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Abstract

Reliable multivariable control is critical for industrial sectors where processes exhibit severe
nonlinearities and interactions. A Continuous Stirred Tank Reactor (CSTR) is a rigorous
benchmark for testing control strategies addressing these complexities. This work first
establishes a linear MIMO mathematical framework to define the specific structure of such
interactive systems. Analysis via phase planes and steady-state analysis reveals low con-
trollability, bistability, and strong coupling, leading to the collapse of traditional decoupled
control schemes. To address these issues via multivariable control, we propose a centralized
MIMO RST control structure synthesized via a Matrix Fraction Description (MFD) and
the extended Bézout equation. Simulations for performance evaluation and comparison
highlight the following key findings: (1) the centralized RST maintains stability and track-
ing precision in regions where decentralized RST loops fail; (2) it exhibits performance
comparable to the Augmented State Pole Placement with Integral Action (ASPPIA) method
and outperforms the standard Model-Based Predictive Control (MPC) baseline, particularly
during critical equilibrium point transitions; and (3) it offers a robust yet computationally
simple design that provides superior flexibility for pole placement, accommodating future
identification-based models and adaptive tuning. These results validate our algebraic
synthesis as a robust, computationally efficient solution for managing highly interactive
nonlinear dynamics.

Keywords: centralized MIMO control; RST control structure; extended Bézout equation;
process interaction; algebraic synthesis; phase plane analysis; matrix fraction description

MSC: 93C35; 93B55; 93-10

1. Introduction

Accurate control of multiple variables solves safety and efficiency issues in sectors that
range from chemical processes to aerospace engineering. This broad type of application
underscores the pivotal role of cutting-edge control systems. In this vein, the core part of
this paper is the guidance for an advanced control strategy of multivariable chemical plants.
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These processes present an interplay between their variables with a degree of intricacy
that varies from plant to plant. From a system analysis point of view, these are defined
as Multi-Input, Multi-Output (MIMO) processes. The related multivariable control copes
with several measurements and input control signals [1]. The challenge of multivariable
control has spurred significant research into robust control systems that govern high-degree
interactions without detriment to the process performance. In sum, the multivariable
approaches can be divided into decentralized, decoupled, or centralized [2].

A decentralized control approach is characterized by the decomposition of a complex
system into multiple independent Single-Input Single-Output (SISO) control loops. When
variable coupling in the system is weak, decentralized schemes effectively control the
process relying solely on local knowledge about the plant and local feedback. Each SISO
control subsystem is treated as an independent function, allowing for tuning via well-
established classical methods. Getman et al. [3] laid out several techniques available for
tuning multi-loop PI/PID controllers. However, despite their simplicity and widespread
use, classical structures like SISO PIDs often exhibit poor performance in large-scale or
highly interactive systems. A significant contributor to this failure is the challenge of input-
output signal pairing. Incorrect pairing in multivariable systems is a well-documented
cause of instability, persistent oscillation, sluggish responses, control signal saturation, and
poor coordination [4—6]. The recent literature addresses these limitations, presenting new
strategies for the synthesis of decentralized control in multivariable nonlinear systems [7-9].

Severe interactions between process variables often lead to significant performance
degradation in decentralized control schemes. In such cases, advanced MIMO control
strategies become necessary to mitigate these cross-couplings [4]. A primary alternative
is decoupled control, where the designer acknowledges the system interactions and aims
to cancel them mathematically. The objective is to transform the Transfer Function Matrix
(TFM) of the complex MIMO plant into a diagonal or diagonal-dominant matrix, effectively
creating a set of non-interacting SISO plants. Decoupling is typically implemented through
feedforward cancellation of the cross-coupling terms or via feedback laws, often shaped
as static gain matrices [1,10]. The recent literature has focused on enhancing these meth-
ods by integrating optimization techniques. Approaches include decoupling techniques
based on linear programming [11] or the utilization of meta-heuristic algorithms, such
as Particle Swarm Optimization (PSO) [12] and Grey Wolf Optimization [13], to assist in
tuning procedures. With a different approach, dynamic optimal decoupling controls based
on algebraic model-matching have been proposed to ensure that the closed-loop system
mimics the dynamics of a user-defined linear model with suitable performance across the
entire operating frequency range [14]. Further studies have expanded control objectives
beyond addressing cross-coupling to improve energy efficiency, handling parametric un-
certainty and exogenous disturbances while minimizing controller effort to reduce energy
consumption [15].

Centralized multivariable control is a critical area for the advancement of modern
control theory. It fundamentally refers to a structure designed to govern systems charac-
terized by multiple, highly interactive inputs and outputs. Unlike decentralized schemes,
a centralized structure handles the entire set of measured variables simultaneously to
compute coordinated control actions. This coordination allows the controller to effec-
tively cancel the effects of disturbances introduced through any input of the system. While
model-based methodologies are the standard for designing centralized control schemes [16],
the increasing complexity of modern systems requires continuous updates in synthesis
methods. Recent research has introduced novel optimization techniques into tuning pro-
cedures to meet these demands. Consequently, a centralized law must go beyond merely
enhancing stability and efficiency; it must also have adaptive capabilities to maintain
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optimal performance under varying operating conditions and strong coupling effects. Sig-
nificant contributions to this field [4,17-19] have demonstrated the efficacy of centralized
approaches in improving the overall performance of multivariable systems. Notably, strate-
gies based on Deep Reinforcement Learning (DRL) and the Proximal Policy Optimization
(PPO) algorithm have been recently proposed to address the challenges posed by systems
with high variable interaction.

Our paper explores the design of an expanded RST controller structure for multivari-
able systems. The design of RST controllers has garnered attention due to their robust
performance in various control solicitations. This work aims to leverage the features of
a standard control technique that has been proven effective for SISO systems. The scope
of this work is to enlarge its usefulness to more real conditions of MIMO systems. While
standard controllers like PIDs are suitable for many applications, they need more flexibility
for complex control scenarios. RST controllers, with their polynomial structure, execute
better and adapt to a wide range of control problems. Methodologies to design the RST con-
troller typically integrate robust features for identification-based models of the plant [20].
Whenever tuning and executing RST controllers, elaborate procedures have later been
proposed. Refined optimization techniques are sometimes needed to solve these control
laws. The primary objectives of an RST control are consistent tracking of the reference
and robustness.

The design of RST controllers has also evolved through the integration of advanced
algorithmic tuning methods. Optimization-based approaches, such as Particle Swarm Opti-
mization (PSO) [21] and Genetic Algorithms [22], have been applied to tune RST controllers,
verifying precise reference tracking and efficient disturbance rejection in electrical motors.
Comparative studies have further substantiated the advantages of the RST structure over
conventional schemes. Research has demonstrated the flexibility of the RST control in
vector-controlled induction motor drives [23] and highlighted the practical applications of
this structure in industrial settings [24]. In the realm of power electronics, RST controllers
have been proposed to gain stability in DC-DC boost converters [25]. The outlined ex-
amples underscore the extensive and ongoing implementation of this structure to control
varied types of SISO systems.

Our primary objective is to introduce a control technique to effectively manage the
complexities inherent in multivariable industrial processes. To this end, the designed
control is evaluated in a MIMO Continuous Stirred Tank Reactor (CSTR), a cornerstone of
the chemical industry and critical for the production of plastics, pharmaceuticals, and food.
While these reactors aim to maintain a continuous output with uniform properties via per-
fect mixing, they frequently exhibit nonlinear dynamics, inherent instability, steady-states
multiplicity, chaotic dynamics, and nonminimum phase behavior [26,27]. The reactor’s
performance is further influenced by the physical and chemical properties of reactants,
which are categorized as exothermic or endothermic and shift markedly with operating
conditions. Consequently, a CSTR provides a rigorous testing ground where simple linear
models are ineffective. This system has been established as a definitive benchmark for
validating control strategies for the chaotic dynamics and state-dependent parametric
uncertainties [26-28]. Furthermore, rigorous simulation validation is mandatory prior
to experimental implementation to mitigate high risks of thermal runaway and resolve
physical sensitivities without ensuring plant safety and preventing elevated costs [29,30].

To address challlenges for operating CSTRs, control architectures have evolved in
a hierarchy of complexity, starting with fundamental Single-Input Single-Output (SISO)
strategies. At the foundational level, performance evaluations of standard configurations
highlight distinct trade-offs: Single Feedback Configuration (SFC) is functional but limited
in disturbance handling; Cascade Control (CCC) offers fast responses with fine setpoint

https://doi.org/10.3390 /math14040677


https://doi.org/10.3390/math14040677

Mathematics 2026, 14, 677

4 of 39

tracking; and Parallel Control (PCC) demonstrates superior noise management [31]. As
detailed in Table 1, recent approaches have moved beyond static tuning toward intelligent
adaptation, utilizing evolutionary algorithms and control-informed structures to better
manage local loops [32,33]. Additionally, to enhance stability against changing reactor
conditions, mathematical elements such as Smith predictors and fractional order control
are increasingly integrated into these schemes [34-36].

As complexity increases, robust decentralized methodologies (Table 2) have been
proposed to overcome the limitations of standard loops. In specific comparative studies,
techniques such as Active Disturbance Rejection Control (ADRC) and observer-based Slid-
ing Mode Controllers (SMC) have occasionally outperformed traditional approaches in
temperature stability and disturbance rejection tasks [12,37]. However, despite the robust-
ness of these advanced decentralized schemes, they often yield suboptimal performance
in highly interactive scenarios due to the inherent loop coupling of the process [38,39].
The management of this intricate variable coupling remains a focal point of research and

necessitates the shift toward Centralized Multivariable (MIMO) frameworks [6].

Table 1. SISO (Single Input Single Output) control strategies applied to non-linear jacketed CSTRs.

Reference System Control Objective and Challenges  Contribution
Evolutionary Precision temperature GA-ISE tuning reduces
Optimization for PID P rise time and overshoot
Ethyl acetate tuned by Genetic control. Challenge: compared to classical and
Deifalla and Abdalla [40] ylacetat Y minimizing overshoot, pa . -
saponification. Algorithms (GAs). modified Ziegler-Nichols,

Transfer function-based
design.

rise time, and settling
time.

and Tyreus-Luyben
methods.

Ma et al. [41]

Plant with constraints
dependent on temperature
and concentration.

Adaptive Fuzzy
Fault-Tolerant;
time-varying asymmetric
Barrier Lyapunov
Function (BLF) deals with
state-dependent
constraints.

Maintain states within
time-varying limits.
Challenge: actuator faults
and dynamic constraints.

