
Academic Editor: Savin Treanta

Received: 20 January 2026

Revised: 6 February 2026

Accepted: 10 February 2026

Published: 13 February 2026

Copyright: © 2026 by the author.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license.

Article

Solving of a Variational Inequality Problem Under the Presence
of Computational Errors
Alexander J. Zaslavski

Department of Mathematics, Technion—Israel Institute of Technology, Haifa 3200003, Israel; ajzasl@technion.ac.il

Abstract

W. Takahashi and M. Toyoda (2003) proved weak convergence of an iteration process of
solving a variational inequality problem for an inverse strongly-monotone mapping. In our
recent work we showed that, for the same iterative process, most of its exact iterates are
approximate solutions of the variational inequality. In this paper, we show that the iteration
process for solving a variational inequality problem for an inverse strongly monotone map-
ping generates an approximate solution in the presence of small computational errors. We
also estimate a number of iterates needed in order to obtain such an approximate solution.
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1. Introduction
In their work [1] W. Takahashi and M. Toyoda analyzed an algorithm which finds

a common element of the collection of fixed points of a nonexpansive operator and the
collection of solutions of a variational inequality problem for an inverse strongly-monotone
operator. They established the weak convergence of that algorithm. Such weak conver-
gence results are interesting from a point of view of the theory but practically are not useful
because in practice one can do only a finite number of iterates. Hence, it is important
to know that the algorithm produces an approximate solution and how many iterations
are needed in order to reach such an approximate solution. This is the goal of our recent
work [2], where we proved that, for the algorithm of [1], most of its exact iterates are
approximate common solutions of a variational inequality corresponding to an inverse
strongly-monotone operator. In this work, we prove that the iteration process for solving
the variational inequality problem corresponding to an inverse strongly-monotone operator
generates an approximate solution in the presence of small computational errors and esti-
mates a number of iterates needed in order to reach such approximate solutions. Our paper
has three main results, Theorems 1–3. Theorem 1 shows that our iteration process gener-
ates approximate solutions under the presence of summable errors. Such results are very
important in the superiorization theory [3–5]. Theorem 2 shows that our iteration process
generates approximate solutions under the presence of nonsummable computational errors.
It has a prototype in [6] obtained for a variational inequality with a Lipschitz operator but
for another iteration process based on the extragradient method [7]. Each iteration of that
process has two steps. In the present paper, for the variational inequality with an inverse
strongly-monotone mapping, we use the algorithm of [1] for which each iteration has only
one step. Theorem 3 is an extension of Theorem 2. In Theorems 1 and 2, we assume that

Mathematics 2026, 14, 664 https://doi.org/10.3390/math14040664

https://crossmark.crossref.org/dialog?doi=10.3390/math14040664&domain=pdf&date_stamp=2026-02-13
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math14040664


Mathematics 2026, 14, 664 2 of 18

the variational inequality has a solution, while in Theorem 3, only an approximate solution
is needed.

Suppose that (H, ⟨·, ·⟩) is a real Hilbert space endowed with an inner product which
induces the Euclidean norm

∥z∥ = ⟨z, z⟩1/2, z ∈ H,

K ⊂ H is a nonempty, closed, convex set, 0 < α < 1, A : K → H and that for every pair of
points x, y ∈ K,

⟨A(x)− A(y), x − y⟩ ≥ α∥A(x)− A(y)∥2.

It means that the operator A is α-inverse strongly monotone [1,8,9].
For every point z ∈ H and every positive number r, let

B(z, r) = {u ∈ H : ∥u − z∥ ≤ r}.

Define I(z) = z, z ∈ H and

VI(K, A) = {ξ ∈ K : ⟨A(ξ), v − ξ⟩ ≥ 0, v ∈ K}.

Some examples of inverse strongly-monotone mappings were considered in [1]. In par-
ticular, if an operator T : K → K is nonexpansive, then the operator A = I − T is (1/2) in-
verse strongly monotone, and VI(K, A) is the collection of fixed points of T.

We say that an operator A : K → H is strongly monotone if there is η > 0 for which

⟨A(u)− A(v), u − v⟩ ≥ η∥u − v∥2.

In this case, the operator A is called η strongly monotone. It is not difficult to see ev-
ery η strongly monotone and κ Lipschitz continuous operator is (η/κ2) inverse strongly
monotone. It was shown in [1] that, if H = R1, K = [0, 1] and

A(x) = x2(1 + x), x ∈ [0, 1],

then A is inverse strongly monotone but not strongly monotone.
In the sequel, we use the following result [6,10,11].

Lemma 1. Assume that a set D ⊂ H is nonempty, convex, and closed. Then for any x ∈ H there
is a unique element PD(x) ∈ D for which

∥x − PD(x)∥ = inf{∥x − v∥ : v ∈ D}.

Moreover, the following assertions hold.

1.
∥PD(x)− PD(y)∥ ≤ ∥x − y∥ for all x, y ∈ H

and for every x ∈ H and every z ∈ D,

⟨z − PD(x), x − PD(x)⟩ ≤ 0,

∥z − PD(x)∥2 + ∥x − PD(x)∥2 ≤ ∥z − x∥2.

2. Assume that x ∈ H, ξ ∈ D and that for every z ∈ D,

⟨z − ξ, x − ξ⟩ ≤ 0.

