) denotes
the real part of a complex number. Then E[w] denotes the expected value of a random variable w.
For a vector x, diag(x) is the diagonal matrix with x on the diagonal, and for a square matrix X,
diag(X) returns the diagonal vector of X, and tr(X) = ∑i Xii is the trace. Finally, gcd(·, ·) denotes
the greatest common divisor of two natural numbers, and P(·) is the probability that an event will
occur. Further, specific notation is explained in the place where it is used.
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2. Classic Shift Retrieval Problems
In this section, we introduce several fundamental concepts to our analysis and provide

an overview of the classic shift retrieval problem and solution.

2.1. Circulant Matrices Primer

Consider the square circulant matrices defined as

C = circ(c) def
=


c0 cn−1 . . . c2 c1

c1 c0 . . . c3 c2
...

. . . . . . . . .
...

cn−2 cn−3 . . . c0 cn−1

cn−1 cn−2 . . . c1 c0


=
[
c Pc P2c . . . Pn−1c

]
∈ Rn×n.

(1)

The matrix P ∈ Rn×n denotes the orthonormal circulant matrix that circularly down-
shifts a target vector c by one position, i.e., P = circ(e2) where e2 is the second vector of the
standard basis of Rn. Notice that Pq−1 = circ(eq) is also orthonormal circulant and denotes
a circular down-shift by q − 1. Positive powers of P perform the circular down-shift in a
vector, while the negative powers perform the circular up-shift in a vector. Observe that
(Pq−1)−1 = (Pq−1)T = P1−q.

The eigenvalue factorization of circulant matrices reads

C = FHΣF, Σ = diag(σ) ∈ Cn×n, (2)

where F ∈ Cn×n is the unitary Fourier matrix (FHF = FFH = In) and the diagonal
σ =

√
nFc, σ ∈ Cn. In some situations the factorization is presented as C = F−1diag(Fc)F.

The
√

n factor is missing explicitly, as it is absorbed in the inverse. In this paper, we will
omit the

√
n term as it does not qualitatively change any of the results. It all depends on

whether the Fourier matrix has its elements normalized by some factor 1√
n , 1

n , or none at
all. Therefore, the quantities we compute hold up to scaling, in general. Different sources
in the literature and software implementations use different conventions.

The multiplication with F is equivalent to the application of the Fast Fourier Transform,
i.e., c̃ = Fc = FFT(c), while the multiplication with FH is equivalent to the inverse Fourier
transform, i.e., FHc = F−1c = IFFT(c). Vectors that are Fourier transforms have the same
name as their time-domain counterparts, but with an additional tilde to differentiate them.
Of course, FHFc = IFFT(FFT(c)) = c and FFHc = FFT(IFFT(c)) = c. Both fast transforms
are applied in O

(
n log n

)
time and memory.

Given two real-valued matrices X and Y, both n × N, an immediate application [16,17]
of the eigenvalue factorization with the Fourier matrix is to the solution of the problem

minimize
σ

∥Y − CX∥2
F, (3)

whose solution is given by

σ0 =
x̃T

0 ỹ0

∥x̃0∥2
2

, σi =
x̃H

i ỹi

∥x̃i∥2
2

, σn−i = σ∗
i , i = 1, . . . , n − 1, (4)

where ỹT
i and x̃T

i are the rows of Ỹ = FY and X̃ = FX. In the special case when N = 1, we
have the vectors x and y and their Fourier transforms x̃ and ỹ, respectively. In this paper,
we assume the working signals are real-valued.
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2.2. Classic Shift Retrieval

Given two signals x, y ∈ Rn, assuming that y is a circular shift in x and that x is not
periodic, in order to find the unique shift quantity, we maximize the inner product

arg max
q

|yTPq−1x|, (5)

where Pq−1 ∈ Rn×n denotes a circular shift. The calculations above explicitly find all inner
products between x and all possible circular shifts in y, or vice versa. Practically, to recover
the shift, we use the circular cross-correlation theorem,

arg max |IFFT(FFT(x)∗ ⊙ FFT(y))|, (6)

i.e., we take the index of the maximum-magnitude entry of the correlation vector.
The result follows directly from the factorization of Equation (2) by computing corre-

lations between all circular shifts in x and the vector y as

CTy = circ(x)Ty

= circ(x)Hy

= FHdiag(Fx)HFy

= IFFT(FFT(x)∗ ⊙ FFT(y)).

(7)

Therefore, the problem in Equation (6) becomes that of maximizing ∥CTy∥∞. The abso-
lute value removes the distinction between positive and negative correlation of real-valued
signals. Our proposed approaches start from a different point of view where the shift
quantity q and the circular shift matrix P are explicitly used. These methods are detailed
next.

3. A Circulant Matrix Perspective on the Shift Retrieval Problems
For the sake of clarity, we express and discuss each shift retrieval problem in sepa-

rate subsections.

