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Abstract

Model validation for complex simulation models with multivariate functional responses
poses significant challenges, as it involves the dual coupling of physical correlations
among variables and field correlations in time-series data. A novel Autoencoder-based
Dual-Layer Feature Extraction (AE-DLFE) method is proposed. The first layer uses joint
principal component analysis to decouple physical correlations, while the second layer
develops an Autoencoder-improved Feature Selective Validation (AE-FSV) method that
adaptively extracts features of time-series data and measures feature discrepancies via
deep representation learning. On this basis, a new validation metric named U-PCDM (Un-
certainty Principal Component Difference Measure) is developed to quantify the discrep-
ancies between simulation and experiment under uncertainty. Theoretical analysis con-
firms the boundedness and unique temporal permutation sensitivity of the proposed met-
ric. Case study results demonstrate that the proposed AE-FSV enhances the evaluation
accuracy of traditional FSV on transient data. Furthermore, compared to benchmark
methods such as MD-pooling, the U-PCDM metric significantly improves computational
efficiency —especially in high-dimensional scenarios—while maintaining consistent
model rankings. This work effectively addresses the heterogeneous correlation coupling
issue, offering a robust quantitative tool for model validation.

Keywords: model validation; multivariate functional responses (MVFR); autoencoder (AE);
feature selective validation (FSV); deep representation learning; uncertainty quantification

(UQ)

MSC: 62R10; 62P30

1. Introduction

Modeling and simulation technologies are widely applied in fields such as aerospace,
electromagnetic scattering, and structural dynamics, as engineering systems are becom-
ing increasingly complex. As a result, accurately assessing the credibility of models in
engineering scenarios has become a key factor in determining whether simulation results
can be applied to engineering practice. Consequently, Uncertainty Quantification (UQ)
and Verification and Validation (V&V) techniques have attracted growing attention [1,2].
Model validation is defined as the process of evaluating the extent to which a model
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accurately represents the real world from the perspective of its intended use. In recent
years, model validation has evolved from deterministic comparisons based on single-
point errors to systematic validation frameworks integrating statistical inference and un-
certainty. Within these frameworks, validation metrics serve as critical tools for quantify-
ing discrepancies between simulations and experiments under uncertainty [3].

Validation metrics can be broadly categorized based on the dimensionality of the re-
sponse into univariate and multivariate metrics. Each category further encompasses sce-
narios involving either single or multiple validation sites. In univariate response systems,
the Area Metric [4] effectively characterizes the distributional discrepancies between two
sets of samples by comparing the area difference between their Cumulative Distribution
Functions (CDFs). Extensions include the normalized Area Metric based on probability
density function (PDF) [5], the u-pooling method for multiple validation site scenarios [6],
and the global Area Metric for spatial multi-point wind fields [7]. For multivariate re-
sponse systems, it is necessary to simultaneously consider the correlations among multi-
ple physical quantities. Li et al. [8] proposed the t-pooling method, which achieves multi-
variate probability integral transform via joint CDF, but suffers from high computational
costs. To improve efficiency, subsequent studies combined Principal Component Analysis
(PCA) [9] and Mahalanobis Distance (MD) [10] with the Area Metric, respectively, result-
ing in a significant reduction in computational burden. In addition, the multi-metric fu-
sion method [11], the energy distance-based metric [12], and methods suitable for multiple
validation site scenarios such as MD-pooling [10], COPMYV [13], and EMD-pooling [14]
have further enriched the validation metric methodologies for multivariate responses.

However, the outputs of contemporary high-performance computing simulations
are rarely restricted to simple scalars or vectors. Instead, they increasingly manifest as
functional data, leading to two additional categories of validation problems: Functional
Responses and Multivariate Functional Responses (MVERs). As a core concept in Func-
tional Data Analysis (FDA) [15], MVFRs refer to data composed of multiple interrelated
variables that simultaneously vary over time (or other continuous domains such as space).
Model validation for such systems poses a significant mathematical challenge: the “dual
coupling of correlations”. These datasets are governed by physical correlations among
different physical quantities and field correlations characterizing the temporal or spatial
evolution of each quantity. Existing validation metrics and discrepancy assessments have
largely evolved from scalar statistics [4-14] or univariate signal processing [16-21] and
often struggle to decouple these heterogeneous correlation structures. This limitation
gives rise to “validation blind spots”: conflating field correlations with physical correla-
tions or ignoring either type, resulting in the omission of key physical information carried
by temporal evolution or synergistic changes in physical quantities, ultimately leading to
erroneous validation and decision-making outcomes.

In the field of FDA, research on MVFR has predominantly centered on statistical
modeling and pattern recognition rather than simulation model validation. For instance,
Happ et al. [22] proposed Multivariate Functional Principal Component Analysis
(MFPCA) to handle multivariate functional data defined on varying dimensional domains.
Rigueira et al. [23] developed a machine learning framework integrating multivariate
functional depth, directional outlyingness, and clustering methods for anomaly detection
in water quality sensor data. Additionally, Nolan et al. [15] presented a Bayesian MFPCA
method that addresses the challenge of sparse or irregular data, enabling cross-variable
information fusion and rapid computation. Its biomedical interpretive value was further
demonstrated in COVID-19 research. While these FDA methods effectively model func-
tional structures and capture temporal dynamics, they generally lack the uncertainty
quantification mechanisms and specific discrepancy measures required for model
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validation. Nevertheless, their strategies for handling functional data offer valuable in-
sights for developing validation metrics for MVFR.

Table 1 summarizes the characteristics of the existing validation methods. Overall,
validation metrics for MVEFR still face the following challenges:

Table 1. Taxonomy of validation methods.

Physical Field Cor- Uncertainty Discrepancy

Response Category Representative Method Correlation relation Quantification Quantification
Univariate Response Area Metric No No Yes Yes
Multivariate Response MD-pooling Yes No Yes Yes
Functional Response Feature Selective Validation (FSV) No Yes No Yes
MVER MFPCA Yes Yes No No

1. MVER data inherently exhibit both cross-variable physical correlations and intra-var-
iable field correlations. These two types of correlations are significantly different in
terms of mathematical structures and physical interpretations. However, existing
validation metrics predominantly focus on problems where the output is a scalar
(univariate response) or a vector (multivariate response). These methods prioritize
physical correlations, effectively handling cross-variable dependencies, but often ne-
glect field correlations or conflate them with physical correlations, thereby losing sen-
sitivity to the structural evolution of the field. Conversely, while functional responses
are primarily addressed within the FDA domain, these approaches typically lack the
uncertainty quantification mechanisms and discrepancy measures essential for
model validation.

2. The digital era has driven an increasing demand for real-time model validation and
decision-making. However, given the significant data volumes characteristic of
MVER, the computational efficiency of validation metric algorithms remains a critical
bottleneck.

Therefore, there is an urgent need for a systematic method capable of strictly decou-
pling and integrating both physical and field correlations while effectively incorporating
uncertainty quantification. To achieve this, this paper proposes an Autoencoder-based
Dual-Layer Feature Extraction (AE-DLFE) method, characterized by a “Dual Correlation
Decoupling” strategy. The first layer employs the Joint PCA (JPCA) to decouple physical
correlations; the second layer develops an Autoencoder-improved Feature Selective Vali-
dation (AE-FSV) method, which adaptively extracts field features and assesses discrepan-
cies via data-driven deep representation learning. On this basis, this paper constructs the
Uncertainty Principal Component Difference Measure (U-PCDM) validation metric and a
decision criterion. These contributions are designed to resolve the validation challenges
posed by the dual coupling of correlations, ultimately enabling efficient and robust model
validation and decision-making under uncertainty.

