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Abstract

This paper examines tail risk spillovers and cross-market volatility forecasting between
the U.S. equity market and the crude oil market. Using realized and implied volatility
within a heterogeneous autoregressive (HAR) framework, we document asymmetric and
time-varying tail risk transmission across the two markets. Motivated by these findings, we
propose several cross-market volatility forecasting strategies, including direct information
augmentation, threshold-based designs, forecast averaging, and transfer learning. The
results show that incorporating cross-market information improves volatility forecasts
primarily at medium and longer horizons, consistent with the forward-looking nature of
implied volatility. Moreover, the relative effectiveness of different transmission mechanisms
varies across markets, with transfer learning performing particularly well in the crude oil
market. Overall, the findings highlight the importance of linking tail risk spillovers to
volatility forecasting and demonstrate that flexible cross-market information transmission
can enhance predictive performance across markets and horizons.

Keywords: tail risk spillovers; volatility forecasting; cross-market information; HAR
models; crude oil; transfer learning
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1. Introduction

Financial markets are increasingly interconnected, with shocks originating in one
market rapidly transmitting to others. Among these linkages, the interaction between
equity markets and commodity markets—particularly crude oil—has attracted sustained
attention from both academics and policymakers [1-5]. Crude oil plays a dual role as
a key production input and a financial asset, implying that oil price fluctuations may
affect stock markets through macroeconomic channels, corporate cash flows, and investor
risk perceptions [6-8]. Conversely, equity market conditions may convey information
about aggregate demand and financial stress that is relevant for oil price dynamics [2,9].
Understanding how risk propagates between these two markets is therefore central to the
assessment of financial stability and risk management.

A growing body of work studies stock—oil linkages through tail- and quantile-based
methods, highlighting strong nonlinearities, asymmetries, and state dependence. Ref. [10]
provided early evidence by applying Granger causality in risk based on VaR exceedance
indicators and kernel tests. They document statistically significant and asymmetric extreme-
risk spillovers between WTI crude oil futures and the S&P 500, with spillovers strengthening
markedly after the global financial crisis and occurring both contemporaneously and with
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delayed effects. Building on quantile-oriented spillover designs, ref. [11] adopted a quantile-
on-quantile framework for emerging and frontier markets and showed that oil-stock return
exposures are highly heterogeneous across market states, supporting the interpretation
of oil price risk as a proxy for global growth concerns and motivating the use of oil
market signals in financial risk modeling. Using a multivariate quantile approach, ref. [12]
proposed a VAR-for-VaR framework and pseudo impulse responses to study spillovers
across quantiles, finding pronounced asymmetries in cross-market risk transmission and
stronger spillover effects in the post-2008 period, with similar patterns also present for
major international equity indices. More recently, ref. [13] investigated crude oil and
BRICS stock markets under extreme shocks by decomposing returns into extreme positives,
extreme negatives, and normal components and showed that oil-stock causal links are
substantially stronger under extreme states than in normal times, with asymmetric effects
across the sign of tail shocks. Extreme market movements, rather than average fluctuations,
are often responsible for systemic events and large economic losses. However, most existing
studies remain primarily concerned with detecting the presence of tail risk spillovers, rather
than assessing their economic relevance for forecasting and decision-making.

The heterogeneous autoregressive (HAR) model has become a benchmark for volatility
forecasting because it parsimoniously captures persistent realized-volatility dynamics by
aggregating components across multiple horizons. Ref. [14] provides the foundational
motivation by proposing the HAR-RV model as an additive volatility cascade across time
scales, showing that this simple AR-type structure can reproduce key empirical regularities
while delivering strong forecasting performance. Subsequent research refines how the
HAR model is implemented in practice. Ref. [15] showed that predictive accuracy can
depend materially on practitioner choices such as estimators, transformations of realized
volatility, and forecast combination schemes, with simple adjustments often improving out-
of-sample performance relative to the standard HAR benchmark. Beyond point forecasts,
related work studies volatility and returns jointly to improve predictive distributions.
Ref. [16] developed a bivariate return—realized-volatility framework and documented
that incorporating intraday realized-volatility information and multi-component volatility
dynamics improves multi-horizon density forecasts relative to models based only on daily
returns. A further extension augments HAR with forward-looking information from option
markets. Ref. [17] showed that implied volatility delivers sizeable gains over HAR in
forecasting realized volatility and that additional predictors (e.g., leverage, overnight
returns, andn higher-order RV measures) can further enhance accuracy with economic
significance. Finally, ref. [18] demonstrated that implied volatility contains incremental
information for forecasting both continuous and jump components of realized volatility
across asset classes and proposed a vector HAR system to address simultaneity concerns.
Despite these advances, HAR and HAR-IV models remain largely single-market in nature,
relying primarily on own-market realized and implied measures and typically abstracting
from cross-market information transmission.

The disconnect between strong evidence of tail risk spillovers and the reliance on
market-specific volatility models is notable. While tail risk spillovers document that ex-
treme risks are transmitted across markets, it remains unclear whether—and how—this
information can be systematically incorporated into volatility forecasting frameworks.
In particular, spillover effects may be episodic rather than constant, and their relevance
for forecasting may depend on market conditions, forecast horizons, and the nature of
the transmission mechanism. Recent studies begin to move in this direction by explicitly
embedding cross-market signals into volatility prediction models: ref. [19] showed that
cross-market information flow contains both linear and nonlinear predictive content for
stock market volatility and that its contribution is horizon-dependent, with stronger gains
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at medium and longer horizons than at very short horizons; ref. [20] documented that
speculative sentiment carries incremental forecasting power for gold-market volatility,
with cross-market sentiment from equities becoming more informative at longer horizons
and delivering economically meaningful gains in portfolio performance; and ref. [21]
provided evidence that equity market jump measures can improve forecasts of crude oil
implied volatility (OVX), especially when combined with hybrid data-driven and para-
metric modeling strategies. Taken together, these contributions suggest that cross-market
predictors can enhance volatility forecasts, but the evidence also points to heterogeneous
mechanisms and horizon-specific effects, reinforcing the need for a unified framework that
links tail risk spillovers to volatility forecasting and systematically compares alternative
transmission designs.

This paper aims to fill this gap by linking tail risk spillovers to cross-market volatility
forecasting in a unified framework. Focusing on the U.S. equity market and the crude
oil market, we first document asymmetric and time-varying tail risk spillovers using tail-
based Granger causality tests and connectedness measures. These results provide direct
empirical motivation for incorporating cross-market information into volatility forecasting
models. Building on this evidence, we propose several cross-market extensions of the
HAR framework, including direct information augmentation with realized and implied
volatility from the external market, threshold-dependent designs that activate cross-market
information only during extreme states, forecast averaging to address model uncertainty,
and a transfer learning approach that regularizes volatility dynamics across markets.

