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Abstract

We study positive semi-definite (PSD) biquadratic forms and their sum-of-squares (SOS)
representations. For the class of partially symmetric biquadratic forms, we establish
necessary and sufficient conditions for positive semi-definiteness and prove that every
PSD partially symmetric biquadratic form is an SOS. This extends the known result for
fully symmetric biquadratic forms. Furthermore, we describe an efficient computational
procedure for constructing SOS decompositions, exploiting the Kronecker-product structure
of the associated matrix representation. We introduce simple biquadratic forms. For m > 2,
we provide a explicit example to show the lower bound for sos rank of m x 2 biquadratic
forms is m 4+ 1, and show that previously proved results indicating that a 2 x 2 PSD
biquadratic form can be expressed as the sum of three squares and a 3 x 2 PSD biquadratic
form can be expressed as the sum of four squares are tight. We also present an 3 x 3 SOS
biquadratic form, which can be expressed as the sum of six squares, but not the sum of
five squares. Moreover, we establish a universal upper bound mn — 1 for any m x n SOS
biquadratic form, which improves the trivial bound mn.

Keywords: biquadratic forms; sum-of-squares; positive semi-definiteness; sos rank;
M-eigenvalues; partially symmetric biquadratic forms

MSC: 11E25; 12D15; 14P10; 15A69; 90C23

1. Introduction

Denote {1,...,m} as [m]. Let A = (ajj5), where a;; € Rfori,k € [m], ], ] € [n]. Then
Ais called an m x n biquadratic tensor. Biquadratic tensors arise in solid mechanics [1,2],
statistics [3], spectral graph theory [4], and polynomial theory [5]. If a;j = ayjiy = anij,
fori k € [m],j,1 € [n], then A is called a symmetric biquadratic tensor. Denote the set of
all m x n biquadratic tensors by BQ(m, n) and the set of all m x n symmetric biquadratic
tensors by SBQ(m, n).

With A = (a;4) € BQ(m,n), x € R" and y € R", we may define a homoge-
neous polynomial P by P(x,y) = Y./} _; 27,1:1 a;jkXixky;y;- Then, we call P a biquadratic
form. A PSD (positive semi-definite) biquadratic form is one for which P(x,y) > 0
for all x,y. It is SOS (sum of squares) if it can be written as a finite sum of squares
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of bilinear forms. If the biquadratic form P is PSD or SOS respectively, then the bi-
quadratic tensor A is also said to be PSD or SOS respectively. Note that while a bi-
quadratic tensor uniquely defines a biquadratic form, a biquadratic form corresponds
to infinitely many biquadratic tensors but uniquely corresponds to one symmetric
biquadratic tensor.

A PSD polynomial is nonnegative everywhere. A very important problem in algebra
and optimization is to identify structured PSD tensors and forms. As Hilbert [6] proved in
1888, a PSD form may not be SOS in general. On the other hand, the existence of an SOS
decomposition makes the problem of verifying nonnegativity computationally tractable
via semi-definite programming. Thus, it is also very important to identify whether a given
structured PSD tensor or form class is SOS or not.

Biquadratic forms arise naturally in several areas of applied mathematics and engi-
neering [7]. In elasticity theory, the strong ellipticity condition for isotropic materials is
governed by a biquadratic form whose positivity guarantees wave propagation. In statistics
and machine learning, biquadratic kernels appear in higher-order learning models and
tensor-based data analysis. Moreover, verifying nonnegativity of biquadratic forms is
a fundamental subproblem in polynomial optimization and semi-definite programming
relaxations [8,9]. Thus, understanding when a positive semi-definite biquadratic form
admits an SOS decomposition not only advances classical real algebraic geometry but also
provides practical tools for certifying positivity in these applications.

Very recently, several structured PSD biquadratic tensor classes have been identified.
In [7], three PSD biquadratic tensor classes, diagonally dominated symmetric biquadratic
tensors, symmetric M-biquadratic tensors, and symmetric Bp-biquadratic tensors were
identified. In [10], completely positive biquadratic tensors were introduced. All completely
positive biquadratic tensors are SOS. Two subclasses of completely positive biquadratic tensors,
biquadratic Cauchy tensors, and biquadratic Pascal tensors, were identified there. In [11], it
was shown that diagonally dominated symmetric biquadratic tensors are SOS tensors.

A PSD biquadratic form may not be SOS. In 1975, Choi [12] presented a 3 x 3 PSD
biquadratic form which is not SOS. In [11], it was shown that such a problem is caused by
non-symmetry. Symmetric biquadratic forms were introduced in [11], and it was shown
that all PSD symmetric biquadratic forms are SOS, regardless of how big m and n are. A
biquadratic form is said to be symmetric if it remains invariant under permutations of the
indices in x-variables and y-variables respectively.

In this paper, we consider the intermediate class of partially symmetric biquadratic
forms, which are symmetric only either in the x variables or the y variables. We establish
necessary and sufficient conditions for positive semi-definiteness of monic partially sym-
metric biquadratic forms and, more importantly, prove that every PSD partially symmetric
biquadratic form is SOS. This resolves an open question about the SOS property under
partial symmetry and extends the known result for fully symmetric forms.