The remainder of this paper is organized as follows: Section 2 details the theoretical
framework of the AE-DLFE method and the construction of the U-PCDM validation met-
ric, along with its mathematical properties. Section 3 conducts a comprehensive perfor-
mance evaluation and validation on both numerical benchmarks and engineering simu-
lation examples. Section 4 provides an in-depth discussion on the proposed method and
the obtained results. Section 5 summarizes the main contributions and conclusions of this

paper.
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2. Theory and Methodology
2.1. Autoencoder-Based Dual-Layer Feature Extraction Method
For complex simulation systems generating MVFR, let the simulation dataset be de-
i Nstm
fined as D, = {Ys(llrl} , and the corresponding experimental dataset as
i=1

N, exp

D —{Y(j)} . Here, N

exp exp [ sim

and N_  denote the sample sizes for the simulation

P

and experiment, respectively. For an arbitrary sample, its response can be represented as

v
a temporal matrix Ye Rb( , as shown in Equation (1):

_yl(tl) nt) - y,,(tl)_
Y=[y1,y2,...,yy]= yl(stZ) yz(fz) ngtz) 1)
N (tL) e (ZL) I (% (tL )_

where L is the field length and V' is the number of coupled physical quantities.

Equation (1) reveals the inherent “dual coupling of correlations” in MVFR: physical
correlations exist among physical variables (columns), while field correlations govern the
evolution within each variablees time series (rows). To address this challenge, this paper
proposes the AE-DLFE method, the framework of which is illustrated in Figure 1. This
method consists of two layers of feature extraction: the first layer employs the JPCA to
decouple physical correlations. In the second layer, this paper proposes the AE-FSV
method to adaptively extract field features and quantify discrepancies. A detailed descrip-
tion of the AE-DLFE method is provided below.

Layer 1: JPCA Layer 2: AE-FSV

Autoencoder Trend Feature |
for Each PC I
|
|
no = o
I D 1
1| Pair of . X
Detail Feature ¢
| | Samples .

Figure 1. Framework of AE-DLFE method. Layer 1 employs JPCA to decouple physical correlations,
transforming the MVFR data into multiple independent temporal sequences. In Layer 2, an individ-
ual autoencoder is trained for each principal component channel to extract field features (specifically,
trend features and detail features). Finally, the global discrepancy of the MVER data is derived by
computing the weighted sum of feature discrepancies across all channels.
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2.1.1. Layer 1: JPCA-Based Physical Correlation Decoupling

Physical correlations stem from the intrinsic relationships among different physical
quantities governed by physical mechanisms. In the model validation process for multi-
variate response systems with physical correlations, the primary focus is not on the vari-
ation trends or details of the transition from physical quantity A to B, but rather on the
interdependency of each physical quantity and its mutual coupling with others. Conse-
quently, the validation results should remain invariant to the permutation of physical
quantities within the dataset.

Given these characteristics, PCA technology has great application potential in ad-
dressing such correlations. As a classic feature extraction and dimensionality reduction
technique, PCA is widely used in fields such as data science, statistics, and machine learn-
ing [24,25]. Its core objective is to eliminate redundant correlations in the original data by
identifying orthogonal principal components in the data, thereby laying the foundation
for further evaluations.

To ensure that all samples from simulations and experiments under uncertainty un-
dergo the same transformation, this paper employs the classic JPCA method for the first
layer of feature extraction.

First, all samples from the simulation dataset D, and experimental dataset D,

m
are stacked vertically to obtain the joint data matrix Y, € R(N“m e} :
v =y ya) (y0 ) e T )
joint ( sim) ( sim ) ( exp) exp ( )
Since different physical quantities usually exhibit varying dimensions and scales, it
is necessary to standardize the joint data matrix Y, ~ column-wise. Let

n= [,ul,,uz,...,/zy] and 6= [0'1,0'2,...,0',,] denote the mean vector and standard de-

viation vector of Y, , respectively. The standardized joint data matrix ?joim can be cal-
culated by Equation (3):
— yk,v _ll'lv
Yew =" ©)
(o}

v

where Vi and y ., are the elements in the k-th row and v-th column of Y. and

joint

Y matrices, respectively. YJ

joint

it can be denoted as

?J«m{(iﬂﬁ )T (iﬁﬁ“"‘))T (Y9 )T (?jxfiexP))TT )

2.4 S
Subsequently, the covariance matrix CeR™ of Y.

joint 18 computed via Equation

(5) to capture the global correlation structure among physical variables:
- 1 V.Y
- (N +N )L _1 joint - joint (5)

exp

Through the eigenvalue decomposition of matrix C , eigenvalues
(21 > ﬂz 22 ﬂy) and their corresponding orthogonal eigenvectors (W, W,,..., W)

are obtained. It is well known that C is a positive semi-definite matrix, and all its eigen-
values are non-negative. A larger eigenvalue indicates greater variance (information) con-
tained in the direction of the corresponding eigenvector. Therefore, a cumulative
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contribution threshold 77 = 0.9 is established. When the cumulative proportion of the

first m eigenvalues exceeds the threshold (as shown in Equation (6)), it means that the
projection of data onto these eigenvectors has retained sufficient information:

Z]Ic/:l 27‘ > 77
2h

Let W, = [W1>--"Wm]€ R"™ be the projection matrix composed of the first m

(6)

orthogonal principal components; then the simulation projection data P, and experi-

mental projection data P_ =~ with decoupled physical correlations are given by

sim exp
Psim = Wm 4 Pexp = Wm (7)
g )

exp

In addition, the normalized eigenvalues can serve as weights 7; (kK =1,2,...,m) for

the subsequent metric calculation:

r, = /1"
| ———— 8
>" 4, ®)

2.1.2. Layer 2: Autoencoder-Improved Feature Selective Validation

Having obtained the projection data P, and P__

sim

» With decoupled physical cor-

relations from Layer 1, the subsequent challenge lies in evaluating the discrepancies be-
tween these two sets of projected data. The hypothesis that the dependency structure of
the MVER system is primarily characterized by second-order statistics (i.e., covariance) is
adopted. Consequently, the decorrelation provided by JPCA serves as a robust approxi-
mation for statistical independence, allowing for the complex multivariate PDF to be ef-
fectively factored into marginal densities. This factorization property is critical for infor-
mation preservation. It implies that the global distributional discrepancy between simu-
lation and experiment can be effectively decomposed into an aggregation of discrepancies
within individual principal component channels, thereby satisfying additivity. Therefore,
independently evaluating feature discrepancies for each channel in Layer 2 and subse-
quently computing a weighted sum does not result in the loss of validation information
regarding the systemes dependency structure. The problem is thus transformed into quan-
tifying the discrepancies between functional responses within single principal component
channels.

Unlike physical correlations, field correlations manifest in the dynamic evolution
process of a single physical quantity changing over time (or space). In the validation of
functional response models, researchers focus not only on amplitude discrepancies, but
also on the consistency of variation trends and detail features between adjacent field
points. Consequently, the sequential order of field points will affect the validation metric
results, and traditional permutation-invariant metrics are no longer applicable. This ne-
cessitates the proposed dual-layer feature extraction method to decouple and process the
two types of correlations in separate layers.

FSV is a discrepancy evaluation method for functional response data developed from
the field of Electromagnetic Compatibility (EMC) [26]. By decomposing and comparing
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features such as amplitude, trend, and details of two sets of data, it comprehensively
quantifies the global and local discrepancies of the data. Traditional FSV is based on the
IEEE Std 1597.1 standard [26] and employs Fast Fourier Transform (FFT) to decompose
signals into low-frequency “trend features” and high-frequency “detail features”. How-
ever, FFT is a global transform that lacks time-frequency localization capability and can
lead to distorted results for complex responses characterized by abrupt transients and
high-frequency fluctuations [27]. To address this, Shi et al. [28] and Niu et al. [29] intro-
duced the Smoothed Pseudo-Wigner-Ville Distribution (SPWVD) and Wavelet Transform
(WT) respectively to improve FSV. Although these methods have made progress in spe-
cific scenarios, they rely on fixed mathematical basis functions and hyperparameters pre-
defined by expert experience, and thus cannot adaptively match specific physical systems.

To overcome the aforementioned drawbacks, this paper introduces autoencoders
(AE) [30,31] and proposes the AE-FSV method. This method captures the latent physical
dynamics inherent in simulation data through data-driven deep representation learning,
thereby achieving adaptive decomposition and discrepancy evaluation of functional re-
sponses.

Specifically, for the simulation projection data P, and experimental projection

data P, with physical correlations decoupled in Layer 1, each sample is decomposed

into m principal component channels column-wise. For each channel sequence x, an in-
dependent undercomplete autoencoder network is constructed based on all simulation
sample curves. The network adopts a compression-expansion symmetric structure, as il-
lustrated in Figure 2.