Our empirical results show that incorporating cross-market information leads to
economically meaningful improvements in volatility forecasting, particularly at medium
and longer horizons. The effectiveness of different transmission mechanisms varies across
markets: while forecast averaging performs robustly in the equity market, transfer learning
proves especially effective in the crude oil market, where volatility dynamics are more
volatile and noisy. Taken together, the findings highlight the importance of integrating tail
risk spillovers into volatility forecasting models and demonstrate that flexible cross-market
information transmission can enhance predictive performance across markets and horizons.

The remainder of this paper is organized as follows. Section 2 investigates tail risk
spillovers between the U.S. equity market and the crude oil market. Using tail-based
Granger causality tests and a VAR-based connectedness framework, this section documents
the direction, asymmetry, and time variation of extreme risk transmission across markets
and provides direct empirical motivation for incorporating cross-market information into
volatility forecasting models. Section 3 introduces the volatility forecasting framework.
Building on the heterogeneous autoregressive (HAR) paradigm, this section first presents
benchmark market-specific models and then develops several cross-market extensions, in-
cluding direct information augmentation, threshold-dependent designs, forecast averaging,
and a transfer learning approach that allows volatility dynamics in one market to borrow
information from another. Section 4 evaluates the out-of-sample forecasting performance of
the competing models across markets, forecast horizons, and rolling-window specifications.
This section assesses both statistical and economic forecasting gains and examines how the
effectiveness of different cross-market transmission mechanisms varies across markets and
time horizons.

2. Tail Risk Spillovers

This section investigates tail risk spillovers between the U.S. equity market and the
crude oil market. Building on the tail risk measures constructed in the previous section, we
examine whether extreme risks in one market contain predictive information for tail events
in the other and how such transmission evolves over time.
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We proceed in three steps: First, we employ tail Granger causality tests to assess direc-
tional predictability between downside and upside tail risks across markets in Section 2.1.
Second, in Section 2.2, we complement the causality analysis with a connectedness frame-
work based on tail risk indicators to capture the time-varying intensity and direction of
spillovers. Finally, we present empirical evidence using rolling-window estimates to doc-
ument the dynamics of tail risk transmission and to motivate the cross-market volatility
forecasting strategies developed Section 2.3.

2.1. Tail Granger Causality in Risk

This subsection follows the framework of [10,22] to examine extreme risk spillovers
across markets by testing Granger causality in the tail of the return distribution.

Let Y}; denote the daily return of market ! € {1,2}. Returns are assumed to follow a
general location—scale representation,

Yir = pi + 01€ns, 1)

where py; is the conditional mean; UIZt is the conditional variance; and the standardized
innovation g;; follows a martingale difference sequence with unit variance, denoted by
ey ~ m.d.s(0,1).

The conditional variance is modeled using the heterogeneous autoregressive (HAR)
framework. In the standard HAR model, realized volatility evolves as

d
RVi; = Bio + BraRV\ | + BraRV" ) + B RV, + uy, @

where RV(@, RV(®), and RV(") denote daily, weekly, and monthly realized volatility
components, respectively.

To incorporate forward-looking information, we extend the benchmark HAR model
to a HAR!Y specification by including implied volatility at corresponding horizons:

h h
RV =Bo+ ¥ Bk + ¥ madVi 4w 3)
he{d,w,m} he{dw,m}

To clarify the construction of the implied-volatility regressors in Equations (3), we
note that the implied volatility indices used in the empirical analysis (VIX for equities
and OVX for crude oil) are quoted as approximately 30-calendar-day option-implied
volatility measures. Following the standard practice in the HAR-IV literature [17], we
extract heterogeneous implied-volatility components by temporal aggregation of the daily
index levels. Specifically, let IV;; denote the daily closing level of the implied volatility
index for market [ € {1,2}. The daily, weekly, and monthly implied-volatility components
are constructed as
1 2

4
d
vy Y Wi MT:ZQMH.
1= 1=

_ (w) _
Lt = IVl,tr IVl,t -

il =

All implied-volatility components enter the forecasting regressions with a one-period lag,
ensuring that the information set at time ¢ contains only data observable up to that date.
This construction mirrors the aggregation of realized-volatility components in the HAR
framework and is adopted purely for consistency in temporal structure.

The conditional standard deviation is then given by 0, = RVlItV. It is worth empha-
sizing that the HAR!Y model is used exclusively to proxy conditional volatility and does
not model return dynamics, consistent with the framework in [16]. The conditional mean
is specified as the one-period lagged return, yj;; = Y} ,_1, which provides a parsimonious
benchmark and avoids imposing additional structure on return dynamics. Our results are
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robust to alternative specifications of the conditional mean, including rolling historical
averages and AR(1) prediction.

Given the location—scale representation in Equation (1), the Value at Risk (VaR) at
confidence level a € (0,1) is defined on both sides of the conditional return distribution as

V”RE = —up +opzi(a),

(4)
V”Rlbt[ = up+opzp(l—a),

where zj;(-) denotes the corresponding quantile of the standardized innovation ¢j;. The su-
perscripts D and U denote downside and upside tail events, respectively. Distinguishing
between D and U allows us to examine potential asymmetries in tail risk transmission
across markets. In particular, extreme losses and extreme gains may be driven by different
economic mechanisms and may propagate differently across markets. As a result, sepa-
rating downside and upside tail events makes it possible to identify not only same-tail
spillovers (DD and UU) but also cross-tail spillovers (DU and UD), where extreme move-
ments of one sign in one market are associated with extreme movements of the opposite
sign in another market.

Rather than analyzing VaR directly, the tail Granger causality framework focuses on
the occurrence of extreme tail events relative to these thresholds. Accordingly, we define
the downside and upside tail risk indicators as

7P = 1(1@ < —VaRE), zU = I(Y,t > VaR}{), 1=1,2.

Tail Granger causality from market 2 to market 1 is defined as the incremental pre-
dictive content of past tail risk events in market 2 for future tail risk events in market 1.
To formalize this notion, let Z;_; denote the global information set available at time ¢ — 1,
defined as the union of the market-specific information sets,

Lia=T1p1UZLpsq.