Furthermore, we describe an efficient computational procedure for constructing
SOS decompositions, exploiting the Kronecker-product structure of the associated
matrix representation.

We introduce simple biquadratic forms. For m > 2, we present a m x 2 PSD biquadratic
form and show that it can be expressed as the sum of m + 1 squares but cannot be expressed
as the sum of m squares. This provides a lower bound for an sos rank of m x 2 biquadratic
forms and shows that previously proved results that indicate a 2 x 2 PSD biquadratic form
can be expressed as the sum of three squares and a 3 x 2 PSD biquadratic form can be
expressed as the sum of four squares are tight. We also present an 3 x 3 SOS biquadratic
form, which can be expressed as the sum of six squares, but not the sum of five squares.
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In addition, we derive a universal upper bound SOS-rank(P) < mn — 1 for any SOS
biquadratic form, which improves the trivial bound mn.

2. Monic Partially Symmetric Biquadratic Forms
Let A = (a;j1) € SBQ(m,n),x € R"andy € R". Then A-yxy € R"and (A-yxy); =

er(n:l Ejrflzl ai]-klijkyl fori e [T’I’l}, and Ax - Xy € R" with (.Ax . xy)] = 2?’1’(:1 Z?:l ai]-klxixkyl
forj € [n]. If thereare A € R, x € R™, ||x][ =1,y € R, ||y|l2 = 1, such that

A-yxy = Ax, Ax-xy = Ay,

then A is called an M-eigenvalue of A, with x and y as its M-eigenvectors [13]. For other
works on biquadratic forms and biquadratic tensors, see [5,14-17]
Suppose that A = (a;jx1), where a;j; € Rfori k € [m], ], 1 € [n],isanm x n biquadratic

tensor. Let o
P(x,y) = Y Y. aijuxiyiXcyi, (1)
ik=1jl=1

where x € R" and y € R". Then P is called a biquadratic form. If P(x,y) > 0 for all x € R™
and y € R”, then P is called positive semi-definite (PSD). If

Pxy) = Y folxy)
p=1

where f, for p € [r] are bilinear forms, then we can say that P is sum of squares (SOS). The
smallest 7 is called the SOS rank of P. Clearly, P is PSD or SOS if and only if A is PSD or
SOS, respectively.

While a biquadratic form P may be constructed from a biquadratic tensor .4, the tensor
A is not unique to P. However, there is a unique symmetric biquadratic tensor A associated
with P.

The following definition extends the definition of symmetric forms [18].

Definition 1. Suppose P(x,y) = P(x1, ..., Xm,Y1,---,Yn)- If

P(x1, .o Xm Y1, Yn) = P(Xo(1)s -+ o) Xo(m)s Yar - -+ Yn)

for any permutation o, then P is called x-symmetric. Similarly, we define y-symmetric biqguadratic
forms. If P is both x-symmetric and y-symmetric, we call P a symmetric biquadratic form. If P is
either x-symmetric or y-symmetric, we call P a partially symmetric biquadratic form.

Note that a symmetric biquadratic form P has only four free coefficients. If we fix the
diagonal coefficients as 1, we may write such a form as [11]

m n n m
Plxy) =Y Y xiyi+a) Yy xixy; +b) Y xyyi+c) Y xymyr

i=1j=1 i#k j=1 i=1j#l i#k j#£1
As proven in [11], P is PSD if and only if the parameters 4, b, and c satisfy:
i 1-b+(m—1)(a—c)>0;
(i 1—a+(n—-1)(b—c)>0;
(i) 1—a—b+c>0;
iv) 1+(m—1)a+n—-1)b+ (m—1)(n—1)c > 0.
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Now the question is whether a given PSD x-symmetric biquadratic form is SOS or not.
Note that an x-symmetric m x n biquadratic form P has 2n? free coefficients. If we fix the
diagonal coefficients as 1, we may write such a form as

P(x,y)

n m
Z; Y xizyjz' +Y Y @iy + )Y bjlxiz]/j]/l 2)

i=1j=1 i#k j,1=1 i=1j#
(x"x)(y"y) + (1002 =x"x) (v 4y) + (x"x) (y"By),

where A = (a;;) and B = (b;;) are n X n symmetric matrices, B has zero diagonal (i.e.,

»

bjj = 0 for all j), and 1, is the all-ones vector of length m. We call such a form a monic
x-symmetric biquadratic form.

Remark 1. Similarly, we can define monic y-symmetric m X n biquadratic form as follows:

P(x,y)
m n
=Y Y i+ Y Y awxiayiyi+ Y ) bxixy;
i=1j=1 ik=1j#l iZk j=1

(x")(y"y) + (x"ax) (1792 =y Ty) + (x"Bx) (v y),

where A = (ay) and B = (by) are m X m symmetric matrices, and B has zero diagonal
(ie., b; = 0 for all i). Our results on x-symmetric in this paper may be naturally extended to
y-symmetric biquadratic forms.