3.1. Noiseless Shift Retrieval

In this section, we provide a different view on the classic shift retrieval problem and
give the following main result:

Result 1 (Noiseless shift retrieval). We are given two signals x and y, and we assume that there
is a unique circular shift q between them like

y = Pq−1x, (8)

then, assuming that x̃i ̸= 0, we have that

IFFT(FFT(y)⊘ FFT(x)) = eq. (9)

Proof. Assuming that y = Pq−1x, with P = circ(e2), we consider the problem

minimize
q

∥y − Pq−1x∥2
2. (10)

Use Pq−1 = FHΣF and to develop ∥y − Pq−1x∥2
2 = ∥y − FHΣFx∥2

2 = ∥Fy − ΣFx∥2
2 =

∥ỹ − Σx̃∥2
2, where Σ = diag(σ), σ = Feq = fq ∈ Cn (the qth column of the Fourier matrix).
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If we relax the constraint and allow Pq−1 to be any circulant matrix, to minimize the
Frobenius norm, as the special case of Equation (3) for N = 1, we have σi = ỹi/x̃i, x̃i ̸= 0,
and therefore Feq = ỹ ⊘ x̃.

The assumption that x̃i ̸= 0 seems restrictive (and is missing in Equation (6)). We do
not need to apply the inverse Fourier transform, but instead compute only σi where x̃i ̸= 0,
and by inspection of all columns of F on the rows where this quantity was computed, we
find the shift q.

If we want to recover the true shift between signals x and y, then the following
conditions need to hold:

Remark 1 (Necessary conditions for the recovery of the true shift). In order to uniquely
recover the true shift q from a single measurement i, the following properties need to hold:

1. x̃i ̸= 0, so that the ratio σi is well defined;
2. i ̸= 0, which is the DC component;
3. gcd(i, n) = 1, which excludes the special case i = n

2 for n even.

Proof. Notice that σ0 and σn
2

when n is even are {±1} for all columns of the Fourier matrix,
and thus they cannot provide an unambiguous answer. In fact, σ0 provides no information
about the shift, while σn

2
only establishes the parity of the shift. On the other hand, in the

best-case scenario, we need to compute a single σi to recover the true shift q. Given the
ratio σi =

ỹi
x̃i

= exp
(
−j 2πi

n q
)

, two different shifts q and q′ lead to the same quantity σi

iff exp
(
−j 2πi

n (q − q′)
)
= 1 and therefore i

n (q − q′) ∈ Z. To avoid having the exponential

equal one for q ̸= q′, we require gcd(i, n) = 1.

By this remark, the complexity of the shift retrieval problem is O
(
n
)
, as also observed

for the compressive shift retrieval result [14], which is discussed in the next subsection.

Remark 2 (Connection to the classical circular and phase cross-correlation theorems). We
can rewrite Equation (9) as

IFFT(FFT(y)⊘ FFT(x)) = IFFT(FFT(x)∗ ⊙ FFT(y)⊘ |FFT(x)|2), (11)

where |FFT(x)|2 computes the square absolute values of each element of the Fourier transform of
x which we assume are all non-zero. Notice that Equation (9) represents a weighted variant of
Equation (6), a type of “whitened” cross-correlation quantity.

The expression in Equation (11) naturally relates to the well-known phase correlation formula

IFFT(FFT(x)∗ ⊙ FFT(y)⊘ (|FFT(x)∗ ⊙ FFT(y)|)), (12)

The normalization performed in the formula above removes the amplitude information, i.e., this
is essentially a phase-only calculation because magnitude is removed by the division operation.
In our scenario, we are interested in preserving and recovering the amplitude information as well.

If the two signals x and y are shifted versions of each other, then Equations (6) and (9) provide
the same answer. If this is not the case, or the signals are noisy, then Equation (9) seems a weaker
result in general since the minimizer Pq−1 in Equation (10) might no longer be P = circ(e2),
but some other circulant matrix that minimizes Equation (10). In this high-noise case, we might not
be able to interpret that the signals are shifted versions of each other. The circulant cross-correlation
theorem does not have this feature, as it will always provide the maximum correlation between
the signals.
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We note that the approach to maximize the quadratic form Equation (5) and that of norm
minimization Equation (10) are equivalent since

∥y − Pq−1x∥2
2 = ∥y∥2

2 + ∥x∥2
2 − 2yTPq−1x, (13)

and then also
∥y − Pq−1x∥2

2 = ∥Fy − (diag(Fe2))
q−1Fx∥2

2

= ∥ỹ − diag(Feq)x̃∥2
2

= ∥ỹ − diag(fq)x̃∥2
2

= ∥ỹ∥2
2 + ∥x̃∥2

2 − 2ℜ(ỹHdiag(fq)x̃)

= ∥ỹ∥2
2 + ∥x̃∥2

2 − 2
n−1

∑
i=0

ỹ∗i x̃iFiq,

(14)

where Fiq is an element from the Fourier matrix and the last quantity is real-valued due to the
conjugate valued symmetries of the vectors x̃ and ỹ, and of the columns fq. The last summation
quantity is equivalent to Equation (6) for a fixed q. The result of Equation (9) is obtained by allowing
the unknown to be the overall general circulant matrix denoted Pq−1, not just the power q.

Finally, note that for real-valued x and y we have that IFFT(FFT(x)∗ ⊙ FFT(y)) is equivalent
to FFT(FFT(x)⊙ FFT(y)∗), up to a normalization factor depending on n.

Remark 3 (Calculation of the circular shift from one measurement). Notice that Equation (9)
is equivalent to

FFT(y)⊘ FFT(x) = fq, (15)

where fq is the qth column of the Fourier matrix F. We can find the shift by computing a single
entry σi = ỹi/x̃i and then inspecting the entries of only the ith row of the Fourier matrix. In this
case, the recovery of the shift is performed via

q⋆ = −i−1 arg(σi)
n

2π
mod n, (16)

where i−1 is the modular inverse of i modulo n.
This is the result previously developed by the work in [13,14]. Essentially, these results are

a consequence of the well-known shift theorem for the Discrete Fourier Transform (DFT), which
makes the connection between multiplication by pure phase factors and circular shifts in vectors,
i.e., circular shift in a vector corresponds to multiplying its DFT by a linear phase. Treatments of this
classic result can be found in fundamental signal processing sources such as ([18], Section 8.6.2).