For each market I € {1,2}, the information set Z;; ;1 consists of backward-looking informa-
tion derived from historical price dynamics, including past returns and realized volatility at
daily, weekly, and monthly horizons, as well as forward-looking information extracted from
option markets and summarized by implied volatility measures at corresponding horizons.
The null hypothesis of no tail risk Granger causality from market 2 to market 1 is then

given by
Ho: E(ZY, |Tip1) = E(Zi; | Tia), ke {D,U}. (5)

which states that, for each tail type k € {D, U}, conditioning on the information from
market 2 does not improve the prediction of the corresponding downside or upside tail
risk events in market 1. In practice, the distinction between DD, DU, UU, and UD cases
is implemented through the composition of the information set Z;_;, which includes the
relevant downside or upside tail indicator from market 2 depending on the configuration
under consideration, thereby giving rise to four separate hypothesis tests.

Following [22], the null hypothesis is tested using kernel-weighted cross-correlations
of the risk indicators. Let

T
- sky 5k A .
T :Zl: ‘(Zlg —oq) (ZZ,ZH—M), 0<j<T-1,
A N i
chi(j) = L » (6)
r - ,(Zl,lt—j_ﬁ‘l) (Zz?—%)f 1-T<j<0,
t=1—j
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where &) = T~! Zthl Zi, 1 = 1,2 denotes the sample mean of the tail event indicators,
and kqi,ky; € {D,U} denotes the type of tail risk indicators. For notational simplicity,
the superscript k € {D, U} is suppressed in the subsequent expressions for the tail event
indicators and their correlation Ck1%2(j). Throughout the remainder of this subsection,
Z;; should be understood as a generic tail indicator, which can represent any of the four
configurations (21, Z%), (zD, Z4), (ZY, Z), or (ZY, Z1)), corresponding to DD, DU, UU,
and UD cases, respectively.
The corresponding sample cross-correlation at lag j is defined as

o C(j)
o) = Vi (1T —a1)(1— &)

The one-sided test statistic aggregates the squared cross-correlations across positive

lags using kernel weights,

ZT YR (j/ M)P?(j) — Cip(M)
Qi1(M) = Dy (M) , ()

where k(-) is a kernel function and M is a bandwidth parameter, with centering and
scaling terms

M
Cir(M) =) (1—j/T) k2< J )

j=1

Dir(M AXA; (1—j/T) 1—(‘+1)/T)k4<]\j/1>.

The kernel weighting scheme assigns greater weight to lower-order lags while progres-
sively downweighting higher-order lags, thereby capturing economically relevant short- to
medium-term tail dependence and reducing the influence of sampling noise, where k(-)
is a kernel function and M is a bandwidth parameter. In the empirical implementation,
we employ the Daniell kernel, which assigns equal weights within a given bandwidth
and zero weight outside. The finite-sample correction terms C17(M) and D17(M) ensure
proper centering and scaling of the statistic. Under standard regularity conditions, Q1 (M)
converges in distribution to a standard normal distribution under the null hypothesis and
large positive values reject Hy in favor of Granger causality in risk. Since the downside and
upside VaR thresholds generally differ across the two markets, the tail Granger causality
analysis yields four distinct test statistics and corresponding hypothesis test results, as-
sociated with the DD, DU, UU, and UD configurations. Technical details regarding the
asymptotic theory and implementation are provided in [22].

2.2. Connectedness Analysis Based on Tail Risk Measures

Building on the tail risk measures constructed in the previous section, this sub-
section employs a VAR-based connectedness framework, rather than Granger causal-
ity tests, to quantify the dynamic transmission of extreme risk between two markets,
following [23,24].

Let Y; = (VaRy;, VaRy;)' denote a two-dimensional vector of tail risk measures, where
Y); represents the estimated tail risk (e.g., VaR-based measures) for market / at time t. We
assume that Y; follows a VAR(p) process,

p
Y=Y A +e, et~ (0,X), 8)
k=1
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where ¢&; is a vector of innovations with covariance matrix X.
Under standard regularity conditions, the vector autoregressive models admit the
vector moving-average (VMA) representation

0
Y = Z Y&t n, (9)
h=0

where ¥ is a 2 x 2 identity matrix and ¥}, captures the dynamic propagation of shocks
between the two markets.

We employ the generalized forecast error variance decomposition (GFEVD), which is
invariant to variable ordering. The contribution of shocks in market j to the Hc-step-ahead
forecast error variance of market i is given by

—1 Hcfl / . 2
0 LS (ef¥iZey)

0:;;/(He) =
K yHc ey, By e;

. ije{12), (10)

where e; denotes a selection vector with unity in the ith position.
Since 6;1 (Hc) +6;2(He) # 1in general, the variance decompositions are normalized as
0;j(Hc)

%(He) = gty oy 1€ 12k .

Directional connectedness is defined as the spillover of tail risk between the two
markets. The connectedness from market j to market i is given by

Cic j(Hc) = 6;j(Hc) x 100, i #j, (12)
while the connectedness fo market j from market i is defined as
Cij(He) = 6;i(He) x 100, i# . (13)

2.3. Empirical Analysis of Tail Risk Spillovers
2.3.1. Dataset

Our empirical analysis of both the Granger causality tests and the connectedness mea-
sures is based on the interaction between the U.S. equity market and the crude oil market.

The equity market is represented by the S&P 500 index. Daily price data for the S&P
500 are obtained from the Center for Research in Security Prices (CRSP). Realized volatility
(RV) for the equity market is obtained from the Risk Lab at the University of Chicago Booth
School of Business, maintained by Professor Dacheng Xiu. These RV measures have been
widely used in the volatility forecasting literature [25,26]. The underlying estimation is
based on quasi-maximum likelihood estimation (QMLE) of volatility from moving average
models MA(g), constructed using nonzero transaction price returns sampled at the highest
available frequency for days with at least 12 observations (see [27,28] for methodological
details). Implied volatility for the equity market is measured by the CBOE VIX index
(dividing the index values by 100, same for crude oil IV), which reflects option-implied
expectations of volatility for the S&P 500.

The crude oil market is proxied by WTI light sweet crude oil futures. Daily futures
price data are obtained from the CBOE. WTI crude oil prices are constructed from NYMEX
WTT futures contracts using a liquidity-based selection rule. Specifically, for each trading
day, we select the futures contract with the highest trading volume and use its settlement
price as the daily oil price observation. This approach allows the price series to reflect
the most actively traded contract at each point in time and avoids imposing an ex ante
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rolling schedule. Daily crude oil returns are computed from this volume-based series,
rather than from a pre-constructed continuous futures contract. As a result, the series
implicitly incorporates contract transitions when trading activity shifts across maturities,
while always relying on the most liquid available contract. No additional price adjustments
are applied at contract switches.

