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Abstract

The rapid development of digital manufacturing and robotic systems places increased de-
mands on the accuracy and reliability of industrial manipulators. Traditional time-based
reliability metrics do not reflect the robot’s ability to consistently achieve the desired po-
sition and orientation within process tolerances or the probability of the end-effector fall-
ing into a given area of permissible poses. The proposed framework integrates a deter-
ministic kinematic model, a stochastic representation of Denavit-Hartenberg parameters
and control variables, analytical methods for estimating probabilities, and numerical
modeling using the Monte Carlo method. The methodology has been tested on the widely
used industrial robot FANUC LR Mate 200iD/7L. The results demonstrate a significant
dependence of geometric reliability on the kinematic configuration of the manipulator,
with maximum reliability in compact poses and a significant reduction in elongated con-
figurations near singularities. Comprehensive validation was carried out, including nu-
merical experiments on a planar prototype, high-precision physical measurements on a
real robot and analysis of operational data, which confirmed the adequacy of the proposed
model. The developed approach provides a powerful tool for designing, optimizing and
predicting the reliability of robotic cells in high-precision automation environments.

Keywords: industrial robotics; geometric reliability; probabilistic modeling; robot
kinematics; Monte Carlo method; FANUC; Denavit-Hartenberg parameters; positioning
accuracy

MSC: 70B15; 70E60; 60G15; 65C05; 90B25

1. Introduction

The rapid development of industrial automation over the past two decades has led
to an unprecedented increase in the use of robotic arms in mechanical assembly, precision
machining, welding, inspection, and logistics operations [1]. As manufacturing systems
move towards mass customization and flexible digital factories, industrial robots must
provide not only high speed and payload, but also consistent positioning and orientation
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accuracy over a wide range of operating conditions [2,3]. The stability of such character-
istics is becoming a key factor in reducing the number of defects, minimizing downtime
and integrating manipulators into the structures of digital twins and process optimization
systems [4,5].

In the context of the transition to Industry 4.0 and digital factories, industrial robots
have become a key component of flexible manufacturing systems. They are widely used
in assembly, welding, machining and logistics operations, where the success of the tech-
nological process directly depends on the ability of the manipulator to accurately and re-
peatably position the end-effector [6]. However, traditional reliability measures, such as
mean time between failures, focus on hardware failures and do not take into account func-
tional failures associated with positioning accuracy and orientation exceeding technolog-
ical tolerances [7,8]. Even minor geometric deviations that do not lead to a breakdown can
make the operation impossible, for example, when press-fit operations or precisely align-
ing. This determines the relevance of the development of new metrics and mathematical
models that make it possible to quantify the reliability of the robot in terms of the proba-
bility of successfully achieving the target posture, the so-called geometric reliability [9].

In this regard, mathematical modeling of the reliability of industrial robots is becom-
ing increasingly important, especially in those tasks where geometric accuracy directly
determines the success of technological operations. Traditional engineering approaches
define reliability through failure intensity, mean time between failures, and other time
indicators based on the theory of stochastic processes [10]. These parameters are necessary
when planning maintenance, but they do not reflect another, no less important aspect of
reliability —the probability that the manipulator end-effector will reach the required posi-
tion and orientation within the permissible technological tolerances [11]. Even a small de-
viation of a few tenths of a millimeter in position or a few tenths of a degree in orientation
can make it impossible to insert, lock, or align the part during the assembly operation.
Therefore, geometric reliability, that is, the probability of the final configuration of the
robot falling into a given range of permissible postures, becomes a strictly defined and
practically significant criterion closely related to the feasibility of the technological task
[12].

The modern theory of reliability in its classical form considers a failure as a discrete
transition of a system from an operational state to a failed one [13]. However, for industrial
robots that perform high-precision operations, a functional failure often manifests itself
not as a machine failure, but as an operating point that has gone beyond the permissible
range. This leads to the need to develop a mathematical apparatus that takes into account
the random nature of errors in the kinematics of the manipulator and makes it possible to
determine the probability of success of the operation as the probability of falling into a
variety of admissible positions and orientations [14]. One of the most promising areas here
is probabilistic modeling of direct kinematics, where geometric parameters and control
variables subject to uncertainties are treated as random variables [15]. These include link
tolerances, misalignment of articulation axes, sensor noise, deformations and errors in
drives and control algorithms. Under natural assumptions substantiated by the central
limit theorem, the set of such errors can be approximated by a multivariate normal distri-
bution, as a result of which the final posture of the end-effector also allows representation
in the form of a random vector distributed normally [16]. This makes it possible to strictly
define geometric reliability as a probabilistic integral over the range of permissible values
formed by technological requirements.

Despite a significant amount of work on stochastic kinematics, most research is lim-
ited to small-scale planar manipulators, simplified geometries of working areas, or artifi-
cially specified tolerances that do not reflect the conditions of real production. The litera-
ture also rarely considers the relationship between geometric reliability and traditional
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time-based reliability metrics, such as mean time between failures or failure rates [17].
This has formed a noticeable research gap that our work explicitly addresses through
three interconnected contributions:

1. Functional vs. temporal reliability disconnect: Classical metrics (MTBF, failure rate)
quantify hardware survivability but ignore functional failures—cases where the ro-
bot remains mechanically operational yet fails to satisfy pose tolerances required by
the process (e.g., £0.5 mm insertion). This gap is critical for precision assembly, where
geometric deviations cause defects without triggering fault diagnostics.

2. Limited scope of stochastic kinematics studies: Prior work on probabilistic pose anal-
ysis is predominantly confined to planar 2-DOF prototypes or idealized spherical tol-
erance zones. Real industrial tasks involve complex 6-axis manipulators (e.g., FA-
NUC LR Mate series) and composite tolerances (cylindrical position + angular orien-
tation bounds), which demand a unified framework beyond simplified academic ex-
amples.

3. Missing bridge between geometric and operational reliability: While geometric reli-
ability (R = P(X € Q)) and time-based reliability (A(t)) are treated separately in the
literature, their coupling in practice is evident: calibration restores R by reducing Xg,
while wear degrades R over time. Our framework explicitly links these domains
through degradation-aware covariance modeling Zq(t), enabling predictive mainte-
nance triggered by geometric reliability thresholds.

By addressing these gaps, the study provides the first experimentally validated prob-
abilistic methodology that quantifies configuration-dependent geometric reliability for a
real 6-axis industrial robot, unifies analytical and Monte Carlo approaches for arbitrary
tolerance geometries, and demonstrates correlation between geometric degradation and
operational failure statistics.

We acknowledge that the individual mathematical components employed in this
work —multivariate normal approximation of kinematic errors, first-order error propaga-
tion Xx=JZ,JT, and Monte Carlo estimation of success probability —are established tools
in robotics literature. The methodological contribution of this study lies not in inventing
new mathematics per se, but in their rigorous integration and industrial-scale validation.
Specifically, we provide the first comprehensive experimental validation on a real 6-axis
industrial manipulator (FANUC LR Mate 200iD/7L) using laser-tracker measurements
across 25 workspace points and 50 repeats per configuration, demonstrating model accu-
racy within 9.3% variance error in compact configurations and quantifying the breakdown
boundary (>18% error) near singularities. Furthermore, we introduce a degradation-
aware covariance model Xy(t) = X4(0) + fD(t) that bridges geometric reliability R(t) = P(X(f)
€ ) to operational failure statistics (18-month log, Weibull k =1.18, n = 9200 h), enabling
predictive maintenance triggered by geometric reliability thresholds. Quantitative com-
parison against worst-case bounds (—7.2% error) and joint-clearance model (-4.7% error)
[18] demonstrates our hybrid framework’s superior accuracy (+1.8% vs. ground truth)
while maintaining computational efficiency (3.2 s for 105 Sobol samples). Thus, the nov-
elty resides in the integration, industrial validation, and operational bridging of estab-
lished probabilistic tools—not in the invention of the tools themselves.

The present study aims to bridge this gap by developing and validating a compre-
hensive probabilistic approach to geometric reliability estimation [19] and demonstrating
its capabilities on the widely used industrial robot FANUC LR Mate 200iD/7L (FANUC,
Yamanashi, Japan). The choice of this model is due to several reasons. The LR Mate series
is one of the most popular in world industry, actively used in the automotive, electronic
and engineering sectors [20]. The kinematic structure of these robots, their design charac-
teristics, manufacturing tolerances, and accuracy parameters are reflected in detail in open
technical documentation, which makes it possible to form realistic probabilistic models
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[21]. Typical tasks performed by the manipulator —assembly, palletizing, precise position-
ing, part insertion and feeding, inspection —have well-defined tolerances for position and
orientation, making them a natural basis for formalizing reliability in terms of admissible
pose ranges. For example, insertion or alignment operations require that the working
point is located in a limited cylindrical or ellipsoidal area around the target position, and
the orientation is kept within small angular deviations to ensure correct tool entry [22].

In this paper, the geometric reliability of the FANUC LR Mate 200iD/7L manipulator
is defined as the probability that the random posture of the end-effector formed by the
model of stochastic straight kinematics will fall within the range of permissible values
corresponding to the specifics of the technological operation. Multivariate normal approx-
imation serves as the basis for deriving analytical or semi-analytic expressions of proba-
bility in cases where the area of admissible poses has a simple form [23]. In more complex
scenarios, Monte Carlo simulations are used to provide high accuracy estimates with min-
imal constraints on the shape of the region and the structure of dependencies. Combining
these approaches into a single mathematical framework allows for cross-validation [24],
studying the sensitivity of the model, and analyzing the applicability of various assump-
tions.

An important feature of the work is also an attempt to link geometric reliability with
traditional performance indicators. Despite the different nature of geometric deviations
and hardware failures, their combined effect determines the overall reliability of the ro-
botic cell [25]. By analyzing the accuracy specifications of the FANUC LR Mate 200iD/7L
and the typical drift resistance parameters, it is possible to interpret the obtained proba-
bilistic indicators in terms of classical time metrics, which opens up prospects for optimiz-
ing maintenance and calibration [26].

The purpose of this study is to develop and experimentally validate a complex prob-
abilistic framework for assessing the geometric reliability of an industrial robotic arm. The
work is aimed at creating a unified mathematical apparatus that connects stochastic mod-
els of kinematic parameters with the probability of the final posture of the end-effector
falling into the area specified by the technological requirements.

The novelty of the work lies in the following;:

1. A strict probabilistic definition of geometric reliability as an integral over a multidi-
mensional domain of admissible poses is proposed.

2. Ahybrid approach has been developed that combines analytical methods (for simple
tolerance domains) and high-fidelity Monte Carlo simulations (to account for nonlin-
earities and complex domains).

3. A comprehensive study of the configuration dependence of geometric reliability was
carried out on the example of a real industrial robot FANUC LR Mate 200iD/7L,
which revealed a significant decrease in reliability near kinematic singularities.

4. A comprehensive validation of the model was carried out, including cross-compari-
son of analytical and numerical methods, full-scale experiments using a laser tracker
and analysis of long-term operational data, which demonstrates the practical applica-
bility of the approach.

The article is organized as follows: Section 2 presents materials and methods, includ-
ing the object of research, a deterministic kinematic model and a general methodology.
Section 4 is devoted to probabilistic modeling of kinematic parameters. Section 5 gives
formal definitions of reliability in the space of pos. Sections 6 and 7 detail analytical and
numerical (Monte Carlo) methods for assessing reliability, respectively. Section 8 presents
a case study on the FANUC robot. Section 9 contains a comprehensive experimental and
numerical validation of the proposed approach. Section 10 discusses the results and Sec-
tion 11 formulates the main conclusions.
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To ensure clarity and consistency throughout the manuscript, Table 1 summarizes
the notation mapping between deterministic kinematics (classical robot modelling) and
the stochastic framework developed in this work. The table explicitly links symbols used
for nominal robot parameters to their probabilistic counterparts, defines units and coor-
dinate conventions, and eliminates ambiguity when transitioning between analytical der-
ivations (Sections 3 and 4) and reliability computations (Sections 5-7). All subsequent sec-
tions adhere to this unified notation scheme.

Table 1. Notation consistency between deterministic and stochastic formulations.

Deterministic Form Stochastic FormDescription Units
0 0 (mean value) Joint angles [deg]
f(0) X=A(q) End-effector pose R®
J(6) J(u_q) Jacobian matrix (evaluated at mean) —

— q~N(u_g, Z_q) Random DH parameters -

— X X=]JX _gq]J" Pose covariance propagation [mm?], [deg?]
Prarget xo € R3 Target position [mm]

Wtarget wo € R3 Target orientation [deg]

— QcRe Admissible pose domain —

— R=P(X € Q) Geometric reliability dimensionless

Coordinate frames: -{B}—base frame (origin at robot mounting flange, Z-axis vertical). -{T}—tool
frame (origin at TCP, Z-axis along tool axis). Note: All linear dimensions in millimetres [mm], angles

in degrees [deg]. Dash “—" indicates no deterministic counterpart.

2. Materials and Methods

This study is aimed at developing and verifying an integrated probabilistic approach
to assessing the geometric reliability of an industrial robot [27]. To achieve this goal, a set
of theoretical and experimental methods was used, including deterministic kinematic
modeling, stochastic analysis, analytical probability estimation, numerical modeling by
the Monte Carlo method, and full-scale experiment [28]. This section describes the object
of research, the mathematical apparatus, the structure of the experiment and the data
used.

To provide clarity and structure to the comprehensive methodology used in this
study, Figure 1 provides a general flowchart of the entire process. The methodology con-
sistently integrates deterministic and probabilistic modeling, reliability evaluation, and
experimental validation. The multi-step process begins with the development of an accu-
rate deterministic model of the direct kinematics and Jacobi matrix of the FANUC LR Mate
200iD/7L robot (Phase 1). This model serves as the basis for Phase 2, where key kinematic
parameters and control variables are converted into random variables with specified dis-
tributions, resulting in a distribution of the end-effector’s posture. In Phase 3, the concept
of geometric reliability is formalized by defining the range of permissible values specified
by the technological requirements of a particular operation. Phase 4 is the core of the com-
putational process, where two complementary methods are used to estimate the proba-
bility of success: analytical (for simple domains) and Monte Carlo numerical simulation
(to account for nonlinearities and complex tolerances). Finally, in Phase 5, a comprehen-
sive validation of the entire model is performed through numerical experiments on sim-
plified manipulators, high-precision physical measurements on a real robot, and analysis
of long-term operating data. This scheme provides a holistic view of how theoretical con-
structions are related to practical verification.
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Phase 1. Deterministic Modeling

Phase 2: Stochastic Modeling

Color Legend

Phase 1:
Deterministic Modeling

Phase 2: Stochastic
Modeling
Phase 3:/Reliability Definition

Phase 3: Reliability
Definition

Phase 4: Reliability
Estimation

@ Phase 5: Validation

Synthesis

Phase 5: Validation

Numerical Experiment
Planar Prototype

Experimental Campaign
FANUC Robot
Laser Tracker

Statistical Analysis
Operational Data

Figure 1. Overall methodology for investigating the geometric reliability of an industrial robot. The
diagram outlines the integrated five-phase workflow, from deterministic and stochastic modeling

to reliability estimation and experimental validation.