2.1. Positive Semi-Definiteness of Monic x-Symmetric Forms

Theorem 1. Let P be an m x n monic x-symmetric biquadratic form as in Equation (2), and let
A € SBQ(m, n) be the corresponding symmetric biquadratic tensor. Let A = (aj;) and B = (bj)
be the n x n symmetric matrices of coefficients. Then P is PSD if and only if the following two
matrix inequalities hold:

I+B—-A>0, I+B+(m—1)A >0, 3)
where I denotes the n x n identity matrix.

Proof. P is positive semi-definite if and only if all M-eigenvalues are nonnegative. A
constant A is an M-eigenvalue of A if there exists unit vectors x and y such that

[(y'(I+B—=A)y)In+ (y' Ay)1ul,]x = Ax, (4)

and
[(I+B—A)+ (x"1,)*Aly = Ay. (5)

Here, I, denotes the m x m identity matrix, 1, is the all-ones vector of length m, and the

Tx=1.

second equality follows from x
Equation (4) prompts us to consider the following two cases with respect to the
eigenvectors x and y:

Case (i) X1, = 0 or Ay = 0. In this case, Equations (4) and (5) reduce to

(y'(I+B—A)y)x=Aixand (I+B— A)y = Ay.
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Consequently, A is an M-eigenvalue of A if and only if
(I+B—A)y=Ayand Ay =y (I+B—A)y.

Thus, all such M-eigenvalues A are nonnegative if and only if I + B — A>0.

Case (ii) x" 1, # 0 and Ay # 0. Equation (4) implies that x is parallel to 1,,. Together
with the condition that x is a unit vector, this forces x = ﬁlm. Substituting this expression
for x into (4) and (5) yields

(I+B+(m—1)A)y=Ayand Ay =y  (I+B+ (m—1)A)y.

Consequently, all M-eigenvalues A, are nonnegative if and only if y " (I+ B+ (m —1)A)y >
0 for any Ay # 0.

Suppose that P is PSD, then it follows from Case (i) that [ + B — A>0. Now, let y; be
an orthonormal eigenbasis of I + B + (m — 1) A. For each eigenvector y;, we distinguish
two cases: If Ay; # 0, Case (ii) directly gives y,' (I + B+ (m — 1)A)y; > 0. Otherwise, if
Ay; =0, then

yi (I+B+(m—=1)A)yi =y (I+B—A)y; >0.
where the inequality follows from I + B — A>0. Since {y;} is an orthonormal basis of R",
it follows that I + B + (m — 1) A=0.

On the other hand, suppose that Equation (3) holds, the M-eigenvalues in Cases (i)
and (ii) are both nonnegative, and hence P is PSD. This completes the proof. [

Remark 2. When P is also y-symmetric, the matrices A and B reduce to
A= (a—c)l,+c1,1,, B =b(1,1, — L),

for three constants a, b, c € R. Then, the two matrix inequalities in Equation (3) reproduce the four
linear inequalities (i)—(iv) of Theorem 4.2 in [11]. Thus Theorem 1 extends the earlier result to the
more general x-symmetric setting.

2.2. SOS Property of Monic x-Symmetric Forms

We now prove that every PSD x-symmetric biquadratic form is SOS. This resolves the
open question raised in the introduction.

Theorem 2. Let P be an m x n monic x-symmetric biquadratic form as in Equation (2). If P is
positive semi-definite, then P is a sum of squares of bilinear forms.

Proof. Let A and B be the n x n symmetric matrices as in Theorem 1. Since P is PSD,
Theorem 1 yields

Q:=1,+B—A=0, R:=I,+B+(m—1)A=0.

Denote A by the unique symmetric biquadratic tensor corresponding to P, and define the
mn X mn matrix M by

M j), ki) = ik, fori k € [m], j,1 € [n],

where a;jy; are the entries of A. Then M can be written in block form as

1
M:Im®(ln+B—A)+(1m1;)®A:Im®Q+%(1m1;)®(R—Q).
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For any vectors x € R"” andy € R”,letz = x®y. Then

m

n
-
P(x,y) = Z AjkIXiXkYjyr =z Mz.
ik=1jl=1

We now show that M is positive semi-definite. Let z € R™" be partitioned as
zZ = (le,. ..,z,,) " withz; € R", and set s = ", z;. Then,

m
z'Mz=Y z/Qz;+s As
i=1

T LT
=)z QZH_ES (R—Q)s
i=1

Observe that

Hence,
z Mz = i z; — ls TQ z; — ls + lsTRs
o = Y m Y m m )
Since Q > 0 and R > 0, both terms are nonnegative for every z. Therefore M > 0.