To address the potential issue of roll-induced discontinuities in WTI futures data,
we conduct a robustness check following the approach of [29]. Specifically, we construct
a time series with constant time-to-maturity (e.g., 1-month maturities) by reorganizing
the daily prices of WTI futures contracts such that each column corresponds to a fixed
time-to-maturity instead of the delivery month. This approach avoids jumps in prices due
to contract rolls. A robustness check using constant-maturity series yields qualitatively
similar results (not reported), confirming that our findings are robust to roll effects. All
results that follow are based on the volume-based series. To ensure consistency across
markets, the oil and equity datasets are aligned by common trading days. Observations
corresponding to non-overlapping trading days, such as U.S. equity holidays or oil-market-
specific non-trading days, are removed so that all empirical analyses are conducted on a
synchronized sample.

Realized volatility for the crude oil market is also obtained from the Risk Lab, ensuring
consistency in RV construction across markets. Implied volatility for the crude oil market is
measured by the CBOE Crude Oil Volatility Index (OVX). Although OVX is constructed
from options written on the United States Oil Fund (USO) rather than directly on crude oil
futures, USO closely tracks WTI crude oil futures through a rolling futures strategy, making
OVX an accepted proxy for forward-looking uncertainty in the crude oil market.

The sample period spans from 10 May 2007 to 26 May 2023. The starting date is
determined by the availability of the OVX index, while the ending date is constrained
by the availability of realized volatility measures for crude oil futures. In the empirical
analysis, all regressions are conducted using the logarithm of realized volatility.

Table 1 presents the descriptive statistics of the main variables employed in the empir-
ical analysis. The sample covers the period from 10 May 2007 to 26 May 2023, capturing
several episodes of heightened volatility in both equity and crude oil markets. Both implied
and realized volatility measures exhibit substantial dispersion over the sample period.
The standard deviation of OVX (17.44) is notably higher than that of VIX (9.21), indicating
greater variability and more pronounced uncertainty in the crude oil market. Similarly,
realized volatility in the crude oil market (RVELE) shows higher variability than its equity
market counterpart (RV5PX), consistent with the more volatile nature of energy markets.

Table 2 reports pairwise correlations among the main variables. Implied and realized
volatility measures within each market are strongly correlated, while cross-market volatility
correlations are also substantial, suggesting the presence of potential volatility spillovers
between equity and crude oil markets. While the tail Granger causality tests focus on
identifying directional predictability between extreme risk events across markets, the con-
nectedness analysis complements this perspective by quantifying the time-varying intensity
and persistence of tail risk spillovers. Together, these two approaches offer a comprehen-
sive view of how tail risks propagate across markets and evolve over time. Importantly,
establishing empirical evidence of tail risk spillovers is a prerequisite for incorporating
cross-market information into volatility forecasting models. The results documented in
this section therefore provide direct motivation for the cross-market HAR-type volatility
models examined in the subsequent sections.
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Table 1. Descriptive statistics of equity and crude oil market variables.

VIX ovX RVSPX RVCLE SPX CLF

Mean 20.62 39.04 12.67 34.64 2211.20 73.74

Median 18.34 35.77 10.13 29.95 1987.00 73.36

Std. Dev. 9.21 17.44 9.26 20.76 1050.38 23.25

Min 9.15 14.50 2.38 8.14 676.50 10.01

1st Quartile 14.46 29.55 7.15 23.49 1341.50 53.62

3rd Quartile 23.85 44.89 15.13 39.37 2858.70 93.03
Max 82.69 236.80 132.65 300.00 4793.50 145.29

This table reports descriptive statistics for the variables used in the empirical analysis, including the mean, median,
standard deviation, minimum, first quartile, third quartile, and maximum. VIX denotes the CBOE implied
volatility index for the S&P 500, while OV X represents the CBOE crude oil volatility index. RVSPX and RVCLE
denote realized volatility for the equity market and the crude oil market, respectively. SPX denotes the level of
the S&P 500 index, and CLF denotes the front-month WTI crude oil futures price. The sample spans from 10 May
2007 to 26 May 2023.

Table 2. Pairwise correlations among equity and crude oil market variables.

VIX ovx RVSPX RVCLE SPX CLF
VIX 1.00
ovX 0.72 1.00
RVSPX 0.88 0.59 1.00
RVCLE 0.65 0.92 0.58 1.00
SPX —0.17 0.05 —0.16 0.06 1.00
CLF —0.12 —0.40 —0.06 —0.40 —0.21 1.00

This table reports pairwise Pearson correlation coefficients among the main variables used in the empirical
analysis. VIX and OV X denote implied volatility indices for the equity and crude oil markets, respectively.
RVSPX and RVCELE denote realized volatility measures. SPX denotes the S&P 500 index level, and CLF denotes

the front-month WTI crude oil futures price.

2.3.2. Empirical Evidence on Tail Risk Spillovers

This subsection provides empirical evidence on tail risk spillovers between the U.S.
equity market and the crude oil market. Building on the tail Granger causality in risk
framework and the tail-based connectedness measures introduced in the previous section,
we assess both the existence and the dynamic nature of cross-market tail risk transmission.

Figure 1 presents rolling-window Value-at-Risk (VaR) estimates for the U.S. equity
market and the crude oil market at the 95% and 99% confidence levels. As described in
Equation (4), the tail risk measures are constructed from a location-scale representation in
which the conditional mean is specified as the one-period lagged return, the conditional
variance is proxied by volatility forecasts from the HAR!V model, and the standardized
innovation is assumed to follow a standard normal distribution. The rolling estimation
framework captures the time-varying nature of tail risk in both markets, allowing the
conditional risk bounds to adjust dynamically to changing market conditions.

Several notable differences emerge across markets. While both markets experience
episodes of heightened volatility, the crude oil market exhibits more frequent and more
severe VaR violations, particularly at the 99% confidence level. This pattern reflects the
oil market’s greater exposure to supply-side shocks, geopolitical tensions, and abrupt
demand disruptions [30-32]. VaR violations cluster during periods of systemic stress, most
prominently around the global financial crisis and the COVID-19 pandemic. These episodes
are characterized by sharp increases in both the magnitude and frequency of exceedances,
suggesting heightened tail dependence and creating conditions under which cross-market
tail risk spillovers are more likely to arise.
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Figure 1. Rolling-window downside and upside Value-at-Risk estimates for equity and crude oil
markets: this figure plots rolling-window Value-at-Risk (VaR) estimates for the S&P 500 (SPX) and
WTI crude oil futures (CLF) at the 95% and 99% confidence levels. Black dots denote realized
daily returns; red dashed lines represent the estimated VaR bounds; and blue squares indicate VaR
violations, defined as realized returns exceeding the corresponding VaR thresholds. The VaR estimates
are constructed using the normal quantile, with the tail Granger causality statistic is computed based
on the Daniell kernel and bandwidth parameter M = 20.