Then ξ = PD(x).
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3. For every x, y ∈ H,

∥PD(x)− PD(y)∥2 + ∥(I − PD)(x)− (I − PD)(y)∥2 ≤ ∥x − y∥2,

∥PD(x)− PD(y)∥2 ≤ ⟨PD(x)− PD(y), x − y⟩.

For the proof of the next result, see [2].

Proposition 1. Assume that λ is a positive number, u ∈ K. Then u ∈ VI(K, A) if and only if

PK(u − λA(u)) = u.

Let
0 < a ≤ b < 2α.

The following method was considered in [1].
Let {λn}∞

n=0 ⊂ [a, b].

1. Initialization. Fix x0 ∈ H.
2. Iterative step. For every nonnegative integer t given xt ∈ H, calculate

xt+1 = PK(xt − λt A(xt)).

It was proved in [1] that the iterates of the method weakly converge to an element
of VI(K, A).

2. Preliminaries and Notation
In the previous section, we used the framework of [1] with the operator A defined

on the set K. Clearly, all the exact iterates of the iterative process associated with our
problem [1] also belong to K. Since in the present paper we consider inexact iterates,
they do not necessarily belong to K. Therefore, from now on we assume that U ⊂ H is a
nonempty convex set, K ⊂ U is a nonempty, closed, convex set, 0 < α < 1, and that

A : U → H

satisfies for every pair of points ξ, η ∈ U,

⟨A(ξ)− A(η), ξ − η⟩ ≥ α∥A(ξ)− A(η)∥2. (1)

Our inexact iterates will belong to the set U. In particular, it is possible that U = H, but we
prefer the most general case. Thus, the operator A is inverse strongly-monotone on the set
U, but we solve the variational inequality on the set K. Set

S = {z ∈ K : ⟨A(z), u − z⟩ ≥ 0, u ∈ K}. (2)

For every positive number ϵ, define

Sϵ = {z ∈ U : B(z, ϵ) ∩ K ̸= ∅ and

⟨A(z), ξ − z⟩ ≥ −ϵ∥ξ − z∥ − ϵ for all ξ ∈ K}. (3)

Evidently, S is the collection of solutions of the variational inequality, while Sϵ is the
collection of its ϵ-approximate solutions.

Fix
0 < a ≤ b < 2α, (4)
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In the iterative process, for any iteration, we should choose a coefficient λt. As usual,
the sequence of these coefficients is bounded from above and separated from zero. In
the sequel, we choose λt ∈ [a, b], t = 0, 1, . . . . In our study, the nonexpansiveness of the
mapping I − λt A is needed. By Proposition 2, this is true if b < 2α.

3. Auxiliary Results
In [2], it was shown that, for the iteration process presented in Section 1, most of its

exact iterates are approximate solutions of our variational inequality. The study of [2] are
based on auxiliary results proved there, and these results are stated below. They will also
be used in this paper.

Proposition 2. Assume that ξ, η ∈ U and λ is a positive number. Then

∥(I − λA)(ξ)− (I − λA)(η)∥2 ≤ ∥ξ − η∥2 + λ(λ − 2α)∥A(ξ)− A(η)∥2.

If λ ≤ 2α, then I − λA is a nonexpansive operator.

The nonexpansivity of I − λA follows from the inequality above.

Lemma 2. Assume that
x ∈ U, λ ∈ [a, b], u ∈ K,

u = PK(u − λA(u)), y = PK(x − λA(x)).

Then
∥y − u∥2 ≤ ∥x − u∥2 + λ(λ − 2α)∥A(u)− A(x)∥2,

∥y − u∥2 ≤ ∥x − u∥2 − ∥y − x + λ(A(x)− A(u))∥2

and
∥y − u∥2 ≤ ∥x − u∥2 − 4−1∥y − x∥2 min{1, b−2a(2α − b)}.

Lemma 2 is deduced from its assumptions, Lemma 1 and Proposition 2.

Lemma 3. Assume that ϵ0 > 0, x ∈ U, λ ∈ [a, b] and

∥x − PK(x − λA(x))∥ ≤ ϵ0.

Then, for each ξ ∈ K,

⟨Ax, ξ − x⟩ ≥ −λ−1ϵ0∥ξ − x∥ − λ−1ϵ2
0 − ∥A(x)∥ϵ0.

Lemma 3 is deduced from its assumptions and Lemma 1.
Lemma 2 is an important ingredient in the study of exact iterates of our algorithm.

Now we prove the following lemma will play an important role in the study of inexact
iterates of our algorithm, where computational errors are taken into account.

Lemma 4. Assume that δ ∈ (0, 1), M0 > 0, M ≥ 1,

λ ∈ [a, b],

u ∈ K, x ∈ U satisfy
∥u∥ ≤ M, u = PK(x − λA(u)), (5)

∥x∥ ≤ M, (6)
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∥A(u)∥ ≤ M0, ∥A(x)∥ ≤ M0, (7)

y ∈ B(PK(x − λA(x)), δ). (8)

Then
∥y − u∥2 ≤ ∥x − u∥2 − λ(2α − λ)∥A(u)− A(x)∥2 + δ(4M + 1),

∥y − u∥2 ≤ ∥x − u∥2 − 4−1∥y − x∥2 min{1, b−2a(2α − b}+ 2δ(8M + 2),

∥y − u∥2 ≤ ∥x − u∥2 − ∥y − x + λ(A(x)− A(u))∥2 + δ(12M + 2 + 2λM0).