Input Layer Hidden Layers Output Layer
x € R” xeR”
Dim=128 Dim=128
=G e Trend Feature
X
—> —> —>1 —>1 > >
Detail Feature
Bottleneck M B = X
Ratio=0.25
A J
Y Y
Encoder Decoder
(Compression) (Reconstruction)

Figure 2. Structure of the autoencoder network for a single principal component channel.

The network consists of an encoder f, () and a decoder z, () . The encoder

maps the input high-dimensional sequence X€ R* (where L is the field length) to a

low-dimensional latent manifold &€ R™ (where n, = a,L denotes the dimension of
the bottleneck layer with the bottleneck ratio @, =0.25) through a progressive com-
pression path (L — 128 — 64 — 1, ). Mathematically, this process fg () is defined as:

h, =tanh( x+b,) )
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h, =tanh(2,h, +b,) (10)

E=Q:h,+b, (11)

where Q and b represent the weight matrices and bias vectors, respectively.

Subsequently, the corresponding decoder Z, () reconstructs the data from the la-

tent features via a symmetric path (72, — 64 —>128 > L):

x = tanh(Q_, (tanh(€2, (tanh(Q.E+b,))+b,))+b_,) (12)

out
The training process of the network is an unsupervised deep learning task. To ensure
robustness and rigor, the following specific training scheme is adopted:

1. Loss Function: The Mean Squared Error (MSE) is selected as the loss function:

N,

£(6.9)=—3"

sim =1

[ =2 (o (x| (13)

where x_ . denotes the i-th input simulation sample curve and € and ¢ are the
network parameters of the encoder and decoder, respectively.

2. Initialization: The network weights are initialized using the Kaiming Uniform
method. Specifically, weights and biases are sampled from a uniform distribution

U (—«/ku Ak, ), where k =1/n,, and n, is the number of input nodes from the

previous layer.

3. Regularization: Explicit Dropout is not employed. Instead, the bottleneck layer acts
as the primary structural regularizer. By forcing data through this compressed rep-
resentation, the network is compelled to learn the dominant physical manifold (trend
features) while filtering out high-frequency variations (detail features) that cannot be
effectively compressed.

4.  Stopping Criterion: Unlike supervised learning, Early Stopping is not utilized here.
The objective is to fully capture the physical manifold of the simulation training set,
and the bottleneck layer already provides sufficient regularization to prevent overfit-
ting. Consequently, a fixed-epoch strategy (500 epochs) is adopted.

5. Training Set: The AE is trained on the complete simulation dataset of the correspond-
ing model to construct a comprehensive reference manifold. In scenarios involving
the ranking of multiple competing models, a dedicated AE is trained for each princi-
pal component of each model to ensure fair evaluation.

The specific parameter settings for the network architecture and training process are
detailed in Table 2.

https://doi.org/10.3390/math14040674
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Table 2. Training parameters of the autoencoder network.

Parameters Settings
Bottleneck layer ratio 0.25
Activation function Tanh
Optimization algorithm Adam
Learning rate 0.001
Batch size Full batch
Number of training epochs 500
Initialization method Kaiming Uniform

Assuming that the response of a physical system is governed by a set of deterministic
physical equations, the data mathematically reside on a low-dimensional manifold char-
acterized by high structure and correlation. In this context, the trained autoencoder serves
as a data-driven nonlinear filter capable of adaptively identifying and preserving signal
features consistent with the underlying simulation model mechanisms. Deep networks
tend to prioritize learning low-frequency functions over high-frequency details [31]. Thus,
for any sample curve X€ R" in the principal component channel, the reconstructed sig-
nal X encodes the amplitude and dominant evolutionary trend conforming to the
modele physical principles. In contrast, the residual X, between the original signal and
the reconstructed signal captures the high-frequency noise, measurement interference, or

microscopic dynamic characteristics not captured by the AE. Therefore, X and X, can
be referred to as the trend feature and detail feature, respectively. The X and X, of

curve X€ R” can be defined as follows:

k=z,(/,(x)) (14)

X =X—X (15)

By replacing the FFT and simple filters used in traditional FSV with this autoencoder-
based feature extraction method, the Amplitude Difference Measure (ADM) and Feature

Difference Measure (FDM) can be computed more effectively at the k-th field point be-

setl 2
tween any two sets of signals (distinguished by superscripts ® and ® ):

osetl k _|gset2 k ‘
ADM (k) =‘ ] XL ( )‘ A )‘ (16)
‘in_]( ﬁsetl (Z)‘+ ﬁset2 (l)‘)‘
‘ ﬁsetl’ (k) _ ﬁsetZ’(k)‘ ‘
FDMI (k) B 2 L Asetl” (. aset2” [« (17)
‘LZM@ (1) +|x @”‘
‘ Xietl’ (k) _ XietZ’(k)‘ ‘
FDM (k)= ‘ (18)

o ()
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‘ X:etl” (k) _ Xietz"(k) ‘

FDMy (k) =\ (19)
23 e o) )

FDM (k) =2(FDM, (k)+FDM,; (k)+ FDMy, (k)) (20)

where the superscripts «* and «” denote the first-order and second-order derivatives
calculated via the central difference method, respectively, and L is the field length. No-
tably, since the X extracted by the proposed method naturally retains the Direct Com-
ponent (DC) of the signal, there is no need to separately set a DC discrepancy index in
Equation (16), as is required in traditional FSV.

To obtain a comprehensive metric, the Global Difference Measure (GDM) is calcu-
lated via Equation (21):

L
GDM :%Z\/KADM - ADM? (i) + K, - FDM? (i) @1)
i=1

where K, and Ky, are weight coefficients, both set to 1 in this paper.

Unlike traditional FSV, which assigns high-frequency components to the detail fea-
ture, AE-FSV preserves physically significant high-frequency features within the trend
feature. Consequently, the comparison of these features shifts from the first-order and
second-order derivatives of high-frequency features (Equations (18) and (19)) to the direct
comparison of amplitudes (Equation (16)) and first-order derivatives (Equation (17)). This
is methodologically sound, as these high-frequency components contain essential physi-
cal information, making their explicit amplitude comparison more critical than the com-
parison of second-order derivatives.

2.2. Construction of the U-PCDM Validation Metric

After obtaining the GDM for each principal component, a global metric is required
to evaluate the discrepancies between single samples. However, considering the prevalent
uncertainties in engineering practice (such as parameter fluctuations and measurement
noise), the validation metric should not merely be limited to the deterministic discrepancy
evaluation between single samples, but rather should rigorously assess the modele ca-
pacity to characterize real experimental results under the influence of uncertainty.

To this end, based on the proposed AE-DLFE method, this section further constructs
a new validation metric: U-PCDM. The computational framework of this metric is illus-
trated in Figure 3, which consists of two parts: the uncertainty quantification of the Prin-
cipal Component Difference Measure (PCDM) and the subsequent calculation of the U-
PCDM metric along with decision-making criteria.

https://doi.org/10.3390/math14040674
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Experimental Data Simulation Data
Samples Samples
[ I
|
| Calculate Sample l
v Mean
Each Sample Reference Data Each sample

AE-DLFE Calculate PCDM Metric AE-DLFE

between Each Sample and
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Ensemble of Ensemble of
Experimental PCDM Simulation PCDM

Part 1: Uncertainty|Quantification of PCDM

u-pooling

v

U-PCDM Metric
Decision Making ol

00 02 06 3 10

Part2: U-PCDM Metric Calculation and Decisioh Making

Figure 3. Computational framework of U-PCDM metric.

2.2.1. Uncertainty Quantification of PCDM

j k
For any arbitrary pair of samples Ym and Y< ) from the simulation dataset
D,,={Y0]"

sim (l) Nexp
i Sim}i:l and experimental dataset Dexp = {Yexp }i: of the multivariate func-
tional response system, applying the proposed AE-DLFE method yields the GDM metric
of each principal component channel. The PCDM metric, reflecting the deterministic dis-

crepancies between the two specific MVER samples, is derived via a weighted summation

using weights 7, derived from Equation (8), as shown in Equation (22):
Do (YY) =3 - GDM, 22)
i=1

Based on the aforementioned process, the PCDM metric not only inherits the benefits
of decoupled correlations and feature discrepancy evaluation, but also effectively aggre-
gates the complex high-dimensional information into a single scalar.