Table 3 reports the tail Granger causality test statistics from Equation (7), which assess
directional predictability between extreme risk events in the crude oil market and the U.S.
equity market. The results are presented for both downside and upside tail configurations
and are computed under alternative bandwidth parameters M and kernel functions used
to estimate the long-run covariance matrix. To evaluate robustness, we report results
across commonly used kernel specifications (Daniell, Bartlett, and Parzen) and a range of
bandwidth choices (see [10,22] for detailed discussions of kernel and bandwidth selection).
Following [22] and common practice, we set baseline M = 20 to capture short-to-medium
lag dependence.

Overall, the results provide strong evidence of statistically significant tail risk
spillovers between the two markets. Importantly, the strength and significance of these
spillovers vary across tail states, directions, and quantile levels, indicating a pronounced
state-dependent asymmetry rather than a single dominant transmission pattern. While the
magnitude of the test statistics changes with the choice of M and kernel, the qualitative
presence of tail risk spillovers remains robust across specifications.

Focusing first on spillovers from the crude oil market to the equity market, statistically
significant Granger causality is most frequently observed in downside-related configura-
tions. At the 1% tail level, significant spillovers emerge in cross-tail states, indicating that
extreme oil price movements—whether upward or downward—contain predictive infor-
mation for subsequent tail risk in equity markets. At the 5% quantile, spillovers become
more concentrated in downside-to-downside configurations, suggesting that moderately
adverse oil market conditions also transmit risk to equities, albeit with reduced intensity.

In contrast, spillovers from the equity market to the crude oil market display a broader
pattern at the most extreme tail level. At the 1% quantile, significant Granger causality is
detected across multiple tail configurations, including downside-to-downside, downside-
to-upside, and upside-to-upside states, pointing to a pervasive influence of extreme equity
market conditions on oil market tail risk. At the 5% quantile, however, significant spillovers
are largely confined to downside-related states, while upside and cross-tail effects weaken
substantially. These directional features are stable across alternative kernel functions and
bandwidth choices.
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Table 3. Granger causality spillover test results.
M Kernel N Crude Oil — S&P 500 S&P 500 — Crude Oil
DD DU [9]8) UD DD DU [9]8) UD
20  Daniell 1% 0.57 5.66 *** 11.78 *** 27.63 *** 10.22 *** 3.75 *** 11.09 *** 2.23**
5% 3.19 *** 3.78 *** —1.04 13.33 *** 9.43 *** 18.16 *** —0.10 0.39
30 Daniell 1% 11.04 *** 4.04 *** 8.23 *** 31.85 *** 13.14 *** 8.06 *** 16.94 *** 8.81 ***
5% 3.70 *** 4.06 *** —1.28 12.37 *** 11.76 *** 18.35 *** 1.57 % 1.20
60  Daniell 1% 18.42 *** 1.80 ** 7.45 *** 32.00 *** 12.02 *** 9.79 *** 31.17 *** 18.57 ***
5% 5.40 *** 3.11 **+* —0.31 10.41 *** 11.47 *** 16.78 *** 5.49 *** 4.54 ***
20  Bartlett 1% 0.47 6.03 *** 12.94 *** 25.60 *** 8.17 *** 2.95 *** 8.14 *** 1.24
5% 2.72 *** 4.57 *** -1.00 12.46 *** 8.70 *** 17.64 *** —0.56 0.05
30 Bartlett 1% 8.32 *** 4.65 *** 10.43 *** 29.93 *** 11.29 *** 6.78 *** 14.73 *** 6.60 ***
5% 3.17 ** 4.49 ** —1.16 12.25 *** 10.87 *** 18.20 *** 1.01 1.01
60  Bartlett 1% 15.88 *** 1.81* 8.90 *** 32.53 *** 12.24 *** 9.36 *** 28.11 *** 16.11 ***
5% 5.04 *** 3.58 *** —0.43 11.33 *** 11.61 *** 17.83 *** 4.61 *** 3.83 ***
20 Parzen 1% 4.45 *** 5.12 *** 10.52 *** 29.271 *** 11.43 *** 5.58 *** 12.37 *** 4.09 ***
5% 3.04 *** 4.05 *** —1.18 12.93 *** 10.38 *** 18.28 *** 0.23 0.50
30 Parzen 1% 13.09 *** 3.29 *** 8.50 *** 31.89 *** 13.18 *** 9.23 *** 20.74 *** 10.96 ***
5% 3.53 *** 4.00 *** —1.08 11.78 *** 11.95 *** 17.98 *** 2.45 *** 210 **
60 Parzen 1% 17.96 *** 0.24 7.31 % 32.05 *** 11.80 *** 9.46 *** 31.94 *** 19.61 ***
5% 6.17 *** 2.83 *** -0.17 10.55 *** 11.19 *** 16.77 *** 6.12 *** 4.75 ***

This table reports Granger causality spillover test results based on tail risk measures for different bandwidth
parameters (M) and kernel functions. Reported values are Q statistics, with statistically significant statistics
shown in bold. Superscripts ***, **, and * denote significance at the 1%, 5%, and 10% levels, respectively. DD
and UU denote downside-to-downside and upside-to-upside spillovers, while DU (UD) represents downside-
to-upside (upside-to-downside) spillovers. Statistical significance is assessed using two-sided standard normal
critical values.

Taken together, the results highlight clear directional and state-dependent asymme-
tries in tail risk transmission between the two markets. These patterns can be interpreted
through the economic transmission channels articulated in the framework of [10]. Specif-
ically, the significant DD spillover from the equity market to the crude oil market is
consistent with the “aggregate demand” channel. As noted by [10], an extreme crash
in the stock market often signals deteriorating expectations for future business activity
and a contraction in the global economic system. This negative outlook triggers a sharp
reduction in the derived demand for energy products, thereby precipitating a collapse in oil
prices. Conversely, the strong spillover from crude oil upside risk to stock market downside
risk (UD) points to the prevalence of “supply-side” shocks or increases in precautionary
demand driven by supply shortfall concerns. Structurally, such extreme oil price surges
transmit risk by elevating production costs and inducing inflationary pressures, which
squeeze consumer discretionary spending and corporate profit margins. Consequently,
investors revise their valuations downward based on expected changes in real cash flows
and dividends. Thus, the observed asymmetry is not merely statistical but reflects the
distinct structural shocks—demand contraction versus cost-push inflation—that drive tail
risk transmission in each direction.