Proof. Set
ŷ = PK(x − λA(x)). (9)

Lemma 2, (5) and (9) imply that

∥ŷ − u∥2 ≤ ∥x − u∥2 − ∥ŷ − x + λ(A(x)− A(u)∥2, (10)

∥ŷ − u∥2 ≤ ∥x − u∥2 − λ(2α − λ)∥A(u)− A(x)∥2, (11)

∥ŷ − u∥2 ≤ ∥x − u∥2∥ − 4−1∥ŷ − x∥2 min{1, b−2a(2α − b}}. (12)

By (11),
∥ŷ − u∥ ≤ ∥x − u∥. (13)

Equations (1), (5), (6), (8) and (9) imply that

|∥y − u∥2 − ∥ŷ − u∥2

= ||∥y − u∥ − ∥ŷ − u∥|(∥y − u∥+ ∥ŷ − u∥)

≤ ∥y − ŷ∥(2∥ŷ − u∥+ ∥y − ŷ∥) ≤ δ(4M + δ). (14)

By (11) and (14),
∥y − u∥2 ≤ ∥u − ŷ∥2 + δ(4M + 1)

≤ ∥x − u∥2 + λ(λ − 2α)∥A(u)− A(x)∥2 + δ(4M + 1). (15)

It follows from (5), (6), (8), (9) and (13) that

|∥y − x∥2 − ∥ŷ − x∥2

= ||∥y − x∥ − ∥ŷ − x∥|(∥y − x∥+ ∥ŷ − x∥)

≤ ∥y − ŷ∥(2∥ŷ − x∥+ ∥y − ŷ∥) ≤ δ(8M + δ). (16)

Equations (12), (14) and (16) imply that

∥y − u∥2 ≤ ∥ŷ − u∥2 + δ(4M + 1)

≤ ∥x − u∥2 − 4−1∥ŷ − x∥2 min{1, b−2a(2α − b}+ δ(4M + 1)

≤ ∥x − u∥2 − 4−1∥y − x∥2 min{1, b−2a(2α − b}+ 2δ(8M + 2). (17)

By (5)–(9) and (13),

|∥ŷ − x + λ(A(x)− A(u)∥2 − ∥y − x + λ(A(x)− A(u)∥2|
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= |∥ŷ − x + λ(A(x)− A(u)∥ − ∥y − x + λ(A(x)− A(u)∥|

×(∥ŷ − x + λ(A(x)− A(u)∥+ ∥y − x + λ(A(x)− A(u)∥)

≤ ∥ŷ − y∥(2∥ŷ − x + λ(A(x)− A(u)∥+ ∥ŷ − y∥)

≤ δ(2∥ŷ − x∥+ λ(∥A(x) + ∥A(u)∥+ δ)

≤ δ(8M + 2λM0 + 1). (18)

It follows from (10), (14) and (18) that

∥y − u∥2 ≤ ∥u − ŷ∥2 + δ(4M + 1)

≤ ∥x − u∥2 − ∥ŷ − x + λ(A(x)− A(u)∥2 + δ(4M + 1)

≤ ∥x − u∥2 − ∥y − x + λ(A(x)− A(u)∥2 + δ(8M + 2λM0 + 1) + δ(4M + 1).

Lemma 4 is proved.

4. Inexact Iterates with Summable Errors
By (1), for each u, v ∈ U,

∥A(u)− A(v)∥ ≤ α−1∥u − v∥. (19)

The following theorem shows that, under the presence of summable computational
errors, most of inexact iterates are approximate solutions. The amount of iterates which
are not ϵ-approximate solutions does not exceed a constant depending on a, b, α and ϵ.
This result is proved in the following way. First, using the summability of computational
errors, we show that the sequence of inexact iterates {xt}∞

t=0 is bounded. Then using by
induction Lemma 4, we obtain an estimation for

∥xt − u∗∥2 − ∥xt+1 − u∗∥2,

where u∗ is a fixed solution of the variational inequality. Summing this estimation from
0 to Q, where Q is an arbitrary natural number, we obtained an estimation of the cardinality
of the iterates which are not ϵ-approximate solutions.

Theorem 1. Assume that {∆i}∞
i=0 satisfies

∆ :=
∞

∑
i=0

∆i < ∞, (20)

ϵ ∈ (0, 1), M0 ≥ 1, ϵ0 > 0,

S ∩ B(0, M0) ∩ A−1(B(0, M0)) ̸= ∅, (21)

ϵ0 < min{ϵ/4, 4−1ϵa, 4−1(M0 + 1)−1(2α−1 + 1)−1}, (22)

{xt}∞
t=0 ⊂ U,

{λt}∞
t=0 ⊂ [a, b], (23)

∥x0∥ ≤ M. (24)

For each integer t ≥ 0,
∥xt+1 − PK(xt − λxt A(xt))∥ ≤ ∆t. (25)
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A natural number n0 satisfies for each integer t ≥ n0,

∆t ≤ ϵ0/2. (26)

Then
∥xt∥ ≤ 3M0 + ∆, t = 0, 1, . . .

and
Card({t ∈ {n0, n0 + 1, . . . } : ∥xt − xt+1∥ > ϵ0})

≤ ϵ−2
0 ((2M0 + ∆)2 + 4∆(24M0 + 8∆ + 2)min{1, b−2a(2α − b)}−1).