Because M is positive semi-definite, it can be decomposed as M = Z’;ﬁl wpw; (for
example, by its spectral decomposition). Then

mn
P(xy)=z Mz=Y_ (w;z)Z.
p=1

Each inner product w;z is a bilinear form in x and y because z = x ® y and w,€ R™"
corresponds to a matrix W,€ R™*" such that w, z = x" Wpy. Hence P is a sum of squares
of bilinear forms. [

Remark 3. Theorem 2, together with the result of [11] for fully symmetric forms, shows that for
two natural symmetry classes (fully symmetric and x-symmetric) every PSD biquadratic form is
SOS. This provides a partial answer to the open problem of characterizing which structured PSD
biquadratic forms are SOS.

2.3. Bounding the SOS Rank

For a PSD monic x-symmetric biquadratic form P, the constructive proof of Theo-
rem 2 yields an explicit upper bound on the minimum number of squares required in an
SOS decomposition.

Theorem 3 (SOS rank bound). Let P be an m x n monic x-symmetric biqguadratic form as in
Equation (2) that is positive semi-definite, and let

Q=I,+B—A, R=I,+B+(m—1)A,

where A, B are the symmetric coefficient matrices from Equation (2). Then Q = 0 and R > 0, and
the SOS rank of P satisfies

SOS-rank(P) < rank(R) + (m — 1) - rank(Q). (6)

https://doi.org/10.3390 /math14040635
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Here, SOS-Rank(P) denotes the minimal number of squares of bilinear forms needed to represent P
as a sum of squares.

Proof. Because P is PSD, Theorem 1 guarantees Q >~ 0 and R > 0. Let A be the unique
symmetric biquadratic tensor corresponding to P and define the symmetric matrix

M =1 ®Q+ 3 (1nly) ® (R— Q) € R™™, @)
as in the proof of Theorem 2. For any x € R",y e R"setz =x®y,
P(x,y) = z' Mz. 8)

The matrix M is positive semi-definite and, via the orthogonal transformation U, whose
first column is 1,,/+/m and remaining columns form an orthonormal basis of lm, one
obtains the block diagonal form

U'®@L)MU®I,) =diag(R, Q, ..., Q), )
where R appears once, and Q appears m — 1 times. Consequently

rank(M) = rank(R) + (m — 1) rank(Q). (10)

rank

Suppose that M = Ly wpw;. Then

rank (M) - ) nk(M T
Plxy)= Y, (w,(x®y))" = Z X Wyy)®.
p=1 p=1

Here, W, € R™*" is the matricization of w, € R™". This combined with Equation (10)
shows that P is a sum of rank(M) squares of bilinear forms, proving Equation (6). O

Remark 4. Relationship between Theorem 3 and Theorem 4 of [5]. Theorem 3 provides
a refined, structure-dependent bound for x-symmetric forms: SOS-rank(P) < rank(R) +
(m — 1)rank(Q). For the completely squared form P, with A = B = O, we have
rank(Q) = rank(R) = n, so Theorem 3 yields the same mn bound as that of Theorem 4 of
[5]. However, for many x-symmetric forms, the matrices Q and R have rank much smaller than n,
making Theorem 3 significantly sharper than the universal mn bound. The value of Theorem 3 lies in
its ability to exploit the x-symmetry to obtain tighter bounds and to guide the efficient computational
procedure of Section 3.

Moreover, an SOS decomposition whose rank equals the upper bound in (6) is attained
in Section 3. Specifically, the explicit spectral construction of Section 3 produces exactly
this many squares (one for each positive eigenvalue of R and m — 1 copies of each positive
eigenvalue of ), so the bound is attainable by that construction.

3. Computational Method for SOS Decomposition

Theorem 2 provides a constructive proof that every PSD x-symmetric biquadratic
form admits an SOS decomposition. Here we outline a concrete numerical procedure to
compute such a decomposition.

We may rewrite the biquadratic form in Equation (2) as follows:

P(xy) = (x"x)(y (I + B— A)y) + (1,%)%(y " Ay).

https://doi.org/10.3390 /math14040635
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Suppose that P is PSD. The construction of its SOS expression proceeds in three steps.

1. Form the matrix M. Let Q=1I, + B— Ae R"™*"and R=1, + B+ (m — 1) A€ R"*".
Then the mn x mn symmetric matrix M is defined by

M = 1m®Q+%(1mll>®(R—Q>-

2. Compute a positive semi-definite factorization of M. It follows from the proof in
Theorem 2 that M > 0. Thus, we can obtain vectors wy, ..., w, € R™" such that

T

_ T

M= WpW), .
p=1

A convenient choice is the Cholesky decomposition M = LL" (after a suitable per-
mutation if M is singular), in which case the w;’s are the columns of L. Alternatively,
one may use the spectral decomposition M = UAU " and set wp = /Apup (Where
Ay are the nonzero eigenvalues and u, the corresponding eigenvectors), and then
r = rank(M).