Asymmetric time-varying
BLF enforces safety
constraints, and the fuzzy
systems approximate
unknown dynamics
(nonlinear), ensuring
stability despite faults.

Yoder and Strasser [29]

Radical polymerization of
low-density polyethylene
simulated via CFD.

Active Control
(PID/Fuzzy PID);
integrated directly into the
CFD solver.

Stabilize numerical
simulations prone to
“runaway”. Challenge:
physical and numerical
instability.

Proved active control
allows for stable CFD
results in LDPE reactors.
Fuzzy PID reduced error
and response time
compared to standard
PID.

Wosu et al. [33]

Ethylene glycol
production (hydrolysis).

Linear models for
temperature and
concentration PID SISO
Controls, evaluated
separately.

Optimum production and
stability. Comparison of
manual vs. automated
tuning. Challenge: high
fluctuations and instability
with manual tuning.

Demonstrated that
automated tuning
stabilized the system in
~8 s, whereas manual
tuning failed to stabilize
effectively (>16s).

Chaturvedi et al. [42]

Reaction: A — B.

Nonlinear (Neural
Network); PID-like Neural
Network tuned by PSO
(PSO-NN-PID hybrid
approach)

Minimize MSE in
temperature control.
Challenge: nonlinearities
in classical PID.

Reduced overshoot and

settling time compared to
conventional ZN-PID and
backpropagation methods.

Suo et al. [27]

Exothermic reaction.
Reactor exhibits
multiplicity, oscillations,
and chaos.

Nonlinear Dynamics
Analysis; bifurcation
analysis and split-ranging
operation strategies.

Analyze stability and
output multiplicity.
Challenge: transitions
between stable/unstable
states and operation at
unstable points.

Identified bifurcation
points for safety. Proposed
split-ranging control
(vapor/cooling valves)
and periodic operation to
stabilize unstable regions.

In the realm of centralized control, detailed in Table 3, Model Predictive Control
(MPC) has emerged as the leading technique, providing optimization over future time
horizons [43]. The sophistication of MPC has grown from standard linear formulations to
constrained three-degree-of-freedom MPCs based on local models, designed specifically
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to decouple disturbance effects in interactive CSTRs [38]. At the frontier of complexity,
the field is moving toward hybrid architectures and data-driven Reinforcement Learning
(RL) strategies, such as Deep Deterministic Policy Gradient (DDPG) and Proximal Policy
Optimization (PPO), which demonstrate superior settling times and efficiency [30,44].

Nevertheless, this escalation in complexity brings new challenges. Conventional
linear MPC struggles with plant-model mismatch across wide operating regimes, while
nonlinear MPC and promising Deep Reinforcement Learning (DRL) approaches impose
high computational costs and structural opacity [28,45].

Within this environment, this work extends the RST control design, proven in SISO
applications [46], to a centralized multivariable approach. By offering a robust, transpar-
ent alternative based on flexible pole-placement tuning, we propose a strategy that exceeds
decentralized methods and compares favorably with established centralized schemes in effec-
tiveness while maintaining a relatively simple design compared to data-intensive alternatives.

Our new RST centralized controller is designed to ensure consistent product quality
despite input disturbances and output sensor noise in a wide operating region and initial
conditions. Furthermore, the design is intended to mitigate unmodeled nonlinearities and
the strong cross-coupling between system variables. The control challenges for a numerical
example were identified through static and qualitative dynamic analyses, undertaken prior
to the control design. The literature survey presented here and the proposed controller
underscore the importance of well-designed analytical designs, which can be further
enhanced in future versions through computationally intensive Al optimization or black-

box solutions, as well as the possibility to extend these approaches to other applications.

Table 2. Decentralized multivariable control (multi-loop) strategies.

Reference System Control Objective and Challenges  Contribution
Control-informed Concentration tracking, .
reinforcement learning level regulation, and Stﬁii?elr(ﬁ anla:ﬂ?ic ain
(CIRL). Combines generalization to schedulin )};vithin ﬁle RL
Bloor et al. [32] MIMO CSTR (Reaction A capabilities of PID for trajectories with set points avent im %ove d
' —B—= Q). disturbance rejection and ~ outside the training & P

set point tracking with
deep RL capacity for
nonlinear modeling.

distribution. Challenge:
black-box RL often fails to
generalize.

robustness and
generalization compared
to pure RL and static PID.

Du et al. [47]

Wide operating ranges.

Integrated Multi-PI. Gap
metric-based multimodel
control. Linear-model
design.

Nonlinearity and
disturbances. Challenge:
single PI inadequacy and
computational load of
complex schemes.

Reduces the number of
local models required and
decreases computational
load while improving
closed-loop performance.

Achu Govind et al. [48]

Benchmark MIMO CSTR;
three operating regions.

PIDs based on first-order +
dead time (FOPDT)
structure. Nonlinear
constraint optimization by
Kharitonov-Hurwitz
stability analysis.

Robustness and set-point
tracking. Challenge:
parametric uncertainties
and loop interactions.

Flexibility by imposing
boundary conditions
(closed-loop amplitude
ratio). Robust stability
against parametric
uncertainties,
outperformes BLT and
IMC.

Sainz-Garcia et al. [46]

Three non-isothermal
CSTRs in series with
exothermic reactions.

Adaptive Decentralized;
RS structure +
Youla—Kucera (Q) filter +
Internal Model Principle.
Design based on linear
model.

Disturbance mitigation.
Challenge: handling
disturbances in a narrow
band of frequencies and
unit interactions.

The Q-filter allowed
online adaptation to reject
unknown disturbances of
specific frequencies,
outperforming MPC in
tracking reference
changes.
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Table 3. Centralized multivariable control strategies.

Reference System Control Objective and Contribution
Challenges
Robust MPC; unified
framework via state- Robust stabilization. Guaranteed robust
Van de Vusse CSTR; -1 - .
. ‘ o feedback + LMIs + Ex-  Challenge: avoiding stability against
Okienkova et al. [28] nonminimum phase, . - . .
uncertain tended Kalman Filter. Bilinear Matrix parametric
. Polytopic uncertain Inequalities (BMIs). uncertainties.
prediction model.
Reinforcement
Exothermic CSTR with .Learnmg (PPO); Prevents runaway. Outperf.ormed'I?ID and
. integration of Challenge: continuous ~ NMPC in stability
Yu et al. [30] risk of thermal o .. .
Resilience metrics into  action spaces and under unexpected
runaway. .
the RL reward safety. scenarios.
function.
MPC, 3DoF allows
3-Degree-of-Freedom independent tuning for
(3DoF) with Constrained control of  tracking and

Banerjee et al. [38]

Irreversible exothermic
reaction. Highly
interactive process.

“Model-on-Demand”
(MoD), data-centric
weighted regression
algorithm to generate
local linear models.

conc./temp. Challenge:

directionality and
strong interactions.

disturbance rejection.
MoD leads to local
linear models online,
outpermorming global
ARX.

Rajpoot et al. [44]

Reactions:
k
Al pRcoakp

Reinforcement
Learning (RL); Deep
Deterministic Policy
Gradient (DDPG)
(Reinforcement
Learning for
decision-making).

Transition between
steady states.
Challenge: wide
operating regimes.

Outperforms
NMPC—finite
horizon—in settling
time and general
performance once
trained.

Saidi and Touati [49]

Reaction: A — B.

Dahlin Deadbeat
Internal Multimodal
Control; switching
strategy. Linearization
around three operating
points.

Handles coupling +
delay. Challenge:
tracking across
operating regions.

Multimodal strategy to
select the best local
linear model and
Dahlin Deadbeat
controller. Fast
response.

Revelo et al. [39]

Reactor-Separator-
Recycle; nonsquare (3

Hybrid control:
Davison Method +
Smith Predictor + Gain
Scheduling + PSO.

Control concentration.
Challenge: nonsquare
system, time delays,

Compensates for
delays and
nonlinearities. PSO
fine-tuned Davison

inputs, 4 outputs). Control design uses an and nonlinearit parameters, improves
identified First-Order + ¥ metrics over standard
Dead-Time model. methods.
E?r?j:rﬁlgtion' Avoids overshoot.

Benchmark Transforms llobal Maximizes B yield. Robust rejection of

Hajaya and Shaqgarin [26] CSTR—Van de Vusse; nonlinear dgnamics to Challenge: operational  sinusoidal

exothermic. . y constraints. disturbances via state

linear form for state .
transformation.

control.

The remainder of this article is organized as follows: Section 2 delineates the mathemat-
ical framework detailing the linear model structure of the multivariable plant as the basis
for control synthesis. Section 3 defines the theoretical framework detailing the structure
of the multivariable centralized and decentralized RST ontrollers, respectively, as well as
their associated synthesis methods. Section 4 describes the benchmark system and assesses
its open-loop performance based on phase plane and static analyses, undertaken with the
aim to identify challenges for the control of the multivariable system. Section 5 explains
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the synthesis of centralized and decentralized controllers, respectively. Section 6 presents
the simulated scenarios used to evaluate the controllers” performance. In this section, we
also discuss our results and compare the centralized and decentralized schemes. We also
compare the RST multivariable centralized control and other multivariable approaches
(an Augmented-State Pole Placement with Integral Action (ASPPIA) and an MPC). For
each case, we highlight their strengths and limitations. Finally, Section 7 provides the
conclusions and potential future research directions.

2. Structure of Linear Multivariable Models

In contrast to the scalar case, multivariable systems do not have a unique canonical
realization form. Additionally, a more complex control theory is associated with these
systems. The control challenges of systems with multiple variables are often addressed
using Single-Input, Single-Output (SISO) methodologies in decoupled linear schemes.
However, these approaches may struggle to manage strong interactions between variables
under certain conditions.

We aim to develop and evaluate a MIMO RST control structure for regulating and
tracking nonlinear Multiple Input Multiple Output (MIMO) plants. The original SISO
design of the RST control law is based on a linearized MIMO transfer function model.
Unlike other control structures, both components of the closed-loop system—the plant
and the control law—are represented as blocks of rational polynomial matrices consisting
of polynomial numerators and denominators. To begin, we first introduce the necessary
definitions and notations:

Definition 1. Let K be a field. A polynomial P(s) with coefficients in K and indeterminate s is a
finite sequence (ag, - - - ,an) of elements in K of the form

P(s) = i as" k. (1)
k=0

where n € N. We denote the set of polynomials with coefficients in K as K, [s]. The degree of P is
denoted n = deg(P).

Definition 2. A matrix with entries in K, [s] is called a polynomial matrix function. We denote
the set of such matrices as M(s) € Mpxm (Ky[s]).