Moreover, if t ≥ n0 is an integer such that

∥xt − xt+1∥ ≤ ϵ0,

then
xt ∈ Sϵ.

Proof. By (21), the following exists:

u∗ ∈ S ∩ B(0, M0) ∩ A−1(B(0, M0)). (27)

Proposition 1 and (27) imply that

u∗ = PK(u∗ − λA(u∗)), λ ∈ [a, b]. (28)

Proposition 2, (4), (23) and (28) imply that, for each integer t ≥ 0,

∥PK(xt − λt A(xt))− u∗∥ ≤ ∥xt − u∗∥. (29)

Equations (25) and (29) imply that, for each integer t ≥ 0,

∥xt+1 − u∗∥ ≤ ∥xt+1 − Pk(xt − λt A(xt))∥+ ∥Pk(xt − λt A(xt))− u∗∥

≤ ∆t + ∥xt − u∗∥. (30)

In view of (24) and (27),
∥x0 − u∗∥ ≤ 2M0. (31)

By (20), (30) and (31), for each integer τ ≥ 0,

∥xτ+1 − u∗∥ ≤ ∥x0 − u∗∥+
τ

∑
t=0

∆t

≤ 2M0 +
τ

∑
t=0

∆t ≤ 2M0 + ∆. (32)

It follows from (27) and (32) that, for each integer t ≥ 0,

∥xt − u∗∥ ≤ 2M0 + ∆, ∥xt∥ ≤ 3M0 + ∆. (33)

In view of (19), for every nonnegative integer t,

∥A(xt)− A(u∗)∥ ≤ α−1∥u∗ − xt∥. (34)
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Equations (27), (31) and (34) imply that, for each integer t ≥ 0,

∥xt∥ ≤ 2α−1M0 + M0. (35)

Set
M1 = 2α−1M0 + M0. (36)

Let t ≥ 0 be an integer. By (23), (25), (27), (28), (33), (35), (36) and Lemma 4 applied with

δ = ∆t, u = u∗, M = 3M0 + ∆, M0 = M1, x = xt, y = xt+1, λ = λt

we have
∥xt+1 − u∗∥2

≤ ∥xt − u∗∥2 − 4−1∥xt − xt+1∥2 min{1, b−2a(2α − b}}+ ∆t(26M0 + 8∆ + 2). (37)

Set
E = {t ∈ {n0, n0 + 1, . . . } : ∥xt − xt+1∥ > ϵ0}). (38)

Let Q > n0 be an integer. By (33), (37) and (38),

(2M0 + ∆)2 ≥ ∥xn0 − u∗∥2

≥ ∥xn0 − u∗∥2 − ∥xQ − u∗∥2

=
Q−1

∑
t=n0

(∥xt − u∗∥2 − ∥xt+1 − u∗∥2)

≥ 4−1(
Q−1

∑
t=n0

∥xt − xt+1∥2)min{1, b−2a(2α − b}}

−(24M0 + 8∆ + 2)
Q−1

∑
t=n0

∆t.

This implies that

4((2M0 + ∆)2 + ∆(24M0 + 8∆ + 2))min{1, b−2a(2α − b}}−1

≥
Q−1

∑
t=n0

∥xt − xt+1∥2 ≥ ϵ2
0Card(E ∩ {0, . . . , Q − 1})

and
Card(E ∩ {0, . . . , Q − 1})

≤ 4ϵ−2
0 ((2M0 + ∆)2 + ∆(24M0 + 8∆ + 2))min{1, b−2a(2α − b}}−1.

Since Q is any natural number larger than n0, we conclude that

Card({t ∈ {n0, n0 + 1, . . . } : ∥xt − xt+1∥ > ϵ0})

≤ 4ϵ−2
0 ((2M0 + ∆)2 + ∆(24M0 + 8∆ + 2))min{1, b−2a(2α − b)}−1.

Let an integer t ≥ n0 satisfy

∥xt − xt+1∥ ≤ ϵ0. (39)
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In view of (25), (26) and (39),

∥xt − PK(xt − λt A(xt))∥

≤ ∥xt − xt+1∥+ ∥xt+1 − PK(xt − λt A(xt))∥ ≤ ϵ0 + ∆t ≤ 2ϵ0. (40)

By (22), (23), (35), (40) and Lemma 3 applied with x = xt, λ = λt and ϵ0 replaced by 2ϵ0, for
each ξ ∈ K we have

⟨Axt, ξ − xt⟩ ≥ −2λ−1
t ϵ0∥ξ − xt∥ − 4λ−1ϵ2

0 − 2∥A(xt)∥ϵ0.

≥ −2a−1ϵ0∥ξ − xt∥ − 4a−1ϵ2
0 − 2ϵ0M0(2α−1 + 1)

≥ ϵ∥ξ − xt∥ − ϵ

and xt ∈ Sϵ. Theorem 1 is proved.