3. Extract the bilinear forms. Each vector w, can be reshaped into an m x n matrix W,
by partitioning it into m consecutive blocks of length #, i.e.,

(1)

W
p
. 1 m)7 T
Wp = : , Wp:[wé)"‘w;)}
i

Then the bilinear form f, is given by f,(x,y) = x' W,y, and we have
- 2
Pixy) = ¥ fylxy):
p=1

If the original x-symmetric form is not monic, we first apply the reduction described
in the proof of Theorem 4: for each j with d; > 0, set z; = , /d; y;, thereby obtaining a monic
form in the variables x and z. After constructing the SOS decomposition for the monic form,

we substitute back y; = z;/ \/67] to obtain an SOS decomposition in the original variables.

Complexity and structure. The matrix M has size m#n, which can be large when m and n
are big. However, its special Kronecker-product structure can be exploited to accelerate the
factorization. Observe that M is block circulant with respect to the x indices. By applying
an orthogonal transformation that diagonalizes the matrix 1,1,,, one can block diagonalize
M into m independent n x n matrices. Specifically, let U be an m x m orthogonal matrix
whose first column is 1,, //m and whose remaining columns are any orthonormal basis of
1,;. Then
R

U'elL,)MU®IL,) = © , ,

Q

where the first block is R, and the remaining m — 1 blocks are each Q. Consequently, the
eigenvalues of M are precisely the eigenvalues of R (with multiplicity 1) together with the
eigenvalues of Q (with multiplicity m — 1). Moreover, the eigenvectors of M can be obtained
from those of Q and R via the same transformation. Using this structured approach, one
may directly compute the eigenvalues and eigenvectors of Q and R and then assemble the
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vectors w,, without ever forming the full matrix M. We summarize the efficient procedure
as follows.

1. Compute the spectral decompositions Q = UgAg Ug and R = URARUg .
2. For each positive eigenvalue A of Q with eigenvector u, produce m — 1 vectors w of
length mn by setting, fork =2,...,m,

w:vk®\/Xu,

where {vi}]', is any orthonormal basis of 1;; (e.g., the last m — 1 columns of the
m X m discrete cosine transform matrix).
3. For each positive eigenvalue u of R with eigenvector u, produce one vector

1

4. Each such w gives a bilinear form as described above.

The use of spectral decomposition significantly reduces the computational cost of
calculating the eigenpairs of M from O(m3n®) to O(n® + mn?), which is a substantial saving
when m is large. Here, the first step requires O(n®) operations, while the second and third
steps require O(mn?) and O(n?) operations, respectively.

The number of squares obtained in this way equals rank(Q) - (m — 1) 4 rank(R),
which is at most mn and often much smaller when Q and R are low rank.

4. Extension to General Partially Symmetric Forms

For general x-symmetric biquadratic forms, the diagonal coefficients (coefficients of
x?y]z») are independent of i. We denote them by d; for j =1,...,n. Then,

m n n m
Pxy) =Y Y dixtyr+ Y Y apxixgyjyi+ ) ) buxiyjy. (11)

i=1j=1 i#k jI=1 i=1 £l

The SOS result for monic x-symmetric forms extends immediately to all general x-
symmetric PSD biquadratic forms, as the following theorem shows.

Theorem 4. Let P be an x-symmetric biquadratic form given by Equation (11). If P is a PSD
tensor, then P is an SOS.

Proof. Let e; € R™ and e; € R" be standard basis vectors. Then we have P(e;, e;) = d;
since the last two terms in Equation (11) become zero. This combined with P is PSD shows
di > Oforalli,j. Let] = {j € [n] : d; > 0} and Jo = {j € [n] : d; = 0}. We consider
two cases.

Case 1: Jo = @ (all d; > 0). Define a linear change of variables iny by z; = \/d?yj for
j=1,...,n Then

n m n m n
P(x,y) = P(x,z) := Z (Z x?) 2]2- + Z 2 ajxixgziz) + Z 2 bjlxlzzjzz,

j=1 \i=1 i#k j1=1 i=1j,=1

where a;; = a;//d;d; and Bﬂ = bj;//d;d;. Then P is a monic x-symmetric biquadratic
form with all diagonal coefficients equal to 1. Moreover, P is PSD because P is PSD and the
transformation is invertible. By Theorem 2, P is SOS, i.e., there exist bilinear forms fr (x,2)
such that P = Y f}% Substituting back z; = \/Ejyj, each fy(x, z) becomes a bilinear form

in x and y (since it is linear in z, and z is linear in y). Hence P is SOS.
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Case 2: Jy # © (some d; = 0). For any jo € Jo, we have d;; = 0. Fix an arbitrary
index ig € [m]. Taking x = e;; and y = e;; yields P(e; , ;) = d;, = 0. Since P is PSD,
the quadratic form in y given by P(e;,, y)= i, d]-y]2 + Yj41 bjiyjyi is nonnegative and
vanishes at y = e; . Therefore, the gradient with respect to y at e;; must be zero, i.e.,

T
VyP(eiO,e]-O) = 2Bej0 =2 {bljo s bj0_1j0 0 b(j0+1)]-0 s bnjo:| = On.

The notation Vy denotes the gradient with respect to the variable vector y. Hence, we get
bjj, = 0 forall j.