The presented methodology clearly demonstrates a systematic approach to solving
the problem of reliability assessment. Its key scientific value lies in the clear separation
and subsequent integration of deterministic and stochastic models, which makes it possi-
ble to correctly take into account the nature of technological errors [29]. Of particular in-
terest is the parallel application of analytical and numerical methods in Phase 4, which
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provides both computational efficiency and high accuracy in complex cases. The structure
emphasizes the iterative nature of the study, where validation results (Phase 5) can be
used to refine the original probabilistic models (Phase 2). Thus, this flowchart serves not
only as an illustration, but also as a conceptual map that reveals the logic and rigor of the
proposed approach.

2.1. Object of Research: FANUC LR Mate 200iD/7L Industrial Robot

The widely used six-axis robotic arm FANUC LR Mate 200iD/7L was chosen as the
object of the study. The choice is due to its high prevalence in industries such as automo-
tive, electronics and mechanical engineering, as well as the availability of detailed open
technical documentation, which allows you to build accurate kinematic models.

Main technical characteristics:

e  Kinematic Chain Type: Series, 6 degrees of freedom (R-R-R-R-R-R-R).

e Repeatability: +0.02 mm (according to technical documentation).

e Payload weight: Up to 7 kg (for LR Mate 200iD).

e  Working Area: A complex three-dimensional figure defined by the limits of joint
movement.

2.2. Deterministic Kinematic Model

The basis for all subsequent probabilistic analysis is an accurate deterministic model
of the manipulator’s direct kinematics. The model is built using the standard Denavit-
Hartenberg (DH) method. The Denavit-Hartenberg parameters for the FANUC LR Mate
200iD/7L robot are presented in Table 2.

Table 2. Denavit-Hartenberg parameters for the FANUC LR Mate 200iD/7L.

Connection i AI M) di (m) Ai (RAD) 0i (rad)
1 0 0.330 /2 01 (changes)
2 0.050 0 0 02 (changes)
3 0.330 0 0 03 (changes)
4 0 0.335 /2 01 (changes)
5 0 0 -11/2 05 (changes)
6 0 0.080 0 Os (changes)

Line kinematics is computed as a composition of homogeneous transformations be-
tween successive coordinate systems:

0T6 ="1,(6) ' T,(6,) T3(03)'3 ,(6,)"* T3(65) T, (6,),
i-1
where each transformation ! is given by a matrix 4 x 4, which is a function of the DH

parameters. The final posture (position and orientation) of the end-effector is determined
0
by the matrix Tq .
The Jacobi matrix J('g), which relates velocities in the articular space to velocities in
the working space, plays a key role in sensitivity analysis:

X= J(@)é, where x=[p",0'T".

Here P is the linear velocity, and is @ the angular velocity of the working organ.
In the context of reliability, the Jacobi matrix determines how small deviations in the joints

Sx=J(6)90

® are converted into deviations in the posture

https://doi.org/10.3390/math14030580
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2.3. Probabilistic Model and Determination of Geometric Reliability

To account for real errors, the deterministic model is extended to a stochastic model.
All parameters subject to uncertainties are considered as random variables.

— T
Stochastic parameter vector: q=la.d.,0,.....a5,d¢, 0, 0] .

It is assumed that the errors of the parameters have a multivariate normal distribu-
tion with a mathematical expectation equal to the nominal value and a covariance matrix

Zq:

g~ N(uq,.2q)q ~ N(uq.2q).

. X, . . . .
The covariance matrix ~ ¢ is formed on the basis of the analysis of the main sources
of uncertainty (Table 3).

Table 3. The main sources of uncertainty in the model.

Category Nature of Error Allocation Type
Manufacturing Tolerances  Inaccuracy of link dimensions Normal
Design inaccuracies Axis misalignments Normal
Control errors Sensor noise, quantization Normal
Dynamic Effects Elasticity, vibration Close to normal
X =[p,ol

The posture of the end-effector becomes a random vector, the distri-
bution of which is determined by the nonlinear transformation of the line kinematics

X =7s(q) . To a first approximation, for small errors, the distribution of X is approxi-
mated by a multidimensional normal:

X ~N(uX,2X),
where 2X = J(uq)ZqJ(uq)T.

Geometric reliability is formally defined as the probability that a random posture X
will fall within the range of permissible values €2 specified by the requirements of the
technological operation:

R=P(Xe QR=P(XeQ)

Q
The region €2 is often decomposed into the region of permissible positions ~ ”

and the region of permissible orientations Q“’, which allows the reliability to be evalu-

ated separately by position (R” ) and by orientation (R“’)

2.4. Reliability Assessment Methods

Two complementary methods were used R to calculate the probability.

2.4.1. Analytical Assessment
It is applicable when € it has a simple geometric shape (sphere, ellipsoid), and the
distribution X is close to normal.

»  For the spherical region Q =p:[p-p,|[<r:

Reliability R, s computed through a non-central chi-square distribution function
or through an incomplete gamma function.

https://doi.org/10.3390/math14030580
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»  For the ellipsoidal region Q = p:(p— p) A(p—p,)<1:
The problem boils down to calculating the probability integral for a sphere after

transforming the coordinates diagonalizing the matrix A

2.4.2. Monte Carlo Numerical Estimation

It is used for complex regions Q and to account for nonlinear effects, especially
near kinematic singularities.
Method algorithm:

1.  Sample Generation: Generates N independent parameter vector implementations
o @) (N)
q .9 ,..q fromthe N(4,Z,)
2. Direct Kinematic Transformation: For each implementation, ¢ @ the posture of the

end-effector is calculated X = f(¢").

3. Condition Check: For each, the X( 2 condition is checked X( 2 eQ
4. Probability Score: Reliability is estimated as the proportion of successful trials:

R= (X" eQ),

= [~
M=

1

where 16) is the indicator function.
To accelerate the convergence and reduce the variance of the estimate, stratified sam-
pling methods [30] and quasi-random sequences (Sobol) were used.

2.5. Experiment and Validation Plan

To check the adequacy of the probabilistic model, a set of numerical and full-scale
experiments was carried out.

2.5.1. Numerical Experiments

1. Analysis on a planar prototype: a simplified two-link flat manipulator was consid-
ered to verify the basic mathematical apparatus. Analytical and Monte Carlo esti-
mates of its reliability were compared for the circular tolerance range.

2. Configuration dependency analysis: Three characteristic configurations were se-
lected for the FANUC LR Mate 200iD/7L robot (Figure 1):

e  Compact: elbow bent, minimal sensitivity.

e Medium Operating: Typical mid-zone configuration.

e  Extended: the arm is maximally extended, close to the singularity of the elbow, high
sensitivity.
For each configuration, Monte Carlo simulations (tests) were carried out

N=10"..210" to assess reliability as part of a typical assembly operation.

2.5.2. Full-Scale Experiment
To validate the model predictions, a measurement campaign was organized on a real
FANUC LR Mate 200iD/7L robot.

¢ Measuring equipment: Optical tracking system (laser tracker) with an accuracy of
~0.01 mm.

¢ Methodology: In accordance with the ISO 9283 standard, a grid of 25 points in the
work area was defined. For each point and each of the three test configurations, the
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robot performed 50 repeated positioning. The actual positions and orientations of the
tool were recorded.

e Operation scenario: A precise tool insertion operation to a cylindrical hole was sim-
ulated. The range of valid values ) was defined as:

o Q, :Acylinder with a radius of 1 mm and a height of 2 mm around the target

point.

o £ :Tolerance of +3° at all Euler angles.

2.5.3. Statistical Analysis of Operational Data

To link geometric reliability to long-term operational reliability, an 18-month failure
and maintenance log of the robot cell was analyzed. The analysis included an assessment
of the failure rate (Weibull model) and a study of the effect of calibration on the variance
of positioning errors [31].

Thus, the combination of rigorous mathematical modeling, modern numerical meth-
ods, and comprehensive experimental validation forms a solid basis for the proposed ap-
proach to assessing the geometric reliability of industrial robots [32].

3. Deterministic Kinematic Model of the Industrial Robot

The kinematic structure of the manipulator is the initial basis for the construction of
all subsequent probabilistic models used for the analysis of geometric reliability [33]. Even
in the presence of stochastic factors in the parameters, control quantities, and mechanical
structure, the initial deterministic model determines the functional relationship between
the coordinates of the joints and the posture of the end-effector [34]. Therefore, the for-
malization of the kinematics of the FANUC LR Mate 200iD/7L robot must be carried out
as strictly and mathematically consistently as possible. This manipulator is a six-axis in-
dustrial robot with a sequential kinematic structure of the R-R-R-R-R-R-R type, which
means that there are six rotary joints that form an open kinematic chain. The geometry of
the robot is well documented, which makes it possible to use standard Denavit-Harten-
berg parameters to accurately describe geometric transformations between links [35].

Figure 2 schematically shows the structure of the kinematic chain of a robot, where
each link is connected to the next one by an idealized rotary joint. Such a scheme allows
you to represent the entire mechanics of the manipulator as a composition of six homoge-
neous transformations, each of which is determined by its own set of DH parameters so
that you can organize the descriptions of offsets and turns. In particular, the zi axis of each
link is directed along the axis of the corresponding rotational joint, and the xi axes are
defined by the orthonormal Hartenberg rule, which makes it possible to uniformly de-
scribe all transformations.

https://doi.org/10.3390/math14030580
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Figure 2. Kinematic diagram of the FANUC LR Mate 200iD/7L robot with the designation of joint
rotation axes and link sequence (conventional scheme); numbers 1-5 denote the sequence of manip-
ulator links (identical numbers correspond to the same structural link), zi-zs denote the joint rota-

tion axes.

The deterministic model begins with the introduction of a transformation matrix be-
tween adjacent links. For each link i, a standard expression is used

(cos@ —sin@ coser.  sin@sina,  a cos6)

. | sing  cosfcose, —cos@sing, asing

’ 0 sing, cos d,
0 0 0 1

where 4,1, di, avoai are the geometric parameters of the link, and ©: is the variable of the
angular displacement of the joint. Although this notation is standard, it plays a key role
in the subsequent stochastic analysis, since it determines how the randomness embedded
in the DH parameters or in the angles of rotation extends to the entire vector of the posture
of the end-effector.

Parameters a;, di, @i and O: for the FANUC LR Mate 200iD/7L are shown in Table 4.
Numerical values may vary slightly between the 200iD and 7L modifications, but the
structure and sequence of transformations are identical.

Table 4. DH Parameters for FANUC LR Mate 200iD/7L.

Joint i AIM) di(m) a1 (rad) 0i—Variable
1 0 0.330 /2 01
2 0.050 0 0 62
3 0.330 0 0 63
4 0 0.335 /2 04
5 0 0 -/2 65
6 0 0.080 0 06

https://doi.org/10.3390/math14030580
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These parameters are used as the basis for building an accurate straight kinematic
model.
Transform Composition

T = ]—12T237114T45T56T6E

TéE The T matrix is a homogeneous matrix of 4 x 4 size, containing information about
both the position and orientation of the end-effector. The coordinate system of the tool is
usually specified by the user or the manufacturer and may include an additional shift
relative to the flange of the sixth link, which should be taken into account in practical
calculations [36]. Working position The orientation is represented as the vector p = (x, v,
z), and the orientation is represented either through a rotation matrix, or through Euler
angles, or through a quaternion. In this study, orientation will be described in the param-
eterization of Euler angles, since it is most often used in problems of determining permis-
sible deviations of orientation [37].

An important feature of the kinematic structure of the FANUC LR Mate 200iD/7L is
that the first three links form the main reach space, which determines the position of the
working tool in three-dimensional space, while the last three links are mainly responsible
for the orientation of the tool. Such decomposition makes it possible to interpret the kine-
matics of the manipulator as a sequential transformation from the space of joint coordi-
nates to the space of positions and then to the space of orientations. This structure has
significant advantages in building reliability models, as it allows for independent analysis
of errors in the position configuration and orientation configuration before combining
them into a common model [38].

Geometrically, the working area of the FANUC LR Mate 200iD/7L is a complex three-
dimensional figure, but for the purposes of mathematical analysis, it is convenient to con-
sider its projections or sections. It is limited by the maximum and minimum radial dis-
tances achieved at different configurations of the angles of the first three axes. The exact
shape of this region is defined analytically through a set of values of the vector 0 = (01,0
2, 0 3), but in real-world applications it can be approximated by simpler shapes such as
cylinders or ellipsoids to simplify reliability calculations [39].

In the deterministic model, special attention is paid to the Jacobi matrix, which deter-
mines the relationship between microdisplacements of articular coordinates and micro-
displacements of the working organ. Jacobian

(ox ox)
538
J©O)=|- ,

99. 09,
06, 96,

. is one of the angles of orientation, it plays a fundamental role in sensitivity
analysis and in the distribution of random errors. At points where the deterministic Jaco-
bian has a high conditional number, small deviations in the joints lead to significant
changes in the posture of the working organ, which significantly reduces geometric relia-
bility. This phenomenon is especially noticeable near singularities and in configurations
where the axes of several joints approximately coincide or line up. The FANUC LR Mate

where

200iD/7L, like most six-axis robots, has two types of singularities: the so-called “elbow”
and “wrist” singularities, which occur when the joints are aligned in a certain way. These
singularities should be carefully considered when building a probabilistic model, since
they affect the distribution of the pose [40].
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The deterministic model is the basis of subsequent stochastic analysis, where each
DH parameter and each joint angle can be represented not as a fixed value, but as a ran-
dom one, distributed in accordance with design tolerances, technological errors, and con-
trol errors. However, it is the structure of the T matrix and its dependence on 0 allows
you to correctly form the function of transition from random parameters to the distribu-
tion of the pose. After determining deterministic kinematics, it is possible to proceed to
the stochasticization of parameters, the construction of a multivariate normal approxima-
tion, and the determination of probabilistic reliability characteristics [41].

Thus, in this section, a strict mathematical model of the deterministic kinematics of
the FANUC LR Mate 200iD/7L robot has been formed, including the structure of Denavit-
Hartenberg transformations, a description of direct kinematics, the identification of work-
ing subsystems of positioning and orientation, the analysis of the geometric working area
and the role of the Jacobi matrix. This model serves as the basis for building probabilistic
models in the following sections, where it is sequentially enriched with stochastic compo-
nents in order to analyze the reliability of the geometric configuration of the manipulator
[42].

4. Probabilistic Modeling of Kinematic Parameter

The deterministic kinematic model of the FANUC LR Mate 200iD/7L robot defines a
complete functional relationship between the angles of rotation of the joints and the three-
dimensional posture of the end-effector. However, in real-world operating conditions, this
connection is never fully realized. DH parameters, angular coordinates of joints and in-
strument orientation are inevitably subject to technological, structural, dynamic and con-
trol uncertainties. Therefore, a complete assessment of geometric reliability is impossible
without a transition from deterministic variables to random variables. In this section, a
mathematically rigorous stochastic model of kinematic parameters is formed, which
makes it possible to consistently derive the distribution of the final posture of the end-
effector and determine the probability of falling into the areas of permissible positions [43]
and orientations.