5. Inexact Iterates with Nonsummable Errors
The following theorem shows that, under the presence of nonsummable computational

errors, our iterative process generates ϵ-approximate solutions, where ϵ is a small positive
number depending on a, b, α and on a computational error δ which occurs at every iteration.
We obtain the relation between δ and ϵ as well as the number of iterates needed in order to
obtain an ϵ-approximate solution. This result is proved in the following way. We assume
that k0 is a natural number and that, for each integer t ∈ {0, . . . , k0}, the iterate xt is not an
ϵ-approximate solutions. Then applying Lemma 4, we obtain an estimation for

∥xt − u∗∥2 − ∥xt+1 − u∗∥2, t = 0, . . . , k0

where u∗ is a fixed solution of the variational inequality. Summing this estimation from
0 to k0, we obtained an estimation of k0.

Theorem 2. Assume that ϵ ∈ (0, 1), M0 > 1, ϵ0 > 0,

S ∩ B(0, M0) ∩ A−1(B(0, M0)) ̸= ∅. (41)

ϵ0 < min{4−1ϵa, 4−1(M0 + 1)−1(4α−1 + 1)−1ϵ}, (42)

δ ∈ (0, 1) satisfies

δ ≤ 8−1(12M0 + 1)−1ϵ2
0 min{1, b−2a(2α − b)}−1, (43)

a natural number
k0 > 32M2

0ϵ−2
0 min{1, b−2a(2α − b)}−1. (44)

Assume that {xt}∞
t=0 ⊂ U,

{λt}∞
t=0 ⊂ [a, b], (45)

∥x0∥ ≤ M (46)

and that, for every nonnegative integer t,

∥xt+1 − PK(xt − λxt A(xt))∥ ≤ δ. (47)
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Then there is a j ∈ {1, . . . , k0} such that

∥xj − xj+1∥ ≤ ϵ0,

∥xi − xi+1∥ > ϵ0

for each integer i satisfying 0 ≤ i < j and that

∥xi∥ ≤ 3M0, i = 0, . . . , j.

Moreover, if j ≥ 0 is an integer and

∥xj∥ ≤ 3M0, ∥xj − xj+1∥ ≤ ϵ0,

then
xj ∈ Sϵ.

Proof. By (41), there is a

u∗ ∈ S ∩ B(0, M0) ∩ A−1(B(0, M0)). (48)

Assume that an integer i ≥ 0 satisfies

∥xi − u∗∥ ≤ 2M0. (49)

(In view of (46) and (48), Equation (49) holds for i = 0). By Proposition 1, (47)–(49) and
Lemma 4 applied with

u = u∗, M = 3M0, x = xi, y = xi+1, λ = λi

we have
∥xi+1 − u∗∥2

≤ ∥xi − u∗∥2 − 4−1∥xi − xi+1∥2 min{1, b−2a(2α − b}+ δ(12M0 + 1). (50)

Assume that
∥xi − xi+1∥ > ϵ0. (51)

It follows from (43), (50) and (51) that

∥xi+1 − u∗∥2 ≤ ∥xi − u∗∥2 − 4−1ϵ2
0 min{1, b−2a(2α − b)}+ δ(12M0 + 1)

≤ ∥xi − u∗∥2 − 8−1ϵ2
0 min{1, b−2a(2α − b)}.

Thus, the following property is true:
(P1) if i ≥ 0 is an integer and (49) and (51) hold, then

∥xi+1 − u∗∥2 ≤ ∥xi − u∗∥2 − 8−1ϵ2
0 min{1, b−2a(2α − b)}. (52)

Assume that, for each integer i ∈ {0, . . . , k0}, the relation (51) holds. Property (P1)
applied by induction imply that (49) and (52) hold for all i = 0, . . . , k0. This implies that
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4M2
0 ≥ ∥x0 − u∗∥2

≥ ∥x0 − u∗∥2 − ∥xk0 − u∗∥2

=
k0−1

∑
i=0

(∥xi − u∗∥2 − ∥xi+1 − u∗∥2)

≥ 8−1ϵ2
0 min{1, b−2a(2α − b}k0

and
k0 ≤ 32M2

0ϵ−2
0 min{1, b−2a(2α − b)}−1.

This contradicts (44). The contradiction we have reached proves that there is j ∈ {1, . . . , k0}
for which

∥xj − xj+1∥ ≤ ϵ0,

for each integer i satisfying 0 ≤ i < j,

∥xi − xi+1∥ ≥ ϵ0

for each integer i = 0, . . . , j,

∥xi − u∗∥ ≤ 2M0, ∥xi∥ ≤ 3M0.

Assume that j ≥ 0 is an integer and

∥xj∥ ≤ 3M0, ∥xj − xj+1∥ ≤ ϵ0. (53)

In view of (47) and (53),
∥xj − PK(xj − λj A(xj))∥

≤ ∥xj − xj+1∥+ ∥xj+1 − PK(xj − λj A(xj))∥ ≤ ϵ0 + δ ≤ 2ϵ0. (54)

By (45), (54) and Lemma 3 applied with x = xj, λ = λj and ϵ0 replaced by 2ϵ0, for each
ξ ∈ K, we have

⟨Axj, ξ − xj⟩ ≥ −2λ−1
j ϵ0∥ξ − xt∥ − 4λ−1

j ϵ2
0 − 2∥A(xj)∥ϵ0.