Similarly, the quadratic form in x given by P(x, ej,)= a;;, Lk XiXx is nonnegative
and vanishes at x = e;;. Thus, it follows from

VxP(eiy, ej,) = 2aj, jy (I — €jg) = O

that a; ;, = 0. Furthermore, the quadratic form in y given by

1
P( \/ﬁlm' Zd]y] m—1)y' Ay +y' By
is also nonnegative. By d] =0,aj,j, =0 and b]0 jo =0, we have P(ﬁlm, ejo) = 0. This
combined with bj;; = 0 for all j derives
-
VyP( \/71m’ ejo) = 2( 1) {aljo e ajo*lfo 0 a(jo+1)j0 e anjo] = On,

which implies a;;, = 0 for all j. This combined with the fact both A and B are symmetric
matrices implies that the variable y;; does not appear in any term of PNamely,

m m
xy) =Y Y dxtyr Y Y ey + Y, Y. buxiyy

i=1je] iZk jle] i=1 A jle]

does not depend on yj, for any jo € Jo. Consequently, P can be viewed as an x-symmetric
biquadratic form in the variables x and y’ = (y;)je;. If ] is nonempty, this reduces to Case 1.
If ] is empty, then P does not depend on y at all and is identically zero, which is trivially
S0OS. This completes the proof. O

Remark 5. Theorem 4 completely resolves the question for the x-symmetric class: every PSD
x-symmetric biquadratic form, regardless of its diagonal values, admits an SOS decomposition.

Remark 6. When the original x-symmetric form is not monic, the scaling argument of Theorem 4
reduces the problem to the monic case, possibly with a smaller number n’ of active y-variables.
Applying Theorem 3 to the reduced form yields the same type of bound, now involving the ranks of
the reduced matrices Q and R.

Remark 7. By swapping the roles of x and y, the same result holds for y-symmetric biqguadratic
forms: every PSD y-symmetric biquadratic form is SOS. Thus, every PSD partially symmetric
biquadratic form is SOS.

5. Lower Bounds for SOS Rank in Small Dimensions

In this section, we use simple biquadratic forms as a tool to present some lower bounds
for SOS rank in small dimensions.
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5.1. Simple Biquadratic Forms

Let m > n. We say a biquadratic form is a simple biquadratic forms if it contains

only distinct terms of the type xizy}?-. For each s = 1,2,...,mn, the form Py, , s contains

exactly s distinct terms. We assume that the terms in Py, ,, s are taken in the following order.
Fork =0,1,...,mn — 1, write k = pm 4 g with integers 0 < p < nand 0 < g < m (so
p = |k/m] and g = k mod m). Define

ik=q9+1  jr=(p+q) modn+1. (12)

Then, the sequence of index pairs is (i, jo), (i1, /1), - - - » (fun—1, jmn—1)- We set
s—1 ) o
Pins(x,y) = Z XieY e
k=0

Thus, Py,ns has exactly s distinct square terms, and Py, m, contains every term Jcl-2y]2
(i=1,...,mj=1,...,n)exactly once.

For the small dimensions used in our theorems, the resulting forms are as follows.
When m = 2,n = 2, we have

2.2
Prog = x1y1,

2.2 2.2
Pypp = x7Y1 + X313,

2.2 2.2 2.2
Pops = x1y1 + X35 + X1y,

Pyoa = X{yF + 3305 + X735 + X317
When m = 3,n = 2, we have

P31 = X313,

Pspp = X7yt + %503,

P33 = X773 + X33 + X303,

P34 = X775 + X505 + X3Y7 + X153,

P35 = Xiyi + X393 + X3y + X153 + 5y,

22,22, .22, 292, 22 209
P36 = X171 + X35 + X3Y1 + X1Y3 + X3Y7 + X3Y3.

When m = 3,n = 3, we have

P331 = X3y,

P332 = X1y + X3Y3,

P333 = x7y; + X3y3 + X303,

P334 = x7y7 + X33 + X343 + X3,

Ps35 = xX{yi + %33 + X3Y3 + X713 + 53,

220,22, .22, 292, 292, 229
P33 = x7y1 + X3Y5 + X3y3 + X753 + x3y3 + X3Y7-

5.2. Tightness Examples and a General Lower Bound

Theorem 1 of [5] shows that a 2 x 2 PSD biquadratic form can always be expressed as
the sum of three squares. Theorem 2 of [19] shows that a 3 x 2 PSD biquadratic form can
always be expressed as the sum of four squares. The following theorem shows that these
two bounds are tight, and present a general lower bound for m > n = 2.
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Theorem 5 (A general lower bound for m x 2 forms). Let m > 2. The simple biquadratic form
Pm2m+1 X,y Z xlk}/]k (13)

where (i, j) are defined by the ordering rule in Equation (12), is positive semi-definite and satisfies
SOS-rank(Py, 2 m+1) = m + 1.

Proof. The nonnegativity and the upper bound SOS-rank(Py, 2 y,+1) < m + 1 are immediate
from the decomposition in Equation (13).