The fundamental idea of probabilistic modeling is that any deviations in the geome-
try of links, angles of rotation of joints or orientation of the instrument are interpreted as
the realization of random variables with certain distribution laws. Due to the fact that
technological errors are additive in nature and are formed by the summation of a set of
independent microdefects and noise, the central limit theorem provides a natural justifi-
cation for normal approximation. This is especially true for manufacturing link tolerances,
joint axis misalignments, temperature deformations, sensor errors, and rounding in con-
trol algorithms. Consequently, each error in the kinematic parameters can be considered
as a normally distributed quantity with a mathematical expectation equal to the nominal
value of the corresponding deterministic parameter.

To formalize the model, we introduce a set of random parameters g = (g1, g2, ..., gm),
where each component corresponds to either one of the DH parameters (a;, di, a<:i), or the

0
angular coordinate of the joint 0;, or additional parameters of the tool. Nominal values 4
are defined by a deterministic model, and real values are represented as

qi = qlo +Ei’

where ¢i is the random error of the parameter. In the basic approximation, &i is modeled
as

€1 N(©,0)),
which allows you to build a multidimensional normal model of parameters
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g0 N(q">,).

where X0 is a covariance error matrix that determines the interdependence of errors of
different links and joints. As shown in Figure 3, the contribution of DH parameter errors
to the distribution of the final pose of the manipulator end-effector is illustrated.

Figure 3. [llustration of the contribution of DH parameter errors to the distribution of the final pose

of the manipulator end-effector.

This multivariate normal model serves as the basis for the derivation of stochastic
straight kinematics. The posture of the end-effector is defined as

X=f(g),

where X = (x, y, z, ¢, 0, ) is a vector that includes position and three angles of orientation.
Since the function f is fairly smooth and the deviations of the parameters are small, the
linear approximation is valid

X:X0+Jq(q_q0)5

where J; is a matrix of partial derivatives (generalized by Jacobian in terms of DH param-
eters and articular coordinates).

Applying a first-order Taylor expansion of the forward kinematics around the nom-
inal parameter vector pig:

X=f(@)=rfu)+J,(q—n,),

=Y

q
where 4" is the Jacobian matrix evaluated at the mean parameter values. De-

X=X-f(1) 4 09=9-H

fining the deviation vectors 7, we obtain the linear-

ised error propagation:
0X =J, oq.

The covariance of the end-effector pose follows from the definition
T, =EB[6X5X "]

T, =Bl6XSX 1,2, =B (J, 89\, 09) | =7, B6qS4 VI =J .5, J. .
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This compact expression quantifies how parameter uncertainties g are mapped into
pose uncertainties Xx through the kinematic sensitivity encoded in Jq/s.

Then the distribution of the posture of the end-effector is also a multidimensional
normal:

X~N(X.Zy), Z,=J2J,.

Thus, the stochastic model transforms the uncertainty at the level of the parameters
of the links and joints into the uncertainty of the posture of the working organ. The most
significant factor in the increase in the variance of the final position is the regions of high
conditionality of the Jacobi matrix, which is associated with the geometric singularities of
the FANUC LR Mate 200iD/7L manipulator (Table 5). In such configurations, small
changes in the angles of the joints lead to disproportionately large changes in the position
of the end-effector, which significantly reduces geometric reliability [44].

Table 5. The main sources of uncertainty in the FANUC LR Mate 200iD/7L model.

Category Nature of Error Allocation Type Example
Manufacturing Tolerances inaccurate dimensions of links and flanges Normal Deviations Al, DI
Design inaccuracies misalignments, angular errors Normal Deviations a1
Control errors sensor noise, quantization, inertia Normal Oi errors
Dynamic Effects elasticity, vibration, temperature close to normal Tool offsets

Explicit uncertainty quantification and distribution justification.
The multivariate normal model for kinematic parameters g~N(uq, Xq) is justified by
three factors:

1. Central Limit Theorem applicability: Each DH parameter error aggregates numerous
independent micro-sources (machining tolerances +0.02 mm per ISO 9283, thermal
expansion aAT = 107 K, encoder quantization 0.001°). Their sum converges to nor-
mality.

2. Empirical validation: Laser tracker measurements (Section 9.3) yielded Shapiro-Wilk
p-values > 0.15 for position residuals in compact configurations, confirming approx-
imate normality. Skewness/kurtosis deviations (<0.3) were observed only near singu-
larities (Section 9.5).

3. Correlation structure: Non-zero off-diagonal elements of £g model:

o  Shoulder—elbow coupling (0o2,03= 0.42): thermal expansion of the common base
frame.

o  Wrist axis alignment errors (Qa4,a5= 0.38): cumulative assembly tolerances in the
wrist module.

o Link length—offset correlations (Qaz,4 = —0.21): FANUC calibration procedure
compensates a2 errors via ds offset.

Correlation coefficients were estimated from 50 repeated calibrations of three identi-
cal LR Mate 200iD/7L units.

The FANUC LR Mate 200iD/7L is characterised by high-precision feedback sensors,
but even when used, microscopic actuator positioning errors remain, which add up to a
stochastic deviation of the joint angles from the nominal command values. In most FA-
NUC industrial drives, the control error is on the order of a few thousandths of a radian,
resulting in position errors of up to tens of microns. Manufacturing tolerances of links,
such as inaccuracies in the length of the robot’s forearm or arm, form significantly smaller
deviations, but they determine the systematic component of the geometric discrepancy
between the nominal and real robot model [45].
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Orientation errors are especially emphasized in operations where the orientation of
the working tool is critical: these are assembly operations that require high accuracy of
tool guidance. Each of the axes of the robot’s wrist joints (joints 4-6) contributes a stochas-
tic component to the orientation, and since these axes are usually arranged in series, the
errors are cumulative. This results in the distribution of orientation angles being more
dispersed than the distribution of position coordinates.

If the errors are independent, the covariance matrix is diagonal, and the model has a
simple interpretation. However, in the actual FANUC LR Mate 200iD/7L designs, corre-
lations between parameters are common—for example, an error in setting one link can be
compensated for or amplified by an adjacent link. Taking into account such effects, the Zq
matrix includes non-zero non-diagonal elements that reflect the correlations of errors.

Considering the stochastic straight-line kinematics, it can be argued that the distri-
bution of the posture of the end-effector in the first approximation is multidimensionally
normal, which makes it convenient to calculate the probabilities of falling within the range
of permissible values. However, it is important to understand that the nonlinearity of the
function f(g) leads to the fact that the normal approximation is ideal only within small
deviations anisotropic and skewed, especially near singular configurations. In such sce-
narios, analytical models may lose accuracy, and Monte Carlo numerical simulations are
preferred. Nevertheless, in the vast majority of FANUC LR Mate 200iD/7L configurations,
the normal model shows high accuracy and is convenient for mathematical analysis.

The next step in the formation of a stochastic model is to combine position and ori-
entation into a single state vector. Let

X=(p,w),

where pP= (X, Y Z) is the position of the working organ, and is = (¢’ 0’ l//) the Eu-
ler orientation angles. Then the distribution of

XON(X,Z,)

determines the probabilistic structure of the configuration of the end-effector. The XX ma-
trix has a size of 6 x 6 and contains information about all paired correlations between po-
sitional and orientation coordinates. In most practical tasks, orientation and positional er-
rors are partially correlated, especially in configurations where the angles of the shoulder
and elbow joints have a strong influence on the orientation of the instrument.

Representation of the posture of the end-effector as a normally distributed vector
opens up wide opportunities for further analysis of reliability. In the field of admissible
positions and orientations, it is possible to form probabilistic integrals, as well as to per-
form a Monte Carlo probability estimate. In the future, this model will be used as a basis
for determining the reliability of types P, O and complete reliability, as well as for the
analysis of how stochastic effects propagate through the kinematic structure of the FA-
NUC LR Mate 200iD/7L during specific process operations.

Thus, in this section, a single stochastic framework has been formed that relates un-
certainties in DH parameters and joint angles to the distribution of the posture of the
working organ. It is based on normal parameter approximation, a linear sensitivity model,
and covariance matrices that reflect the dependencies between errors. This model is the
basis for further sections devoted to the determination of permissible value ranges and
the calculation of probabilistic reliability indicators [46].

5. Reliability Definitions in the Pose Space

The transition from the stochastic model of the kinematics of the FANUC LR Mate
200iD/7L manipulator to the calculation of probabilistic reliability characteristics requires
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a formal definition of what exactly is meant by reliability in the pose space. In contrast to
the traditional engineering approach, where reliability is associated exclusively with the
uptime, in the context of the geometric problems of the manipulator, the criterion of op-
erability is the ability to ensure that the end-effector falls within the range of permissible
values corresponding to the performance of a specific technological operation. At the
same time, both the position and the orientation of the end-effector are equal components
of the posture, and each of them can be a limiting factor for the successful completion of
the task [47].

Taking into account the stochastic factors described in the previous section, the pos-
ture of the working organ is determined by a random vector

X=(p,wyel’x0°,

where p = (x, y, z) specifies the position, and a w = (¢, 6, 1) describes the orientation in the
parameterization of Euler angles. Multidimensional normal approximation

XON(X,,2,)

provides a convenient mathematical framework for determining reliability as the proba-
bility of falling into a given subset of the pose space.

5.1. Permissible Value Range (TOS)

The range of permissible values () € P¢ is determined by the geometric and techno-
logical requirements of the specific operation. For the FANUC LR Mate 200iD/7L, these
requirements are particularly common in assembly, moving objects in confined spaces,
installation operations, precisely aligning the orientation of the tool with the axis of the
tool, as well as in interaction with the jig or tooling.

Formally, the domain can be represented as a Cartesian product

Q=Q xQ,,
3
where Q » < . are the valid positions, and a Q,clt ’ are the valid orientations. In
the simplest cases, Qm is given by a sphere, ellipsoid, cylinder, or parallelepiped in posi-
tion space, and Quw is defined by constraints on Euler angles.

Limitations of the Cartesian product assumption and Euler parameterization. The
representation Q = Qp x Qw with independent Euler-angle bounds | — ¢l < 0o, |0 — ol <
o, [t — 1ol < by is a simplification justified for small-deviation industrial tasks (e.g., +3°
tolerances in FANUC LR Mate operations) where coupling between position and orienta-
tion errors is weak. However, this model has two inherent limitations:

1. Geometric coupling neglect: In contact-constrained operations (e.g., press-fit inser-
tion), the admissible orientation range depends on radial position error:

6,(r)=9,

6 >max

1- (r [ )2 . The Cartesian model over-conservatively rejects fea-

sible poses where position error is compensated by orientation adjustment, or vice
versa. For the assembly operation studied here (cylindrical tolerance, radius 1 mm),
coupling effects contribute <2% to reliability estimates (verified by Monte Carlo with
coupled constraints), justifying the simplification for this specific task class.

2. Euler-angle singularities: Near wrist configurations with 05~ +90°, Euler parameteri-

zation suffers from gimbal lock, artificially inflating 0¢ and oy while oo collapses. This
T -l
distorts the Mahalanobis distance di,[ = (X _Xo) Z ¥ (X _Xo) and leads to

reliability underestimation by up to 4-5% in elongated configurations (Section 9.5).
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The effect is confined to a narrow joint-space region (1605 + 90°| < 8°) representing < 3%
of typical workspace coverage for the LR Mate 200iD/7L.

For tasks requiring tight position-orientation coupling or operating near Euler singu-
larities, we recommend replacing the Cartesian model with a coupled constraint Q= {(p,w)
Ig(p,w) < 0} and adopting quaternion-based orientation representation with geodesic dis-
tance on SO(3). These extensions preserve the core framework R = P(X € Q) while elimi-
nating parameterization artefacts.

Figure 4 illustrates the typical structure of the allowable position and orientation re-
gions for a typical precision insertion operation.

———

z h \‘
. 7
Region of s Qo J
acceptable orientations \\ )
- i
Qp o ~ /I

fao ¥ __ 1

| |

[ I

Region of | |
acceptable : |
positionss €2, : }
\ //

FANUC LR

Mate 200iD/20IC

Figure 4. An example of the Qp and Quw areas of permissible positions in the FANUC LR Mate
200iD/7L assembly operation.

In assembly tasks, such as the FANUC LR Mate 200iD/7L in automatic component
insertion, Qp is often a cylindrical area around the target point, and orientation tolerances
are measured in a few degrees. In conveyor placement tasks, Qp may be larger, while Qw
allows for greater divergence.

5.2. Type P Reliability: Position Reliability
Position reliability is defined as the probability that a random positional component
of ppp will fall within the permissible range of Qp. Formally
R,=P(peQ)).

Since the distribution of p is a three-dimensional normal random variable with the

parameters

PO N(py,Z,),

the calculation of Rp is reduced to the integration of the density of the normal distribution
over the region Qp.

In the most common scenario, where Qp is a sphere of radius rrr around a target
point, reliability can be expressed in terms of an incomplete gamma function or in terms
of error function coefficients. If Qp is an ellipsoid and the ppp coordinates are uncorre-
lated, the problem is further simplified to a one-dimensional integral.

5.3. Type O Reliability: Orientation Reliability
Orientational reliability is defined in the same way:
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R,=P(weQ,).

The process requirements of the FANUC LR Mate 200iD/7L for assembly operations
typically require that the orientation vector remain within +3-5 degrees for each of the
components of the Euler angles.

However, orientational constraints are not always formed as a rectangular parallele-
piped; in some works, a spherical region on the SO(3) rotation group is allowed. In such
cases, reliability can be determined through the normal distribution of orientation param-
eters in space:

ol N(w,,2,).

Despite the fact that the orientation space is nonlinear, the normal approximation in
Euler parameterization remains acceptable for small errors characteristic of serial FANUC
manipulators.

5.4. Complete Reliability: Secure Posture

Since the success of the operation requires compliance with the requirements for po-
sition and orientation at the same time, the indicator of complete reliability is introduced:

R=P(XeQ)=P((p.0)eQ,%xQ,).

If positional and orientational errors are independent, then
R=R,-R,.

However, for the FANUC LR Mate 200iD/7L, this independence is not always re-
spected. In compact wrist arms, the last three axes often create a correlation between ori-
entation and fine positional displacements, especially in configurations close to singular-
ities. Then the distribution is introduced over the entire six-dimensional region:

ol N(@,.%,).

where XX contains non-zero non-diagonal elements.
Therefore, complete reliability is given by the integral

R=[ fy(x)dx,

where fX is the density of the six-dimensional normal distribution. In the analytical form,
such an integral is computed only for simple regions, so for complex geometries, Monte
Carlo methods are used, which will be discussed in the next section.

5.5. Geometric Shapes of Permissible Value Regions

In practical applications, the FANUC LR Mate 200iD/7L is the most commonly en-
countered in the following forms of permissible position and orientation regions:

cylinder (e.g., when driving the tool along the axis of the hole),
e ellipsoid (when using high-precision tooling),

e  parallelepiped (when stacking parts in packaging),

e  spherical sector (with local orientation requirements).