Definition 3. Let F(s) be the ring of rational functions g(s) = %((5)), and let ;. (s) be the
ring of proper or strictly proper rational functions. A matrix Gy (s) € Fpr(s)P™™ is said to be a

polynomial rational matrix function.

For a Linear Time-Invariant (LTI) MIMO system, the model of the plant in the form of
a transfer function is

y(t) = G(s)u(t), 2

where y(t) € R? is the output vector and u(t) € R™ is the input vector. In (2), the variable
s is interpreted as the differential operator d/dt. Thus, the expression denotes the linear
differential equation relating the time-domain input u(#) and output y(t) through the
transfer matrix G(s).
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yi(t) up(t)
ya(t) uz (t)
y="" wwm= | ©
yp(t) um(t)
Moreover, G(s) € Fp,(Ky[s])? ™™ is the transfer function matrix of the system, defined
as
gu(s) -+ gum(s)
Gs)=| = . 1 | )
8p1 (s) -+ gpml(s)

Each entry g;i(s) € Fyr(s) is proper or strictly proper V1 <i < pand 1 <j<m:

) = nij(s)
8ij(s) 35(5)" ®)

where n;j(s) € K, [s] and djj(s) € Kq,[s] are defined as

bii—2

b
nij(s) = ) myjxs"i " = mijos’h + a8 A yjosT T 4 gy g + g, (6)
k=0

u,']‘

dij(s) = Z di],lksmj*k = dij,Osmj + dijllsaijfl + dij,zsaij*Z 4+ dij,u,»j—ls + dijrﬂij' (7)
k=0

Here, a;; = deg(d;j(s)) and b;; = deg(n;;(s)), and d;;o = 1 for a monic denominator
dij(s). Recalling (4) and rewriting it in terms of a common denominator D(s) € K,[s],
G(s) € Fpr(Ky[s])P*™ becomes

1
G(s) = m/\/(s)‘ (8)
where
D(s) = f Dis® K =57+ Dys" 1 4 Dps® 2 ... +D,, 9)

k=0
where a = deg(D) and Dy = 1 (D is a monic polynomial). Then, N (s) € My (K;([s]) is
the numerator matrix represented as:

Ni1(s) Nia(s) -+ Niw(s)
wisy = |6 Nle) e Ranld) (10)
Np1(s) Npa(s) -+ Npm(s)

where the matrix entries, V1 < i < pand 1 < j < m, are polynomials in s. Each element
Nij(s) € Ky [s] with g;; = deg(Ni]-) is in turn:

qij
ik iy 1 )
Nl']'(S> = 2 Ni]',ksq” = l-]-,OSq’/ + Nij,lsq’] + Nij,2sql] + -4 Nij,%.i_ls + Nijzﬂij' (11)
k=0

The control proposed in this work is developed under the consideration that the plant
is defined in the form of Equations (8)—(11).
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3. RST Control Law for Multivariable Decentralized and Centralized
Approaches

The RST control structure is a two-degree-of-freedom polynomial regulator that serves
as a robust alternative to classic PI controllers. This architecture can be designed in both
continuous and discrete domains. We adopt a continuous-time approach. The RST control
structure in the canonical form, for a SISO plant, is depicted in Figure 1.

e®) (1| u®) [BE)
r(t) ? ﬁ m y(t)

R(s)

Figure 1. Canonical RST control structure.

The law is composed of two polynomial filters R € K,[s] and S € K,[s], specify-
ing the regulation performance. Additionally, the digital filter T € K;[s] ensures track-
ing [20]. Then, y(t) is the system output, r(t) is the reference, and e(t) is the error Vt > 0.
A(s) € K,[s] is the denominator and B(s) € Kp[s] is the numerator of the SISO trans-
fer function plant G(s) € F(s). As a means to implement the RST control structure, the
canonical RST form is transformed into an arrangement that results in transfer function
blocks. This disposition is more straightforward to implement in simulation for both SISO
and MIMO approaches. Thus, it is generalized in Figure 2, as the framework extends to
multivariable systems with m inputs and n outputs. This work proposes a centralized
MIMO RST structure (Figure 2) based on polynomial matrices. As the SISO counterpart,
the control design relies on the solution of the Diophantine equation derived from the
closed-loop system equation.

[mx1]
TGS |+ e(t) B(s)
t Sl
O —l5@ Z10) 7
[mxn] - [nxm]
R(s)
Ho)
[mxn]

Figure 2. RST control structure for multivariable systems with blocks of transfer functions.

Let a multivariable plant be represented by the transfer function matrix form G(s) €
Fpr(K[s])"*™ outlined in (8)—(11), the development of the MIMO RST control is applicable
in this factorized rational matrix transfer function construction:

G(s) = (12)

with a common denominator A(s) € K,[s] and a polynomial matrix 5(s) € M, xm (Kﬁg [s])
for1 <i < noutputsand 1 < j < m inputs of the system:

A(s) = f Aps" K =%+ Aps* 1 4 Aps® 2 4L+ Agrs + A (13)
k=0
Bi1(s) Bia(s) -+ Biwm(s)
B B .-+ Boy
Bs) = 21‘(5) 22.(5) 2 .(S) ' (14)
Bu1(s) Bua(s) -+ Bum(s)
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where B(s) is the block containing the zeros of the transfer functions within the system. Its
entries are as follows:

Bij
s) =Y ByjxsPi " = ByjosPi + ByjqsPi 4.+ Bij g1 + Bijp,. (15)
k=0

where « = deg(A(s)) and B;; = deg(Bjj(s)) forall1 <i < nand 1 < j < m. Then, the
MIMO RST control loop is given in Figure 2. S(s) denotes a unique monic polynomial:

o
5) =Y Sis" K =57+ 515" 1+ 557 2+ ...+ S,15+ S, (16)
k=0

where ¢ = deg(S(s)). The blocks R(s) and 7 (s) are polynomial matrices with proper
ranks and with the following structure:

Ri1(s) Ria(s) --- Ryu(s) Tii(s) Tia(s) -+ Tru(s)
R(s) = R21:(S) Rzzz(s) ' Rzn:(s) T = T21;(S) Tzz:(s) ' T2n:(s) ' an
Ry (5) Ry (S) <o+ Ry (5) T (S) Tino (S) o Tyn (5)

where R(s) € M xn (Kpij [s]) is the feedback controller block and 7 (s) € Myxn ( Ky, [s])
is the feedforward block. Each entry of these matrices is a polynomial in the s domain. For
1 <i <minputsand 1 < j < n outputs, the entries are as follows:

Pij
ok y 1
s) = Z Rl']',kspl] = Rij,osp’/ + R,‘]‘,lsp'] +...+ Rij,p,-,-fls + Ri]',pi]" (18)
k=0
Tij
s)=Y. Tij,ksTif—k = T8 + Tyjas% ' + ...+ T ;-1 + Tij g (19)
k=0

where p;; = deg(R;j(s)) and 7;; = deg(Tjj(s)), and R;jx and Tj;; are the coefficients in K
of the polynomials, with indeterminate s. The closed-loop system leads to an extended
Bézout equation in terms of polynomial matrices:

e(t) = T(s)r(t) ~ R)y(0) (200)
y(1) = (o) (20p)
u(t) = 5relt) (200

Then, by substituting (20c) into (20b), and substituting (20a) into the resulting expression:

() = 4 557
B(s) (21)
= G5 (T ~ REY(),
A(s)S($)]ay () = B(s)(T (s)x(t) = R(s)y(t)), (22)
where J is the all-ones matrix with appropriate dimension. Rearranging,
(A(s)S ()] + B(s)R(s))y(t) = B(s)T (s)x(#). (23)
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This leads to the formulation of an extended Bézout Equation (26) in terms of the

reference model D(s) € M,y (Kpi]. [s]) , which defines the desired behavior of the system
and has the following structure:

Dii(s) Dia(s) -+ Dinls)
D(s) = D21'(5) Dzz'(s) : Dzrf(s) (24)
Di(s) Dna(s) -+ Dunl(s)
Each element of D(s) has the following form:
Tij
Dji(s) = k;) Djjs™i 75 = Dyjos™ + Dyjas i 4+ Dij a5+ Dyjy (25)
A(s)S(s)],, + B(s)R(s) = D(s). (26)

Through this equation, the control law is designed by seeking a proper S(s) poly-
nomial and suitable R(s) and 7 (s) polynomial matrices, calculated to meet the desired
performances. To succeed in the control implementation, the associated blocks are ex-
pressed in the form of transfer functions by using matrix blocks with rational polynomial
entries arranged as in Figure 2.

The synthesis procedure used to solve the polynomial matrix Equation (26) is what we
call an algebraic synthesis. The problem of finding the controller matrices R(s) and S(s) is
transformed into a system of linear algebraic equations by equating the coefficients of the
same powers of s on both sides of the Diophantine equation. This leads to the linear system:

Ms-60=dg, (27)

where d; is a vector containing the coefficients of the desired closed-loop polynomial matrix
D(s), and 0 is the vector of unknown coefficients belonging to the controller polynomials
matrices S(s) and R(s). Mg is the generalized Sylvester matrix, constructed using the
coefficients of the plant matrices A(s) and B(s) arranged in a block-Toeplitz structure. For
a multivariable system, solving (27) provides the precise controller parameters to achieve
the pole placement defined by D(s).

The decentralized control strategy can be derived as a particular case of the centralized
framework described above. In a decentralized approach, the multivariable system is
treated as a set of independent SISO loops. This implies that the cross-coupling terms in the
system and the controller are negligible or compensated. Consequently, only the diagonal
elements of the polynomial matrices are considered active. Let m = n and the matrices
B(s), R(s), and D(s) be diagonal matrices, where the interaction elements are neglected,

such that:
B(s) ~ diag(B1(s), ..., Bun(s)), (28)
R(s) = diag(R11(s),- .., Run(s)), (29)
D(s) = diag(D11(s),- .., Dun(s)). (30)

By applying these constraints, the closed-loop transfer function from (23) reduces to
the classical SISO expression for each loop i:

yi(t) Bii(s) Tii(s) _ (31)
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Similarly, by applying these constraints to the generalized MIMO Bézout Equation (26),
the matrix equation decouples into n scalar equations for n independent loops. For the
i-th control loop, where i = j, the relationship simplifies to the standard SISO Diophantine
equation, for 0 <i <mn

A(s)S(s) + Bii(s)Rii(s) = Dii(s)- (32)

This simplification demonstrates that the decentralized SISO controllers are struc-
turally embedded within the proposed centralized MIMO RST framework.