For the lower bound, assume for contradiction that Py, 41 = Yjoq L% with each L;
bilinear. Write L; = Y ; 212:1 cfjt)xiy]-. Let A; = (cglt) )L, € R™and B; = (cg) )i, € R™
From the square terms present in Pmlz/er] one obtains the following conditions: For the

index iy = 1, both x3y? and x1y2 appear hence ||A1]|> = 1 and ||B;||*> = 1. For each
i = 2,...,m, exactly one of x?y3 or x?y3 appears, depending on the parity of i in the
ordering. Consequently, for each such i, either ||4;||> = 1 and B; = 0, or ||B;||*> = 1
and A; = 0. The form Py ,,41 contains no mixed terms x,x,y,ys with p # g or
r # s. Setting the coefficients of all such mixed monomials in }; L% to zero yields the
orthogonality relations

Ap-Ag=0(p#4q), By-Bg=0(p#4q),  Ap-By=0(allp,g).

Thus the nonzero vectors among {A1, By, A2, By, ..., A, By} are pairwise orthogonal.
Because of the square term conditions, exactly m + 1 of these vectors are nonzero and
have norm 1 (namely Aj, By, and one vector for each i = 2,...,m). We therefore have
m + 1 mutually orthogonal unit vectors in R™, which is impossible. Hence no m-square
decomposition exists, and SOS-rank (P p+1) > m+1. O

Remark 8. Fang and Huang informed us that they obtained the same lower bound as the above
theorem but with a different method [20].

5.3. A Lower Bound for SOS Rank of 3 x 3 Biquadratic Forms
Denote the SOS rank of a bilinear form by sos(P).

Theorem 6 (A 3 x 3 form requiring six squares). Let
P'(x,y) = P336(x,y) = xiyi + 2303 + 33y3 + x7y3 + 133 + x3y7,
where x = (x1,x2,%3),y = (y1,y2,y3) € R3. Then
sos(P') = 6.
Proof. The upper bound sos(P’) < 6 is immediate by taking
Ly = x1y1, L2 = x2y2, L3 = x3y3, Ly = x1y2, Ls = x2y3, Le = x3y1,

which yields P’ = Y5_,
For the lower bound assume for contradiction that P’ = 25 le with each L; bilinear.

Write L; = Za p=1 C ab) XaYp. Because P’ contains exactly the six square terms x2y? for

(a,0) € S ={(1,1),(2,2),(3,3),(1,2),(2,3),(3,1)}
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with coefficient 1 and no other square terms, we must have

5 . 5 )
Y =1 (@b)es),  L(?P=0 (@b es).
Hence each L; involves only the six coefficient types corresponding to S:

L; = ajx1y1 + bix1y2 + cixoyo + dixoys + eix3y3 + fixzy1.

Define vectors A, B,C,D,E,F € R® by A = (ay,...,as), etc. From the square-term condi-
tions, we have |Al| = ||B|| =--- = ||F|]| = 1.

Since P’ contains no mixed terms x,x,y,ys with p # g or r # s, all cross terms in
215:1 le must vanish. This yields the orthogonality conditions

A B=AC=..-=EF=0,

i.e., the six vectors A, ...,F in RS are pairwise orthogonal, and each has norm 1. This
is impossible because R” can contain at most five nonzero mutually orthogonal vectors.
Therefore no such decomposition with five squares exists, and sos(P’') > 6. [

6. An Improved Universal SOS Rank Bound for General
Biquadratic Forms

The next theorem presents an explicit expression for the SOS Rank of a biquadratic
form. Firstly, recall that [5] any m X n biquadratic polynomial can be written as follows:

m
Pix,y)= Y Y ajuxiyixy =z (B+P(T))z:=z M(T)z, (14)
ik=1jI=1

where z = x®y, B(jj)(k)=a;, € Rmmxmn T e R(2)%G) is a symmetric parameter matrix
that captures the degrees of freedom in expressing the full cross terms with i # k and j # I,
and P(T) is detailed in [5].

Theorem 7. Suppose that the m x n biquadratic form in Equation (14) is SOS. Then we have

SOS-rank(P) = 1_.]\I/Irbiqr;}o rank(M(T)). (15)

Proof. Suppose that P admits an SOS decomposition YR ; f2. Then, it holds that
supp(fr) C 3New(P) (Ref. [21], Theorem 1) (Ref. [5], Theorem 4). Here, New(P) is
the Newton polytope of P. From this we may derive that the SOS decomposition can only
be the SOS of bilinear forms, i.e., ¥, (¢, z)2. Thus, the SOS rank of P equals the minimum
possible rank of M(T) satisfying M(I') = 0. O

While the previous sections focused on x-symmetric forms, the tool provided by
Theorem 6.1 allows us to derive a universal upper bound on the SOS rank that holds for
any SOS biquadratic form, regardless of symmetry.