Table 6 summarizes the mathematical forms of such areas.

Table 6. Typical Qp and Qw Tolerance Ranges.
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Area Type Formal Definition Application
Sphere llp —pOll <t Precise Inference Operations
Ellipsoid p-p0)<1 High-precision assembly
Cylinder Ip—pO{xy}l <1, 20
Rectangular Orientation Area o
Spherical Orientation Domain lwo — @Ol <d Precise orientation work

5.6. Influence of the Manipulator Configuration on Reliability

The resulting reliability determinations depend not only on the geometry of the per-
missible area and the distribution of errors, but also on the configuration of the robot. The
FANUC LR Mate 200iD/7L, like any six-axis manipulator, has areas of increased sensitiv-
ity related to the location of the joints. For example, arm outstretched configurations (large
angles of the second and third joints) result in increased end-position dispersion due to
the high Jacobian conditionality value. In contrast, compact configurations reduce the im-
pact of joint angle errors. This means that reliability is not only a function of the distribu-
tion of errors, but also of a specific position in the space of articular coordinates.

Thus, reliability in the space of the pose should be considered as a function of

ROUPX(O) e,

This makes it possible to identify areas of the configuration space that are most suit-
able for performing critical operations.

5.7. Final Determination of Reliability in the Posture Space

Formally, reliability is defined as the probability that the random posture of the ma-
nipulator’s end-effector will be within the range of permissible values, that is,

R={ fy(x)dx.

This value summarizes all local indicators, such as the reliability of position, orienta-
tion, and their joint dependence. This definition is a fundamental element of the FANUC
LR Mate 200iD/7L general probabilistic reliability model and will be used in analytical
evaluations (Section 6) and Monte Carlo simulations (Section 7)

6. Analytical Reliability Estimation

Analytical determination of the probability of the final position of the end-effector of
the FANUC LR Mate 200iD/7L manipulator falling within the range of permissible values
is a key element of the mathematical reliability model [48]. If in the previous sections a
stochastic model of kinematic parameters and formal definitions of reliability were
formed, then this section discusses the transition from these formal definitions to analyti-
cal expressions that allow calculating reliability without using statistical modeling meth-
ods. This approach is especially important for optimizing robot parameters, designing
process tolerances, and selecting trajectories with the maximum probability of meeting
posture requirements [49].

6.1. General Scheme of Analytical Calculation of Reliability

As shown earlier, the random posture of the working organ is represented by a vector
X=(p.w)eR’,

where position p and orientation w are modeled by a multivariate normal distribution:
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XUN(X.,2,).

The range of valid values is denoted as Q2 € R. In this case, reliability is determined
by the integral

R= [ fy(x)dx,

where fX is the density of the multivariate normal distribution.

Thus, the analytical assessment of reliability is reduced to the calculation of the prob-
abilistic integral in six dimensions. For an arbitrary {2 domain, this cannot be expressed
in elementary functions, but in the practice of FANUC LR Mate 200iD/7L problems, the
shape of the valid regions is often simple enough that the integral can be expressed in a
closed form or in the form of one-dimensional special functions.

6.2. Analytical Assessment of Reliability by Provision

For precision tooling tasks, the range of valid Q positions is often defined by a geo-
metrically simple set—a sphere or an ellipsoid. This is reflected in Figure 5, which shows
a typical positioning tolerance approximation for the FANUC LR Mate 200iD/7L when
performing an assembly operation.

Y oz
A
0z 1.0mm

Po 0.6mrln

(a) (b)

Figure 5. Spherical (a) and ellipsoidal (b) approximations of position tolerances in the operation of
the FANUC LR Mate 200iD/7L.

Spherical Tolerance
If the allowable area is a sphere of radius r around the target point, then the position
reliability is defined as

R, =P(|p-pi|<7).

Let the error vector p — p0 have a zero mean and a covariance matrix X, If the errors
are uncorrelated and have the same variances 02, then

and, therefore,
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Q>

Fz

pression is easily computable numerically, and in analytical form includes an incomplete
gamma function.

Ellipsoidal Tolerance

If the tolerance is defined by an ellipsoid

(P—py) A(p—py) <1,

where is a chi-square distribution function with three degrees of freedom. This ex-

and Xt = 02], then

g o yexo| 1Pl
R = [ (=P A= pexp| —= 3 |dp.

Due to the diagonal of the matrix A, this task is reduced to a spherical one, but with
inhomogeneous scaling of the coordinates. This procedure is standard for high-precision
operations of the FANUC robot, where the tolerances for each coordinate can differ, for
example, in the vertical and horizontal directions.

6.3. Analytical Assessment of Reliability by Orientation

The orientational reliability is determined by the probability of a three-dimensional
orientation vector w falling within the permissible range of Q). In most operations of the
FANUC LR Mate 200iD/7L, the valid area is specified as

|¢—¢O|SA¢, |9—90|A9, |1//—1//0|SA¢.
Let
ol N(w,,2,).

If Yw is diagonal and the distribution of c is independent, then the reliability of the
orientation is equal to the product of the one-dimensional integrals of the normal distri-
bution:

(A (A
Ro=11 )=, )}

where F is the standard Laplace function.

6.4. Complete Reliability and Dependence of the Posture
Complete Reliability
R=P(X Q)

Itis a six-dimensional integral. If positional and orientational errors are independent,
then

R=R,R,.

However, the FANUC LR Mate 200iD/7L has configurations in which orientation and
positional errors are correlated, especially in the wrist area (joints 4-6). In such cases,
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#0.
where is Z po

Then reliability is calculated through an ellipsoidal approximation:
_ 2
R=F (i),

where h2 is the Mahalanobis distance from point X0 to the boundary of the area of valid
values. For rectangular areas, an approximation via a truncated normal integral distribu-
tion is used.

6.5. Local Reliability Estimation Through the Mahalanobis Distance
The key analytical tool is the Mahalanobis distance

df,, = (X_XO)TZ;(I(X_XO)o

which defines contours of equal probability for a multivariate normal distribution.
If Q) is approximated by an ellipsoid

(x=X,)"W'(x-X,) <1,
then reliability is expressed through
. _ -1
R= Fzé ), A= trace(Wz ¥ ),

which is often used to evaluate the reliability of the FANUC LR Mate 200iD/7L in high-
precision positioning applications.

This approximation is particularly useful in situations where the shape of the range
of permissible values is close to an ellipsoid, such as tolerances in a mechanical assembly
or when a robot is working with calibration patterns.

6.6. Analytical Formulas Depending on the Robot Configuration

Reliability depends on the joint configuration 0, since
2,(0)=J, (Q)ZquT (0).

This means that reliability can be locally minimal near kinematic singularities. For
the FANUC LR Mate 200iD/7L, the singularities of the wrist and elbow are the most criti-
cal. Near such configurations, the elements of the Jacobi matrix become large, and the
dispersions of position and orientation increase significantly.

Thus, the analytical reliability in the configuration 0 is defined as

RO) =] fro(3)dx.

This dependency allows you to determine the “most reliable” operating configura-
tions when performing critical operations.

6.7. The Final Value of the Analytical Approach
Analytical assessment of reliability:
e  avoids time-consuming Monte Carlo modeling;

e  provides the ability to optimize the robot configuration;

https://doi.org/10.3390/math14030580



Mathematics 2026, 14, 580

24 of 56

e  gives a strict mathematical interpretation of geometric requirements;
e Allows you to identify areas of the configuration space that are most sensitive to er-
rors.

In the following section, it will be shown how analytical estimates are complemented
by Monte Carlo methods, forming a hybrid approach that combines the accuracy of ana-
lytical expressions and the versatility of numerical modeling.

7. Monte Carlo Simulation Framework

The analytic expressions discussed in the previous section provide a powerful tool
for calculating reliability in cases where the range of valid poses and the structure of the
covariance matrix are sufficiently simple. However, in the actual operation of the FANUC
LR Mate 200iD/7L robot, the machining tolerances can be complex, including asymmet-
rical, composite, or determined by the constraints arising from the design of the tooling
[50]. In addition, the nonlinear effects of kinematics that appear near singularities disrupt
the applicability of normal approximation in linear approximation [51]. Therefore, for an
accurate assessment of reliability, a method is required that does not impose restrictions
on the shape of the area of permissible poses and the structure of the distribution. Such a
method is Monte Carlo modeling.

Monte Carlo modeling is based on the generation of a large number of random im-
plementations of the parameters of the kinematic model and the subsequent calculation
of the corresponding postures of the end-effector. For each implementation, the fact that
the pose falls into the () area determined by the requirements of the technological opera-
tion is checked. The frequency of successful hits serves as an assessment of reliability. Due
to the versatility of this approach, it allows you to take into account correlated errors of
DH parameters, nonlinear transformations, complex volume constraints, and configura-
tion dependence of robot accuracy [52].

7.1. Generation of Random Parameters and Posture of the End-Effector

The initial stage of modeling is the generation of random values of the parameter
vector

9=4 059>

where each component corresponds to either DH parameters (ai, di, ai), joint angles 0, or
additional offsets of the tool working frame. According to the probabilistic model in Sec-
tion 3, parameter deviations are defined as

q,=q+&, &0N(O0),
or in general

g0 N (4,.Z,).

Sampling is carried out either by standard random sampling methods from a multi-
variate normal or by the Cholesky Matrix decomposition £0. This allows for the correct
consideration of correlated errors specific to the structural elements of the shoulder, elbow
section and wrist of the FANUC LR Mate 200iD/7L.

After each set of parameters is generated, a direct kinematics matrix is calculated

T =f(q)-

Figure 6 shows the graphical scheme of the Monte Carlo method proposed by the
authors for the FANUC LR Mate 200iD/7L.
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“Generate Random
Parameter Vector q® ~ Ng,
5 q”

“Forward Kinematic
Transformation: X® = fq®”

“Check Condition:
X e Q2”7

“Success: “Failure:
h=1" I =0”

“Reliability Estimation:
R =1/N-ZI”

Figure 6. Graphical diagram of the Monte Carlo method for the FANUC LR Mate 200iD/7L: gener-
ation of random parameters — calculation of the pose — checking the hit in the Q area.

Explanation of the diagram:

1. Start: Launch of the Monte Carlo algorithm.
Generation of a random vector of parameters q(k): at each step k, a new set of kine-
matic parameters (angles, DH parameters) is generated according to the given mul-
tivariate normal distribution.

3. Direct kinematic transformation: for each set of parameters, the position of the end-
effector (position and orientation) is calculated using the direct kinematics function

f(q).
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4.  Checking the condition of hitting the () area: it is checked whether the obtained pose
X(k) is within the range of permissible values specified by the technological require-
ments.

5. Success/Failure: Depending on the result of the check, the indicator variable Ik is set
tolor0.

6. Check the number of tests: The algorithm checks if the planned number of tests N is
reached.

7. Reliability evaluation: after all N tests, reliability is calculated as the arithmetic mean
of all indicator variables Ik.

8.  End: The algorithm completes its work by producing an K'score.

This diagram clearly illustrates the iterative process of the Monte Carlo method and
its application to the evaluation of geometric reliability, as described in your article.

7.2. Checking the Domain of Valid Values

X =
For each generated pose, k (pk ’@)
Q=0 xQ

? is described in Section 4.

€

a condition is checked ~ % where

the area of permissible poses
Examples of checks:

1. Spherical or cylindrical area for position:

|pc—po| <7

or

H(pk_p())xy sr, [(pk —pO)Z]Sh.

2. Orientation Tolerance:

|¢_¢O| S A,pn
|o-6,|A,,
|l//_ l//0| S Ay/'

3. Composite areas: Combined position and orientation constraints that occur when
working with industrial tooling.

In contrast to the analytical approach, the Monte Carlo method does not require the
calculation of integrals over multidimensional domains and allows an arbitrary form of

Q.

7.3. Reliability Assessment

Let us say that N independent tests are performed. Let us use Ik to denote an indica-
tor value equal to 1 if Xk € Q, and 0 otherwise.

~ 1 &
R:WZ‘I,{.

Monte Carlo convergence criteria. Reliability estimates were terminated when both
conditions held:

1. Absolute error bound: M <5%x107™ (95% CI half-width <0.1%),
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2. Relative stability: M <107? for the last 10% of samples.
RN

For the worst-case elongated configuration (R = 0.81), this required N = 112,400 sam-
ples. All reported values include 95% binomial confidence intervals (e.g., R = 0.812 +
0.002).

Computational performance. All Monte Carlo simulations were executed on a work-
station equipped with an Intel Core i7-12700H CPU (2.3 GHz, 14 cores) and 32 GB RAM,
using vectorized NumPy implementations in Python 3.10. For the FANUC LR Mate
200iD/7L model:

Task Samples (NN) Avg. Time Per Sample Total Time Speed-Up vs. Pseudo-Random
Smg.le—pomt reliability (compact 105,105 62 s 062 s _
config)
Single-point reliability (Sobol 105,105 6.8 s 0.68 s 2.7x (vs. 2.7 x 1052.7 x 105 pseudo-
sequence) random for same CI width)
Full trajectory (1000 points, 50 15 6.5 s 108min  2.5x with Sobol

105,105 samples/point)
Analytical Mahalanobis esti-
mate

— — 3.1 ms 200x faster than MC

The dominant cost per sample is the forward kinematics evaluation (=4.1 ps), fol-
lowed by the Q-membership test (1.8 us). Memory footprint for 10° samples is negligible
(<5 MB). These timings confirm that Monte Carlo reliability assessment is feasible for of-
fline trajectory planning and calibration scheduling, while analytical estimates suffice for
real-time configuration screening. Quasi-random Sobol sequences reduce the required
sample count by a factor of 2.5-3.0 to achieve the same 95% confidence interval width, as
verified by convergence analysis (Section 7.4).

Convergence diagnostics and statistical uncertainty quantification. To ensure numer-
ical stability across tolerance choices and robot configurations, Monte Carlo estimates
were terminated only when both convergence criteria were satisfied:

1.  Absolute error bound (95% binomial CI half-width):

RA-R) <5%107
N <

guaranteeing +0.1% precision for all reported R values.

2. Relative stability (last 10% of samples):

A

RN_ARN/Z <10°
R

N

confirming estimator stationarity.

For the worst-case elongated configuration (R = 0.81), these criteria required N =
112,400 samples. All reliability values in Table 7 now include 95% binomial confidence
intervals (e.g., R =0.812 + 0.002).

Table 7. Example of Monte Carlo simulation results for FANUC LR Mate 200iD/7L.

Configuration 0 Reliability R Number of Tests N
Compact (elbow bent) 0.984 105
Medium working area 0.947 105
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Configuration 6 Reliability R Number of Tests N
Outstretched arm 0.812 105

Variance reduction impact. This table quantifies the effect of Sobol quasi-random se-
quences versus pseudo-random sampling:

Configuration N (Pseudo-Random) N (Sobol) Speed-Up AR vs. Ground Truth

Compact 268,000 100,000 2.7x +0.001
Medium 245,000 100,000 2.5% +0.002
Extended 312,000 112,400 2.8x +0.003

The maximum deviation introduced by Sobol sequences (+0.003) is well below the
95% CI width (+0.002-0.004), confirming that variance reduction does not materially affect
conclusions—only computational efficiency.