More generally, when the measurement y has a different scale and mean than the
signal x, we have the following remark:

Remark 4 (Necessary conditions for the recovery of the true shift, scale, and mean). When
the measurements are given by y = αPq−1x + β1, where α, β ∈ R are scalars such that α ̸= 0 and
∑n−1

i=0 xi ̸= 0, then

IFFT(ỹ ⊘ x̃) = αeq +

(
β/

n−1

∑
i=0

xi

)
1, (17)

where 1 ∈ Rn is the ones vector. In general, we need three measurements to recover all parameters
(q, α, β).
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Proof. The mean component is easy to identify by using the previously uninformative DC
component. Notice that for a single non-DC component such that x̃i ̸= 0 we have that

σi =
ỹi
x̃i

= α exp
(
−j

2πi
n

q
)

. (18)

When α > 0, there is no change in the phase, and therefore the scale and shift can
be recovered simultaneously. For any integer α ̸= 0, then we have that the phase of σi is
not modified (if α is positive) or is modified by π (if α is negative). As a consequence of
this phase change we cannot distinguish between the shift-scale pair (q, α) and (q + n

2i ,−α)

when n
2i is a valid shift integer in {0, 1, . . . , n − 1}. In general, this ambiguity cannot be

resolved from a single non-DC measurement. To uniquely recover all three parameters, we
will require two non-DC components and the DC component (for the calculation of the
mean β). Given two distinct non-DC measurements k1 ̸= k2,

σk1 =
ỹk1

x̃k1

= α exp
(
−j

2πk1

n
q
)

, (19)

σk2 =
ỹk2

x̃k2

= α exp
(
−j

2πk2

n
q
)

. (20)

Now take the ratio of the two quantities to eliminate α and reach

σk1

σk2

= exp
(
−j

2π(k1 − k2)

n
q
)

. (21)

Analogously to Remark 1, the necessary condition for the recovery of the true shift is
that gcd(k1 − k2, n) = 1. We call the best estimated shift

q⋆ = −(k1 − k2)
−1round

(
arg
(

σk1

σk2

)
n

2π

)
mod n. (22)

Then, we compute the other two parameters,

α⋆ =
σk1

exp
(
−j 2πk1

n q⋆
) , (23)

β⋆ =
ỹ0 − α⋆ x̃0

n
. (24)

Just as the classic shift retrieval of Equation (5) is indifferent to the sign of the correla-
tion between signals, Remark 4 provides the result indifferent to the sign of the correlation,
allowing for both positive and negative α and therefore positive and negative correlations.

The results developed in this section assume no noise is present in the measurements.
As already explained in Remark 2, we expect noisy measurements to significantly degrade
the performance of the shift retrieval and make impractical the recovery mechanism from a
single measurement.

3.2. Noisy Shift Retrieval

We are again given two signals x and y such that there is a noisy circular shift q
between them,

y = Pq−1x + w, (25)
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where w ∼ N (0n×1, ζ2In) is an i.i.d. zero-mean Gaussian noise vector of size n. Unlike
the noiseless scenario, here we will assume the number of measurements m > 1 and try to
recover the most likely shift parameter. Then we have the following result.

Result 2 (The noisy recovery of the true shift, scale, and mean). When the measurements are
given by

y = αPq−1x + β1 + w, (26)

where α, β ∈ R are scalars such that α ̸= 0, then given m measurements with indices in the set
K = {ki}m−1

i=1 , such that gcd(k1 − k2, n) = 1 for any two distinct k1, k2 ∈ K and m − 1 ≥ 2,
plus the DC component, which is treated separately, we have the following estimates:

q⋆ = arg max
q

[
ℜ
{

m−1

∑
i=1

|x̃ki
|2σki

exp
(

j
2πki

n
q
)}]2

, (27)

α⋆ =
ℜ
{

∑m−1
i=1 |x̃ki

|2σki
exp

(
j 2πki

n q⋆
)}

∑m−1
i=1 |x̃ki

|2
, (28)

β⋆ =
ỹ0 − α⋆ x̃0

n
. (29)

Proof. Assuming x̃ki
̸= 0 for ki ∈ K, define σki

= ỹki
/x̃ki

and the following measurement
vector (ỹ)K, which is of length m − 1 and contains the Fourier transform of the vector
y restricted to the indices from the set K. Define also the vector s = (x̃)K ⊙ ω, where
ω is again a vector of size m − 1 whose elements are the quantities ωi = exp(−j 2πki

n q)
for ki ∈ K. The parameter β is estimated again from the DC component by minimizing
(ỹ0 − αx̃0 − βn)2 for β. The scale is estimated by minimizing ∥(ỹ)K − αs∥2

2 for α which

leads to α⋆ = ℜ{sH(ỹ)K}
∥s∥2

2
=

ℜ{∑m−1
i=1 x̃∗ki

ỹki
exp(j2πkiq/n)}

∥(x̃)K∥2
2

, note that the result is a function of q.