Beyond macroeconomic shocks, the financialization of commodities [33,34] also pro-
vides a crucial structural explanation for the observed asymmetric spillovers. As crude
oil has evolved into a key asset class for institutional portfolio allocation, its price dynam-
ics are increasingly driven by financial factors rather than purely physical supply and
demand. During extreme equity market downturns, systemic risk propagates to the oil
market through cross-market rebalancing and deleveraging, explaining why equity market
spillovers tend to be more pervasive. Furthermore, liquidity constraints during deep tail
events can amplify these transmissions. According to the “liquidity spiral” framework [35],
investors facing margin calls or funding shortages in the equity market may be forced
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to liquidate their liquid commodity positions [36]. This liquidity-driven contagion cre-
ates a potent downside-to-downside transmission channel that reinforces the asymmetric
influence of the equity market on oil volatility.

To assess the sensitivity of the results to the construction of tail risk measures,
Appendix A Table A1 reports robustness results based on empirical quantiles computed
exclusively from rolling-window in-sample observations. The resulting spillover patterns
are broadly consistent with those obtained under the normal-quantile specification, both
in terms of the direction of tail risk transmission and the relative strength of significant
configurations. Unless otherwise stated, subsequent VaR-based analyses rely on the base-
line specification using normal quantiles, the Daniell kernel, and a bandwidth parameter
of M = 20.

Although the magnitude and significance of spillovers differ between the 1% and 5%
quantile levels, both sets of results consistently point to economically and statistically mean-
ingful tail risk interactions between the equity and crude oil markets. The variation across
quantiles reflects differences in the severity of extreme events rather than the absence of
interdependence. These findings establish a clear empirical foundation for the subsequent
analyses. We next examine the time-varying evolution of tail risk transmission using con-
nectedness measures and then assess whether incorporating cross-market tail information
improves volatility forecasting performance within a HAR-type modeling framework.

Before turning to the dynamic connectedness analysis, it is useful to briefly clarify the
role of the U.S. dollar in the interaction between the equity and crude oil markets. As both
markets are denominated in U.S. dollars, exchange rate movements constitute an important
channel through which global financial conditions can simultaneously affect risk dynamics
in both markets. More generally, similar to other macro-financial variables, fluctuations in
the U.S. dollar can act as a common transmission mechanism that links commodity and
equity markets by shaping global liquidity conditions, risk appetite, and valuation effects.
In this study, the U.S. dollar is therefore treated as part of the broader macro-financial
environment within which tail risk transmission is examined.

While the tail Granger causality tests provide evidence on directional predictability
between extreme risk events across markets, they do not describe how the strength of tail
risk transmission evolves over time. To complement this perspective, we next examine
rolling-window connectedness measures constructed from the tail risk indicators. Unlike
the Granger causality results, which focus on statistical significance, the connectedness
measures are primarily used here as descriptive tools to illustrate the time variation and
heterogeneity in tail risk spillover intensity across different tail-state configurations.

Figure 2 plots the rolling-window directional connectedness measures C;_,;(Hc) de-
fined in Equation (13) under four tail-state configurations. Across all panels, the connected-
ness measures exhibit substantial time variation, indicating that the intensity of tail risk
spillovers is not constant but fluctuates over time. Moreover, spillover strength differs sys-
tematically across tail-state configurations, suggesting that tail risk transmission depends
on the prevailing joint tail states of the two markets.

This pronounced time variation is closely aligned with the regime-dependent nature
of oil-equity spillovers documented in [37]. In their framework, spillover intensity and
apparent asymmetry tend to strengthen during periods of financial stress, heightened
uncertainty, and binding liquidity constraints, while remaining comparatively muted in
normal times. Changes in investors’ interpretation of oil price movements—shifting from
supply-side considerations to aggregate-demand and macroeconomic signals—play a
central role in shaping these regime shifts.
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Figure 2. Time-varying directional connectedness (TO) based on tail risk indicators: This figure plots
rolling-window VAR-based directional connectedness measures computed from the tail risk VaR.
Each panel corresponds to one tail-state configuration: (a) downside and downside; (b) downside and
upside; (c) upside and upside; and (d) upside and downside. The plotted series is the TO spillover
measure C;_, j(HC) for the chosen direction. In a two-market system, the TO spillover from market 1
to market 2 is numerically equivalent to the FROM spillover received by market 2 from market 1, so
reporting TO is sufficient to characterize directional transmission.

From this perspective, the episodic behavior observed in Figure 2 suggests that cross-
market tail risk spillovers are not a permanent feature of the oil-equity relationship but in-
stead emerge more forcefully during specific high-risk periods. This observation has
direct implications for volatility modeling: the relevance of cross-market information is
time-varying and state-dependent, rather than constant over the sample.

Taken together, the tail Granger causality and connectedness analyses jointly indicate
that tail risk spillovers are both statistically significant and time-varying, providing a
coherent empirical foundation for incorporating cross-market information in a flexible and
state-dependent manner.

3. Volatility Forecasting Models

This section introduces the volatility forecasting framework employed in this study.
Building on the volatility dynamics and risk measures constructed in the previous sections,
we first establish benchmark HAR-type models and then propose several extensions that
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incorporate cross-market information motivated by tail risk spillovers. Section 3.1 presents
the benchmark HAR and HAR!Y models, which serve as market-specific baselines for
volatility forecasting. Section 3.2 introduces cross-market HAR-type specifications that allow
volatility dynamics in one market to depend on information from the other market. Section 3.3
describes the multi-step-ahead forecasting strategy used for out-of-sample evaluation.

3.1. Benchmark HAR-Type Models

The heterogeneous autoregressive (HAR) model [14-16] and H AR model extension
with implied volatility [17,18] have already been introduced in the context of modeling the
price process and constructing tail risk measures in Equation (2) and Equation (3). Here,
we briefly recall their role and economic interpretation. The HAR framework provides a
parsimonious and transparent reduced-form representation of realized volatility dynamics
by aggregating information across multiple time horizons. Motivated by the heterogeneous
market hypothesis, the model captures the idea that volatility persistence arises from the
interaction of market participants operating at different investment horizons, ranging from
short-term traders to long-term institutional investors. In the present study, the HAR model
plays a dual role. First, it serves as the baseline specification for forecasting realized volatil-
ity in each market. Second, it provides the volatility dynamics underlying the construction
of conditional risk measures used in the tail Granger causality and connectedness analyses.
This dual usage ensures internal consistency between the risk spillover analysis and the
subsequent forecasting exercise.