4. CSTR Modeling, Open-Loop Performance and Control Challenges
Identification

The Continuous Stirred Tank Reactor (CSTR) is a relevant system in process control
practice. As mentioned before, its nonlinear behavior can give rise to a multiplicity of
steady states. Its multivariable nature is the source of significant interaction between
variables. It is also prone to exhibit nonminimum phase behavior in the time domain and
can be unstable or possess time delays. The complex performance of CSTRs makes their
control and optimization significant challenges. This paper proposes an RST centralized
controller to be evaluated in the operation of a CSTR. A preliminary analysis of the system
can provide indications of the complexities of control. The system is examined using both
its nonlinear and linearized models.

4.1. Nonlinear Model and Parametrization of a CSTR

The dynamic simulation of the MIMO CSTR plant is driven based on the nonlinear
model and parameters by [50]. The model obeys the dynamic mass and energy balances set
for the CSTR. It considers a single exothermic and irreversible reaction. The reactor scheme,
depicting inputs and outputs, is shown in Figure 3. The reactor is a two-degree-of-freedom
plant. The system inputs are the feed and coolant stream flow rates. The system outputs are
the temperature and reactant composition of the product. The mathematical model is based
on the main assumption of perfect mixing in the CSTR, implying that the temperature and
reactant concentration are spatially uniform throughout the vessel and identical to those of
the outlet stream. The liquid volume is considered constant, assuming that the fluid density
and heat capacity remain invariant with respect to changes in temperature and composition.
Chemically, the system models a single irreversible first-order reaction, with the reaction
rate following an Arrhenius dependence on temperature. Regarding the energy balance,
the system is treated as non-adiabatic with a cooling system; however, the dynamics of
the cooling jacket wall and the coolant fluid are neglected, assuming a quasi-steady state
where the heat transfer rate is instantaneously determined by the coolant flow rate and the
temperature difference between the coolant supply and the reactor contents. The equations
describing the dynamics of the system are detailed in Equation (33).

dT < @
dC _F >

—E
E = V(Cf — C) — KyCeTT

The variables are defined in Tables 4 and 5. T and C are the states and outputs of the
system, whereas ¢ and q. are the inputs of the system. Ref. [50] proposed to analyze the

system behavior on the five equilibrium points, defined in Table 6.
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Product flow

Refrigerant flow

T..qc
Tc,qc
L - 4
Output
C,T P
Figure 3. Diagram of a CSTR.
Table 4. Parameters.
Symbol Description Unit
Ty Inlet temperature K
T Coolant temperature K
C Y Inlet concentration mol/L
\%4 Tank volume L
E/R Activation energy m
Ky Constant m
Ky Constant _
K Constant L
K3 Constant L/min
Table 5. Inputs and outputs.
Symbol Description Unit
Inputs
qf Product flow L/min
qe Refrigerant flow L/min
Outputs
T Reactor temperature K
C Reactor concentration mol/L

Table 6. Recommended system operating points.

Operating Point qc [L/min] C [mol/L] T [K]
1 110.0 0.1298 432.94
2 105 0.1062 437.25
3 98.9 0.0848 442.07
4 88.3 0.0585 450.03
5 68.8 0.0295 465

4.2. System Trajectory and Stability Analysis Through Phase Planes

This study focuses on the control of operating points 1 and 5 for a CSTR modeled as a
second-order dynamical system, as outlined in (33). To investigate how the solutions of this
model evolve over time from various initial conditions, phase portraits were constructed
that describe the vector field of the derivatives under a constant input. In general terms,
the system is expressed by the states x' = f(x), where f is a matrix of nonlinear functions.
Specifically, for the second-order CSTR, the resulting vector plot of (x,x}) across the
(x1, x2) surface forms the phase plane, depicted in Figure 4.
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Figure 4. Phase portraits illustrating the local dynamics around Equilibrium Points 1 and 5. The

arrows indicate the direction of flow towards the attractor. and the red dotted circles are the attractors.
(a) Dynamics at Equilibrium Point 1. (b) Dynamics at Equilibrium Point 5.

This system exhibits bistability, characterized by two stable equilibria: an attractor
in the upper-right quadrant, defined as a node, and a spiral attractor in the lower-central
quadrant. The presence of the spiral suggests damped oscillatory behavior as the natural
response of the system in that region. Additionally, an unstable saddle point exists between
these stable equilibria, which delineates a separatrix line that bifurcates the phase portrait
into two distinct basins of attraction. Each basin corresponds to a set of initial conditions
driving the system’s trajectories toward a specific stable equilibrium. In Figure 5, we
delineate individual phase planes, each corresponding to one of five equilibrium points
under varying jacket fluid flow conditions, specified in Table 6.

Concentration[mol]

550

o)
amte\
60 350 i

Figure 5. Phase plane analysis of the CSTR, showing the local stability and evolution of the system
states. Different colors distinguish the trajectory maps generated around each operating point,
ranging from Equilibrium Point 1 (blue) to Equilibrium Point 5 (red).

The behavior observed for the CSTR introduces significant challenges for controlling
the process. High reaction conversion requires operating near the lower portion of the
phase plane within the basin of attraction of the stable spiral yet close to the basin of
attraction linked to the stable node. This positioning is crucial for attaining stability and
the desired CSTR performance.
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Numerous factors contribute to the inherent complexities associated with controlling
the CSTR under the specified behavior. While it is feasible for a control law to effectively
handle significant disturbances and steer the reactor back into the stable region of the
spiral basin, even minor disturbances have the potential to drive this nonlinear system
beyond the separatrix. Such a breach may draw the reactor dynamics into the basin of
attraction of the undesirable equilibrium. The response of the CSTR can be a shift towards
an unstable or undesirable equilibrium, which potentially compromises the performance of
the control law. Likewise, the control must address any substantial changes in setpoint with
precision in order to ensure that the transient trajectory avoids overshooting and crossing
the separatrix.

We now examine the implications of using a decentralized linear control approach to
manage the performance of the CSTR with the behavior shown in the phase portraits of
Figure 4. This strategy tends to overlook key elements within the phase portrait, such as
the separatrix, saddle points, and stable attractors. As a result, the design of this control
has two main flaws: a lack of coordination between the control inputs and its applicability
being confined to a narrow operating range. In the CSTR, which is a multivariable nonlinear
system, regulating x at a reference will inherently affect x,, and vice versa. Since the two
independent controllers operate in parallel without coordination, they end up competing
against each other. This lack of coordination can result in poor performance, oscillations,
and, most critically, overshoot in the response of the system. Moreover, the reliance on
linear control techniques limits the model’s accuracy and constrains the control’s efficacy
to a narrow operational window. The closed-loop system may easily deviate from the
desired trajectory, increasing the risk of output saturation. In summary, the adoption of
a decoupled linear control framework risks oversimplifying the complexities inherent in
this nonlinear multivariable system, thereby undermining its ability to manage the overall
dynamics of the plant effectively. Further analysis of the system is conducted and reported
below, using the linearized model and the steady-state gain matrices to shed light on the
complexity of the control problem.

4.3. System Linearization at Two Operating Points

The system is linearized at operating points 1 and 5 defined in Table 6. By using a
truncated Taylor series expansion, a linearized state-space representation for an LTI system
with p inputs, g outputs, and # states variables is obtained in the following form:

x(t) = Ax(t) + Bu(t);
y(t) = Cx(t)

where x(t) € R" is the states vector, y(t) € R7 is the outputs vector, u(t) € R? is the inputs
vector, A € R"*" is the state matrix, B € R"*? is the input matrix, and C € R7*" is the
output matrix. For this system, the matrix values for the linear state-space representation

(34)

are shown in (35)
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xl(lt 2 (R Koxa(t)e®a) ulé) — Kjefal
[ (T=n (1) o L =
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where
xq(t T up(t
_ 1() — ; u= 1() — qf (36)
x2(f) C uy(t) e
We consider the nominal operating point described in Tables 7 and 8 to linearize the
system around both equilibrium points. The resulting models are the transfer function
matrix shown in Table 9, Equations (37) and (38).
Table 7. Parameters in permanent regime.
Param. Op. Point 1 Op. Point 5
Ty 350K 350 K
T, 350K 350K
Cr 1 mol/L 1 mol/L
\%4 100 L 100 L
E/R 0.1m 0.1m
Ky 7.2 x 1010 m 7.2 x 1010 m
K 1.44 x 10% 1.44 x 1013
K3 01L 01L
K3 700 L/min 700 L/min
Table 8. Inputs and outputs in permanent regime.
Var. Op. Point 1 Op. Point 5
Inputs
qr 100 L/min 100 L/min
qe 110 L/min 68.8 L/min
Outputs
T 432.94 K 43294 K
C 0.13 mol/L 0.13 mol/L
Table 9. Transfer function matrices for equilibrium points 1 and 5.
Equilibrium 1 Equilibrium 5
1 [-0.835+529 —0.82s—6.31 1 [-1155+249 0.01s—0.02
91 = 37| 0015 +0.06 0.038 57) 9055 = A5 | -1155 -390 0,052 38)

A1(s) =2 +9.691s +77.16 | As(s) = s> +26.64s + 48.72

4.4. Tests for Decentralized Control Structure Assessment Based on the Linear Model

When designing a control system for a complex MIMO process, a preliminary anal-
ysis aids in determining whether simple decentralized control is feasible. Steady-state
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screening tools are helpful for this purpose. Engineers typically begin with the Relative
Gain Array (RGA) to quantify process interactions and identify the optimal input—output
pairings. It is worth noting that relying solely on the RGA may not provide a complete
understanding of the system behavior. Once a pairing is established, the Condition Number
(CN) is computed to assess the inherent controllability of the plant. A high CN reveals
an “ill-conditioned” plant that is highly sensitive to variations in gain, suggesting that
straightforward, independent control strategies are likely to fail. In such cases, a more
robust, full multivariable control approach becomes essential. Lastly, the Niederlinski Index
(NI) is a key metric for stability analysis. Even if the RGA pairings appear acceptable, the
instability indicated by a negative NI reveals that loop interactions could destabilize the
entire system.

The Relative Gain Array (RGA) matrix is computed using (A3) defined in Appendix A.
The static gain matrices K5 and Ky, are presented in Table 10 for each equilibrium pont .

Table 10. Static gain matrices of linear models for equilibrium points 1 and 5.

Static Gain Matrix for Equilibrium 1 Static Gain Matrix for Equilibrium 5
0.0685 —0.0818 _ | 05111 —0.8007
Kist = 10,0007 0.0005 (39) Ksst=|-00004 0.0011 (40)

The resulting RGA matrices are shown in Table 11. The highlighted elements show
the most suitable pairings between inputs and outputs for SISO control loops design. The
best pairing for equilibrium 1is g. — C and g — T, while for equilibrium 5, it is gc — T and
q f— C.