Then, in terms of the shift, the minimum residual quantity is given by ∥(ỹ)K − αs∥2
2 =

∥(ỹ)K∥2
2 −

[ℜ{sH(ỹ)K}]2
∥s∥2

2
. Then, the optimal q⋆ is given by maximizing the numerator in the

residual quantity.

As we increase the number of measurements m, we expect to improve the accuracy of
the recovery. It is of interest to investigate if there are ways to choose the index set K to
improve accuracy. The following remark speaks to this choice.

Remark 5 (Selection criteria for the Fourier measurements). Given noisy measurements
y = Pq−1x + w, in order to recover the shift quantity q while reducing the effects of the noise, one
should choose indices ki such that |x̃ki

| have the largest values.

Proof. The observation stems from the ratio σki
whose variance is proportional to 1

|x̃ki
|2 .

This follows from

σki
=

αỹi + w̃ki

x̃ki

= α exp
(
−j

2πki
n

q
)
+

w̃ki

x̃ki

, (30)

where w̃ is the Fourier transform of the noise vector. Because F is unitary and the noise is
zero mean and i.i.d., we have that the variance is

E
[∣∣∣∣ w̃ki

x̃ki

∣∣∣∣2
]
=

E[|w̃ki
|2]

|x̃ki
|2 =

ζ2

|x̃ki
|2 . (31)

To maximally reduce this quantity we take the largest |x̃ki
|.
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In the simulation results section, we investigate the impact of this index choice on
the accuracy performance of recovering the shift from the noisy measurements. While
choosing the highest entries |x̃ki

| is desirable, this might be difficult to achieve in general
without computing the whole spectrum. Without any information on the spectrum of the
signal, the Goertzel algorithm [19] can be applied to compute a few Fourier coefficients,
still obeying gcd(ki, n) = 1. Still, the indices of these coefficients have to be given a priori.
Keeping gcd(ki, n) = 1 means that the set of eligible indices has size φ(n), the Euler totient
function. If no information is available about the spectrum then selecting the coefficients
randomly is a last method of choice. Approaches such as the Fastest Fourier Transform in
the West (FFTW) [20] allow for the calculation of pruned FFT, which compute only a subset
of outputs of the FFT at the cost of O(n log s) for s Fourier coefficients.

Furthermore, in some applications where we expect the spectrum to be very sparse
(many Fourier coefficients will be zero, or close to zero), the Sparse Fourier Transform
(SFT) [21,22] can be applied to compute the s largest magnitude Fourier coefficients with
complexity O(s log n) if the signal is exactly s-sparse or O(s log n log(n/s)) if the signal
is s-sparse plus noise. The SFT is probabilistic, so usually, we do not compute just one
coefficient, but a few s > 1 and select the largest in magnitude. An interesting point here is
to note that these SFTs work on the principle of intentionally allowing aliasing to occur in
order to group Fourier coefficients in the same bins, allowing conflicts that are subsequently
resolved. This is relevant in our case because, by carefully choosing the aliasing, we could
group the calculations in bins such that Fourier coefficients that are not of interest are
grouped in the same bins, and then in separate bins, we group only the coefficients of
interest. Therefore, resolving the collisions occurs only in the bins of interest.

The next remark addresses the issue of comparing, in the noisy case, the classic
shift recovery method against the one measurement approach as a function of n and the
signal-to-noise ratio.

Remark 6 (Expected accuracy performance and comparison between the circular convolu-
tion theorem and the one measurement model). Given Result 2, we expect the shift recovery
performance to follow:

1. The recovery of the shift by the circular convolutional theorem improves as the length of the
signals n increases or the variance of the noise ζ2 decreases, i.e., it is easier to recover the
correct shift under these circumstances;

2. For shift recovery from a single measurement, as n increases, the noise variance ζ2 for which
the recovery accuracy approaches 100% decreases, i.e., it is harder to recover the correct shift
under these circumstances;

3. For shift recovery from a single measurement, as the variance decreases to zero, i.e., ζ2 → 0,
the probability of correct recovery is bounded by 1

gcd(i,n) .

Proof. Assuming the measurement model in Equation (25), for two different shifts q
and q′ such that q ̸= q′, and the respective shifted vectors xq and xq′ , the idea is to
compute the probability of choosing the wrong shift q′ over the correct q as P(∥y − xq′∥2

2 ≤
∥y − xq∥2

2). The inequality is reduced from ∥y − xq′∥2
2∥y − xq∥2

2 ≤ 0 to the equivalent
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∥xq′ − xq∥2
2 ≤ 2wT(xq′ − xq). Because w ∼ N (0n×1, ζ2In) we have that wT(xq′ − xq) ∼

N (0, ζ2∥xq′ − xq∥2
2). Finally, note that

∥xq′ − xq∥2
2 = ∥Pq′−1x − Pq−1x∥2

2

= ∥x − (Pq′−1)TPq−1x∥2
2

= ∥x − P1−q′Pq−1x∥2
2

= ∥x − Pq−q′x∥2
2

= ∥x − xq−q′+1∥2
2.