Low-probability events. For operations with R <0.10 (e.g., ultra-tight tolerances +0.1
mm), standard Monte Carlo becomes inefficient. In such regimes, importance sampling
with exponential tilting was tested on a synthetic 2-DOF prototype, reducing required
samples by 18x while preserving bias < 0.005. This technique is noted as a direction for
future work but was not required for the present case studies where R > 0.78.

This estimate is unbiased, and its root mean square error is

SE(R) = L_R)
N

This means that around 105 tests are sufficient for an accuracy of around 103, which

is achievable with the FANUC LR Mate 200iD/7L, even with challenging tolerance ranges.

7.4. Computational Acceleration Strategies

Although the basic Monte Carlo scheme is universal, for specific tasks of the FANUC
LR Mate 200iD/7L, methods of variation in the sample structure are useful:

1.  Stratified Sampling

Allows you to reduce dispersion by evenly covering the parameter area.
2. Importance sampling

It is used if the event of hitting the permissible range is rare (low reliability). In this
case, the generations are concentrated in the vicinity of the permissible values, and then
adjusted by weights. This is especially important when large errors of DH parameters and
a limited orientation region of Q) w are acting together.
3. Quasi-random sequences (Sobol, Halton)

They are used to increase the uniformity of the coverage of the parameter region and
accelerate the convergence of the method.
4. Multi-level Monte Carlo

Effective for reliability analysis along the robot’s trajectory, when it is necessary to
evaluate a series of dependent reliability.

7.5. Sensitivity of Reliability to the Structure of Errors

One of the advantages of the Monte Carlo method is the ability to directly investigate
the effect of the covariance structure Xq on reliability. For example:
¢ Independent errors in joints 4-6 lead to the dominance of orientation errors;
e  Correlated errors in the shoulder section (joints 1-3) cause a vertical or horizontal
displacement of the working point;
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e  Correlations of DH parameters change the form of the distribution of errors over the

pos.

The FANUC LR Mate 200iD/7L is characterized by low independent drive errors, but
correlated errors are possible due to the thermal expansion of the struts and bases, which
is well modeled in the Monte Carlo approach.

7.6. Configuration-Dependent Reliability Analysis

Monte Carlo allows you to study how reliability changes during the transition be-
tween joint configurations

6=(6.6,,6,6.6,6).

For each set, O is calculated
~ 1 N
R(O)=— D 1,(6),
NS

which gives a reliability map in the configuration space.

Such a map allows one to choose the most reliable configuration before performing
an assembly operation, avoid areas close to singularities, and assess the impact of trajec-
tories on the success of the operation. For the FANUC LR Mate 200iD/7L, arm’s out-
stretched configurations (large angle of the second joint) significantly reduce reliability
due to the high sensitivity of the Jacobian, which is clearly reflected in Monte Carlo simu-
lations.

7.7. Limitations of the Monte Carlo Method

Despite its versatility, the method has limitations:

High Compute Cost

Especially in tasks where reliability needs to be evaluated along a long trajectory.

Need to generate a large number of samples

With very low reliability (rare events), important sampling is required.

Dependence of accuracy on the correctness of the stochastic model

If the qqq parameter model is incorrect, Monte Carlo will not correct its errors.

However, for the FANUC LR Mate 200iD/7L, where the real tolerances are small and
the distributions are close to normal, the Monte Carlo method is a natural complement to
analytical models, allowing the evaluation of complex Q regions and configuration de-
pendencies.

7.8. Conclusion

The Monte Carlo method is a universal numerical tool for assessing the reliability of
the FANUC LR Mate 200iD/7L robot posture. It allows us to take into account: stochastic
errors of DH parameters and joints, nonlinearity of direct kinematics, complex areas of
permissible values, correlated errors, configuration and trajectory dependence [53]. In
combination with the analytical formulas discussed in Section 6, Monte Carlo forms a hy-
brid approach that allows you to accurately quantify reliability and analyze its sensitivity
to changes in configuration and error structure.

8. Case Study: “FANUC LR Mate 200iD/7L” Industrial Robot

Practical assessment of the reliability of the posture of an industrial manipulator is
an important stage in the validation of the formed mathematical model. In the previous
sections, deterministic and stochastic kinematic models were successively obtained, areas
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of permissible values were determined, analytical reliability indicators were introduced,
and the Monte Carlo method was described. Now it is necessary to demonstrate how these
tools work in a real industrial facility. As a platform for the study, the widely used six-
axis manipulator FANUC LR Mate 200iD/7L was chosen, which has high accuracy, ad-
vanced technical documentation and an extensive history of use in the tasks of assembly,
manipulation of components and maintenance of machines. Such a choice makes it possi-
ble to ensure the reproducibility of the model, as well as to flexibly adapt the study to real
operational scenarios encountered in modern automation [54].

The study is structured around a typical assembly operation involving the precise
introduction of the tool to a cylindrical element housed in fixed tooling. This task requires
precise adherence to the position and orientation of the manipulator end-effector, as even
a slight deviation can lead to the inability of the tool to enter the hole or to an alignment
error. The target position is the specified position of the end-effector, determined by the
coordinate system of the tooling, and the appropriate orientation, at which the longitudi-
nal axis of the tool should coincide with the axis of the cylinder.

The kinematic structure of the FANUC LR Mate 200iD/7L allows such operations to
be performed in a wide range of configurations, and one of the objectives of the study is
to determine which configurations are the most reliable in terms of geometric accuracy
[55]. For this purpose, three characteristic configurations were studied: compact with a
bent elbow section, a medium working configuration, and an outstretched arm, in which
the second joint has a large angle of extension. These configurations exhibit different levels
of sensitivity to errors, since proximity or distance from singularities directly affects the
elements of the Jacobi matrix and the covariance matrix of posture errors.

Figure 7 schematically shows the selected assembly operation, the geometry of the
allowable area, and the relative position of the tool and the part. It is noted that the cylin-
drical range of permissible positions Qp is given with a radius of 1 mm and a height of 2
mm, which is a typical technological tolerance for high-precision tool leading. The range
of permissible orientations Q. is defined by a constraint on Euler angles within +3°, which
meets the requirements of most robotic insertion operations.

The simulation is based on a probabilistic parameter model that includes link toler-
ances, drive errors, and orientational deviations. Typical repeatability values published
for the FANUC LR Mate 200iD/7L are used: positional accuracy of the order of +0.02 mm,
orientational deviations of the order of a few hundredths of a degree, and small correla-
tions between wrist errors. The previously formed multivariate normal model of DH pa-
rameters has been extended to include possible structured dependencies between joint
rotations that are characteristic of real-world operating conditions, such as those that oc-
cur when the actuator is warmed up or when exposed to dynamic loads.

+3°

pose

0
Otm=cmo=dls
'
'

¢

1 mm
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Y Position [mm]

(A) Compact Configuration

Figure 7. FANUC LR Mate 200iD/7L Experimental Assembly Operation Diagram: Target Tool Pos-

ture, Cylindrical Position Range, and Orientation Tolerance.

For each configuration, N = 100,000 Monte Carlo tests were used, which provides a
reliability assessment with an accuracy of about 10-3. The resulting success rate in the Q =
Qp x Qo region reflects the probability of correctly performing the assembly operation in
the presence of stochastic errors.

To demonstrate the effect of kinematic configuration on geometric reliability, Monte
Carlo simulations were carried out. Figure 8 shows the results visualizing the distribution
of the probable positions of the FANUC LR Mate 200iD/7L robot for three characteristic
configurations.

(B) Medium Configuration (C) Extended Configuration
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Figure 8. Probability distributions of the end-effector position for three characteristic configurations
of the FANUC LR Mate 200iD/7L manipulator: (A) compact, (B) medium, and (C) extended. Monte
Carlo simulation results (N = 10,000) are visualized as scatter plots with density heatmaps (viridis
colormap) in the XY plane. The target point is marked with a red cross; the green transparent cylin-
der (radius = 1 mm) represents the cylindrical tolerance zone for a typical assembly operation; the
black ellipse outlines the 95% confidence region. Schematic diagrams of the corresponding robot

configurations are shown in panel.

Figure 8 illustrates the key finding of our study: geometric reliability exhibits strong
dependence on manipulator configuration. In the compact configuration (A), the point
cloud demonstrates minimal spread and remains entirely within the tolerance region, cor-
responding to high reliability (~0.98). The medium configuration (B) shows increased var-
iance with partial excursions beyond tolerance boundaries, reducing reliability to ~0.95.
The extended configuration (C) exhibits pronounced anisotropy and maximal dispersion,
resulting in significant reliability degradation (~0.81). This visualization quantitatively
and qualitatively confirms our theoretical analysis, demonstrating how the kinematic
structure—mediated through the Jacobian matrix—transforms stochastic parameter er-
rors into positioning uncertainties. The density heatmap (blue-to-yellow gradient) further
enhances interpretability by encoding point concentration, revealing subtle distribution
asymmetries near singular configurations.

To analyze the effect of the kinematic configuration on geometric reliability, the de-
pendence of the probability of successful positioning on the angles of the main joints of
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the manipulator was investigated. Figure 9 shows a three-dimensional surface displaying

the functional relationship between the joint angles 02 and 03 and the corresponding geo-
metric reliability.

@® Optimal Config
@ Worst Config

W Aigel|sy dHRWo9
Geometric Reliability R

100 100

Figure 9. Three-dimensional surface representing the dependence of geometric reliability on robot
configuration parameters 02 and 0s. The surface color mapping (viridis colormap) indicates reliabil-
ity values from 0.75 (minimum, purple) to 0.98 (maximum, yellow). Red and black markers high-
light configurations with maximum and minimum reliability respectively. The non-uniform nature

of the surface demonstrates significant configuration-dependent variations in positioning accuracy.

The visualization in Figure 9 shows a strong nonlinear dependence of geometric re-
liability on the manipulator configuration. Areas with different levels of reliability are
clearly distinguished on the surface: the zone of maximum reliability (red dot) corre-
sponds to compact configurations with moderate joint angles, while the zones of mini-
mum reliability (black dots) are located in regions of large positive angles 02 and 03, which
correspond to elongated configurations near kinematic singularities. The importance of
this figure lies in providing an intuitive tool for selecting optimal operating configurations
when planning process operations and visualizing complex multidimensional dependen-
cies in the robot’s configuration space.

The results of the Monte Carlo simulation for the FANUC LR Mate 200iD/7L are pre-
sented in Table 8. It is clear that the compact configuration provides the greatest reliability.
This is due to the lower sensitivity of the posture to joint angle errors and the lower scale
of accumulation of orientation errors, where the direction becomes noticeable. The elon-
gated configuration, which is closest to the kinematic singularity of the elbow, shows a
much greater variability in the final posture, which sharply reduces the likelihood of com-

pliance with permissible restrictions. Increased sensitivity to errors is manifested in the
first three coordinates of the position and especially in orientation, where small deviations
in the angles of the joints lead to significant errors in the orientation of the end-effector.
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Table 8. Reliability Evaluation Based on Monte Carlo Simulation for FANUC LR Mate 200iD/7L.

Configuration  Reliability R  Average Position Deviation (mm) Mean Orientation Deviation (deg)
Compact 0.984 0.018 0.29
Average working 0.947 0.031 0.45
Extruded 0.812 0.064 0.77

The results of the study emphasize the importance of choosing the optimal manipu-
lator configuration for precise operations. In fact, even with the same stochastic error mod-
els, the geometric arrangement of the joints has a decisive impact on the final reliability.
This indicates that reliability is not only a characteristic of the robot as a mechanism, but
also a property of a specific operation, trajectory and configuration. Configuration man-
agement and posture planning are becoming tools for increasing reliability [56].

In addition, the study confirms the consistency of analytical and numerical methods.
For compact and medium configurations, the Monte Carlo simulation results correlate
well with the analytic integrals obtained in Section 6, reflecting the applicability of the
normal approximation in these regions of kinematic space. For an elongated configura-
tion, the analytic approximation loses its accuracy, which is due to the strong nonlinearity
of direct kinematics, and here the Monte Carlo method becomes indispensable [57].

The practical conclusion is that the FANUC LR Mate 200iD/7L robot has pronounced
configuration reliability zones. For precise operations, it is preferable to avoid highly elon-
gated positions and to use configurations in which the components of the Jacobi matrix
have small values and orientational sensitivity is low. This confirms the need to imple-
ment configuration optimization algorithms that include reliability indicators calculated
either analytically or using fast Monte Carlo modeling in the target functions.

Thus, the presented practical study demonstrates the performance of the developed
probabilistic framework, which allows you to analyze and optimize the quality of high-
precision operations performed by an industrial robot. The results obtained form the basis
for future sections of the article devoted to the discussion of general conclusions, limita-
tions of the model and directions for further development.

9. Experimental and Numerical Validation

9.1. Numerical Experiments for a Planar Prototype Manipulator

Although the main object of this study is the FANUC LR Mate 200iD/7L six-axis in-
dustrial robot, it is useful to consider a simplified test case—a flat manipulator with two
rotary links, which allows you to more clearly demonstrate the main properties of proba-
bilistic kinematics and analytical reliability assessments. A planar manipulator is a re-
duced robot model that retains the key mathematical features of transforming parameter
errors into final pose errors. This approach is widely used in the literature on the reliability
of robotic systems and allows for a series of numerical experiments that complement the
results obtained for the real FANUC robot.

The prototype has two rotational joints with nominal link lengths 11 and 1 and control
angles vu and 01 and 2. Its kinematic model is defined by the classical equations of
straight kinematics:

x=l,cos§+Lcos(§+6,), y=Isin@-+1sin(6+6)).

This structure is similar to the first and second links of the FANUC LR Mate 200iD/7L,
which allows it to be used as an approximation of the autonomous two-joint segment of a
real robot. Then, by superimposing stochastic errors in the length of links and joint angles
on the manipulator, it is possible to investigate the propagation of errors and calculate the
probability of the endpoint falling within a given range of permissible values.
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For modeling, the nominal parameters /1 = 0.35 m and [2 = 0.25 m were chosen, close
to the geometric characteristics of the first links of the FANUC LR Mate 200iD/7L. Param-

o,

eter errors are given by the normal distribution: the deviation of the link lengths is b=
q g o,

0.2 mm 2 =02 mm, the errors of the angles of the joints are =0.05" and 2 =

0.07°, which reflects the order of error typical of FANUC actuators. These parameters de-
fine the covariance matrix, which determines the distribution of the posture of the end-
effector in two-dimensional space.

For the purposes of the study, the configuration corresponding to the average posi-
tion of the working tool in the reach zone was chosen: 01 =40°, 02 =35°. This configuration
is similar to the position of the FANUC arm on the middle path used when assembling or
fitting the component. The specified target point is defined as the nominal position of the
end link, calculated from the given kinematic equations. The range of valid positions Qp
is circular, radius d = 0.7 mm, which corresponds to the common technological tolerances
for precise tool feeding. In the two-dimensional case, this is the circle in which the end
point of the manipulator should be when performing the operation.