Table 11. Static gain matrices.

RGA Matrix for Equilibrium 1 RGA Matrix for Equilibrium 5
0.3629 0.6371 237 —1.37
Rgm = [0.6371 0.3629} (1) Rgas = {—1.37 2.37 } (42)

We used (Al) and (A4) given in Appendix A to determine the CN and NI for the
specified pairings. Results are presented in Table 12.

Table 12. Controllability and stability metrics.

Condition Number Niederlinski Index
Operating point 1 Cny = 123.09 Niy = 2.755
Operating point 5 Cns = 3940.6 Nis = 0.42196

The RGA of 0.637 at equilibrium point 1 indicates a suitable pairing of control inputs
and outputs and suggests that the system exhibits interactive behavior while remaining
controllable. However, a more in-depth consideration of the CN, which stands at 124, indi-
cates severe ill-conditioning within a simple control framework. The CSTR at equilibrium
point 1 exhibits pronounced discrepancies in gain, with a ratio of 124 between high-gain
and low-gain directions. As a result, decentralized control approaches will likely fail to
meet performance requirements in this scenario. Therefore, a more advanced multivariable
control strategy is recommended for effective setpoint or trajectory tracking.

In isolation, the RGA value of 2.37 at equilibrium point 5 is a warning sign, but it is not
inherently a critical flaw. This value indicates that a straightforward decentralized controller
may face challenges due to significant interactions within the system. However, adopting
a negative RGA pairing is not feasible, as this would imply potential instability. The
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condition number of 3941 is the paramount factor to consider. This elevated value indicates
that the system is severely ill-conditioned, complicating the possibility of achieving a single
controller tuning capable of effectively managing both input—output directions. While
the RGA alerts the control designer to potential interaction issues, the CN underscores a
fundamental structural problem within the static gain matrix of the system. Any attempt to
control this system with decentralized loops is likely to fail. Instead, it requires an advanced
multivariable controller design that can effectively handle the significant difference in
directional gain.

4.5. Defining the CSTR Control Problem

Our analysis, combining phase portraits with decentralized control metrics, confirms
that the CSTR is a highly challenging multivariable nonlinear system. Notably, equilibrium
point 5 is severely ill-conditioned, as demonstrated by its condition number (CN = 3941).
Even the control strategy for equilibrium point 1, while somewhat feasible, presents con-
siderable challenges. Despite passing the Niederlinski stability test (NI = 2.755 and 0.42196,
respectively), both systems are highly interactive and are difficult or virtually impossible to
tune for robust performance.

The central challenge is that the system’s dynamic behavior is not fixed. We identify
three pivotal issues:

¢ Controllability characteristics shift dramatically with flow rate, as evidenced by the
changes in the condition number.

¢  The phase plane and its separatrix are contingent upon the flow conditions, leading to
alterations in the stable basins of attraction.

* RGA analysis indicates the optimal input-output pairing reverses across different
operating regions, complicating the implementation of a fixed control architecture.

Therefore, this system demands more than a conventional controller. This study pro-
poses to extend a well-established, linear SISO RST control framework into a multivariable
control structure, offering an enhanced strategy tailored to effectively address the system’s
bistability, strong interactions, and dynamics that are highly dependent on input conditions.

5. RST-Based Centralized and Decentralized Controllers for the CSTR
System

This section outlines the design of (i) an RST SISO-based decentralized control system
and (ii) an RST MIMO-based centralized control system for the 2 x 2 CSTR, targeting
equilibrium points 1 and 5 in Tables 7 and 8. The design is based on linear models derived at
each operating point, formulated as transfer function matrices with a common characteristic
polynomial. The model is expressed in the general mathematical structure defined in
Equations (8)—-(11) and the specific multivariable transfer function for the numerical case
study defined in Table 9.

5.1. Plant Model for Control Synthesis

Independent SISO control loops are synthesized based on the proper transfer function
elements from Equations (37) and (38) (reported in Table 9) for equilibrium points 1 and 5.
The resultant control laws are combined to form decentralized control laws. We consider
that x = [x1(t), x2()]T = [T, C]T and u = [uy(t), up(t)]" = [qr, gc] " and we take into
account the pairing resulting from the RGA analysis, which is different for these equilibrium
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points. The decentralized controller was calculated using the following transfer functions,
where subscripts 1 and 5 stand for equlibrium point 1 and 5, respectively:

—0.819s — 6.309
_ 4
g(sh = 5 +9.691s + 77.16 e
0.01s 4+ 0.06

_ 4

§21(s) = 5 +9.691s + 77.16 )
—1.15s +24.9

_ 4

811(8)s s2 +26.64s + 48.72 3
0.052

g2(s)s = 52 + 26.64s + 48.72 .

The centralized RST controller was synthesized using the complete linear plant models
detailed in Table 9, corresponding to the CSTR at operating points 1 and 5. Following the
mathematical framework defined in Section 2, the plant is representad by a Matrix Fraction
Description (MFD), ensuring that all transfer functions share a common characteristic
polynomial. The control law is synthesized via pole placement by solving the extended
Bézout Equation (26).

5.2. Control Design Procedure

The core of the design is the selection of the controller polynomial degree. For any
R(s) and S(s) polynomials, three key criteria must be considered:

1. The physical realizability (properness) criterion. For a continuous-time controller to
be physically realizable, its transfer function must be proper. This condition imposes
the essential constraint that deg(R(s)) < deg(S(s)).

2. Pole placement to achieve robustness. The target closed-loop dynamics are defined by

the reference model matrix D(s) or D(s) € My xx (Kpi,- [s]) for the MIMO scheme. In
accordance with [51], the reference poles are derived from the open-loop poles, while
the auxiliary poles are set to three times the real part of the plant poles. The dominant
poles dictate the system response speed, and the auxiliary poles provide robustness
to unmodeled behavior. The polynomial degrees must be high enough to solve the
Diophantine (Bézout) equation via pole placement, using (26) for centralized control
and (32) for decentralized control. In practice, designers often increase the degrees
of R(s) and S(s) beyond their minimum requirements to add flexibility, thereby
enhancing robustness.

3. Measures to enhance closed-loop performance. To ensure zero steady-state error, the
controller must incorporate integral action. This task is accomplished by forcing the
controller to have a pole at s = 0. In this structure, it implies that S(s) must contain
a root at the origin, which is achieved by setting S(s) = s - §'(s), thereby increasing
deg(S) by one.

5.3. Numerical Example: Control Centralized and Desentralized Laws for Equilibrium Points 1
and 5

For the numerical example, the poles are specified in Table 13.
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Table 13. System and auxiliary poles for operating points 1 and 5.

Pole Type Operating Point 1 Operating Point 5
System Poles —4.8456 + 7.3265i (—1.975)(—24.661)
Auxiliary Poles (—4.84)% (—14.52)? (—5.926)(—73.984)

Provided as an example, the resulting Bézout equation is presented for equilibrium
point 1. This equation for the centralized control is provided in (44). The Bézout equation
corresponding to the control loop relating feed flow (1) and concentration (y7) in the
transfer function (43a) in the decentralized law is given in (45).

11
11

(s> 4 9.691s + 77.16) (s> + Sps)

) —0.82955 + 5.287 —0.819s — 6.309] [1 1
44
+(sT s+ 10) | os71s 100558 0.03778 11 (44
- [54 1 38.7653 + 516.4352 + 2729.65 + 4929.3] E 1] .
(s2 4+ 9.691s + 77.16) (s> 4 Sgs) + (—0.819s — 6.309) (15 + r15 + 1) 5)

= (s +4.8456)%(s + 14.52)2.

For the same control loop, the polynomial pre-filter T(s) is determined as an example,
as it is consistently determined based on the same criterion. To achieve zero steady-state
error for a step input, T(s) is typically chosen as a scalar gain (a 0'-degree polynomial)
that ensures the closed-loop system has unity static gain. Once the polynomials R(s) and
S(s) are determined using (45), the corresponding T(s) is obtained as follows:

—0.819s — 6.309 4949.1
li Ts)=1 = T(s)= R~ —784.45. 46
S50 st + 38.76s3 4 516.43s2 + 2729.6s + 4929.3 (s) (5) —6.309 (46)

The centralized control law is given for equilibrium points 1 and 5 in Equations (47)
and (48), respectively:

[ 15.14852 + 54.2255 +934.16  2650.752 + 267855 + 89039
—27.016s% — 245.27s — 782.86  0.2178s% + 1.067s + 0.196 |’

[s2 + 41595 2 +5.9414s
S(s); = ) 47
(D1=1"2 695 2129009 (47)

[ 93416 89039
TEn =1 _ser86 13072|
R(s) [ 8.01s2 4 218.3s + 452 — 1127852 — 3021035 — 590335
2 pr—

—5.037s% — 136.3785 — 288.843  3847.77s% + 103811s + 217826 |

[s2 1 54245 2+ 154.385
S(s)y = ) 48
(5)2=\2 | 39135 62 4 44926 (48)

T6) [ 45248  —590335
271 088.84 217826 |

Finally, the decentralized control law is detailed in Tables 14 and 15 for equilibrium
points 1 and 5, respectively:

https://doi.org/10.3390 /math14040677


https://doi.org/10.3390/math14040677

Mathematics 2026, 14, 677 21 of 39
Table 14. Decentralized control law for equilibrium point 1.
Temperature Control Loop Concentration Control Loop
Rpi(s); = —27.016s> — 245.2725 — 782.86 Rya(s); = 2655.1s2 4 268775 -+ 89223
Sy1(s)1 = s> + 6.9035s (49) S12(s)1 = s + 5.9426s (50)
T21 (S)l = —784.86 TlZ(S)l = 89039
Table 15. Decentralized control law for equilibrium point 5.
Temperature Control Loop Concentration Control Loop
Ry1(s)5 = 8.10485% + 218.31s + 452.49 Roy(s)5 = 3847.8s> + 103810s + 217830
S11(s)5 = s + 54.247s (51) Soo(s)5 = 52 + 44.926s (52)
Tll (5)5 = 452.49 Tzz (5)5 = 217830

5.4. Robustness Analysis via Disk Margin

To assess the stability of the proposed centralized MIMO control scheme under mod-
eling uncertainties, the Disk Margin analysis was employed. Unlike classical single-loop
gain and phase margins, which evaluate loops independently, the disk margin method
considers simultaneous gain and phase variations across all input and output channels.
This approach defines a circular exclusion region, denoted as D(«), centered at the critical
point (—1,0) in the Nyquist plane. The size of this disk, determined by the parameter «,
represents the maximum amount of combined uncertainty the system can tolerate while
maintaining closed-loop stability [52].