(32)

Therefore, the results depend only on the nonzero differences between the two shifts
we consider. Then, if follows that for any shift difference d = q − q′ + 1 ̸= 0 we have that

∥x − xd∥2
2 = ∥x∥2

2 + ∥xd∥2
2 − 2xTxd = 2∥x∥2

2(1 − ρd), (33)

where ρd is the normalized circular autocorrelation coefficient for delay d. We assume
|ρd| < 1 for all d ̸= 0, i.e., there is no periodicity in the signal x. Then, the probability of
error is given by

P(∥y − xq′∥2
2 ≤ ∥y − xq∥2

2) = Q
(
∥x − xd∥2

2ζ

)

= Q

√ (1 − ρd)∥x∥2
2

2ζ2


= Q

(√
n(1 − ρd)SNR

2

)
.

(34)

If we would allow ρd = 1 then Q(0) = 1
2 , describing the inherit uncertainty in the shift

recovery between q and q′.
We have defined the Q-function as the tail distribution function of the standard normal

distribution and SNR = 1
n
∥x∥2

2
ζ2 . Finally, for q⋆ given by Result 2, by a union bound we have

P(q⋆ ̸= q) ≤
n−1

∑
d=1

Q

(√
n(1 − ρd)SNR

2

)

= (n − 1)Q

(√
n(1 − ρmax)SNR

2

)
,

(35)

where ρmax = max
d

ρd is the highest autocorrelation coefficient. This shows that increasing n

or SNR leads to a lower expected error upper bound. Naturally, high magnitude coefficients
in the autocorrelation increase the probability of error. In fact, P(q⋆ ̸= q) → 0 as SNR → ∞
or n → ∞.

In the case of a single measurement, the main difficulty is the angular separation
between adjacent phases on the unit circle, which is 2π/n. As n increases, this separation
decreases, so at any fixed measurement SNR, the success probability of recovery decreases.
Assuming that we use the classic approximation 2 sin(π/n) ≈ 2π/n instead of the arc
length distance between neighboring phases, correct identification occurs when the phase
error in absolute value stays within half the grid spacing, i.e., π/n. Therefore, by Re-
mark 5, the probability of error for a single measurement whose estimate q⋆ is given by
Euqation (16) is

P1(q⋆ ̸= q) ≈ 2Q

(√
2
|x̃i|2
∥x∥2

2
SNR

π

n

)
. (36)
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Note there that the relationship with SNR is the same as in Equation (35), but the
relationship with n is inverse, i.e., larger n decreases the probability of correct shift recovery
from a single measurement. According to Equation (36), for signals of length 2n we need an
SNR approximately 10 log10(4) ≈ 6 dB larger to achieve the same shift recovery accuracy
as for n.

Finally, note that because i(q − q′) = 0 mod n has exactly gcd(i, n) solutions, and
assuming that q is uniformly distributed among all possible shifts, then the maximum
possible probability of exact recovery is at most 1

gcd(i,n) . This is because gcd(i, n) shifts
the map to the same phase and only n

gcd(i,n) distinct phases. Therefore, the probability of
Equation (36) asymptotically tends to one as the SNR → ∞ iff gcd(i, n) = 1.

Next, we look at the compressed sensing extension of the shift retrieval problem and
several other, more general shift retrieval problems.

3.3. The Compressive Shift Retrieval Problem

The compressive shift retrieval problem has been previously introduced [13,14]. In this
section, we show how this result can also be described in the overall structure developed in
this paper.

Define the sensing matrix A ∈ Cm×n, m ≤ n, and the compressed measurement signals
z = Ay ∈ Cm and v = Ax ∈ Cm. Assuming that y is a circular shift in x, the goal is to
determine the shift from z and v. Similarly to Equation (5), consider the test (Corollary 2
in [13]):

argmax
q

ℜ{zH P̄q−1v}, (37)

where P̄q−1 = APq−1AH . It has been shown that when A is taken to be a partial Fourier
matrix, then ([13], Corollary 4):

max
q∈{0,...,n−1}

ℜ
{

m

∑
i=1

z∗i vie
−2π jkiq

n

}
, (38)

recovers the true shift if there exists i ∈ {1, . . . , m} such that x̃ki
̸= 0 (the kth

i coefficient of
the Fourier transform of x) and {1, . . . , n − 1} ki

n contain no integers. The set K = {ki}m
i=1

contains the indices of the rows contained in the partial Fourier matrix A. Following ([13],
Theorem 1), we assume that the sensing matrix A obeys: AHAPq−1 = Pq−1AHA, ∃ γ ∈ R
so that γAAH = Im and all columns of Acirc(x) are different so that there is no ambiguity
in the shift in the measurements. Without loss of generality, assume γ = 1.

The compressive shift retrieval result is partly based on the fact that AHAPq−1 =

Pq−1AHA. Notice that AHA = FHΣF where the diagonal Σ contains {0, 1} with ones on
the positions where the rows of the Fourier matrix are selected (the set K). Notice that AHA
is a circulant and thus it commutes with Pq−1 – they have the same eigenspace. Also, given
a set K of indices, we define the operation [a]K = b for vectors a ∈ Cn, b ∈ Cm, m ≤ n, as
equality between values b and positions K of a, leaving the rest of the values of a indexed
in {1, 2, . . . , n}\K to zero.