≥ −4a−1ϵ0∥ξ − xj∥ − 4a−1ϵ2
0 − 2ϵ0∥A(xj)∥. (55)

In view of (48) and (53),
∥xj − u∗∥ ≤ 4M0. (56)

It follows from (19), (48) and (56) that

∥A(xj)∥ ≤ ∥A(xj)− A(u∗)∥+ ∥A(u∗)∥

≤ α−1∥xj − u∗∥+ M0 ≤ 4M0α−1 + M0. (57)

By (42), (55) and (57),

⟨Axj, ξ − xj⟩ ≥ −4a−1ϵ0∥ξ − xj∥ − 4a−1ϵ2
0 − 2ϵ0M0(4α−1 + 1)

≥ −ϵ∥ξ − xt∥ − ϵ

and xj ∈ Sϵ. Theorem 2 is proved.
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The problem of the existence of u ∈ S is well-studied in the literature on variational
inequalities. See [1] and the references mentioned therein. In particular, it exists if the set K
is bounded. Clearly, if S ̸= ∅, then (41) holds for some constant M0. If the operator A is
given analytically, this constant can be found in principle.

6. An Extension of Theorem 2
In Theorem 2, we assume the existence of the point u∗ ∈ S. By Proposition 1, this

inclusion is equivalent to the equation

u∗ = PK(u∗ − λA(u∗))

with λ > 0. The existence of such point u∗ is guaranteed only if the set K is bounded. In the
next theorem, we prove the extension of Theorem 2 assuming the existence of a point u∗
such that

∥u∗ − PK(u∗ − λA(u∗))∥

is small. Note that in this extension all the parameters λt, t = 0, 1, . . . are the same.

Theorem 3. Let ϵ ∈ (0, 1), M0 > 1, ϵ0 > 0,

λ ∈ [a, b], (58)

ϵ0 < min{4−1ϵa, 8−1(M0 + 1)−1(4α−1 + 1)−1ϵ}, (59)

δ, δ0 ∈ (0, 1) satisfy

δ, δ0 ≤ 16−1(8M0 + 4)−1ϵ2
0(5 + bα−1)−1 min{1, b−2a(2α − b)}, (60)

u∗ ∈ U ∩ B(0, M0) ∩ A−1(B(0, M0)), (61)

∥u∗ − PK(u∗ − λA(u∗))∥ ≤ δ0, (62)

and let a natural number

k0 > 32M2
0ϵ−2

0 min{1, b−2a(2α − b)}−1. (63)

Assume that {xt}∞
t=0 ⊂ U,

∥x0∥ ≤ M, (64)

and that for every nonnegative integer t,

∥xt+1 − PK(xt − λA(xt))∥ ≤ δ. (65)

Then there is a j ∈ {1, . . . , k0} such that

∥xj − xj+1∥ ≤ ϵ0,

∥xi − xi+1∥ > ϵ0

for each integer i satisfying 0 ≤ i < j and that

∥xi∥ ≤ 3M0, i = 0, . . . , j.
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Moreover, if j ≥ 0 is an integer and

∥xj∥ ≤ 3M0, ∥xj − xj+1∥ ≤ ϵ0,

then
xj ∈ Sϵ.

In the sequel, we use the next lemma.

Lemma 5. Assume that δ, δ0 ∈ (0, 1), M0 > 1,

λ ∈ [a, b], (66)

u∗ ∈ U ∩ B(0, M0) ∩ A−1(B(0, M0)), (67)

∥u∗ − PK(u∗ − λA(u∗))∥ ≤ δ0, (68)

x ∈ U ∩ B(0, M0), (69)

y ∈ B(PK(x − λA(x)), δ). (70)

Then
∥y − u∗∥2 ≤ ∥x − u∗∥2 − 4−1∥y − x∥2 min{1, b−2a(2α − b}}

+(δ + δ0)(5 + λα−1)(4M0 + 1).

Proof. By (4) and (66),
λ ≤ b < 2α. (71)

It follows from Proposition 2 that, for all v1, v2 ∈ U,

∥(I − λA)v1 − (I − λA)v2∥2 ≤ ∥v1 − v2∥2 + λ(λ − 2α)∥A(v1)− A(v2)∥2. (72)

Equations (68) and (70)–(72) imply that

∥y − u∗∥

≤ ∥y − PK(x − λA(x))∥+ ∥PK(x − λA(x))− PK(u∗ − λA(u∗))∥

+∥PK(u∗ − λA(u∗))− u∗∥

≤ δ + δ0 + ∥x − λA(x)− (u∗ − λA(u∗))∥. (73)

By (72),

∥x − λA(x)− (u∗ − λA(u∗))∥2 ≤ ∥x − u∗∥2 − λ(−λ + 2α)∥A(u∗)− A(x)∥2. (74)

It follows from (66), (69), (71) and (74) that

∥x − λA(x)− (u∗ − λA(u∗))| ≤ ∥x − u∗∥ ≤ 2M0. (75)

Equations (66), (73), (74) and (75) imply that
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∥y − u∗∥2 ≤ (δ + δ0 + ∥x − λA(x)− (u∗ − λA(u∗))∥)2