The quantitative results of the robustness analysis are summarized in Table 16. The
system exhibits a robustness index of & ~ 0.78, which corresponds to a guaranteed gain
margin of approximately =18 dB and a phase margin of £75.7°. The Multivariable Nyquist
Diagram (Figure 6) visualizes these results across the four input-output channels (2 x 2
system). The following observations are drawn:

¢  Global Stability: The frequency response trajectories (blue lines) in all subplots neither
encircle the critical point nor invade the defined exclusion disk. According to the
Generalized Nyquist Criterion, this confirms the nominal stability of the closed-
loop system.

*  High Robustness: The exclusion disk is significantly large (x = 0.78), and the Nyquist
trajectories remain well outside this region. The calculated margins significantly
exceed standard process control requirements (typically GM > 6 dB and PM > 45°).

Table 16. Disk margin analysis results for the MIMO controller.

Parameter Value Description

Disk Margin («) 0.7777 Critical Robustness Index
Gain Margin (GM) [0.125, 7.998] Tolerable Gain Variation (=+18 dB)
Phase Margin (PM) +75.75° Tolerable Phase Variation

The analysis demonstrates that the proposed controller provides not only nominal
stability but also exceptional robustness. The high gain and phase margins indicate that
the system can withstand severe modeling errors, actuator degradation, or cross-coupling
perturbations without risking instability. This validates the suitability of the centralized
design for the CSTR.
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Figure 6. Generalized Nyquist plot for the centralized multivariable controller. The arrows along
the blue trajectories indicate the direction of increasing frequency. The red plus sign (4) marks the
critical point (—1, jO), while the red circle defines the robustness exclusion region (sensitivity margin);
trajectories remaining outside this circle ensure the system satisfies the specified stability margins.

6. SISO RST vs. MIMO RST-Based Control: A Performance Comparison

6.1. Test Scenarios

A comparative evaluation of the decentralized and multivariable control structures is

conducted under several critical scenarios:

1.

Initial Condition Variations. Due to the sensitivity of the CSTR plant, we analyze
the performance of the controller when starting from non-equilibrium states. The
specific initial values used for these simulation runs are listed in Table 17. The initial
temperature is between the values corresponding to points 1 (432.94 K) and 5 (465 K),
while the initial concentration corresponds to a lower conversion, and it is not in
equilibrium with the initial temperature.

Table 17. Initial conditions.

States
T Reactor temperature 440 K
C Reactor concentration 0.15mol L1

Magnitude

[=]

-5

Input Noise Rejection. To simulate real-world factors like pump instability or supply
line fluctuations, a random noise signal with a range of £5 is superimposed on the
control inputs, as illustrated in Figure 7.

| i

0 50 100 150

Time[s]

Figure 7. Noise added to inputs.
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3. Output Disturbance Rejection. The controllers are tested against output disturbances.
These represent unmeasured external factors such as ambient temperature changes,
leaks, or instrumentation failures that can negatively impact internal reactor con-
ditions. In the simulation, the disturbance is introduced into the system as a step
signal. This signal is persistent, begins at a specific time, and continues until the end
of the simulation.

4.  Setpoint Tracking. The evaluation of setpoint tracking performance is crucial to
provide operational flexibility in industrial settings. Precise tracking is essential
to drive the system away from undesirable regions or the separatrix. In industrial
practice, the CSTR often needs to shift between operating points to optimize reaction
yield, reduce energy consumption, or adapt to changes in raw material supply. The
controller must also adhere to strict reference trajectories during start-up and shut-
down phases to ensure safety and reliable operation. Further, the conversion rates of
the reactor need to align with the demands of downstream processes and inventory
constraints. Thus, the control law must ensure smooth and rapid transitions between
equilibrium states, preventing overshoot that may push the system into an undesired
basin of attraction.

The simulations were performed to compare the effectiveness of decentralized and
centralized multivariable control approaches. For these tests, Figure 8 presents the structure
of the RST SISO control loop, while Figure 9 illustrates the structure of the RST MIMO
control architecture.

[ Disturbances

Noise
m Reference
e;(t)
r(t) [T() o Ry(s)]
[— 5G] ) 5@

+
Flow ﬁ_"f_»
Non linear +¥ y(t) T
Product input Pé?;t) O
C

+
qc
Flow
Wﬂ )

A 4

Refrigerant input
7, (t) [ T2(s) \ Ry(s)|,
. s 20 HOIN

e (9

Figure 8. Block diagram of the decentralized RST controller structure.
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Non linear y(t)
Plant —0
G(s)
R(s)
S(s)

Figure 9. Block diagram of the centralized RST controller structure.

6.2. Centralized and Decentralized Control Responses to Changes in Initial Conditions, Input
Noise, Output Disturbances, and Reference Changes

In the figures below, the performance of the closed-loop system associated with the
decentralized control structure is labeled with the legend “SISO”, whereas the performance
of the centralized control structure is labeled with the legend “MIMO”. The input noise
characteristics, the disturbance events, and the reference changes considered in the control
system tests are detailed in Table 18.

Table 18. Magnitude and time of each event.

Event Magnitude Time
Noise added to inputs +4 L/min 0s

Disturbances at the output -3K 50s
Reference change in temp. +2K 100's
Reference change in concentration —0.03mol L~ 100s

For the first test, the reference during the interval f = 0 to 50 s corresponds to the
operating conditions at point 1. The responses of both control structures, centralized and
decentralized, are displayed in Figure 10 for temperature regulation and in Figure 11
for concentration regulation. Several performance metrics (defined in Appendix B) were
calculated to compare the effectiveness of both control approaches.

442 T T T
—8ISO
440 - Ref. Change ——MIMO i
434 a"";,' - — Reference
433 = l(f
438 [
432 [ A
=)
a2 431 e Zoom 2 B
5 7
wm 430
@ 45 50 5 4%
B3 —
& ]
- 438
432 b
am
\ 00 w02 w4 106 wa 10
430 | Disturbances 7
Initial Cond.
428 1 I I I 1 I I I 1
] 20 40 60 80 100 120 140 160 180 200

Time[s]

Figure 10. Temperature response of decentralized vs. multivariable control structures subject to
initial condition variations, input noise, and output disturbances. (Control design based on model
linearization at equilibrium point 1).
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Based on the resultant performance indices reported in Table 19, the MIMO controller
outperformed the SISO in almost all metrics for temperature regulation. However, for
concentration regulation, a slight advantage of the SISO scheme over the MIMO scheme
is noted. Overall, both control strategies tracked the set references efficiently. Despite
the physical constraints imposed by actuator saturation, the control actions remained
within limits throughout the testing scenario, as evidenced in Figure 12. Further tests will
be conducted to evaluate the control system in response to more significant changes in
input conditions.

—S5I80 .
— MIMO

0141 = = Reference | |

0145 -

0135 | 0107

Zoom 1 0.1055

Concentration[mol]
[=]

e 2 o

S @3 oo

N8 @
T

12 |- ruo 145 150 155 w0 7
015 - ;«};MT}WQM 1
0.128

0105 -

01 1 1 1 1 1 I I I I
0 20 40 60 B0 100 120 140 160 180 200

Time[s]

Figure 11. Concentration response of decentralized vs. multivariable control structures subject to
initial condition variations, input noise, and output disturbances. (Control design based on model
linearization at equilibrium point 1).

Table 19. Performance metrics for decentralized vs. multivariable control (linearized at operating

point 1).
Index Temperature Concentration
SISO MIMO SISO MIMO
IAE 11.723 11.54 0.04613 0.045
ISE 20.962 20.5 0.00017 0.00022
ITAE 619.65 594.92 3.229 3.1911
ITSE 622.74 542.96 0.01446 0.01742
200 I T T T T T I I = 200

) —— 8IS0

= MIMO —— MIMO

= = Saturation| | = = Saturation
™

c v i i " Y < Py )

E 100 1 Etf

3 ! 3

0 20 40 &0 80 100 120 140 160 180 200 0 20 40 &0 80 100 120 140 160 180 200
Timels] Timels]

(@) (b)

Figure 12. Comparison of control laws under varying initial conditions, input noise, and output
disturbances (design based on linearization at equilibrium point 1). (a) Control law in the product
inflow. (b) Refrigerant flow control law.

In Figure 13, it can be observed how the temperature and concentration trajectories
move through operating regions with varying dynamics. System behavior can change
significantly if the initial conditions stray far from the linearized region, as will be demon-
strated in the subsequent tests.
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Figure 13. Closed-loop trajectory of the centralized controller superimposed on the CSTR phase
portraits. The background phase maps range from Equilibrium Point 1 (blue) to Equilibrium Point 5
(red). The control law was derived using the model linearized at Equilibrium Point 1, highlighting
performance across different operating regions.

For the second test scenario, during the interval t = 0 to 50 s, the reference corresponds
to the operating conditions at point 5. The same test scenarios with the characteristics
shown in Table 18 are used to evaluate the SISO and MIMO control structures around
operating point 5.

Figure 14 demonstrates that the MIMO control structure successfully tracks the tem-
perature reference, maintaining robust performance despite the introduction of input noise,
output disturbances, and varying initial conditions.

480

——8IS0
[ - . ———MIMO
460 - = = Reference H
440 4
o
‘w420 | B
3
@
@
2400 |+ E
2
380 E
360 { .
L
340 ! !
0 50 100 150
Time(s]

Figure 14. Temperature response of decentralized vs. multivariable control structures subject to

initial condition variations, input noise, and output disturbances. (Control design based on model
linearization at equilibrium point 5).

In contrast, the SISO structure fails to reach the reference; instead, the controller stabi-
lizes at an equilibrium point within the second basin of attraction. The control input drives
the temperature to remain near 350 K, which corresponds to the equilibrium temperature
of the node found in the phase portraits regardless of the coolant flow rate.

Regarding concentration regulation, Figure 15 shows that both controllers successfully
maintain the concentration reference level. The failure of the SISO temperature loop,
while the concentration loop remains stable, highlights the limitations of independent
decentralized loops. This outcome is consistent with the RGA analysis in Section 4.4. This
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analysis revealed that the optimal input-output pairing inverts between the two operating
regions. Since the decentralized controller relies on fixed pairings, it cannot accommodate
this structural change, resulting in the observed failure in the temperature loop.

The resulting performance is further illustrated by the control signals in Figure 16: the
product flow in the SISO scheme decreases to nearly zero, while the coolant flow saturates
at its upper limit. Although the control scheme allows for the suitable regulation of one
variable, the other fails to attain its setpoint.