To quantify uncertainty, we adopt the simulation mean as the reference data Y,

and the PCDM metric for every sample in both datasets is calculated relative to this refer-

. NSllTl
= {DPCDM (Ys(iln)1 o Yoo )} and experi-

i=

ence. The resulting simulation PCDM set &,

sim

exp exp? ~ref

. chp
mental PCDM set = {DPCDM (Y(’) Y, )} effectively capture the global feature
i=1
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uncertainty of the original datasets D,

and D_ . Therefore, utilizing the PCDM met-
ric—acting as a representative feature scalar—in place of the original MVFR data is scien-
tifically justified. This strategy has effectively converted the complex validation metric
problem of MVER systems into a more manageable validation problem of univariate re-

sponse systems.

2.2.2. U-PCDM Metric Calculation and Decision Making

To quantify the distributional discrepancy between S, and S.,, - and thereby

sim

derive the final U-PCDM metric, this paper employs the u-pooling method [5], the com-
putational principle of which is illustrated in Figure 4.

The CDF of

Simulation

(=)
o
%
S
<]
=
k]
@
4
k]
<
[}
—
Moy
w
\S]
~
w
—

Figure 4. Computational principle of the u-pooling method. The shaded region represents the area
difference between the empirical and theoretical CDFs, which corresponds to the validation metric

value.

First, Kernel Density Estimation (KDE) is employed to fit the PDF of the simulation
PCDM set S from which the CDF is derived, denoted as F. () . The bandwidth of

sim / sim

KDE /iy, is set by multiplying Scotte Rule by a bandwidth scaling factor Oy py :

hepe =1.06-6-N"" a0 (23)

o
where ~KDPE =1 in this paper.

Subsequently, each sample in S_ = is transformed into the probability space of
[0,1] via F

sim

(-),denoted as u,j=1,2,....,N

exp :
uj = Fsim (DPCDM (Ye(xjp)’ Yref )) (24)

Under the assumption that F,

sim

() is estimated accurately, and according to the

Probability Integral Transformation (PIT) theorem, if S and S.,, are continuous

and statistically consistent, the transformed set {ul_}é’“" should follow a standard uni-
v

=1
form distribution U (O, 1) . Thus, the proposed new validation metric U-PCDM is defined

as the area enclosed between the Empirical Cumulative Distribution Function (ECDF)

F (u) of the set {u/}Nlp and the CDF of the standard uniform distribution, scaled by a
il

normalization factor of 2:

https://doi.org/10.3390/math14040674
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DU»PCDM (Dsim’Dexp ) = 2_[; Fu (U)_U|d1/l (25)

Mathematically, this u-pooling process establishes a theoretical connection between
our method and the classic Area Metric framework. While the traditional Area Metric di-
rectly quantifies the distance between two univariate CDFs, U-PCDM transforms the
MVEFR into a univariate variable containing model validation information via AE-DLFE.
This effectively converts the MVFR validation problem first into multiple independent
functional response metrics and subsequently into a simple univariate area metric prob-
lem. This strategy of “dimensionality reduction + area metric” aligns with existing valida-
tion methodologies (such as MD-pooling), while U-PCDM extends this logic to scenarios
where each response variable is a function.

2.2.3. Mathematical Properties of U-PCDM

To ensure the theoretical rigor of U-PCDM as a validation metric, this subsection es-
tablishes its fundamental mathematical properties.

1. Boundedness

Proposition 1 (Boundedness). For any simulation dataset and experimental dataset formatted
as in Equation (1), the U-PCDM metric satisfies the boundedness property: 0< Dy popy <1.
Proof of Proposition 1. Since the value range of any CDF is [0,1], it follows that

1
Dy pepm = 2j0

tween two CDFs is 0.5 (occurring when the distributions are entirely non-overlapping).

F, (u)- u|du > 2.[01 0du = 0 . The maximum possible area difference be-

With the normalization factor of 2, the maximum value becomes 1. Therefore,
0<Dypepy <1.0

Proposition 1 proves the boundedness of the U-PCDM metric, which is a desirable
property as it eliminates the influence of varying physical dimensions and orders of mag-
nitude, thereby facilitating standardized comparisons. Referring to the normalized metric
grade classification proposed by Suo et al. [32], the decision criterion based on the U-
PCDM metric is formulated as shown in Table 3. Note that the decision criteria presented
in Table 3 are empirical reference values derived from the normalized nature of the U-
PCDM metric. However, model validation is intrinsically tied to the intended use and risk
tolerance of the specific application. Therefore, the interval [0.1, 0.25) should be inter-
preted as a “discretionary transition zone”. When the U-PCDM metric falls within this
range, the model should be cautiously accepted or rejected, strictly contingent upon spe-
cific application requirements.

Table 3. Decision criterion based on the U-PCDM metric.

Grade U-PCDM Value Decision
Excellent [0, 0.1) Accept the model
Good [0.1, 0.25) Conditional Acceptance !
Fair [0.25, 0.5) Calibration Required
Poor [0.5,1] Reject the model

! Cautiously accept or reject the model based on application requirements.

2. Consistency
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Proposition 2 (Consistency). Let F and F;Xp be the CDFs of the PCDM wvalues for the

sim
simulation and experimental datasets, respectively. The U-PCDM metric satisfies the following

properties: Dypepy =0 ifand only if F., =F.  almost everywhere.

sim exp

Proof of Proposition 2. The proof is derived based on the PIT theorem and the non-nega-
tivity of the metric norm.

Sufficiency: Assume F, ( p) =F ( p) for all p.Let P be a random variable

sim exp

representing the experimental data. The transformed variable is defined as # =F (P ) .

sim

Since P ~ F;xp and F) ( p) EF;XP ( p) , by the PIT theorem, the variable U ~ U( 0,1) .

—v‘dv=2J.01|v—v|dV=O.

Consequently, D pcpm (

sim ? exp

Necessity: Assume Dy pepy =0, since the integrand |F] (v) —v‘ is non-negative

and continuous on [O, 1] , the integral being zero implies that the integrand must be zero

almost everywhere. This implies that ¥ follows a standard uniform distribution. Ac-

(P)~ U(O 1) then the random variable

cording to the Inverse PIT theorem, if U=F

P must follow the distribution F. . Since P is drawn from F__, it follows that

sim exp /

F. =F, . The proposition holds. o

sim exp
3. Behavior in Limiting Cases

Proposition 3 (Limiting Behavior). In the extreme case where the support of the simulation

distribution €, and the experimental distribution Qexp are disjoint (i.e.,

Q..M Q =(D), the metric approaches its upper bound: Dy popyy —> 1.

'sim

Proof of Proposition 3. Consider the disjoint case where all experimental samples are
strictly smaller (or larger) than the simulation samples. The transformed values

u=F, (P ) will converge to the boundaries of the unit interval: u —0 if P<€,

sim

or u—1l if P>Q. . Consequently, H(En Dy pepm (Dsm Dy )
1 I
lim 2[ —v‘ dv= 2_[ |1—V| dv or ZJ- |O—v| dv=1. This confirms that the
Qi NQey =8 90 0 0

sim

metric effectively quantifies the worst-cases discrepancy. o

4. Invariance to Physical Variable Permutation

Proposition 4 (Invariance to Physical Variable Permutation). Let Y€ R”" be the re-
sponse matrix. The U-PCDM metric is invariant under arbitrary variable permutation. Formally,
for any transformation 'Y =YP , where P is a VXV permutation matrix, the condition

D,

U PCDM( sim? exp) U PCDM( sim? exp) holds.