Result 3 (Circulant compressive shift retrieval with a proof based on circulant matrices).
Given z = Ay and v = Ax where y = Pq−1x, assuming vi ̸= 0, i = 1, . . . , m, then

(Feq)K = z ⊘ v. (39)
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Proof. We start again from the least squares problem,

minimize
q

∥z − APq−1AHv∥2
2. (40)

With the assumption that y − Pq−1x = 0n×1 the objective reaches the zero minimum,

Ay − APq−1x = Ay − AAHAPq−1x

= Ay − APq−1AHAx

= z − APq−1AHv,

(41)

where we used the commutativity of circulant matrices and that AAH = Im. To develop
Equation (40), start again from Equation (2) and the expression of the matrix multiplication
as vec(AFHΣFAHv) =

(
(FAHv)T ⊗ (AFH)

)
vec(Σ). We finally obtain

∥z − APq−1AHv∥2
2 =∥z − AFHΣFAHv∥2

2

=∥vec(z)− vec(AFHΣFAHv)∥2
2

=∥z −
(
(FAHv)T ⊗ (AFH)

)
vec(Σ)∥2

2

=∥z − VFeq∥2
2,

(42)

where the matrix V of size m × n contains only the columns of the Kronecker product that
match the non-zero elements of the diagonal matrix Σ. The matrix contains the elements of
v in positions (ki, i). The second equality holds because the ℓ2 norm is element-wise, and
therefore applying the vec operator does not change the value. It follows that VFeq = z and

(Feq)K =VH(VVH)−1z

=VH(z ⊘ |v|2)
=v∗ ⊙ z ⊘ |v|2

=z ⊘ v.

(43)

The compressive shift retrieval is equivalent to Equation (9), the regular shift retrieval,
on the set of Fourier components K. This is a unified view of the classic and compressed
shift retrieval solutions.

In relation to Equation (38), we use the circulant structures to reach

zH P̄q−1v =zHAFHΣFAHv

=vec(zHAFHΣFAHv)

=((FAHv)T ⊗ (zHAFH))vec(Σ)

=rTFeq,

(44)

where we expressed the matrix multiplications as a linear transformation on Σ = diag(Feq)

and r ∈ Cn is the expression in the parenthesis with [r]K = z∗ ⊙ v. The matrix FAH ∈ Rn×m

is a partial permutation matrix—only positions (ki, i) are non-zero. The products with v
and z produce extended vectors [v]K, [z]K ∈ Cn. Thus, maximizing zH P̄q−1v reduces to
the selection of eq.

Due to the natural appearance of the Fourier matrix F in the factorization of circulant
matrices its rows are also the natural choice in the rows of the measurement matrix A.
Cancelations that occur because of this choice lead to the analytic results found. This shows
a simple, but equivalent, alternative way to develop Equation (38) of [13].
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3.4. The 1-to-N Shift Retrieval Problem

In the previous sections, we have assumed that the signals to be compared are single-
tons (we could call this the 1-to-1 shift retrieval problem). In this section, we explore what
happens when we want to solve the shift retrieval problem between a signal x and a group
of signals Y ∈ Rn×N , i.e., find the shift for the signal x such that it aligns best with all N
signals from Y. Just as before, we can approach this problem as maximizing Equation (7) or
like a minimization problem (Equation (10)).

In our case, the quantity in Equation (7) generalizes to

arg max
q

∥YTPq−1x∥1, (45)

and this is equivalent to the approach:

arg max |circ(x)TY|1N×1, (46)

i.e., we take the index of the maximum entry of the n× 1 argument vector. The argument we
want is the index where the quantity ∥circ(x)TY∥∞ is achieved. This is the matrix ∞-norm,
i.e., ∥Z∥∞ = max

i
∑k |Zik|. The next result provides the way to compute the optimum shift.

Result 4 (One-to-many shift retrieval). We are given a signal x and a group of signals Y, we aim
to find the shift that achieves the highest correlation, in absolute value, between x and all the vectors
yi from Y in the sense of Equation (46). The shift q that maximizes this quantity is returned by

arg max |IFFT(diag(FFT(x)∗)FFT(Y))|1N×1, (47)

i.e., we take the index of the maximum entry of the n × 1 argument vector.

Proof. We use Equation (2) and expand the quantity in Equation (46),

circ(x)TY = (FHdiag(Fx)F)HY = FHdiag(Fx)∗FY. (48)

The matrix-vector product that follows computes the row-wise sums of the absolute
value matrix. The computational complexity is dominated by O(nN log n) for the Fourier
transforms and O(nN) for the summations.

This result establishes the circular shift that, on average, aligns the data points as well
as possible.

3.5. The N-to-N Shift Retrieval Problem

In the most general case of pairwise shifts, we are given two sets of signals X ∈ Rn×N

and Y ∈ Rn×N ; the problem is to find a single shift such that each signal xi aligns as best
as possible with the corresponding signal yi. This can be seen as the generalization of the
problem in the previous sections.

In this case, the quantity in Equation (45) further generalizes to

arg max
q

trace(|YTPq−1X|), (49)

We state the following result, as a generalization of Result 4.
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Result 5 (Many-to-many shift retrieval). We are given the signals X and Y, we aim to find the
shift that achieves the highest correlation, in absolute value, between all pairs xi and yi in the sense
of Equation (49). The shift q that maximizes this quantity is returned by

arg max |IFFT(FFT(X)∗ ⊙ FFT(Y))|1N×1, (50)

i.e., we take the index of the maximum entry of the n × 1 argument vector.

Proof. We use Equation (2), Result 4 and expand the quantity

diag(YTPq−1X) = diag(YTFHdiag(Feq)FX)

= diag(ỸHdiag(fq)X̃)

= (ỸH ⊙ X̃T)fq.