0.09 T T T T T T

— SIS0
——MIMO
0.08 |- = = Reference|

0.07 |- b

o

=]

&
T

o

=

o
T

Concentration[mol]

0.04

0.03 7

1 | | 1 1
20 40 60 8O 100 120 140 160 180 200
Time[s]
Figure 15. Concentration response of decentralized vs. multivariable control structures subject to
initial condition variations, input noise, and output disturbances. (Control design based on model
linearization at equilibrium point 5).
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Figure 16. Comparison of control laws under varying initial conditions, input noise, and output
disturbances. (Design based on linearization at equilibrium point 5). (a) Control law in the product
inflow. (b) Refrigerant flow control law.

Examination of the performance indices in Table 20 reveals a clear difference between
the two control structures regarding temperature response. While the difference in concen-
tration control is minimal, it is important to highlight the capability of the MIMO control
structure to handle initial conditions located further from the operating point.

Table 20. Performance metrics for decentralized vs. multivariable control (linearized at operating
point 5).

Index Temperature Concentration
SISO MIMO SISO MIMO
IAE 16727 26.049 0.0817 0.05973
ISE 1.874 x 10° 105.93 0.00044 0.00072
ITAE 1.228 x 10° 1773.2 4.1298 4.0861
ITSE 1.34 x 108 6897.8 0.02742 0.03424
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As the temperature is adjusted to the setpoint, the system trajectory moves through
different operating regions as shown in Figure 17. The changing relationship between
variables, as revealed by the phase portraits of the nonlinear system, forces the SISO control
structure to deal with complex behaviors.

0.08 i

Concentration[mol]

Figure 17. Closed-loop trajectory of the centralized controller superimposed on the CSTR phase
portraits. The background phase maps range from Equilibrium Point 1 (blue) to Equilibrium Point 5
(red). The control law was derived using the model linearized at Equilibrium Point 5, highlighting
performance across different operating regions.

6.3. Further Analysis of the Influence of Initial Conditions

We investigate how the performance of the control structures is influenced as the
starting conditions diverge from the equilibrium. The new initial conditions considered are
detailed in Table 21.

Table 21. Initial conditions for evaluation of control design based on linearization at operating point 1.

States
T Reactor temperature 450 K
C Reactor concentration 0.15 mol L™!

Figure 18a,b distinctly showcases the performance disparity between the two control
structures in response to changes in initial conditions. In this scenario, only the MIMO
control structure tracks the references effectively. In contrast, the SISO structure destabilizes
the system. The resulting control signals are depicted in Figure 19.
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Figure 18. Comparison of the response of the centralized and decentralized control structures.
(a) Temperature regulation. (b) Concentration regulation.
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The analysis of the control signal graphs in Figure 19 demonstrates the inherent
aggressiveness of the SISO control strategy. From this observation, it is concluded that while
both controllers exhibit satisfactory performance under nominal conditions, the imposition
of more challenging initial conditions leads to considerable instability in the SISO-controlled
system. This behavior highlights its limitations in adapting to complex dynamic scenarios.
Since the SISO control loops operate independently and in parallel without coordination,
they conflict with each other. As a result, poor performance characterized by oscillations is
observed. The closed-loop system diverges and exhibits input saturation.

200 T e 00 AT T I e
—3Is0 —SISO
MIMO MIMO
150 = = =Saluration| | 150 = = =Saturation
c - " B £ - et - A e et
E 100 . E 100 1
i} i}
50 u U 50
0 . . 0 | |
0 50 100 150 0 50 100 150
Time[s] Time[s]
(a) (b)

Figure 19. Comparison of the control efforts generated by the centralized and decentralized structures.
(a) Control effort: product flow rate. (b) Control effort: coolant flow rate.

6.4. SISO vs. MIMO RST Control: Setpoint Tracking

We test the robustness of the centralized and decentralized controllers by comparing
their performance on a long-range, step-wise trajectory. For temperature tracking, the
setpoint is moved every 50 s, starting from equilibrium point 1 (432.94 K) and ending at
equilibrium point 5 (465 K), with intermediate steps at 437.25 K, 442.07 K, and 450.03 K. This
scenario is designed to force the controller, which was linearized only at equilibrium point 1,
to operate far outside its design region. The temperature control performance is presented
in Figure 20a. For concentration tracking, the setpoint is moved every 50 s, starting from
equilibrium point 1 (0.1298 mol/L) and ending at equilibrium point 5 (0.0295 mol/L),
with intermediate steps at 0.1062, 0.0848, and 0.0585 mol/L. The concentration control
performance is presented in Figure 20b.

°
>

°
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—SISO
—MIMO -
= = ~Reference

o
~

01
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0 50 100 150 200 250 0 50 100 150 200 250
Time[s] Time[s]

@) (b)

Figure 20. Comparative tracking performance of the centralized and decentralized RST controllers
during the sequential transition from equilibrium points 1 to 5. (a) Temperature response. (b) Con-
centration response.

Figure 21 presents the control efforts generated by the centralized and decentralized
controllers in response to the sequential step changes in the reference values. The re-
sults demonstrate that both control strategies effectively managed the setpoint tracking,
highlighting their robustness in adapting to reference modifications.
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Figure 21. Control efforts generated by the controllers during the sequential setpoint tracking scenario
(from equilibrium points 1 to 5). (a) Control effort: product flow rate. (b) Control effort: coolant
flow rate.

As introduced earlier, the control of the CSTR under study incorporates an extra
degree of freedom compared to conventional setups. The standard approach involves
adjusting product quality solely through the manipulation of the coolant flow, with a strict
emphasis on not impacting the overall production volume. The proposed approach consists
of manipulating both the coolant flow and the product flow while minimally affecting
the production level. The control flexibility is demonstrated in Figure 21, showcasing the
system’s ability to significantly adjust temperature and concentration levels without signifi-
cantly altering the product flow rate, even under varied test scenarios. The performance of
the SISO and MIMO control schemes is demonstrated through the indices in Table 22.

Table 22. Comparison of SISO and MIMO RST control. Performance indices for setpoint tracking.

Index Temperature Control Concentration Control
SISO MIMO SISO MIMO
IAE 26.948 25.062 0.0832 0.09156
ISE 116.46 104.64 0.00066 0.00093
ITAE 3289.7 2976.2 9.5075 10.818
ITSE 18,245 16123 0.09244 0.13019

These tests revealed strong performance of both control structures. Nonetheless, it has
been observed that when the initial conditions deviate significantly from the equilibrium
point, the SISO control structure is unable to maintain stability.

We now test temperature tracking along a reverse trajectory. The temperature setpoint
is adjusted every 50 s, starting from equilibrium point 5 (465 K) and ending at equilibrium
point 1 (432.94 K), traversing the same intermediate steps but in reverse order. This scenario
employs the controller based on the model linearized at equilibrium point 5. Similarly,
the system operates far outside its design region. The temperature control performance is
presented in Figure 22a.

The decentralized SISO control structure failed this test. As shown in Figure 22a, the
temperature controller was unsuccessful at following the reference and was instead cap-
tured by the stable equilibrium in the second basin of attraction. However, the independent
SISO concentration controller has achieved successfully the reaction conversion tracking,
as demonstrated in Figure 22b. The MIMO controller however, performed correctly, suc-
cessfully guiding both temperature and concentration along the desired trajectory. Then,
Figure 23 shows that the refrigerant saturates while the product flow fall to minimal levels.
Therefore, it is concluded that the SISO control structure cannot effectively function at this
operating point.
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Figure 22. Comparative tracking performance of the centralized and decentralized RST controllers
during the sequential transition from equilibrium points 5 to 1. (a) Temperature response. (b) Con-
centration response.
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Figure 23. Control efforts generated by the controllers during the sequential setpoint tracking scenario
(from equilibrium points 5 to 1). (a) Control effort: product flow rate. (b) Control effort: coolant
flow rate.

6.5. Comparison Against ASPPIA (Augmented-State Pole Placement with Integral Action)
and MPC

To assess the relative merit of the proposed robust MIMO RST controller without
shifting the focus of this work to a broad benchmarking study, we include a concise
comparison against two widely used multivariable control paradigms: (i) an augmented-
state state-feedback controller with integral action designed by pole placement, hereafter
referred to as ASPPIA, and (ii) a standard Model Predictive Control (MPC) formulation.
The objective is to provide a representative baseline under the same simulation protocol
and equilibrium-point transitions considered in this paper.

6.5.1. ASPPIA: Augmented-State Feedback with Integral Action

We first present the controller structure and subsequently the synthesis procedure.
Consider a continuous-time MIMO plant linearized around a given operating point:

x(t) = Ax(t) + Bu(t), y(t) = Cx(t), (53)

where x € R", u € R™, y € RP. To enforce zero steady-state error for piecewise-constant
references and to improve disturbance rejection, ASPPIA augments (53) with integrators of
the output tracking error:

x(t) = r(t) —y(t) = r(t) - Cx(b), (54)
where x; € R? is the integral state and r(t) € R? is the reference.

T
Defining the augmented state x, := {xT xIT] , the augmented dynamics read

te(t) = Aexe(t) + Beu(t) + Eer(t), (55)
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with
A 0

A:
7 l-Cc o

B 0
, Be= [0‘| , Ee= [Ip‘|. (56)

ASPPIA applies static state feedback on the augmented state:

u(t) = —Kexe(t) = —Kyx(t) — Kpxy(t), (57)

where K, = [Kx K 1} . The closed-loop poles are those of A, — B.K, and are selected by
pole placement on the augmented pair (A,, Be).

The controller design is achieved via pole placement, subject to practical constraints.
In principle, pole placement on (A, B,) allows the assignment of real and complex poles.
However, several structural and practical constraints must be respected:

*  Real implementation. Since A., B,, and K, are real-valued, complex poles must be
specified in conjugate pairs (¢ % jw) to yield real gains.

e Controllability of the augmented system. Exact pole assignment requires (A,, Be) to
be controllable. Even when (A, B) is controllable, augmenting with integrators can
introduce poorly controllable (or uncontrollable) modes depending on the selected
outputs and the rank properties of (A, B, C). This is particularly relevant in MIMO
settings and must be verified for each operating-point model.

*  Multiplicity limitations and numerical sensitivity. In multivariable pole placement,
repeated (or nearly repeated) poles may be infeasible or lead to ill-conditioned solu-
tions, especially when the requested multiplicity exceeds the input rank. Moreover,
aggressive pole locations, such as fast dynamics and/or high-frequency complex pairs,
can produce very large gains K,, amplifying measurement noise, inducing actuator
saturation, and increasing sensitivity to model mismatch, thus degrading robustness.