≤ (δ + δ0)
2 + 4(δ + δ0)M0 + ∥x − λA(x)− (u∗ − λA(u∗))∥2

≤ (δ + δ0)(4M0 + 1) + ∥x − u∗∥2 − λ(2α − λ)∥A(u∗)− A(x)∥2

≤ ∥x − u∗∥2 − a(2α − b)∥A(u∗)− A(x)∥2 + (δ + δ0)(4M0 + 1). (76)

In view of (68) and (70),

∥y − u∗∥ ≤ δ + δ0 + ∥PK(x − λA(x))− PK(u∗ − λA(u∗))∥. (77)

Lemma 1 and (68), (70) and (74) imply that

∥PK(x − λA(x))− PK(u∗ − λA(u∗))∥2

≤ ⟨PK(x − λA(x))− PK(u∗ − λA(u∗)), (x − λA(x))− (u∗ − λA(u∗))⟩

≤ ⟨y − u∗, x − λA(x)− (u∗ − λA(u∗))⟩

+⟨PK(x − λA(x))− y − (PK(u∗ − λA(u∗))− u∗), x − λA(x)− (u∗ − λA(u∗))⟩

≤ 2−1[∥y − u∗∥2 + ∥(x − λA(x))− (u∗ − λA(u∗))∥2

−∥(y − u∗)− (x − λA(x)− (u∗ − λA(u∗)))∥2

+(δ + δ0)∥(x − λA(x))− (u∗ − λA(u∗))∥

≤ 2−1[∥y − u∗∥2 + ∥x − u∗∥2 − ∥y − x + λ(A(x)− A(u∗))∥2]

+(δ + δ0)∥(x − λA(x))− (u∗ − λA(u∗))∥. (78)

By (19), (67) and (69),

∥A(x)− A(u∗)∥ ≤ α−1∥x − u∗∥ ≤ 2M0α−1. (79)

Equations (67), (69), (78) and (79) imply that

∥PK(x − λA(x))− PK(u∗ − λA(u∗))∥2

≤ 2−1[∥y − u∗∥2 + ∥x − u∗∥2 − ∥y − x + λ(A(x)− A(u∗))∥2]

+2M0(δ + δ0)(1 + λα−1). (80)

It follows from (66), (67), (69) and (72) that

∥PK(x − λA(x))− PK(u∗ − λA(u∗))∥ ≤ ∥u∗ − x∥ ≤ 2M0. (81)

In view of (68), (70) and (81),

|∥y − x∗∥2 − ∥PK(x − λA(x))− PK(u∗ − λA(u∗))∥2|

≤ |∥y − u∗∥ − ∥PK(x − λA(x))− PK(u∗ − λA(u∗))∥|

×(2∥PK(x − λA(x))− PK(u∗ − λA(u∗))∥

+∥y − u∗ − (PK(x − λA(x))− PK(u∗ − λA(u∗)))∥)

≤ (∥y − ∥PK(x − λA(x))∥+ ∥u∗ − PK(u∗ − λA(u∗))∥)

×(4M0 + ∥y − ∥PK(x − λA(x))∥+ ∥u∗ − PK(u∗ − λA(u∗))∥)
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≤ (δ + δ0)(4M0 + δ + δ0). (82)

By (80) and (82),

∥y − u∗∥2 ≤ ∥PK(x − λA(x))− PK(u∗ − λA(u∗))∥2 + (δ + δ0)(4M0 + 2)

≤ 2−1[∥y − u∗∥2 + ∥x − u∗∥2 − ∥y − x + λ(A(x)− A(u∗))∥2]

+(δ + δ0)(2M0(3 + λα−1) + 2). (83)

It follows from (83) that

∥y − u∗∥2 ≤ ∥x − u∗∥2 − ∥y − x + λ(A(x)− A(u∗))∥2

+4M0(δ + δ0)(3 + λα−1 + 2). (84)

Equations (76) and (84) imply that

∥y − u∗∥2 ≤ ∥x − u∗∥2

−max{a(2α − b)∥A(u∗)− A(x)∥2, ∥y − x + λ(A(x)− A(u∗))∥2}

+(δ + δ0)(4M0 + 1)(5 + λα−1). (85)

By the Cauchy–Schwartz inequality and (66),

∥y − x∥2 = ∥y − x + λ(A(x)− λA(u∗)) + λ(A(u∗)− A(x))∥2

≤ 2∥y − x + λ(A(x)− λA(u∗))∥2 + 2λ2∥(u∗)− A(x))∥2

≤ 2∥y − x + λ(A(x)− λA(u∗))∥2 + 2b2∥A(u∗)− A(x)∥2

≤ 4 max{∥y − x + λ(A(x)− λA(u∗))∥2, b2∥A(u∗)− A(x)∥2}. (86)

By (86),
max{∥y − x + λ(A(x)− λA(u∗))∥2, a(2α − b)∥A(u∗)− A(x)∥2}

≥ max{∥y − x + λ(A(x)− λA(u∗))∥2, b2∥A(u∗)− A(x)∥2}

×min{1, b−2a(2α − b)} ≥ 4−1∥y − x∥2 min{1, b−2a(2α − b)}. (87)

It follows from (85) and (87) that

∥y − u∗∥2 ≤ ∥x − u∗∥2

−4−1∥y − x∥2 min{1, b−2a(2α − b)}+ (δ + δ0)(4M0 + 1)(5 + λα−1).