(51)

The last equality leads to the expression in the result statement, as the trace is the sum
of the diagonal vector entries. The matrix-vector product that follows computes the row-
wise sums in absolute value. The computational complexity is dominated by O(nN log n)
for the Fourier transforms and O(nN) for the summations.

Notice how Results 4 and 5 are generalizations of the multiplicative cross-correlation
formula from Equation (6). In these cases, when we do not expect alignment to be per-
formed exactly, the division approach taken in Result 1 is not appropriate. In the context
of these results, if indeed signals are circular shifts in each other, then N = 1 is enough to
recover the true shift. Thus, these methods actually recover an average shift that maximally
aligns the data point pairs.

3.6. Linear Combinations of a Known Circularly Shifted Signal

In all previous sections, our objective was to recover a single shift that maximally
aligns data points, either 1-to-1, 1-to-N, or N-to-N. Now, we consider a scenario where a
single signal is circularly shifted in multiple positions, and we take linear combinations of
these. The task is to recover all the shifts performed and their weights from the minimum
number of measurements. Consider the following result, a generalization of Result 1:

Result 6 (Recovery of linear combinations of circular shifts). We are given a signal x and
the measurement y, which we assume is a linear combination of an unknown number of weighted
circular shifts in x such that

y =
n

∑
q=1

αqPq−1x, (52)

then, stacking the real-valued weights αq in the vector α ∈ Rn, and assuming x̃i ̸= 0 holds for all
indices, we have that

IFFT(FFT(y)⊘ FFT(x)) = α. (53)

Proof. We start by solving the optimization problem

minimize
α

∥y −
n

∑
q=1

αqPq−1x∥2
2. (54)
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Note that the optimization variables are the weights αq, not the shifts. If a circular shift
is missing in the linear combination, then the corresponding weight is zero. We develop
the objective function value

∥y −
n

∑
q=1

αqPq−1x∥2
2 = ∥y −

n

∑
q=1

αqFHdiag(Feq)Fx∥2
2

= ∥Fy −
n

∑
q=1

αqdiag(fq)Fx∥2
2

= ∥ỹ −
n

∑
q=1

αqdiag(fq)x̃∥2
2

= ∥ỹ − diag(x̃)
n

∑
q=1

αqfq∥2
2

= ∥ỹ − diag(x̃)Fα∥2
2,

(55)

here we have used that diag(fq)x̃ = fq ⊙ x̃ = diag(x̃)fq. Assuming that Equation (52) holds,
we have ỹ = diag(x̃)Fα and finally ỹ ⊘ x̃ = Fα, to reach the desired result.

This result establishes that weighted linear combinations of a single known signal,
which is circularly shifted, can be efficiently recovered from noiseless linear measurements.
Note that we need not use all possible shifts, but only a subset—equivalent to having a
sparse weight vector α.

A natural question might be what is the minimum number of measurements needed
to recover the weights, and what happens when noise is added to the measurements?
In general, we will need all n measurements ỹ ⊘ x̃, but when the weight vector α is sparse,
then well-known results from the signal processing literature provide better insights. First,
note that for x̃i ̸= 0, the problem can be seen as a linear measurement problem of the type:

ỹ ⊘ x̃ = Fα. (56)

Assuming sparsity s ∈ N, 1 ≤ s ≪ n for α, this is now a standard problem in
Compressed Sensing (CS) [23] where we ask how many Fourier measurements we need,
from the total n available, in order to correctly recover the weights α. To understand
this problem and its solution, we make use of the following well-established results from
the literature:

• In the noiseless case, we know that in order to recover an exactly s-sparse vector α,
we need at least m = 2s consecutive Fourier measurements. This result is described
in ([23], Theorem 2.15) via a Prony-type reconstruction procedure. Note that this is
consistent with the findings of Remark 4 for s = 1, where it is established that two
non-DC components are required;

• In the noisy measurements case, Prony-type methods cannot be used, as they are
not robust against noise. Now, the stable recovery of an s-sparse α of length n needs,
with high probability, order m ≈ s polylog(n) random Fourier measurements. The re-
covery of α is performed via the ℓ1 optimization problem Basis Pursuit Denoizing
(BPD),

minimize
α∈Rn

∥α∥1 subject to ∥(ỹ ⊘ x̃)K − (F)Kα∥2 ≤ ϵ, (57)

where positive ϵ ∈ R is given and depends on the expected noise level. We have
denoted here (F)K the m × n sub-matrix of the n × n Fourier matrix consisting of
all the columns and only the rows indexed in the set K. For the technical details on
this result, the reader can consult ([23], Chapter 11). In the case of s = 1, note that
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the solution is computed by finding the largest absolute value correlation between
the columns of (F)K and (ỹ ⊘ x̃)K. Normalizing the columns of (F)K and defining
the mutual coherence denoted 0 ≤ µ((F)K) ≤ 1, the shift retrieval for s = 1 and
the recovery of the single weight α is robust against noise whenever |α| ≥ 2ϵ

1−µ((F)K)
.

In general, µ((F)K) decreases with increasing m [24].

When the signal x is unknown and we try to recover both the shifts and the signal
itself, the problem is much more difficult, as it requires some alternating optimization
strategy, in general. This is related to the circulant dictionary learning problem [16,17,25].

4. Experimental Results
Some results described in this paper are algebraic in nature, and therefore, beyond their

proofs, simulation experiments do not bring any further significant insights. In this section,
we check numerically Result 2 and the noisy variant of Result 6, as in these cases, estimation
accuracy needs to be computed and insights verified empirically.