Theorem 8. For any integers m,n > 2, every SOS biquadratic form P € R[x1,..., Xm, Y1, -, Yn)

satisfies
SOS-rank(P) < mn — 1.
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Proof. Let P be SOS. By Theorem 6.1,

SOS-rank(P) = F.Ar/lr(lil_r;}o rank(M(T)),

where M(T) is an mn x mn symmetric matrix representing P as P(x,y) = z' M(T)z with
z = x®Yy. The set Mp = {M(I') : T'} is an affine subspace of symmetric matrices of
dimension d = (%)(5) > 1 (see [5]). Let M} = {M € Mp : M = 0}; since P is SOS,
My # Q.

Take any My € M. If rank(My) < mn — 1, we are done. If rank(My) = mn, then My
is positive definite. Because dim Mp > 1, we can choose a nonzero direction A € Mp — My
and consider the line M(t) = My + tA. Since the PSD cone is pointed, there exists t* > 0
such that M(t) > 0 for t € [0,t*] and M(t*) lies on the boundary of the PSD cone, i.e.,
rank(M(t*)) < mn — 1. Thus M(t*) € M}, and has rank at most of mn — 1. Hence the
minimum rank over MIJ; is at most mn — 1, and according to Theorem 5.1, this minimum
equals SOS-rank(P). [

Remark 9. The bound mn — 1 improves the trivial bound mn obtained by the vectorization
z = x®Yy. For structured classes such as x-symmetric forms, tighter bounds are given by
Theorem 3; for example, when Q and R are low rank, the SOS rank can be much smaller than
mn — 1.

To quantify the worst-case SOS rank across all biquadratic forms, we introduce the
following quantity:

Definition 2. Let m,n > 2. Let BSR(m,n) be the maximum sos rank of m x n SOS
biquadratic forms.

Then from the discussion in the last section and this section, we have the following
theorem.

Theorem 9. We have the following conclusions.

4. BSR

1. BSR(m,n) = BSR(n,m) < mn — 1 forallm,n > 2.
2. BSR(2,2) = 3.
3. BSR(3,2) = 4.

(

my,n1) < BSR(mg, ny) if my < my and ny < ny.
Corollary 1. For m = n = 3, we have

6 < BSR(3,3) < §,
where the lower bound follows from Theorem 6.

Remark 10. Determining the exact value of BRS(3,3), whether it equals 6, 7 or 8, remains an
open problem.

7. Concluding Remarks

In this paper, we have studied the sum-of-squares property for partially symmetric
biquadratic forms. Our main results can be summarized as follows:

*  We established necessary and sufficient conditions for positive semi-definiteness of
monic x-symmetric biquadratic forms (Theorem 1).
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¢ We proved that every PSD x-symmetric biquadratic form is SOS (Theorem 2), extending
the known result for fully symmetric forms [11] to the partially symmetric setting.

*  We derived an explicit upper bound on the SOS rank for such forms, expressed in
terms of the ranks of two associated matrices (Theorem 3).

*  We provided an efficient computational procedure for constructing SOS decomposi-
tions, exploiting the Kronecker-product structure to reduce the cost from O(m*n?) to
O(n® 4 mn?) (Section 3).

*  We demonstrated the tightness of the known SOS rank bounds for 2 x 2 and 3 x 2
biquadratic forms by exhibiting an m x 2 form that requires exactly m + 1 squares
(Theorem 5). This also establishes a general lower bound m + 1 for the sos rank of a
m x 2 PSD biquadratic form.

e We present an 3 x 3 SOS biquadratic form, which can be expressed as the sum of six
squares, but not the sum of five squares (Theorem 6).

e We proved an improved universal upper bound SOS-rank(P) < mn — 1 for any SOS
biquadratic form (Theorem 8).

These results completely resolve the SOS question for the class of partially symmetric
biquadratic forms, showing that partial symmetry either in the x or y variables is sufficient
to guarantee an SOS decomposition for all PSD forms in the class.

Open problems and future work. Several natural questions remain:

1.  What is the exact value of BSR(3,3)? Theorem 6 shows BSR(3,3) > 6, while Corol-
lary 1 gives the upper bound 8. Closing the gap 6 < BSR(3,3) < 8 is a natural
next step.

2. What is the maximal possible SOS rank for an m x n PSD x-symmetric biquadratic
form? Theorem 3 gives an upper bound rank(R) + (m — 1) rank(Q), which can be as
large as mn. However, the universal bound in Theorem 8 shows that SOS-rank(P) <
mn — 1 for any SOS biquadratic form. It remains unclear whether mn — 1 can be
attained by an x-symmetric form and how the worst-case growth with m and n
behaves under the x-symmetry constraint.

3. Can similar SOS guarantees be established for biquadratic forms with other types of
symmetry, such as block symmetry or cyclic symmetry?

4. How do these results extend to higher-degree multiquadratic forms (e.g., trilinear
forms raised to the fourth power)?

5. Are there practical applications in optimization or engineering where the efficient SOS
construction of Section 3 can be deployed at scale?

We hope that the techniques developed here, especially the use of the Kronecker-
product representation and the block-diagonalization trick, will be useful in tackling these
and related questions in the future.
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