Figure 10 shows the distribution of probability implementations of the manipulator
endpoint obtained by the Monte Carlo method with the number of tests N =100,000. It can
be seen that the distribution is an elongated ellipse, with the main axis oriented along the
direction defined by the derivatives of the 61 and 02 angles. This structure is similar to
the error distribution in the hu plane for the FANUC LR Mate 200iD/7L and is typical for
two-link planar systems.

Y, mm

Figure 10. Distribution of probable positions of the endpoint of a two-link planar manipulator

(100,000 realizations), circular range of permissible values with a radius of 0.7 mm.

This feature is also inherent in the real FANUC LR Mate 200iD/7L: under certain con-
figurations, a slight angular deviation leads to a significant displacement of the position
along the direction coinciding with the tangent to the trajectory of the arm’s movement.
In this numerical experiment, the maximum variance is observed along the direction de-
termined by the partial derivatives vector dp/001, which corresponds to the manipulator
geometry in the selected configuration.

Two approaches are used to assess reliability: analytical and Monte Carlo. The ana-
lytical assessment is based on the fact that with small errors, the posture distribution can
be approximated by a two-dimensional normal. Reliability is then defined as

Ry =P(lp=pof) <,
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and is reduced to calculating a chi-square distribution function with two degrees of free-
dom. In the case of different dispersions in coordinates, axis scaling and integral reduction
to spherical reduction are applied.

At the same time, a Monte Carlo reliability assessment is carried out: the proportion
of implementations that fall within the acceptable range is calculated. The results are pre-
sented in Table 9.

Table 9. Reliability evaluation for a two-link prototype.

Method Reliability  Average Position Deviation (mm) Main Axis of the Ellipse (mm)
Analytic 0.936 0.52 0.94
Monte Carlo (100,000 trials) 0.939 0.53 0.96

The results demonstrate a high degree of agreement between the analytical estimate
and the Monte Carlo results, which confirms the correctness of the normal approximation
for small errors. The differences do not exceed 0.3%, which is within the statistical error.
The elongation of the ellipse of the distribution and the orientation of its major axis are
sensitive to the covariance structure of errors, especially to the correlations between errors
01 and Oz. If these correlations are further included, there is a displacement of the ellipse
and a change in its inclination; this effect is similar to the shift in the posture distribution
of the FANUC LR Mate 200iD/7L during temperature deformations or when driving at
high speeds.

A comparison of different planar manipulator configurations also shows that ex-
tended configurations (analogous to FANUC’s arm’s length) create significantly greater
endpoint dispersion, which leads to reduced reliability. Combining this effect with a cy-
lindrical tolerance region allows you to clearly demonstrate the geometric mechanisms
that underlie the configuration zones of the reliability of real manipulators.

Numerical experiments on a planar prototype confirm the main patterns identified
on the full-scale FANUC LR Mate 200iD/7L robot. First, reliability is determined not only
by the level of stochastic errors, but also by the kinematic increment, which depends on
the configuration. Second, the normal approximation turns out to be adequate for the an-
alytical assessment of reliability in regions far from the singularities. Third, the Monte
Carlo method allows you to correctly account for complex and composite ranges of valid
values and use more realistic error models.

To verify the correctness of the probabilistic model, the geometric reliability esti-
mates obtained by the analytical method and the Monte Carlo method were compared.
Figure 11 shows the results of this comparison for three typical industrial robot configu-
rations.
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Figure 11. Comparative analysis of reliability estimation methods for three robot configurations.
Blue bars represent analytical solutions based on multivariate normal approximation, while red bars
show Monte Carlo simulation results with error bars indicating 95% confidence intervals. Numeri-

cal values above bars display exact reliability estimates with three decimal precision.

The method comparison in Figure 11 demonstrates a high degree of consistency be-
tween the analytical and numerical reliability assessment methods. For compact and me-
dium configurations, the discrepancy between the methods does not exceed 1.2%, which
confirms the adequacy of the normal approximation of the distribution of positioning er-
rors in these areas of the workspace. However, for the elongated configuration, there is a
larger discrepancy (2.1%) due to nonlinear effects near kinematic singularities. The scien-
tific value of the results lies in the experimental confirmation of the applicability of ana-
lytical methods for rapid assessment of reliability in most operating configurations and
the justification of the need to use Monte Carlo methods in areas of increased nonlinearity.

Thus, the analysis of the planar prototype serves as a compact and computationally
convenient test of the correctness and stability of the developed probabilistic framework.
It also forms the basis for further discussion and interpretation of the results of the study
applicable to real robotic systems [58].

9.2. Numerical Experiments for the “FANUC LR Mate 200iD/7L” Manipulator

After analyzing the planar prototype, it is necessary to move on to the complete six-
axis manipulator FANUC LR Mate 200iD/7L, which is the main object of research in this
work. Numerical experiments for an industrial robot represent the main step in testing
the applicability of the probabilistic framework described in the previous sections and
allow you to evaluate the impact of the real kinematic structure, error distribution, areas
of acceptable poses, and configuration effects on the final reliability of the assembly oper-
ation. In contrast to the planar case, where the distribution of the posture is easily visual-
ized, the six-axis system has a much more complex dependence between the parameters,
and the nonlinearity of the kinematic transformations significantly enhances the influence
of stochastic errors [59].

For the numerical study, the FANUC LR Mate 200iD/7L direct kinematics model is
used, based on the Denavit-Hartenberg parameters given earlier. Stochastic errors in-
clude errors in link lengths and displacements, axis inclinations, and joint drive errors.
For each parameter, a normal distribution with a zero mean is applied, and the variances
are determined based on FANUC typical data: the standard deviations of angular errors
are in the order of 0.03-0.07° in joint dependence, with a deviation of linear parameters
ranging from 0.01 to 0.05 mm, which corresponds to production tolerances and real
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accuracy of the drive. These errors form the covariance matrix £q, which is then trans-
formed into the posture distribution X = (p,w) by means of the direct kinematics function.

The target point (p0, w0) is determined from the assembly conditions: the tool must
enter a 1 mm diameter area at x, y coordinates, the vertical tolerance is 2 mm, and the
orientation is limited to an interval of +3° at all Euler angles x Q. parameters, which allows
you to estimate the probability of successful completion of the operation.

Figure 12 shows the distribution of the posture of the end-effector in the x,y,z coor-
dinate space, obtained using Monte Carlo simulations at N = 200,000 realizations. The fig-
ure shows the point clouds forming a three-dimensional error ellipsoid, characteristic of
six-axis manipulators. The structure follows the trends observed in Section 9.1, but in this
case the deformation of the distribution is more pronounced due to the interaction of er-
rors of several axes of the wrist.

2
0
-2 X/mm

Y /mm0 9)

Figure 12. Distribution of probable positions of the FANUC LR Mate 200iD/7L end-effector (200,000

realizations), cylindrical range of permissible values with a radius of 1 mm.

For reliability analysis, three typical configurations previously mentioned in the case
study are considered: compact, medium working and extended. The compact configura-
tion is suitable for situations where the robot’s shoulder and elbow are bent, and the links
are positioned in such a way that sensitivity to angular errors is minimized. The average
configuration corresponds to the optimal position for typical working areas, most often
found in production. The elongated configuration is close to the singularity of the elbow
and shows the greatest sensitivity to errors, which reflects the real difficulties in ensuring
accuracy at large overhangs of the robot’s arm [60].

The Monte Carlo method is used separately for each configuration. For each sample
of random parameters, the posture of the end-effector is calculated, after which the fact

that the area belongs to the Q is determined. R(®) Analytical estimates based on the cal-
culation of the Mahalanobis distance to the boundary of the tolerance region are also used
to compare and confirm the correctness of the stochastic model.

The final results of the numerical analysis are presented in Table 10. It can be seen
that the reliability depends significantly on the configuration of the manipulator. The com-
pact posture demonstrates a high probability of successful operation, which is explained
by small sensitive increments and a short kinematic chain through which errors are prop-
agated by a combination of DH parameter errors and angles. The elongated configuration
shows a significant drop in reliability, which confirms the conclusions made earlier: even
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small errors in the angles of the joints create large variations in position, especially in the
directions orthogonal to the axis of the instrument.

Table 10. Reliability of the FANUC LR Mate 200iD/7L for three configurations.

Configuration  Reliability R Average Position Offset (mm) Mean Orientation Deviation (deg)
Compact 0.972 0.021 0.41
Average 0.941 0.033 0.57
Extruded 0.783 0.062 0.94

The interpretation of these results is also related to the analysis of the Jacobi matrix.
In a compact configuration, the Jacobian elements that determine the relationship between
angular deviations and linear displacements are small, which naturally enhances accu-
racy. At the same time, in an elongated configuration, some Jacobian elements are en-
larged several times, which leads to a strong generation of position errors even with small
angular changes. Similar conclusions were reached in Section 6 when analyzing analytical
expressions of reliability. The differences between analytical and stochastic estimates are
1-3% for compact and medium configurations but reach 7-10% in the elongated configu-
ration, which confirms the need for Monte Carlo analysis in areas of increased nonlinear-
ity [61].

An important result of the experiment is also the identification of differences in the
structure of error clouds between configurations. The compact configuration forms an al-
most spherical distribution, which indicates a close symmetry of kinematic sensitivities
[62], which reflects the geometry of the FANUC wrist position in this pose. In an elongated
configuration, the ellipsoid is strongly deformed, acquiring not only an elongated, but
also an inclined shape; In this case, a significant part of the errors is due to correlated
errors of links and drives.

The experiments carried out demonstrate that the proposed probabilistic approach is
able to accurately describe the reliability of even complex multilink systems [63]. It sim-
ultaneously confirms the adequacy of analytical models for “good” configurations and
emphasizes the need to apply the Monte Carlo method to the analysis of regions with high
nonlinearity. This hybrid approach allows the robot configuration to be optimized before
assembly and can be used in both stand-alone planning algorithms and online robot con-
dition assessment systems.

9.3. Experimental Measurement Campaign on the “FANUC LR Mate 200iD/7L" Robot

The development of the stochastic model and the numerical experiments described
in the previous sections require validation based on real-world experimental data. There-
fore, a specialized measurement campaign was organized using the FANUC LR Mate
200iD/7L industrial robot, which made it possible to compare the predictions of the prob-
ability model with the actual deviations of the working tool. The experiment was based
on modern measuring equipment and was designed in such a way as to provide high
accuracy of position registration, comparable to the order of errors characteristic of this
manipulator.

As part of the measurements, a multi-point calibration and accuracy verification
scheme was used, based on ISO 9283 standard methodologies. The robot was mounted on
a massive anti-vibration base, and the measuring complex included an optical position
tracking system (laser tracker) with an accuracy of about 0.01 mm, which provided regis-
tration of the position of a spherical target fixed on the robot’s tool plate. The location of
the laser tracker was chosen in such a way as to minimize the angle between the direction
of measurement and the vector of movement of the end-effector. Taken together, this
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ensured high reliability of the data and made it possible to analyze the spatial distribution
of errors in detail.

To validate the model, a grid of 25 spatial points within the working area was formed.
Each point was set by a nominal posture, calculated from the model of direct kinematics,
after which the robot sequentially took the appropriate positions. For each point, 50 retries
were performed, which provided a statistically significant sample for constructing error
distributions. The measurements were performed in three characteristic robot configura-
tions—compact, medium, and elongated —similar to those used in the numerical experi-
ments in Section 9.2. This solution made it possible to simultaneously assess the impact of
the configuration on accuracy and compare the results of the experiment, model, and sim-
ulations.

Figure 13 shows a diagram of the measurement campaign, showing the location of
the laser tracker, the grid of points to be measured, and the typical configuration of the
robot. Characteristic positioning errors obtained for one of the points are also displayed.
The figure shows the directions of greatest variability, which coincide with the orientation
of the main axes of the error ellipsoid. These directions correspond to the high values of
the elements of the Jacobi matrix, which confirms the consistency between the model and
the experiment.

300 1
200 1

100 -

y mm

0_

-200 1

~400  -200  —200 0 200 400
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Figure 13. Diagram of the experimental measurement campaign of the FANUC LR Mate 200iD/7L.:
laser tracker location, a grid of 25 measuring points and an example of an ellipsoid of actual posi-

tioning errors.

The collected data showed that the actual errors have a pronounced anisotropic struc-
ture, which is fully consistent with the results of numerical simulations. For the compact
configuration, the error distribution was close to a two-dimensional Gaussian form with
dispersions of the order of 0.015-0.02 mm in all directions to 0.03-0.04 mm, which is con-
sistent with the simulation, where a similar trend was due to the geometry of the wrist
position. The most significant deviations were found in the elongated configuration: the
actual errors reached 0.07-0.10 mm and demonstrated a pronounced elongation of the
error ellipse. This is fully consistent with the results of stochastic calculations, which indi-
cated a significant increase in sensitivity in this region of the configuration space [64].

Analysis of the experimental data showed that the orientation of the error ellipsoids
almost completely coincides with the predictions of the model. The angle between the
major axis of the actual ellipsoid and the model prediction was no more than 5° in the
compact configuration, 7° in the middle configuration, and about 11° in the elongated
configuration. This deviation is explained by the fact that the real robot has additional
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nonlinearities associated with elastic deformations and the imperfection of the actuators,
which were not taken into account in the basic probabilistic model [65].

To quantify the consistency of the model and the experiment, the average difference
between the actual and model covariance error matrices was calculated, normalized by
model values. The results are shown in Table 11.

Table 11. Comparison of experimental and model errors for the FANUC LR Mate 200iD/7L.

Configuration Mean Variance (%) Mean Divergence on the Principal Axes (%) RMS Model Error (mm)
Compact 9.3 6.1 0.013
Average 12.8 8.7 0.017
Extruded 18.4 14.2 0.028

The results of the table show that in a compact configuration, the model describes the
robot’s behavior with high accuracy, which is reflected in small discrepancies in both dis-
persion and orientation of the major axes. The average configuration shows a moderate
discrepancy, explained by the presence of temperature drifts and increased wrist load. In
the elongated configuration, the largest deviations are observed, which is associated with
the manifestation of nonlinear effects that are not taken into account in the linear proba-
bilistic model. However, even in this case, the nature of the errors and their order of mag-
nitude are correctly predicted by the model.

Thus, the experimental campaign unequivocally confirms the validity of the stochas-
tic model and the numerical methods used in this work. The results obtained demonstrate
that the proposed probabilistic approach makes it possible to correctly predict not only
the average positioning errors, but also the shape of distributions, the orientation of error
ellipsoids and the configuration dependence of pose variability. This makes the developed
methodology suitable for use in real applications: optimization of configurations, assess-
ment of the reliability of operations, development of monitoring systems and adaptive
control [66].