Proof of Proposition 4. Let Y be the standardized joint data matrix. The permuted ma-

.. N 7 . . , . .
trixis 'Y = YP. The covariance matrix C  is derived as
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C'= ;(S_{P)T(VP) —pr Ly ¥ p=picP.
-1 N -1
Since P isorthogonal, (P" =P ), C' and C are similar matrices. According to
the spectral theorem, similar matrices share the same characteristic polynomial and, con-

sequently, the same set of eigenvalues. Since the weighting factors 7, (Equation (8)) de-

pend solely on the eigenvalues, and the principal component projection represents the
same subspace (up to axis reordering which is aggregated by summation), the final scalar
metric remains invariant. o

It is worth noting that while Proposition 4 guarantees invariance from a strict linear
algebra perspective, the practical implementation of the AE-FSV layer involves neural
network training, which introduces inherent stochasticity (e.g., random weight initializa-
tion). Consequently, minor fluctuations in the final U-PCDM value may be observed
across different training runs even under invariant transformations.

5. Temporal Permutation Sensitivity

Unlike traditional validation metrics that rely solely on statistical distribution infor-
mation (and are thus permutation-invariant), the U-PCDM metric is sensitive to the se-
quential order of field points (stemming from the sequential feature extraction mechanism
of the AE-FSV layer). Mathematically, for any L X L non-identity permutation matrix

Q, the metric generally satisfies

Nsim Nexp

DU»PCDM ({QYS(Q]} {QYe(;;} ) # DU—PCDM (Dsim > Dexp) (26)

b
i=1 j=1

This sensitivity is a deliberate design choice based on the nature of the data. Admit-
tedly, permutation invariance is a virtue when the validation scope is restricted to global
statistical attributes (e.g., confirming the normality of observation noise), where the tem-
poral sequence is irrelevant. However, for MVFR, the temporal topology encodes critical
physical information such as causality and transient evolution. A metric satisfying tem-
poral invariance would inherently fail to distinguish between a correct signal and its “tem-
porally permuted” version, leading to false acceptance. Therefore, U-PCDM strictly pe-
nalizes discrepancies in dynamic evolution, preserving the physical integrity of the vali-
dation.

3. Case Studies
3.1. Numerical Cases
3.1.1. Validation of the AE-FSV on Transient Data

Traditional FSV methods tend to yield distorted results when analyzing transient re-
sponse data. To validate the enhanced performance of the AE-FSV method on such prob-
lems, this paper employs three representative transient response benchmark cases (Case
1, Case 2, Case 3) derived from Reference [33], as shown in Figure 5. These three datasets
cover non-stationary characteristics of transient response data such as abrupt transients
and high-frequency fluctuations, which can effectively verify the robustness of the AE-
FSV method.
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Figure 5. Three representative transient response benchmark cases cited from Reference [33]: (a)
Case 1; (b) Case 2; (c) Case 3.

In each case, “Data 1” is treated as experimental data, while “Data 2” is regarded as
the simulation data to be evaluated. To train the neural network of AE-FSV, amplitude
fluctuations and random noise were added to the original data to construct a synthetic
simulation dataset, which was used as the training set. Figure 6 presents the time-fre-
quency analysis of the signal decomposition results of the experimental data in Case 1
obtained by AE-FSV. In the time domain (Figure 6a), the extracted trend feature accurately
captures the dominant transient dynamic characteristics, including the steep rising edge,
main peak, and subsequent damped oscillation. The detail feature fluctuates with low am-
plitude around 0, which is visually similar to random noise. In the spectral analysis
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Time Domain Decomposition

(Figure 6b), the Power Spectral Density (PSD) of the trend feature almost overlaps with
that of the original signal at low frequencies (0-0.05 Hz), confirming that the AE preserves
the core physical energy. At higher frequency bands (>0.2 Hz), the energy of the trend
feature attenuates naturally, while the detail feature exhibits a broadband energy distri-
bution without obvious harmonic peaks. This spectral characteristic confirms that the de-
tail feature is mainly composed of random noise without physical regularity or incoherent
high-frequency errors, rather than dynamically meaningful features with physical signif-
icance. This verifies the rationality of signal decomposition by the AE.

Spectral Energy Distribution

—— Original Signal 104 —— Original PSD

=== Trend === Trend PSD

...... Detail s -==+== Detail PSD
10 71

Power Spectral Density (V?/Hz)

200

400 600 800 1000 0.0 01 02 03 0.4 05
Time Step Frequency (Hz)
(a) (b)

Figure 6. Time-frequency analysis of the signal decomposition results of the experimental data in
Case 1 obtained by AE-FSV. (a) Time domain: The extracted “Trend” feature accurately captures the
dominant transient dynamics (e.g., the main peak), while the “Detail” feature consists of residual
fluctuations. (b) Spectral domain: The “Trend” feature retains the core low-frequency physical en-

ergy (<0.2 Hz), whereas the “Detail” feature shows a broadband distribution characteristic of noise.

Table 4 compares the evaluation results of these datasets across industry experts, tra-
ditional FSV, Dynamic Time Warping (DTW) [34,35], and the proposed AE-FSV. Among
them, DTW, as a classical time-series similarity measurement method, is also included in
the comparison. It can be seen that, in all three cases, the evaluation results of the AE-FSV
method are highly consistent with those of industry experts, while the traditional FSV
method exhibits significant deviations from expert consensus in Case 2 and Case 3. Mean-
while, the results of DTW suggest that the curve consistency of Case 3 is superior to that
of Case 2, which also contradicts the conclusions of industry experts. This indicates that
the AE-FSV method exhibits superior robustness when dealing with transient response
problems where the traditional FSV and DTW fail.

Table 4. Comparison of evaluation results with expert assessment as the ground truth. The pro-
posed AE-FSV aligns consistently with expert consensus across all transient cases, whereas Tradi-
tional FSV and DTW exhibit significant deviations in Cases 2 and 3.

Case Expert Evaluation! Traditional FSV ! DTW AE-FSV
1 Very Good Very Good 2 0.227 0.138 (Very Good)
2 Good Fair 1.628 0.256 (Good)
3 Very Good Fair 1.983 0.181 (Very Good)

! Data source: Reference [33]. 2 According to the IEEE Std 1597.1 standard [26], FSV metric values
have clear grade classifications: “Excellent” (<0.1), “Very Good” (0.1-0.2), “Good” (0.2-0.4), “Fair”
(0.4-0.8), “Poor” (0.8-1.6), and “Very Poor” (>1.6).
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3.1.2. Hyperparameter Sensitivity Analysis of U-PCDM

To evaluate the robustness of the U-PCDM metric, a sensitivity analysis of four key
hyperparameters is conducted in this subsection. First, an MVFR system with five coupled
physical variables (¥ = 5) and 201 time steps (L = 201) was constructed, as shown in
Equation (27).

Y =xe " -cos(x,t)+ €
¥, =X, sin(2¢)- [1 + 0.5c0s(x4t)] +e

¥y =0.2x,¢+0.3sin(10x,0) + € 27)
V4 :mﬁ' 0.1x3 COS(O.St) + &

¥s =(x +x;)sin +(x, +x, ) cos(3¢)

where responses y, (¢), y,(t), y5(¢), y,(t) and y, () are all functions of time,
with a domain of ¢e [0, 1 O] and a sampling step of At = 0.05 . Model parameters X,

X,, X, and X, are subject to random uncertainties and follow specific probability dis-

tributions. The &€ represents observation noises, governed by a Gaussian distribution

with zero mean and a standard deviation of O, .

Two sets of test models (P1 and P2) with model parameters following different prob-
ability distributions were designed (as shown in Table 5). Among them, P1 is used to gen-
erate synthetic experimental data and P2 is the model to be validated.

Table 5. Uncertainty information of model parameters in Model P1 and P2.