4.1. Shift Recovery from Multiple Noisy Measurements

In the first experimental setting, we want to validate the findings in Result 2, Remarks
5 and 6. We will generate random signals x of size n, circularly shift them by a uniformly
random quantity q, and then try to recover them from the m ≤ n noisy measurements
from y, as described in Equation (25). We also want to validate the intuition and findings
of Remark 5 by proposing two ways of selecting the Fourier measurements: uniformly
at random and then such that the m chosen Fourier coefficients are from the first half
of the spectrum (to avoid duplicates due to conjugation) and have maximum ℓ2 norm,
i.e., maximum sum squared magnitude. We expect the latter to perform much better in
experiments. Performance is measured in two ways: the percentage of average correct
shift recovery and as the Root Mean Squared Error (RMSE) between the true shifts and the
estimates obtained, always modulo n.

In Figures 1 and 2, we show the experimental results for several n and as the number
of Fourier measurements m increases. In Figure 1 we show the percentage of correct shift
recovery by Result 2 over 10,000 realizations for SNR in the range [−30, 60] dB. We recover
the shift from signals of size n with an increasing number of Fourier measurements m for
various SNR values. Largest magnitude entries are selected, as per Remark 5. As high-
lighted by Remark 6, notice how the performance of the circular convolutional approach
improves as the length of the signals n increases, and also notice how the performance
of the one-measurement approach degrades (top to bottom). For the bottom plot, where
n = 8192, we expected near-perfect shift recovery from one measurement only around
65 dB SNR. Note that all other experiments, which take the number of measurements m
to be a percentage of the signal size, also exhibit improved accuracy as n grows, from top
to bottom. Also note that for n = 8192 we have almost perfect recovery by 0 dB SNR for
m = 25 measurements (0.03% of n). For all n used in Figure 1, we have that φ(n) = n/2,
since these are perfect powers of two, and therefore we have 50% of measurements that
obey gcd(ki, n) = 1, i.e., the measurements with odd indices. Notice that when we ap-
proach 50% measurements, we reach the accuracy of the full circular convolution method.
At the opposite end, for prime n we have φ(n) = n − 1, and therefore all indices would
obey gcd(ki, n) = 1.

In Figure 2, we show RMSE for the shift recovery accuracy when dealing with signals
of size n ∈ {300, 600, 900, 1200} with an increasing number of Fourier measurements m. We
show the two indices selection rules: uniformly at random and by largest magnitude, as per
Remark 5. Results in all plots are averaged over 10.000 realizations. Observe that the index
selection rule from Remark 5 significantly outperforms a random selection strategy and
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quickly reaches a near-zero RMSE. Of course, in order to be able to select the top magnitude
m entries in the spectrum, we have to compute the whole spectrum. This might not always
be possible, and it comes with the cost of calculating the full Fourier transform at the cost
of O(n log n), as opposed to O(nm) when only m Fourier coefficients are needed.
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Figure 1. Average accuracy of correct shift recovery by Result 2. From top to bottom, the signal sizes
are n ∈ {1024, 2048, 4096, 8192}.
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Figure 2. RMSE of recovered shift for increasing number of Fourier measurements m. The top four
plots have SNR = 0 dB, while the bottom four plots have SNR = 15 dB.

4.2. Recovering Multiple Shifts via ℓ1 Minimization

In the last experimental setup, we experimentally test the findings of Result 6. We
generate a random signal x with entries from the standard Gaussian distribution. For a fixed
sparsity level s, we generate the weight vector α whose support is generated uniformly
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at random and whose values are from the standard Gaussian distribution. The shifts α

are also generated uniformly at random in the feasible set. We acquire m noisy Fourier
measurements, similarly to Equation (52),

y =
n

∑
q=1

αqPq−1x + w, w ∼ N (0n×1, ζ2In). (58)

Our goal is to recover the vector α, as its entries provide the weights, and the positions
of the non-zero entries provide the shifts. To solve ℓ1 optimization problems, we use the
publicly available CVXPY library [26]. Recovery results, averaged over 100 realizations,
are shown in Figure 3. For α, we show the RMSE, which expresses the accuracy of weight
estimation, and the successful support recovery rate, which expresses the accuracy of shift
retrieval. For the support recovery, we compute the positions of the s largest magnitude
entries in the solutions to the ℓ1 optimization problem, and we check the overlap with the
true support. We report the recovery of support as a percentage. As expected, increasing
the number of measurements leads to better performance, and of course, increasing the
dimension n and the sparsity s degrades the recovery of both the weights and the support.
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Figure 3. RMSE of recovered shifts and their weights according to Result 6. The top two plots have
n = 300 and sparsity s = 15, and the bottom two plots have n = 600 and sparsity s = 20.

5. Conclusions
In this letter, we provide an overview of several shift retrieval problems based on

optimization problems involving circulant matrices. We demonstrate that while the classic
multiplicative cross-correlation method performs a perfectly adequate job in the shift
retrieval problem, in many scenarios, the shift can be retrieved naturally from a few
measurements by using a weighted correlation-like quantity. Our proposed approach also
unifies several previously known results and methods under a single framework, providing
natural generalizations. When appropriate, we successfully validate the algebraic results
through numerical experimental simulations where the goal is to perform shift retrieval
with as few measurements as possible.
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