Lemma 5 is proved.

Proof of Theorem 3 By (61) and (64),

∥x0 − u∗∥ ≤ 2M0. (88)

Assume that an integer i ≥ 0 satisfies

∥xi − u∗∥ ≤ 2M0. (89)

By (61), (62), (65), (89) and Lemma 5 applied with M0 replaced by 3M0,

x = xi, y = xi+1
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we have
∥xi+1 − u∗∥2

≤ ∥xi − u∗∥2 − 4−1∥xi − xi+1∥2 min{1, b−2a(2α − b)}+ (δ + δ0)(5 + λα−1)(8M0 + 1). (90)

Assume that
∥xi − xi+1∥ > ϵ0. (91)

It follows from (54), (90) and (91) that

∥xi+1 − u∗∥2 ≤ ∥xi − u∗∥2

−4−1ϵ2
0 min{1, b−2a(2α − b)}+ (δ + δ0)(5 + bα−1)(8M0 + 1)

≤ ∥xi − u∗∥2 − 8−1ϵ2
0 min{1, b−2a(2α − b)}.

Thus, the following property is true:
(P1) if i ≥ 0 is an integer and (89) holds, then

∥xi+1 − u∗∥2 ≤ ∥xi − u∗∥2 − 8−1ϵ2
0 min{1, b−2a(2α − b)}. (92)

Assume that, for each integer i ∈ {0, . . . , k0}, relation (91) holds. By (88), (91) and (P1)
applied by induction, relation (89) holds for all i = 0, . . . , k0 + 1 and inequality (92) holds
for all i = 0, . . . , k0. It follows from (89) and (92) that

4M2
0 ≥ ∥x0 − u∗∥2

≥ ∥x0 − u∗∥2 − ∥xk0 − u∗∥2

=
k0−1

∑
i=0

(∥xi − u∗∥2 − ∥xi+1 − u∗∥2)

≥ 8−1ϵ2
0k0 min{1, b−2a(2α − b}

and
k0 ≤ 32M2

0ϵ−2
0 min{1, b−2a(2α − b)}−1.

This contradicts (63). The contradiction we have reached proves that there is a
j ∈ {1, . . . , k0} such that

∥xj − xj+1∥ ≤ ϵ0,

for each integer i satisfying 0 ≤ i < j,

∥xi − xi+1∥ > ϵ0

∥xi+1 − u∗∥ ≤ 2M0, ∥xi+1∥ ≤ 3M0.

Assume that j ≥ 0 is an integer and

∥xj∥ ≤ 3M0, ∥xj − xj+1∥ ≤ ϵ0. (93)

In view of (60), (65) and (93),
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∥xj − PK(xj − λA(xj))∥

≤ ∥xj − xj+1∥+ ∥xj+1 − PK(xj − λA(xj))∥ ≤ ϵ0 + δ ≤ 2ϵ0. (94)

By (58), (94) and Lemma 3 applied with ϵ0 replaced by 2ϵ0, for each ξ ∈ K we have

⟨Axj, ξ − xj⟩ ≥ −2λ−1ϵ0∥ξ − xt∥ − 4λ−1ϵ2
0 − 2∥A(xj)∥ϵ0

≥ −2a−1ϵ0∥ξ − xj∥ − 4a−1ϵ2
0 − 2ϵ0∥A(xj)∥. (95)

In view of (61) and (93),
∥xj − u∗∥ ≤ 4M0. (96)

It follows from (61) and (96) that

∥A(xj)∥ ≤ ∥A(xj)− A(u∗)∥+ ∥A(u∗)∥

≤ α−1∥xj − u∗∥+ M0 ≤ 4M0α−1 + M0. (97)

By (59), (95) and (97), for each ξ ∈ K,

⟨Axj, ξ − xj⟩ ≥ −2a−1ϵ0∥ξ − xj∥ − 4a−1ϵ2
0 − 2ϵ0M0(4α−1 + 1)

≥ −ϵ∥ξ − xt∥ − ϵ

and xj ∈ Sϵ. Theorem 3 is proved.

7. An Example
It should be mentioned that Theorem 2 provides the evaluation of δ and k0, which

follow from (42)–(44). Here δ is the computational error produced by our computer system,
while k0 is the number of iterates needed in order to reach an element of Sϵ which is an
ϵ-approximate solution of our variational inequality. It is not difficult to see that δ = c1ϵ2

and k = c2ϵ−2, where c1 and c2 are positive constants depending on M0, a, b, α.
Let us consider the following particular example.
Assume that A(x) = x for all x ∈ H and K = U = H. Then S = {0}. Let ϵ ∈ (0, 1/2)

and M0 = 102. Clearly, in this case α = 1 and we can choose a = b = 1. Let ϵ ∈ (0, 1/2)
and M0 = 102. Then

Sϵ ⊂ {y ∈ X : ∥y∥ ≤ 2ϵ}

and the assertion of Theorem 2 holds with

ϵ0 = 4−1 · 10−3ϵ,

δ = 64−1 · 10−5ϵ2

and with k0, which is the smallest integer larger than 64 · 104 · ϵ−2
0 .
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