Model No. X, X, Xy X,
P1 N(2,0.1%) N(5,0.2%) N(1,0.05*)  N(0.5,0.02%)
P2 N(1.9,0.1°)  N(5.1,02%°)  N(0.950.05°) N(0.52,0.02°)

Figures 7-10 show the hyperparameter sensitivity analysis of U-PCDM under four
different scenarios. These scenarios vary in terms of sample size, noise level, and dimen-
sionality (controlled by selecting specific response variables. The analysis focuses on four
hyperparameters: the cumulative contribution rate threshold 77, the bottleneck layer ra-

tio ¢, , the number of training epochs E . and KDE bandwidth scaling factor «, .
The analysis yields the following insights:
e Cumulative Contribution Rate Threshold (77 ): It can be seen from panels (a) of Fig-

ures 7-10 that, whether in the scenarios of large samples or small samples, large noise
or small noise, or high-dimensional or low-dimensional responses, U-PCDM shows
a step-like change with increasing 77 and converges around 77 =0.9. This indicates

that when 77 = 0.9, sufficient information can be retained while reducing the data

dimension and computational load.

e  Bottleneck Layer Ratio ( ¢z, ): It can be seen from panels (b) of Figures 7-10 that, in all
cases, U-PCDM remains basically stable when ¢, is less than 0.45. Therefore, set-
ting ¢, to0.25is reasonable.

e Number of Training Epochs (£, ): It can be seen from panels (c) of Figures 7-10

that U-PCDM is greatly affected by E . .When E . is less than 300, U-PCDM

decreases or increases with the increase of E

train

and, at this time, the AE is in an

train
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underfitting state, leading to an incorrect underestimation of the discrepancy be-

tween simulation and experimental data by U-PCDM. When E is greater than

train
300, the rate of change slows down, and U-PCDM reaches a phased stability around
E. .. =500.When E . is greater than 550, U-PCDM increases slightly, and there

is a risk of overfitting at this time. Consequently, taking E . =500 is a relatively

reasonable choice.
e KDE Bandwidth Scaling Factor (¢, ): It can be seen from panels (d) of Figures 7-

10 that, in all cases, the results of U-PCDM are insensitive to variations in ¢, .
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Figure 8. Hyperparameter sensitivity analysis of U-PCDM: scenario of large samples, small noise,
and low dimensions (N ;, =2000, N, =200, o, =0.001, V' =3): (a) cumulative
contribution rate threshold 77 ; (b) bottleneck layer ratio ¢r, ; (c) number of training epochs E . ;
(d) KDE bandwidth scaling factor ¢ . -
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Figure 10. Hyperparameter sensitivity analysis of U-PCDM: scenario of large samples, large noise,
and high dimensions (N, =2000, N =200, o, =0.005, V' =5): (a) cumulative
contribution rate threshold 77 ; (b) bottleneck layer ratio ¢r, ; (c) number of training epochs E . ;

train

(d) KDE bandwidth scaling factor ¢ . -

3.1.3. Effectiveness of U-PCDM in Numerical Examples
This section establishes an MVER system, as defined in Equation (28):

t)=x.sin2t+x cos3t+&
{yé( ) s 6 (28)

¥, (¢) =x; c0s2t + x,sin 3¢ +0.5x, + €

where responses y (¢) and y, () are both functions of time, with a domain of

te [0,10] and a sampling step of At = 0.1.Model parameters X; and X, are subject

to random uncertainties and follow specific probability distributions. The £ represents
observation noises, governed by a Gaussian distribution with zero mean and a standard

deviation of 0, =0.001.

To evaluate the effectiveness of the U-PCDM metric, six sets of test models (M1-M6)
with model parameters following different probability distributions were designed. Spe-
cifically, M1 serves as the benchmark model, and its responses are used to generate syn-
thetic experimental data for calculating the validation metrics of each model. During the
validation process, the sample sizes of the experimental and simulation data are set to 200
and 2000, respectively. The point cloud visualization of the sample distribution for M5
versus the experimental data is illustrated in Figure 11.

4

x M5
Experiment

3

2
~
>

1

0

-1

Iz

Figure 11. Point cloud visualization of the sample distribution for Model M5 and experimental data.
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Table 6 details the parameter distributions of each model and compares the perfor-
mance of the proposed U-PCDM against MD-pooling [10], COPMYV [13], the Energy-Dis-
tance-based metric (ED) [12] and a variant of U-PCDM where the AE-FSV layer is replaced
by DTW (denoted as U-PCDM-DTW).

As shown in Table 6, MD-pooling, COPMYV and the proposed U-PCDM method yield
the same ranking of the six models: M1 < M2 < M5 < M4 < M3 < M6. This consistency with
the established MD-pooling benchmark confirms the accuracy of the U-PCDM metric in
validating MVFR models. However, ED and the U-PCDM-DTW method provide diver-
gent rankings, which are M2 < M1 < M5 < M3 < M4 < M6 and M1 < M2 <M5 <M3 < M4 <
M6, respectively. Since M1 is the correct model, the conclusion from the ED results that
M2 is superior to M1 is incorrect. It can also be observed that the ED and U-PCDM-DTW
methods disagree with the other methods in the ranking of M3 and M4. From the perspec-
tive of ranking consistency with the benchmark method MD-pooling, the effectiveness of
ED and the U-PCDM-DTW in this MVFR system case appears limited.

From the average computation time of the two methods, the time consumption of the
U-PCDM is approximately 9% of that of the MD-pooling and COPMV method and ap-
proximately 20% of that of the ED and U-PCDM-DTW, demonstrating a significant im-
provement in computational efficiency. This marked reduction in runtime is primarily
attributed to the efficient dimensionality reduction achieved by the JPCA layer and the
compact feature extraction of the autoencoder within the AE-DLFE framework.

Table 6. Comparison of parameter distributions and metric results across different models (V = 2,

L=101, N, =2000, Nexp =200, O, =0.001). The proposed U-PCDM yields a

model ranking identical to the benchmark MD-pooling method and shows superior efficiency.

Model No. Model Parameters MD-Pooling (Normalized to [0, 1) COPMV ED U-PCDM-DTW U-PCDM (Proposed)

~N(1,0.05
M1 ( ) 0.042 0.013  0.0022 0.038 0.041 (Excellent)
~N(0.5,0.02%)
~N(1,0.053
M2 ( ) 0.063 0.017  0.0020 0.043 0.044 (Excellent)
~N(0.5,0.022*)
~N(1,0.07?
M3 ( ) 0.358 0.093 0.017 0.285 0.348 (Fair)
~N(0.5,0.03%)
~N(0.96,0.05%
M4 ( ) 0.326 0.063  0.165 0.317 0.293 (Fair)
~N(0.48,0.02°)
0.96,0.053
M5 ( ) 0.240 0.039  0.152 0.244 0.291 (Fair)
~N(0.48,0.022%)
~N(0.9,0.05°
Meé ( ) 0.991 1.521 0.602 0.990 0.935 (Poor)
~N(04,0.02°)
Average computation time 66.93 s 66.19s 29.07 s 2991 s 5.86s

Furthermore, to further study the sensitivity of the validation metrics to data struc-
ture, both block-wise time-series shuffling (as illustrated in Figure 12) and variable-order
shuffling operations were performed on the data from Model M5 and the experimental
data. The results are presented in Table 7. As can be seen, the values of the three metrics
(MD-pooling, COPMV, and ED) remain unchanged under both perturbations. This
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confirms that they primarily rely on the statistical distribution of the data and are insen-
sitive to the evolutionary logic of the time series, which is a significant limitation for as-
sessing temporal data. On the other hand, both the U-PCDM-DTW and U-PCDM metrics
exhibited changes in their values after time-series shuffling. This temporal sensitivity in-
dicates their capability to capture time-structure information. The value of U-PCDM-DTW
remains unchanged after variable-order shuffling, demonstrating the permutation invar-
iance property of the JPCA layer. Although theoretically, U-PCDM shares the same vari-
able-order permutation invariance as U-PCDM-DTW, its value changed after variable-
order shuffling in this instance. This minor discrepancy is attributed to the stochasticity
inherent in the AE training process, rather than a structural flaw in the metric itself.
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Figure 12. Comparison of samples for M5 and experimental data before and after block-wise time

series shuffling.

Table 7. Comparison of metric values before and after time-series and variable-order permutations.
Note that U-PCDM exhibits sensitivity to temporal shuffling (changing from 0.291 to 0.271), demon-
strating its capability to capture dynamic evolution. In contrast, benchmark metrics like MD-pooling

remain invariant, indicating an inability to detect temporal structural discrepancies.