Quantitative comparison with alternative approaches. To contextualize our contribu-
tion, Table 12 compares the proposed hybrid framework against two representative meth-
ods from the literature:

Method Reference Reliability Estimate Absolute Error Computation Handles Accounts for
R (Extended Config) vs. Experiment Time (N =105) Arbitrary Q? Correlations?
Proposed .o vork 0.812 +0.002 +1.8% 325 (obony Y MO @nalyti- v o)
hybrid cal for ellipsoids)
Worst-case 0.74 (conservative ~ -7.2% (over-con- . X (ignores cor-
ISO 9283 1 1 h 1
bound 50 bound) servative) <01 X (only spherical) relations)
int clear- olifi. Partial (onl
Joint clear [35] 0.765 479, 8.7 s (pure MC) X (planar simplifi- Partial (only

ance model cation) joint offsets)

Key observations:

1.  The worst-case approach (ISO 9283) yields overly conservative estimates (7.2% below
experimental reliability), leading to unnecessary rejection of feasible configurations.

2. The joint-clearance model neglects link-length and orientation-parameter uncertain-
ties, underestimating reliability by 4.7% in extended configurations where wrist er-
rors dominate.

3. Our hybrid method achieves the smallest deviation from laser-tracker validation
(+1.8%) while maintaining computational efficiency through quasi-Monte Carlo sam-
pling (Sobol sequences converge 2.7x faster than pseudo-random MC for the same
accuracy).
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This comparison quantitatively demonstrates that the integration of full covariance
modelling, configuration-aware Jacobian sensitivity, and low-discrepancy sampling
yields superior accuracy-efficiency trade-offs for industrial deployment.

The central question addressed by this research is: How can geometric reliability of
an industrial robot be rigorously quantified as the probability that the end-effector attains
a required pose within task-specific technological tolerances?

Traditional reliability metrics—such as mean time between failures—capture only
temporal aspects of hardware degradation and ignore functional failures caused by posi-
tioning errors that remain within mechanical operability limits but exceed process toler-
ances. We bridge this gap by developing an integrated probabilistic framework that maps
stochastic uncertainties in Denavit-Hartenberg parameters and joint variables onto the
probability of successful task execution within a formally defined admissible pose domain
QcRes.

9.4. Statistical Analysis of Failure and Maintenance Data

A comprehensive assessment of the reliability of an industrial robot is not possible
without analyzing actual data on failures, maintenance and degradation of components
over time. While the previous sections focused on the geometric reliability of the pose, the
current section is devoted to the operational reliability of the FANUC LR Mate 200iD/7L
manipulator, based on failure and recovery statistics. The use of real operational data
makes it possible to link the stochastic model of kinematics with the long-term character-
istics of the mechanical system, which is especially important when introducing the robot
into critical production processes [67].

The study was based on the maintenance log and error logs of a robotic cell in which
the FANUC LR Mate 200iD/7L was operated in two-shift assembly operations. The obser-
vation period covered 18 months of continuous operation with a total operating time of
about 5400 h. During this period, all events related to failures, deviations from normal
behavior, as well as routine and unplanned maintenance operations were recorded. The
analysis included both hardware and software errors, but special attention was paid to
mechanical and drive failures, which directly affect positioning accuracy [68].

To achieve compatibility with the stochastic kinematics model, failure categories af-
fecting DH parameters and angular deviations were identified: wrist bearing wear, sensor
drifts, changes in link stiffness, and joint drive errors. These categories have a direct im-
pact on the positional and orientational errors of the end-effector, which makes it possible
to integrate failure data into the overall reliability model [69].

Figure 14 shows the integral failure curve of the manipulator, constructed from an
ordered sample of events. The data show a characteristic “bath-tub” curve with an initial
stabilization period, a long period of stationary operation, and a slight increase in the fail-
ure rate at the end of the observed period. The initial part of the curve reflects the adapta-
tion of the system after installation and initial calibration, when small inconsistencies in
the setting of the actuators are recorded. The main site is characterized by an almost con-
stant failure rate, which corresponds to the behavior of most industrial robotic systems.
The final section is associated with the accumulated wear of the moving parts of the wrist
and rotary gearboxes.
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Figure 14. Integral failure curve of the FANUC LR Mate 200iD/7L robot over a follow-up period of
18 months.

For the quantitative analysis of failures, the classical model of the failure intensity
A(t) was used, approximated by the Weibull distribution. The estimation of the distribu-
tion parameters by the maximum likelihood method gave the values of k =1.18 and 1 =
9200 h. The value of k > 1 indicates a tendency to increase the failure rate towards the end
of the service life, which is consistent with the observed gradual increase in positioning
errors in the measuring experiments in Section 9.3. This allows you to interpret the deg-
radation of accuracy as a marker of the approximation of a non-zero probability of node
failures.

Maintenance data included the frequency of lubrication, calibration, sensor adjust-
ment and replacement of gearbox elements. It is interesting to note that the impact of pre-
ventive measures is manifested not only in a decrease in the probability of failures, but
also in a decrease in the variance of positional errors. After each calibration procedure,
there was an improvement in the distribution of orientation errors by 10-20%, which
agrees well with the model, where reducing DH parameter variances directly improves
posture reliability.

To compare operational and geometric reliability [70], an aggregated table (Table 12)
was constructed, which shows the main statistical characteristics extracted from the oper-
ational event log. This data allows us to assess how the failure rate and service frequency
are consistent with the predictions of the kinematic stability model.

Table 12. FANUC LR Mate 200iD/7L Failure and Service Statistics.

Index Meaning
Follow-up period 18 months
Life 5400 h
Number of all failures 27
Number of failures affecting accuracy 11
Average failure interval 207 h
Average accuracy failure interval 491 h
Weibull Form Parameter k 1.18
Weibull scale parameter 1 9200 h
Average improvement in accuracy after calibration 15%

Reproducible linkage between geometric and time-based reliability. The degrada-
tion-aware covariance model Xq(t) bridges geometric reliability R(t) = P(X(t) € QQ) and fail-
ure intensity A(¢) via:
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Z,0)=2,0)+F D), P(1)=1-exp -(%j ,

where () is the Weibull cumulative degradation function (shape k=1.18, scale n=9200
h from Section 9.4), and f = 0.23 is the empirically fitted degradation gain (estimated from

variance growth in the last 3 months of operation). Required inputs for replication:

Input Source Uncertainty

Baseline X4(0) Laser tracker campaign (Section 9.3) +9% (compact config)
Weibull k, 1 18-month failure log (Table 11) +0.07, +800 h

Gain Linear regression of tr(XX) vs. O(t) R2=0.89

Limitations: assumes monotonic degradation (ignores recovery after calibration);
valid only for t < 0.7n (before wear-out phase); correlation structure assumed stationary.

Reproducible degradation model Xq(t). To transform the qualitative correlation ob-
served in Section 9.4 into a predictive tool, we introduce a validated degradation-aware
covariance model:

5,()=%,(0)+ f-®(), D(1)=1ex _@ ,

where P(t) is the Weibull cumulative degradation function (k=1.18, =9200 h from Table
11), and $ = 0.23 + 0.04 is the empirically fitted degradation gain. The parameter  was
estimated via linear regression of trace growth t(Xx) against ®(f) over the first 12 months
of operation (R?= 0.89), with validation on months 13-18 showing prediction error < 7%
(Table 13).

Table 13. Validation of Zs(t) predictive capability.

Prediction Horizon Training Data  Predicted t(Xx), mm? Measured t-(Xx), mm? Relative Error
Month 15 Months 1-12 0.0184 0.0191 +3.7%
Month 18 Months 1-15 0.0219 0.0228 +4.1%

Required inputs for replication:

Input Source Uncertainty
Baseline X4(0) Laser tracker campaign (Section 9.3) +9% (compact config)
Weibull k, n 18-month failure log (Table 11) +0.07, £800 h
Gain Linear regression t:(Xx) vs. ®(t) R2=0.89

Limitations: Assumes monotonic degradation (ignores recovery after calibration);
Valid only for t <0.71) (before wear-out phase); Correlation structure assumed stationary.
Calibration events can be modelled as discrete resets Xq(t*) = y Lq(t") with y = 0.85 (15%
variance reduction observed empirically).

Statistical analysis of the data showed a high consistency between the operational
and modelled characteristics. Periodic increases in errors detected in the measurement
campaign coincided in time with an increase in the failure rate, which confirms the rela-
tionship between the degradation of kinematic parameters and the probability of failure
of mechatronic units. This leads to an important conclusion: robot reliability should be
considered as an integral characteristic, including not only kinematic tolerances and
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errors, but also the dynamics of changes in these parameters over time under the influence
of wear.

The data obtained make it possible to incorporate performance characteristics into a
higher-level probabilistic model, in which the reliability of the posture is determined not
only by the instantaneous variance of errors, but also by the progressive change in the
distribution parameters. Such a model can be used to predict a decrease in accuracy, assess
the need for maintenance, and build a strategy for optimal maintenance [71].

In this way, the statistical analysis of the operating data makes it possible to establish
a relationship between the geometric reliability and the long-term reliability of the FA-
NUC LR Mate 200iD/7L. It confirms that the increase in posture variability is an early
indicator of the degradation of mechanical components, and the stochastic kinematic
model agrees well with the real dynamics of changes in accuracy observed during opera-
tion.

9.5. Discussion of Discrepancies and Model Refinement

The results of the experimental campaign described in Section 9.3 and the conclu-
sions based on the statistical analysis of failures (Section 9.4) make it possible to critically
assess the accuracy of the proposed probabilistic model and determine the directions for
its further improvement. Despite the good alignment of theoretical predictions with actual
data, especially in compact and medium configurations, significant discrepancies were
identified in areas where the robot’s kinematic system is prone to high sensitivity. These
discrepancies require a separate analysis, since they determine the real operational limi-
tations of industrial manipulators [72].

One of the most notable results of the comparison is the difference in the form of error
distributions between the analytical and experimental approaches. In the compact config-
uration, the variance discrepancies did not exceed 10%, and the shape of the error ellip-
soids almost coincided with the model. However, in the elongated configuration, the dif-
ference reached 18-20%, and the orientation of the main axes of factual errors deviated
significantly from the theoretical one. A visual comparison is shown in Figure 15. Here
you can see that the experimental error ellipsoid is shifted and tilted relative to the model
ellipsoid, which indicates the presence of additional factors that are not taken into account
in the basic framework.

1.0
—— Theoretical ellipsoid

- -— Experimental ellipsoid
0.5

y (mm)

-1.0 4

—1 .5 T T T T T
-5 -1.0 =05 0.0 0.5 1.0 15

X (mm)

Figure 15. Comparison of model and actual ellipsoids of positioning errors in the elongated config-
uration of the FANUC LR Mate 200iD/7L robot.
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The main reason for the discrepancies is that the linear approximation of the line
kinematics used in the analytical model is correct only for small errors and in regions far
from the singularities. In an elongated configuration, the elements of the Jacobi matrix
increase significantly, and even small angular deviations lead to large displacements of
position. This makes the distribution of errors nonlinear and asymmetrical. The system
becomes more susceptible to the effects of interaction between angular and linear errors,
and correlations appear in the error matrix that are not present in a normal model. Exper-
imental data show that these nonlinear effects are dominant in regions of high robot arm
reach, and therefore, a simple normal approximation is insufficient.

Limitations of the first-order Gaussian model. The linear error propagation Xx =
JaZqJq' combined with Euler-angle parameterization imposes three interrelated constraints
on model validity:

1. Linearisation error: The first-order Taylor expansion assumes IIJ;04ll < IIf{i1q)ll. Near
elbow singularities (03~ 0°), Jacobian condition numbers exceed 10 violating this
assumption and introducing second-order terms 0.50,"H:0q that skew the distribu-
tion.

2. Non-Gaussianity: Experimental histograms in extended configurations (Figure 15)
show positive skewness (y1= 0.4) and excess kurtosis (2~ 0.9), inconsistent with nor-
mality. This arises from nonlinear kinematic mapping f(g) amplifying asymmetric
drive errors.

3. Euler-angle singularities: At wrist configurations where 85~ +90°, Euler parameteri-
sation suffers from gimbal lock, artificially inflating o¢ and oy while oo collapses—
distorting Mahalanobis distance calculations.

Consequently, the model’s absolute error remains below 10% for compact/medium
configurations but grows to 18-20% in highly elongated poses. For precision operations
requiring R > 0.95, this defines a practical operational envelope excluding regions within
15° of kinematic singularities. Future work will address these limitations via second-order
propagation using Hessian terms Hy, quaternion-based orientation modelling to avoid
gimbal lock, and unscented transform for non-Gaussian uncertainty propagation.

In particular, elastic deformations of drives and links have a pronounced configura-
tion dependence. In the compact configuration, such deformations are almost completely
compensated by the geometry of the system, while in the elongated configuration they are
amplified and lead to a shift in the direction of errors, which was practically absent in the
analytical model. This deviation is due to the imperfection of the robot’s weight compen-
sation in the wrist and temperature changes in the gearboxes. The accumulation of such
factors leads to a slow drift of DH parameters [73], which is reflected in the statistics of
failures and deterioration of accuracy at the end of the observed period.

Analysis of the operating data (Section 9.4) showed that the failure rate and the in-
creasing variance of positional errors are related. However, the basic model in its current
form assumes that the error distributions are stationary, while the actual state of the sys-
tem varies over time. In particular, the scale parameter in the Weibull distribution for fail-
ures (n = 9200 h) indicates the presence of a degradation process that cannot be correctly
reflected in a static model. This leads to the need to use dynamic probabilistic models that
take into account the change in the covariance structure of Yq(t) over time. In the field of
robot reliability, such models are a modern trend, since they allow you to adapt mainte-
nance planning based on the forecast of the growth of errors.

Table 14 summarizes the main mechanisms of discrepancies between the model and
the measurement campaign data and at the same time shows the directions for improving
the model.
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Table 14. The main causes of discrepancies between the model and the experiment and ways to

eliminate them.

Discrepancy Identified Probable Cause Necessary Improvement of the Model

Up to 20% difference in error variances Nonlinearity of kinematics at a largeConsideration of the second derivative in

in an extruded configuration overhang the decomposition of direct kinematics

Slope of actual error ellipsoids relative Correlations between angular and  Using a full distribution with non-zero
to model ellipsoids linear errors correlations

Systematic z-axis drift

Growth of dispersions at the end of op-

eration

Temperature deformations, insuffi- Introduction of dynamic corrections to
cient weight compensation DH parameters
Yq(t) degradation model based on oper-

Wear of drives and gearboxes .
ating data

An essential direction in the development of the model is to take into account the
temporal degradation of accuracy. The observation made in Sections 9.3 and 9.4 shows
that the increase in error variance occurs gradually and correlates with interval-distrib-
uted failures. In fact, there is a “transient” mode, in which the accuracy decreases until the
moment of calibration or repair, after which it is restored. This indicates the cyclicality
inherent in many industrial robots. The inclusion of such cycles in a probabilistic model
makes it possible to predict periods of minimum and maximum accuracy, as well as to
optimize the maintenance schedule [74].

In addition, to improve the accuracy of the model, it is necessary to take into account
a hybrid error distribution that differs from the purely normal one. Experimental data
showed a slight asymmetry in the distribution of errors, especially in the region of elon-
gated configuration. This is because the error distributions of the drives have a limited
range of valid values, and because the structural errors are not always symmetrical. Gen-
eralized normal distributions or mixtures of normal distributions are suitable for such sit-
uations. The use of these models can reduce the discrepancies between theory and exper-
iment, especially in highly sensitive areas.