To incorporate forward-looking information from option markets, we adopt the
HAR! specification, which augments the HAR structure with implied volatility com-
ponents aggregated over matching horizons. By aligning the temporal aggregation of
realized and implied volatility, the HAR'Y model preserves the heterogeneous-agent inter-
pretation while allowing volatility forecasts to reflect both historical volatility dynamics
and market expectations embedded in option prices.

Importantly, both the HAR and HAR!V models are market-specific in nature: all
realized and implied volatility components are drawn from the same underlying market.
As such, these benchmark models do not account for cross-market information transmission,
even though the empirical evidence in Section 2.3 demonstrates the presence of statistically
significant and time-varying tail risk spillovers between markets. This limitation motivates
the cross-market extensions introduced in the next subsection, where volatility forecasts
for one market are augmented with information extracted from the other market in a
manner that is both economically interpretable and consistent with the documented tail
risk spillover patterns.

3.2. Cross-Market HAR Models

Motivated by the empirical evidence of tail risk spillovers between stock and oil
markets, we extend the HAR framework by incorporating volatility information from an
external market. For expositional clarity, we denote the target market as market 1 and
the external market as market 2. In the empirical application, market 1 and market 2
correspond to the S&P 500 index and crude oil futures, respectively, or vice versa.

Let RV} ; and IV} ; denote the realized and implied volatility of market [, for I € {1,2}.
Both realized and implied volatility measures are constructed over heterogeneous horizons,
consistent with the HAR framework.

3.2.1. Direct Cross-Market Augmentation

Empirical evidence presented in Section 2.3 documents significant and time-varying
tail risk spillovers between stock and oil markets. In particular, both the VAR-based tail
Granger causality tests and the dynamic connectedness analysis indicate that extreme risk
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conditions in one market contain predictive information about future risk dynamics in the
other market. These findings motivate an extension of the benchmark HAR!" framework
that allows volatility information to flow across markets in a systematic manner.

To operationalize this idea, we augment the HARRV

model of the target market
(market 1) by incorporating volatility information from an external market (market 2).
We consider two direct cross-market HAR specifications that differ in the information set
drawn from market 2.

The first specification introduces only realized volatility measures from market 2,
capturing the transmission of ex post volatility shocks across markets. This RV-only cross-

market HAR model is given by

)/
RVIARCRY — 7! By + {Z }ﬁz,h RV tep s, (14)
he{d,w,m

where under-scripts 1 and 2 denote market 1 and market 2, respectively, and h € {d,w, m}
indexes daily, weekly, and monthly horizons.

The second specification further enriches the information set by including implied
volatility from market 2, allowing forward-looking risk expectations in the external market
to directly affect volatility dynamics in the target market. The resulting RV-IV cross-market
HAR model can be written in compact form as

RvﬂflzCRVW = le,tlgl + 2 Bon th(z,h) + Z Y2.n IVt(Z/h) + €141, (15)
he{dw,m} he{dw,m}

In both specifications, le,t B1 denotes the standard own-market H ARV components, de-
fined as
Zipi=Pot+ Y. BuRVY+ Y malvyy.
he{d,w,m} he{dw,m}
Both realized and implied volatility components are constructed consistently with the
heterogeneous autoregressive framework across all horizons.

Equations (14) and (15) extend the information set of the benchmark H AR model
along two dimensions. First, it incorporates backward-looking realized volatility and
forward-looking implied volatility from market 2, allowing cross-market information
to enter the forecasting equation directly. Second, by including volatility measures at
heterogeneous horizons, the model preserves the economic interpretation of the HAR
framework in which agents operating at different investment horizons contribute differently
to volatility dynamics.

From an economic perspective, tail risk spillovers indicate that extreme risk conditions
in one market may be associated with future risk dynamics in another market through
broad economic linkages rather than a single dominant channel. In particular, stock
and commodity markets are interconnected on both the demand side and the supply
side; shocks to one market may therefore be reflected in the risk environment of the
other [1,2,4,10].

The direct cross-market HARRVIV specification in Equation (15) is designed to accom-
modate such interdependencies in a parsimonious and agnostic manner. By augmenting
the information set of market 1 with realized and implied volatility measures from market 2
across heterogeneous horizons, the model allows cross-market information to enter the
volatility forecasting process without committing to a specific economic propagation channel.

Importantly, this formulation remains purely reduced-form. It does not presuppose
how volatility is transmitted across markets, nor does it require explicit assumptions
about the underlying supply-side or demand-side mechanisms. Instead, it treats volatility
measures from market 2 as potential predictors and evaluates their relevance based on

https://doi.org/10.3390 /math14040686


https://doi.org/10.3390/math14040686

Mathematics 2026, 14, 686

16 of 35

whether they contain incremental forecasting information beyond own-market realized
and option-implied volatility. The presence and strength of cross-market spillovers are thus
determined empirically rather than imposed ex ante.

In addition to individual model specifications, we consider a simple forecast com-
bination strategy to account for model uncertainty regarding the strength and nature of
cross-market spillovers. Specifically, we construct an averaged volatility forecast by taking
the arithmetic mean of the fitted values obtained from the HAR!Y model, the HARRV
model, and the HARRVIV model:

RVipr =3(RVipn  + RV, + RV,

= AVG 1 < —~ HARIV =~ HARCRV —~ HARCRVIV) (16)
This combination approach exploits the complementary information embedded in different
cross-market specifications while mitigating the risk of model misspecification. From an
economic perspective, the averaged forecast reflects a diversified view of volatility dynam-
ics, integrating own-market persistence, realized cross-market shocks, and forward-looking

risk expectations from the external market.

3.2.2. Threshold-Dependent Cross-Market HAR Model

Empirical evidence presented earlier suggests that cross-market risk transmission
is concentrated in extreme market conditions. To reflect this feature, we augment the
cross-market HAR framework by allowing information from the external market to enter
the volatility forecasting equation only when a spillover-related state variable lies outside a
predefined range [38—40].

Specifically, we consider the following threshold-activated HAR specification:

d d
RV = 73 B1+ 1St ¢ [er, cul) (.BZ,dRVZ(,t) + 724l VZ(,t)) +er (17)

where Zj 81 = Bo + Lie{d,wm} B RVl(’IZ) + Lne{dwm) Bl Vl(if) denotes the standard
own-market HAR!V components, including daily, weekly, and monthly realized volatility
as well as implied volatility. RVt(;) and I Vt(i) are the daily realized and implied volatility
from the external market. I(+) is an indicator function that takes the value of one when the
state variable S; falls outside the interval [c[, ¢y;], and zero otherwise.