MD-Pooling COPMV ED U-PCDM-DTW U-PCDM (Proposed)
Original Value 0.240 0.039 0.152 0.244 0.291
After Temporal Shuffling 0.240 0.039 0.152 0.234 0.271
After Variable Shuffling 0.240 0.039 0.152 0.244 0.307

3.1.4. Study on the Small-Sample Stability of U-PCDM

To study the impact of random uncertainty introduced by limited experimental data
on validation results, a convergence study was conducted using M5. Figure 13 depicts the
distribution of validation results of the U-PCDM, MD-pooling, COPMV, ED and U-
PCDM-DTW methods under different experimental sample sizes. The boxplots generated
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by 200 independent Monte Carlo repeated trials for each sample size scenario intuitively
reflect the statistical dispersion of the metrics.

1.0
U-PCDM (proposed)
N U-PCDM-DTW
0.81 w77 MD-pooling
% ws COPMV
§ KX  Energy Distance
2 0.6
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Number of Experimental Samples (Nexp)
Figure 13. Distribution of metrics results under different experimental sample sizes. The diminish-

ing dispersion (box height) indicates that U-PCDM achieves convergence stability comparable to

the benchmark MD-pooling when experimental samples reach at least 40.

From the results, when experimental data is scarce (fewer than 20 samples), all met-
rics exhibit large interquartile ranges (high box heights) and significant fluctuations, indi-
cating that sampling uncertainty dominates the validation results rather than the model
errors. When the experimental sample size exceeds 40, the dispersion for all metrics di-
minishes significantly and converges to a stable state. Therefore, for the model validation
of MVER studied in this paper, it is recommended that the experimental sample size be at
least 40 to obtain robust validation results. Admittedly, the dispersion of the U-PCDM is
slightly higher than that of other methods in the small-sample regime; however, this is a
reasonable trade-off for its superior computational efficiency and enhanced capability in
identifying temporal structural discrepancies, without compromising stability once the
sample size sufficiency is met.

3.1.5. Computational Complexity Analysis

To rigorously assess computational efficiency, an asymptotic complexity analysis is
performed for U-PCDM and the benchmark MD-pooling method. The analysis considers

the following key parameters: the number of simulation samples N experimental

samples N, field length L, number of physical variables }, and the number of re-
tained principal components in the JPCA layer m (where m < V).

The computational cost of U-PCDM is governed by its dual-layer feature extraction
architecture, with the primary load concentrated in the second layer (Autoencoder train-
ing). Layer 1 (JPCA) involves computing the covariance matrix of the joint dataset and
performing  eigen-decomposition. =~ While  the  theoretical  complexity is

O((Ng + N

contexts where the number of variables V' is significantly smaller than the field length

o) LV ?), the computational overhead is negligible in typical engineering

L . Layer 2 (AE-FSV) is the computational bottleneck. For the m retained principal
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component channels, ” independent autoencoders are trained. Given the specific net-
work architecture, the asymptotic complexity for this phaseis O(m - N -E . -L).A
distinct advantage of U-PCDM is that the Kernel Density Estimation (KDE) is performed
only once on the final aggregated scalar metric, adding a minimal complexity term of
O(Ng, log N, ). Consequently, the total complexity of U-PCDM scales linearly with

the field length L, and the computational cost is driven moreby N thanby L.

train

sim

In contrast, the MD-pooling method requires calculating the Mahalanobis distance
and performing KDE independently at each of the L time points. The asymptotic com-

)-L- Vz) , and, crucially,

) . As a result, the computational

plexity includes terms for distance calculation, O((N,, + N
log N
burden amplifies significantly when both the field length and sample size are large.

exp

repetitive statistical estimation, O(L- N, sim

Table 8 presents the average computation time across different complexity scenarios
(where V' =2 corresponds to the model in Section 3.1.3, and ¥V =35 corresponds to
Section 3.1.2). Comparing Case 1 and Case 4, it can be observed that the computation times

for MD-pooling, COPMYV, ED, and U-PCDM decrease as the sample size drops. This indi-

cates that, for these methods, computational cost is more sensitive to Nin than to L.
Comparing Case 1 and Case 5, the computation times for MD-pooling, COPMYV, ED, and
U-PCDM show a linear increase, whereas U-PCDM-DTW remains computationally pro-
hibitive.

Across all the high-dimensional scenarios (Case 1, Case 3 and Case 5), U-PCDM (pro-
posed) consistently maintains the lowest computation time with minimal fluctuation. This
demonstrates that U-PCDM is the most robust against increases in system complexity,
achieving optimal computational efficiency for high-dimensional multivariate functional
responses.

Table 8. Average computation time comparison under different complexity scenarios. Notably, U-
PCDM consistently maintains the lowest computation time across high-dimensional scenarios
(Cases 1, 3, and 5), demonstrating its superior computational efficiency and scalability compared to

the benchmark MD-pooling.

MD-Pooling COPMV ED U-PCDM-DTW U-PCDM (Proposed)

Case 1: { V=2 L=10L, 66.93 s 66.19s 29.07s 29.91s 5.86 s
N, =2000, N, =200 ‘ ‘ ' ' '

Case 2: { V=2 =100 1.04s 1.04s  033s 3.055 2.07 s
N, =200,N_ =20 : . . . )

Case 3: { V=2 L=1001 677955 675635 4591s  2914.17s 28.57's
N, =2000, N, =200 ' ‘ ' ' '

Case 4: { V=2 L= 1001 10.25s 10.26s 045 295.03 s 414s
N, =200,N_, =20 . . . . .

Case 5: { V= L=101 103.55s  103.39s 40.14s  24053s 1495
N, =2000,N_, =200 ' ' ' ' '

3.2. Complex Model Validation Case: NASA Almond RCS Model

This section applies the proposed U-PCDM metric to a complex model validation
scenario in the field of computational electromagnetics. The validation object is the NASA
Almond model [36] for Radar Cross-Section (RCS) simulation, whose geometric structure
is shown in Figure 14.
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Figure 14. Geometric structure of the NASA Almond model.

The model response is an MVER with two variables and a field length of 901 sam-
pling points. Regarding the specific simulation settings, the operating frequency is fixed
at 7 GHz. The excitation source is defined as a plane wave incident in the xy plane (eleva-
tion angle 8 =90°). To capture comprehensive scattering characteristics, the simulation
employs dual-polarization modes—Horizontal-Horizontal (HH) and Vertical-Vertical
(VV). Consequently, for each polarization, the RCS response curves are obtained by scan-
ning the azimuth angle @ from 0° to 180° with a step size of 0.2°.

In this case study, the material parameters of the model —relative permittivity &,,

relative permeability [/, , and coating thickness / —are treated as uncertainty varia-

bles. To evaluate the performance of the validation metric, two sets of models were con-
structed, as detailed in Table 9. Among them, the “Accurate Model” is used to generate
synthetic experimental data and the “Biased Model” is regarded as the simulation model
to be validated. Simulations were performed using the solver of Altair Feko 2022 (Altair
Engineering Inc., Troy, MI, USA), yielding 24 response samples of the accurate model and
256 response samples of the biased model, as shown in Figure 15.

Table 9. Uncertainty information of model parameters in the RCS case.

Model Name £ U, h  (mm)
Accurate Model U (19.00, 23.00) U (1.00, 1.20) U (0.60, 0.70)
Biased Model U (1634, 24.51) U (0.86,1.29) U (0.40, 0.70)
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Figure 15. RCS response samples of the accurate model and biased model.

The validation results are listed in Table 10. It can be seen that the calculation result
of the proposed U-PCDM metric is 0.340, which is highly consistent with that of the bench-
mark method MD-pooling (0.317). According to the decision criterion defined in Table 3,
this result belongs to the “Fair” grade, indicating that the biased model has significant
deviations and should not be directly accepted. Instead, model calibration should be per-
formed first before re-validation. In terms of computation time, the calculation time of the
proposed U-PCDM metric is approximately 5.88 s, only 48% of that of MD-pooling (12.32
s). This result further corroborates the conclusion drawn in the numerical examples: the
proposed method significantly enhances computational efficiency while maintaining high
validation accuracy in complex engineering applications.

Table 10. Comparison of validation results for the NASA Almond RCS case. Note that the U-PCDM
metric yields a value highly consistent with the benchmark MD-pooling (0.340 vs. 0.317), confirming
its accuracy. Moreover, it reduces the computation time by approximately 52% (5.88 s vs. 12.32 s),

demonstrating its efficiency for complex engineering applications.