¢ Integral action and actuator saturation (windup). The integral state x; can accumulate
during saturation or abrupt operating-point changes, potentially causing overshoot
or oscillations. Anti-windup compensation is often necessary for satisfactory perfor-
mance at the limits.

These considerations for designing the ASPPIA delimit the domain where pole place-
ment provides reliable performance without excessive gain or sensitivity. For this reason,
in the comparisons below, ASPPIA has been tuned conservatively to prevent aggressive
gains, specifically by selecting moderate bandwidth and damping.

ASPPIA is included as a classical, transparent baseline that combines integral action
with augmented-state pole-placement feedback, and it is particularly relevant when closed-
loop behavior is largely governed by local linear dynamics around a given operating
point. To ensure a fair and consistent comparison, ASPPIA was tuned using real-valued
closed-loop poles only; the pole set was chosen to be identical to that adopted earlier in
the MIMO/SISO comparison, and the same simulation protocol (references, disturbances,
constraints, and operating-point transition schedule) was retained. In our study, the
plant is forced to transition across five operating points, including the most challenging
regime. The concentration response shown in Figure 24 corresponds to operating point 5:
both controllers provide comparable disturbance attenuation, with the proposed robust
centralized RST exhibiting slightly superior performance under the disturbance, while
the most noticeable difference appears after the subsequent reference change, where the
proposed controller achieves tighter tracking and smaller transient deviation.
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Figure 24. Comparative concentration control performance: Centralized RST and ASPPIA.

6.5.2. Model-Based Predictive Control (MPC) Baseline

MPC is a well-established multivariable control framework, whose standard formula-
tion involves repeatedly solving a constrained optimization problem over a finite prediction
horizon. At each sampling instant k, the controller typically minimizes a quadratic cost of

the form
Ny—1

N,—1
. 2 2
min Y [lyksi — rierillo + Y [8uerillz (58)
L

{usil i i

subject to the prediction model, as well as input, state, and/or output constraints. In our
numerical case study, only the first control move was applied (receding horizon principle).

A key practical aspect in the present benchmark is the presence of five operating
points and forced transitions across them. A single linear prediction model tuned at one
operating point may fail to preserve tracking and constraint handling after a significant
regime change. In our initial experiments with a single-model MPC, the controller exhibited
a marked loss of performance (and, in some cases, loss of feasibility) when the system was
switched to the most difficult operating point, preventing a meaningful comparison plot
under the same transition scenario.

To enable a representative MPC comparison while keeping the MPC design lightweight,
we adopt a two-model strategy: a gain-scheduled or switched MPC, where the prediction
model is selected according to the current operating regime. This approach is sufficient to
restore feasibility and tracking across the targeted transitions, thereby providing a baseline
against which to compare the proposed robust centralized multivariable RST controller. The
detailed tuning, including horizons, weights, and switching logic, is provided alongside
the simulation setup in Section 6.1.

6.5.3. Discussion of Comparative Results

The comparative simulations were conducted under identical reference changes and
equilibrium-point transitions for all controllers, including a switch toward the most chal-
lenging regime to explicitly stress robustness. The results shown correspond to Operating
Point 5. Figure 24 summarizes the tracking and regulation metrics achieved by ASPPIA
and by the proposed robust centralized RST controller. The proposed controller is effective
in benign scenarios, maintains equal or improved performance during transitions, and
keeps the control action within comparable bounds. Figure 25 extends the comparison
to MPC, showing that the proposed robust centralized RST attains performance compa-
rable to, and in several scenarios better than, a standard (baseline) MPC under the same
regime-switching conditions.
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Figure 25. Comparative concentration control performance: Centralized RST, ASPPIA, and MPC.

It is worth noting that MPC is widely regarded as a reference methodology in the
control community and has benefited from numerous extensions (e.g., nonlinear, adaptive,
and learning-based variants). In this work, we intentionally restrict the benchmark to
a conventional baseline MPC, since our goal is not to exhaustively optimize or survey
advanced MPC formulations but rather to provide a commonly accepted reference in
response to the request for comparison with other MIMO controllers. The same rationale
applies to RST: many enhancements can be incorporated into both frameworks, but pur-
suing such extensions would constitute a separate contribution. Within this scope, the
presented results support the assertion that the proposed robust centralized RST controller
delivers multivariable performance at least on par with classical augmented-state integral
servo control and baseline MPC, and it can be superior in the presence of operating-point
transitions and robustness-critical regimes.

7. Conclusions

The main contribution of this work is the development and evaluation of a new cen-
tralized multivariable robust RST control structure tailored for highly interactive nonlinear
processes. We established a linear MIMO mathematical modeling framework as the foun-
dation for the design of our proposed control law. Unlike the decentralized approach
implemented via independent SISO RST loops, our methodology utilizes a Matrix Fraction
Description (MFD) to achieve coordinated control through algebraic synthesis based on the
extended Bézout equation.

Our qualitative analysis of the CSTR highlighted significant control challenges. Phase
portraits revealed a nonlinear landscape characterized by bistability, where an input-
dependent separatrix divides multiple attractors. Furthermore, static analysis using the
Relative Gain Array (RGA), Condition Number (CN), and Niederlinski Index (NI) con-
firmed that the system is ill-conditioned and highly interactive. Crucially, the analysis
showed that the optimal input-output pairing inverts across operating regions, rendering
a fixed decentralized structure ineffective.

By benchmarking the centralized structure against conventional decentralized schemes
and baseline multivariable controls, we demonstrated that the centralized RST architecture
effectively maintains stability and tracking performance. This is evidenced by the error
metrics and robustness results, particularly in regions where independent loops fail due to
structural coupling. Furthermore, the proposed controller exhibits performance comparable
to ASPPIA but offers greater flexibility in pole placement methods. Moreover, it proved
superior to standard MPC baselines, especially during operating-point transitions and
critical regimes.
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In summary, the centralized RST framework offers a robust, flexible, and reliable
alternative for complex industrial processes over a wide operating range. Future work will
address the reliance on linearized transfer function models by introducing online plant iden-
tification or an adaptive layer to update the control configuration dynamically. Additionally,
future iterations could be enhanced through Al optimization or black-box integration.
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Appendix A. RGA and SVD Analysis
Appendix A.1. Singular Values Decomposition

In mathematical terms, the singular value decomposition of a matrix allows for the
simple expression of the matrix’s action. For instance, it enables the visualization of gains,
coordinate transformations, and more. This is encapsulated in the following theorem.

Any matrix A xm can be expressed as:

A= unxn . Snxm . Vyz;xn-

where the matrices U and V are orthogonal, meaning Ut = Tand VIV = I. Sisa
diagonal matrix with r positive elements on the diagonal, where r is the rank of the matrix,
and the remaining elements are zero. The diagonal elements of S are known as the singular
values of A, non-negative elements arranged in descending order (o7 > 02 > -+ > 0y).
The columns of U and V are referred to as the principal directions of output and input,
respectively. The matrix AT A, which is of size n x 7, is symmetric and can therefore be
orthogonally diagonalized. The singular values of A are the square roots of the eigenvalues
of ATA.

Appendix A.2. Condition Number
The condition number of a matrix A is:

ai(A) _ 0(A)
ok(A)  2(A)

Q

CN = v(A) = >1 (A1)

In control theory, if nominally y = Gu, then with uncertain data u + Ju, the error will
be {y = Glu. A poorly conditioned process makes calculations unreliable, as it amplifies
the percentage error by the conditioning. The condition number helps evaluate the difficulty
of designing controllers for the system and can influence the choice of control techniques.
A high condition number indicates that the system may be less robust and more difficult
to control.
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Appendix A.3. Relative Gain Array Matrix

According to the Bristol method, it is based on the concept of relative gains. The
relative gain A;; between the controlled variable y; and the manipulated variableu; is
defined as:

A — Open loop gain
" Closed loop gain

(A2)

The RGA of a nonsingular complex matrix of dimension n x n (RGA(G)) is a complex
matrix of n x n, defined as:

RGA(G) =G x (G HT (A3)

The Relative Gain Array (RGA) matrix is dimensionless and independent of the units
of the inputs or outputs, with its rows and columns summing to 1. In the field of control,
the RGA matrix enables the observation of interactions between input and output variables.
This facilitates appropriate pairings for the design of a control loop. A good pairing features
an RGA term close to unity, whereas poor pairings have negative terms.

Appendix A.4. Niederlinski Index

For stable plants, it has been demonstrated that if all individual loops are stable and
have integral action, a necessary condition for the stability of the entire system is that the
Niederlinski index is positive N; > 0. A positive Niederlinski index indicates that the
interactions between the different input and output variables are not excessively strong,
suggesting that it is possible to design independent controllers for each control loop. A
negative or zero Niederlinski index indicates strong interactions between variables, making
the design of effective decentralized controllers difficult or impossible.

To calculate the index:

_ detG(0)  detG
© detG(0) T, gii

i (Ad)

where G(0) denotes the matrix of static gains belonging to the matrix G(s). Here, G(s) is
the square n x n plant.

g1 0 e 0

B ) 0 g» - 0

G =diag{gi}=| . . . : (A5)
0 0 e Gun

A positive Niederlinski index indicates that the interactions between the different
input and output variables are not excessively strong, suggesting that it is possible to
design independent controllers for each control loop. A negative or zero Niederlinski index
indicates strong interactions between variables, making the design of effective decentralized
controllers difficult or impossible. The Niederlinski index is particularly useful in the
early stages of designing a multivariable control system, as it quickly assesses whether
a decentralized control approach is feasible. This can save time and effort by avoiding
unsuccessful attempts to design controllers for systems with strong variable interactions.

Appendix B. Performance Indices

Performance indices are metrics employed in the analysis and design of control
systems to evaluate and compare the effectiveness of different systems or control strategies.
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These indices quantify various system behavior aspects, such as stability, speed, accuracy,
and robustness. Here is an overview of some of the most common performance indices:

¢ Integral of Absolute Error (IAE): this metric is the integral of the absolute error value
over time, giving a comprehensive measure of error magnitude over the duration:

IAE = /Ooo le(t)|dt (A6)

¢ Integral of Squared Error (ISE): this metric is the integral of the squared error over
time, more severely penalizing larger errors:

ISE = /O Y1) dt (A7)

* Integral of Time-weighted Absolute Error (ITAE): this metric is the integral of the
absolute error value multiplied by time, penalizing errors that persist over time:

ITAE = /O " te(t)|dt (A8)

e Integral of Time-weighted Squared Error (ITSE): this metric is the integral of the
squared error multiplied by time, penalizing both large and persistent errors:

o0
ITSE = /O 12 () dt (A9)
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