Thus, the comparative analysis showed that the developed probabilistic model is the
correct basis for describing the reliability of the FANUC LR Mate 200iD/7L robot posture
but requires further refinement for areas of strong kinematic sensitivity and for long-term
operation. The improvement of the model should include taking into account the nonlin-
earity of kinematics, correlations between errors, temporal degradation and asymmetry
of distributions. In combination with measurement data and failure statistics, this refine-
ment makes it possible to create a multi-level reliability model that integrates geometric
and operational factors [75].

10. Discussion

The results obtained in the previous sections allow for a comprehensive discussion
of the extent to which the proposed probabilistic approach correctly describes the reliabil-
ity of the posture of an industrial robot and how the predicted and actual accuracy char-
acteristics differ. Consideration of the model, numerical experiments, experimental meas-
urements and operational data shows that the reliability of a robotic system is a multidi-
mensional quantity in which geometric, stochastic and operational factors are closely in-
tertwined. For the FANUC LR Mate 200iD/7L manipulator, this weave is particularly pro-
nounced due to the high density of the wrist layout, complex kinematic structure, and
pronounced sensitivity to configuration [76].

One of the most important findings is that the analytical and Monte Carlo models
show high consistency in configuration domains where the influence of nonlinear kine-
matic effects is minimal. In compact and medium configurations, the errors are close to
normal, and the covariance structures coincide well with the estimates obtained by the
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method of direct linear approximation. The uniformity of distributions and symmetry of
errors in these modes are confirmed by both numerical modeling and an experimental
campaign. Figure 16 shows a comparison of the experimental and model variance of er-
rors in the three configurations, where it is clearly seen that the compact pose shows a
near-perfect match, while the extended configuration deviates more.

The most significant discrepancies are manifested in the elongated configuration. It
is in this area that the kinematic transformation of joint angles into linear displacements
becomes highly sensitive, and the elements of the Jacobi matrix become large and hetero-
geneous. This leads to the fact that the real distribution of errors acquires asymmetry,
displacement, and slope, which can no longer be correctly described within the frame-
work of a multivariate normal model. Experimental error ellipsoids (Section 9.3) showed
a major axis displacement of up to 10-11° relative to model predictions and an excess of
up to 20% of the variance, which is consistent with theoretical expectations of an increase
in the nonlinearity of straight kinematics. This result confirms the importance of using
Monte Carlo simulation and nonlinear corrections, especially when designing algorithms
for precise tooling in confined spaces.
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Figure 16. Comparison of the variances of model and experimental positioning errors for three con-
figurations of the FANUC LR Mate 200iD/7L robot.

Another significant aspect is the influence of operational factors, identified in Section
9.4. Statistical analysis of failures has shown that the accuracy of the robot is a non-sta-
tionary quantity: error variations increase over time, which is associated with the gradual
degradation of kinematic and drive units. This effect is especially pronounced towards
the end of the observation period, when the failure rate increases according to the Weibull
distribution with the shape parameter k = 1.18. Measurement results during this period
showed an increase in the variance of orientation and positional errors, which is consistent
with the model’s prediction. Table 15 summarizes the influence of operational factors on
accuracy and shows how much orientation and linear errors increased in different phases
of operation.
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Table 15. Influence of the operating stage on positioning accuracy.
Operation Stage Average Position Error (mm) Average Orientation Error (Deg)
First 3 months 0.018 0.28
Average 12 months 0.027 0.47
Last 3 months 0.041 0.71

The results highlight the need to integrate operational data into the overall reliability
model. In particular, the £X covariance error matrix should not be considered as static,
but as a dynamically changing quantity that reflects the current technical status of the
robot. This approach makes it possible to develop methods for adaptive reliability assess-
ment, in which a geometric model is combined with online condition monitoring. In ad-
dition, experimental data have shown that regular calibration reduces error variances by
10 to 20 percent, which, in terms of reliability, corresponds to a 3 to 7 percent increase in
the probability of successful operations. This is a key argument in favor of implementing
predictive maintenance based on the analysis of error growth trends [77].

An additional area of discussion is the need to account for correlations between DH
parameter errors in the extended model. Experiments have shown that in the medium and
elongated configurations, such correlations have a significant impact on the shape of the
distributions. For example, small errors in wrist angles caused significantly larger devia-
tions in linear coordinates than the normal model predicted. This is due to the elasticity
of the design, as well as the interaction between the weight of the tool, dynamic loads and
inertial effects. The introduction of a dynamic correlation model or the use of generalized
normal distributions will allow for a more accurate description of the actual behavior of
the system, especially when working with heavy instruments.

For the practical application of the results of the study, a map of geometric reliability
in the robot’s workspace was constructed. Figure 17 shows the distribution of positioning
reliability in the two-dimensional cross-section of the FANUC LR Mate 200iD/7L manip-
ulator.

The reliability map demonstrates the spatial heterogeneity of the probability of suc-
cessful positioning in the robot’s working area. The highest reliability (green areas) is
found in the central areas of the workspace corresponding to compact manipulator con-
figurations. As you approach the boundaries of the working area, reliability decreases
monotonically, reaching minimum values in peripheral areas (red zones), which is asso-
ciated with an increase in the coefficients of the Jacobi matrix and an increase in sensitivity
to parameter errors. The practical value of this visualization lies in providing a tool for
optimal placement of technological objects and planning trajectories that ensure maxi-
mum reliability of accurate positioning operations.

The discussion also highlighted the importance of configuration selection when per-
forming precision operations. As shown in Sections 9.2 and 9.3, the difference in reliability
between compact and stretched configurations can exceed 20%, even with the same drive
error characteristics. This difference is due to purely kinematic factors and confirms that
configuration planning of trajectories must take into account not only the avoidance of
singularities, but also the minimization of posture sensitivity to stochastic errors.
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Figure 17. Geometric reliability map in the robot workspace (XY-plane at fixed Z-coordinate). Color
mapping from red (low reliability, ~0.70) to green (high reliability, ~0.98) represents the probability
of successful positioning for assembly operations. The circular boundary indicates the approximate
reachable workspace limits. Marked points highlight specific zones with characteristically different

reliability levels.

Extensibility to other robotic architectures. While this study focuses on a serial 6-axis
industrial manipulator, the proposed probabilistic framework is architecture-agnostic and
readily extensible to other robot types with appropriate kinematic modelling:

e  Parallel manipulators (e.g., Delta robots): The framework applies directly once the
forward kinematics f{g) and Jacobian J; are formulated (typically via constraint equa-
tions rather than DH parameters). Geometric reliability analysis benefits from the in-
herently high stiffness of parallel structures, yielding tighter error ellipsoids and
higher RR values for comparable tolerances.

e  Collaborative robots (cobots): Safety-critical applications demand explicit reliability
guarantees. Our methodology can quantify the probability of staying within dynamic
safety zones (e.g., ISO/TS 15066), enabling risk-aware motion planning that balances
speed and geometric reliability.

¢  Redundant manipulators (7 + DOF): The configuration-dependent reliability map
R(6) becomes a tool for self-motion optimization: selecting null-space motions that
maximize R while satisfying task constraints (e.g., obstacle avoidance). Preliminary
simulations on a 7-axis KUKA LBR iiwa show 8-12% reliability gains when optimiz-
ing joint angles within the redundancy manifold.
mobile manipulators: Reliability must account for base positioning uncertainty. By

augmenting the parameter vector g—[gbase, garm]™ and propagating covariance through the

composite kinematics, the framework naturally extends to mobile platforms (e.g., AGV-
mounted arms).

https://doi.org/10.3390/math14030580



Mathematics 2026, 14, 580

50 of 56

Limitations: For continuum/soft robots, the linear error propagation Ix= J;Xq/s" re-
quires replacement with nonlinear elasticity models (e.g., Cosserat rod theory), though
the core definition R = P(X € Q) remains valid. Similarly, cable-driven systems need ex-
plicit modelling of cable elasticity and friction nonlinearities in Z.

In addition, the results of the study indicate the need to develop a multi-level relia-
bility model that combines instantaneous geometric errors, operational changes, and pre-
dicted degradation. Such a model can serve as the basis for optimal maintenance algo-
rithms, as well as for determining the sections of the trajectory where the operation is most
reliable. In combination with the capabilities of modern FANUC control systems, this
model will allow the implementation of adaptive control strategies that take into account
the dynamics of errors and the state of the mechanical structure [77].

In general, the discussion of the results showed that the developed probabilistic
framework correctly reflects the key patterns of accuracy and reliability of the FANUC LR
Mate 200iD/7L robot. It identifies areas of stable and unstable operation, explains the
sources of discrepancies between theory and experiment, and identifies directions for im-
proving models. The most promising areas are taking into account the nonlinearity of
kinematics, error correlations, operating dynamics, and asymmetry of distributions.
Taken together, this forms the fundamental basis for the creation of more accurate, adap-
tive and predictive models of the reliability of industrial robotic systems.

Practical Implementation Guidelines

Using Reliability Maps for Trajectory Planning. For tolerance-critical operations (e.g.,
precision insertion, micro-assembly), engineers can leverage geometric reliability maps as
follows:

1. Workspace Pre-screening: Before task deployment, overlay the required tolerance
zone (e.g., 0.5 mm position, +2° orientation) onto the robot’s reliability map (Figure

17). Select only regions where R > ruin (€.g., Rmin=0.95 for high-reliability tasks).

2. Configuration Selection: For static operations (e.g., screwdriving), choose the joint

configuration " that maximizes R(6) within the feasible set 6c o, :

6" =argmax R(6).

Heefeas
Typically, this corresponds to compact elbow-bent poses avoiding wrist/shoulder
singularities.

3. Trajectory Optimization: For dynamic tasks, embed R(6(t)) as a soft constraint in tra-
jectory planners:

min,, j |6ty |Pde s.t. ROW) 2 R, Vieltt,].

This yields paths that stay within high-reliability zones while avoiding kinematic sin-
gularities.

4.  Calibration Triggering: Monitor real-time positioning variance o02(f). When o%(t) ex-
ceeds thresholds derived from the reliability map (e.g., 20% growth), trigger recali-
bration to restore R to nominal levels.

This workflow transforms abstract reliability metrics into actionable engineering de-
cisions, directly improving first-pass yield in precision automation.

11. Conclusions

In this work, a comprehensive probabilistic approach to assessing the geometric reli-
ability of an industrial robotic arm was developed and comprehensively tested, which is
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understood as the probability of successful achievement of a given position and orienta-
tion by the end-effector within the technological tolerances. The widely used six-axis robot
FANUC LR Mate 200iD/7L was chosen as the object of the study, which made it possible
to check the adequacy of the methodology on a real industrial sample. The proposed
framework integrates a deterministic kinematic model based on Denavit-Hartenberg pa-
rameters, a stochastic representation of key parameters and control variables, as well as
two complementary methods for estimating probability: analytical and numerical Monte
Carlo modeling.

The key result—strong configuration dependence of geometric reliability —is directly
supported by three independent evidence streams:

Numerical evidence (Section 8, Table 8): Monte Carlo simulations for a typical assem-
bly operation (cylindrical tolerance: radius 1 mm, height 2 mm; orientation +3°) show re-
liability decreasing from 0.984 (compact) — 0.947 (medium) — 0.812 (extended), a 17.2%
drop attributable to Jacobian sensitivity growth near elbow singularity.

Experimental validation (Section 9.3, Table 11): Laser tracker measurements on a real
FANUC LR Mate 200iD/7L confirm the trend —error ellipsoid major axis elongates from
0.026 mm (compact) to 0.094 mm (extended), with model-experiment variance discrep-
ancy of 9.3% (compact) vs. 18.4% (extended), quantifying the boundary of linear normal
approximation validity.

Operational correlation (Section 9.4, Table 12): 18-month failure logs reveal that peri-
ods of elevated positioning error variance (Section 9.3) coincide with increased failure in-
tensity (Weibull k = 1.18), confirming that geometric degradation precedes hardware fail-
ures.

Limitations acknowledged: the multivariate normal model loses accuracy in highly
elongated configurations (discrepancy > 18%) due to unmodelled nonlinearities (elastic
deformations, thermal drift). This defines the operational envelope where the proposed
framework is valid and motivates future work on second-order kinematic expansions.

These numerical characteristics clearly illustrate that even for a high-precision robot
in a nominally healthy state, the probability of success in the operation can vary signifi-
cantly depending on the selected posture, decreasing by more than 17% when changing
from the optimal to the worst configuration.

The scientific novelty of the research lies in the following aspects:

1. Formal introduction of a strict probabilistic definition of geometric reliability as an
integral over a multidimensional range of permissible postures in the workspace,
which makes it possible to move from traditional temporary reliability metrics to
functional ones directly related to the success of a technological operation.

2. Development of a hybrid approach to reliability assessment that combines analytical
techniques (effective for simple tolerance regions and far from singularities) and
high-fidelity Monte Carlo simulations (allowing for nonlinearities of kinematics and
complex tolerance geometries).

3. Conducting a comprehensive configuration analysis on the example of a real indus-
trial robot, which identified and quantified the zones of increased and decreased ge-
ometric reliability in its working space.

4. Implementation of comprehensive validation of the model, including cross-compar-
ison of analytical and numerical methods, full-scale experiments using a laser tracker,
as well as analysis of long-term operational data, which confirmed the adequacy and
practical applicability of the proposed approach.

The results of the work have significant applied potential. The developed framework
provides a powerful tool for designing, optimizing, and predicting the reliability of ro-
botic cells in high-precision automation environments. On this basis, decision support
systems can be created for:
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e Trajectory planning optimizations that allow you to select paths that provide maxi-
mum geometric reliability throughout the operation.

e Process design, where accuracy requirements can be formalized through probabilis-
tic criteria, and robotic cells are designed taking into account the configuration de-
pendence of reliability.

. Predictive maintenance, as an increase in the variance of positioning errors, as shown
by the analysis of operational data, is an early indicator of the degradation of me-
chanical components.

Prospects for further research are seen in several directions. First, it is the considera-
tion of temporal dynamics: the development of the model towards non-stationary error
distributions, which allows taking into account wear, temperature drifts and other factors
of degradation of parameters in time. Second, improving the accuracy of the stochastic
model by taking into account higher-order nonlinear effects (through the Taylor series
expansion) and using distributions that are more complex than normal (e.g., generalized
normal or mixtures of distributions) can better describe the errors near singularities.
Third, integrate with control systems to create adaptive algorithms that can adjust trajec-
tory or control action in real time based on an assessment of the current level of geometric
reliability. Finally, the proposed approach should be applied to more complex systems,
such as collaborative robots and multi-robot cells, where taking into account the geometric
reliability of individual manipulators is critical to the reliability of the entire system as a
whole.

Thus, the study lays a theoretical foundation and provides practical tools for the tran-
sition to a new level of design and operation of robotic systems, where reliability is un-
derstood not only as the durability of components but also as the guaranteed accuracy of
each technological operation.
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