MD-Pooling (Normalized) U-PCDM
Validation result 0.317 0.340 (Fair)
Computation time 12.32's 5.88s

4. Discussion

In this paper, we have systematically explored model validation methods for MVEFR.
A critical insight identified is that for complex simulation systems with MVFR outputs,
model validation faces the challenge of coupled physical and field correlations. The pro-
posed AE-DLFE method and the U-PCDM validation metric effectively address these is-
sues. This section further elaborates on the theoretical properties, performance ad-
vantages, and methodological characteristics of the proposed framework.

4.1. Superiority of AE-FSV

For functional responses, traditional FSV methods usually rely on FFT and fixed fil-
ters for signal decomposition. As shown in the transient case of AE-FSV (Table 4), when
processing non-stationary signals containing abrupt transients or high-frequency fluctua-
tions, traditional methods often produce results inconsistent with expert judgments. Alt-
hough some researchers have introduced theories such as Wavelet Transform [29] and
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Reassigned Smoothed Pseudo Wigner-Ville Distribution (SPWVD) [28] for improvements
and achieved certain results, their performance is highly dependent on expert prior
knowledge for hyperparameter selection, lacking generalization ability across different
physical domains.

In contrast, the proposed AE-FSV method constructs a data-driven nonlinear filter
using an autoencoder. By capturing latent physical dynamics from the simulation data
itself, the autoencoder can adaptively separate trend features and detail features. As
demonstrated in Table 4, this intelligent algorithm enables the AE-FSV method to over-
come the limitations of traditional methods, adaptively apply to various physical prob-
lems, and provide evaluation results highly consistent with expertse cognition, thereby
significantly enhancing the robustness of feature extraction.

4.2. Necessity of Dual-Layer Decoupling

For MVEFR, a core finding of this study is the necessity of processing physical and
field correlations separately. Existing validation metrics often conflate these correlations
or neglect one entirely. As shown in the time-series and variable-order permutations ex-
periment (Table 7), the benchmark MD-pooling method, along with COPMV and ED, is
permutation-invariant because these methods primarily rely on global statistical distribu-
tions. However, from the perspective of model validation, the temporal evolution of re-
sponses carries critical physical information. The proposed U-PCDM metric effectively
identifies the temporal structural discrepancies caused by shuffling, demonstrating its
sensitivity to field correlations.

Furthermore, distinct from ensemble learning approaches (e.g., [37]), which aggre-
gate multiple homogeneous models to enhance prediction accuracy, the U-PCDM frame-
work integrates distinct functional modules—JPCA, AE-FSV, and u-pooling—to system-
atically address the dual-coupling challenge. This integration is designed based on the
mathematical properties of each component, ensuring that both multivariate physical cor-
relations and temporal field discrepancies are decoupled and quantified under uncer-
tainty. Therefore, such a hierarchical combination is not merely an algorithmic aggrega-
tion, but also a structural necessity for valid MVER assessment.

4.3. Computational Efficiency for High-Dimensional Data

In complex engineering scenarios involving uncertainty, validation metrics are fre-
quently embedded within iterative loops for model calibration or optimization, making
computational cost a decisive constraint. The U-PCDM numerical case and the NASA Al-
mond RCS case demonstrate that the computation time of the U-PCDM metric is signifi-
cantly reduced compared to the benchmark MD-pooling method. The asymptotic com-
plexity analysis (Section 3.1.5) provides a theoretical basis for this improvement. While
methods like U-PCDM-DTW and MD-pooling scale drastically with field length and sam-
ple size, U-PCDM maintains a linear scaling relationship.

Specifically, in the high-dimensional scenario (Case 1, Case 3 and Case 5), U-PCDM
(proposed) consistently maintains the lowest computation time. This efficiency improve-
ment is attributed, on the one hand, to the dimensionality reduction capability of PCA,
i.e., by setting a threshold, the number of principal component channels is minimized
while ensuring sufficient information. On the other hand, it benefits from the dimension-
ality reduction capability of the autoencoder, i.e., compressing high-dimensional func-
tional data into compact feature representations before curve discrepancy evaluation and
uncertainty quantification.
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4.4. Noise Suppression Capability

The calculation process of U-PCDM relies primarily on the AE-DLFE framework. On
the one hand, in the JPCA layer of AE-DLFE, minor feature vectors are truncated through
the cumulative contribution threshold, which reduces the influence of non-dominant
noise components to a certain extent. On the other hand, in the AE-FSV layer of AE-DLFE,
the autoencoder isolates high-frequency random fluctuations as part of the detail feature,
and mitigates the influence of noise to a certain extent by weighting the impact of the
detail feature via Equations (17)-(21). The consistent performance of U-PCDM across all
noise-injected numerical examples (Table 6) empirically verifies this capability.

4.5. Conservativeness of U-PCDM

In the calculation of U-PCDM, the entire simulation dataset is used not only for train-

ing, but also for establishing the reference distribution SSim. Theoretically, this might in-
troduce a bias in the simulation representation. However, as observed in both numerical
and engineering case studies, such bias is acceptable. Therefore, U-PCDM can be regarded
as a conservative upper bound of the model error. From a safety-critical engineering per-
spective, a metric that tends to overestimate (rather than underestimate) discrepancies is
preferable, as it reduces the risk of accepting a flawed model (Type II error).

4.6. Limitations and Future Work

Although the proposed method has significant advantages, certain limitations re-
main:

1. Data Dependency: The performance of U-PCDM is partially contingent upon the
quality and quantity of simulation data used to train the neural network during dual-
layer feature extraction, and its stability is also limited by the number of experimental
samples. Although the convergence study (Figure 13) shows that the metric tends to
stabilize with a sufficient number of experimental samples, transfer learning tech-
niques may need to be introduced in the future for scenarios with extremely sparse
data.

2. Training Strategy: The training strategy for the autoencoder employed in this study
is relatively basic. Currently, a standard reconstruction loss and fixed architectural
parameters are used. While this configuration has proven effective for the cases pre-
sented, there is potential for improvement. Future research could investigate ad-
vanced training protocols, such as automated hyperparameter optimization or the
adoption of Variational Autoencoders (VAEs), to further enhance the robustness of
feature extraction for highly complex nonlinear systems.

Furthermore, future work will focus on extending this method to higher-dimensional
spatiotemporal fields or image problems, and exploring the integration of Bayesian neural
networks to further quantify the uncertainty of the feature extraction process itself.

5. Conclusions

To address the challenges of coupled heterogeneous correlations in multivariate
functional response systems, this paper proposes an autoencoder-based dual-layer feature
extraction method. On this basis, a new validation metric (U-PCDM) and a decision crite-
rion are established. The main contributions and conclusions of this paper are summa-
rized as follows:

1. Proposal of the AE-DLFE method: This method effectively decouples heterogeneous
physical and field correlations. The first layer (JPCA) addresses physical correlations
and achieves dimensionality reduction. For field correlations (the second layer), the
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proposed AE-FSV method adaptively extracts the trend and detail features of func-
tional responses and evaluates discrepancies. It demonstrates superior robustness in
handling transient signals compared to traditional methods.

2. Construction of the U-PCDM metric: Based on the AE-DLFE method, a novel valida-
tion metric (U-PCDM) for multivariate functional responses is proposed. Integrating
the u-pooling method, this metric enables a comprehensive evaluation of the distri-
butional discrepancy between simulation and experimental data. Compared with ex-
isting methods, U-PCDM not only has a more rigorous mathematical foundation and
physical interpretability (specifically regarding temporal structure sensitivity), but
also achieves an improvement in computational efficiency on high-dimensional data,
providing an efficient and robust tool for model validation under uncertain environ-
ments.

3.  Establishment of a Decision Criterion based on U-PCDM results: A standardized de-
cision criterion based on U-PCDM results is established. Validated through the com-
putational electromagnetics (NASA Almond RCS) case, the framework successfully
assigns a “Fair” grade to the biased model and provides a clear decision path for
model acceptance or rejection. The results demonstrate that the method has the po-
tential to support real-time or near-real-time decision-making in engineering appli-
cations.
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