This formulation implies that cross-market information is activated only during ex-
treme states of the spillover variable, corresponding to periods of unusually high stress or
abnormal market conditions. For most observations, the indicator equals zero, reflecting
the absence of economically meaningful spillovers in normal times.

The lower and upper bounds (c;, c;7) are determined endogenously from the data.
We adopt a grid-search procedure over a set of admissible threshold values and select the
interval that minimizes the residual sum of squares (RSS) of the forecasting regression.
Formally, the estimated thresholds are obtained as

T
(ér,éu) = argmin y_ &4 (cr, cu), (18)
(CL,Cu)GC t=1

where C denotes the set of candidate threshold pairs, and £;,1(c, cy7) is the regression
residual associated with a given threshold choice.

We consider alternative definitions of the state variable S; to capture different dimen-
sions of extreme market conditions in the external market. First, S; is defined as the realized
or implied volatility of the external market. In this case, the indicator I(S; ¢ [cr,cy])
primarily captures periods of abnormally high volatility, with the upper bound cy; playing
a dominant role and ¢y, = 0 (I(S¢ > cyy)). This specification reflects the notion that volatility
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spillovers are most relevant when the external market experiences exceptionally high un-
certainty. Second, we consider S; defined as the return of the external market. Under this
specification, the indicator function activates cross-market predictors when returns fall
outside a symmetric or asymmetric interval around zero, capturing extreme positive or
negative price movements. This setting allows for spillovers driven by sharp market rallies
or crashes, consistent with the idea that large return shocks transmit information and risk
across markets.

Across these alternative specifications, the common modeling principle is that cross-
market volatility transmission is triggered only when the external market exhibits extreme
behavior, either in terms of volatility or returns. This approach provides a flexible yet
economically intuitive framework for incorporating state-dependent spillovers into volatil-
ity forecasting.

3.2.3. Transfer Learning-Based HAR Model

While the direct cross-market HAR specifications incorporate information from both
markets symmetrically, empirical evidence on tail risk spillovers suggests that information
transmission is often directional. To exploit this feature, we adopt a transfer learning frame-
work in which volatility dynamics estimated from an external source market (market 2) are
used to inform parameter estimation in the target market (market 1).

The transfer learning procedure proceeds in two steps. In the first step, we estimate a
baseline HAR!Y model using data from market 2 and obtain the corresponding parameter
vector, denoted by B(z). This source model captures the intrinsic volatility dynamics of
market 2 and serves as a reference structure for the target market.

In the second step, we estimate the H ARV model for market 1 while shrinking its
(2)

HAR model is obtained by solving

parameter vector toward 8 through a ridge-type penalty. Formally, the transfer learning

(19)

T 2
A . 2 A,
lgl,transfer = arg mﬂll’l Z (va,t+1 - le,tﬂ) + AHﬁ - 132 2/
t=1

where Z;; denotes the HAR'Y regressors constructed from market 1, and A > 0 is a
tunmg parameter that controls the strength of information transfer from the source market.
.31 trans fer T€PTEsents the transfer learning parameter for market 1, while B2 denotes the
parameter estimated solely from the HAR — IV model based on market 2 data.

To ensure comparability between parameters across markets and to avoid scale-driven
distortions in the shrinkage term, all regressors are standardized to have zero mean and
unit variance prior to estimation. This normalization step ensures that the penalty reflects
genuine similarities in volatility dynamics rather than differences in measurement units or
volatility levels.

From an economic perspective, the transfer learning framework imposes a form of
parameter similarity across markets, reflecting the idea that volatility formation mech-
anisms may share common features when markets are strongly connected, particularly
during periods of elevated tail risk. The ridge penalty allows the target market to borrow
information from the source market while retaining flexibility to deviate when local market
conditions differ. As A increases, the model places greater weight on the volatility structure
learned from market 2, whereas setting A = 0 reduces the specification to a standard
HAR! model estimated solely on market 1 data.

Overall, this approach provides a disciplined way to incorporate cross-market infor-
mation at the parameter level, complementing the direct predictor-based spillover models
and offering an alternative channel through which tail risk transmission can enhance
volatility forecasting.
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3.3. Multi-Step Ahead Forecasting Strategy

Short-horizon volatility forecasts are often dominated by strong serial dependence in
realized volatility, which may limit the ability to disentangle the incremental predictive
content of alternative information sets. From a methodological perspective, focusing
exclusively on one-step-ahead forecasts can therefore place disproportionate weight on
short-run persistence, potentially masking more gradual effects associated with cross-
market information. To complement the one-step-ahead analysis, we consider multi-step
ahead volatility forecasting over longer horizons.

Formally, for a given forecast horizon H > 1, the H-step-ahead forecasting equation is
specified as

RViyg = Z1 By g + v h, (20)

where Z; By i = Bo + L {dwm} Bii RVl(,]:) + Ynefdwmy Tin 1 Vl(,lz) denotes the standard
own-market HAR!V components, and B, is a horizon-specific parameter vector. This
specification allows the relationship between predictors and future volatility to vary flexibly
with the forecast horizon.

For expositional clarity, Equation (20) presents the baseline formulation. All alternative
models considered in the paper—including the direct cross-market HAR specifications,
threshold-activated models, and transfer learning-based models—are extended to the multi-
step setting in an analogous manner by replacing the one-step-ahead target variable with
RV, g and allowing model parameters to depend on H. This direct multi-step framework
ensures that forecasts at each horizon are estimated independently and rely solely on
information available at time ¢.

3.4. Statistical Loss Functions

To evaluate the out-of-sample forecasting performance of the competing volatility
models, we employ several commonly used statistical loss functions that capture different
aspects of forecast accuracy. These loss measures are reported in the empirical performance
section and provide complementary perspectives on model performance.

First, we consider the quasi-likelihood (QLIKE) loss function, defined as

RV, RV,
LtQ_i_LllKE = Ait-‘_l — 10g</\t+1> —1. (21)
thﬂ\t thﬂ\t

QLIKE is robust to measurement error in realized volatility and assigns relatively higher
penalties to forecast errors during periods of elevated volatility. As a result, smaller QLIKE
values indicate more accurate volatility forecasts, particularly in high-volatility regimes.

As abenchmark accuracy measure, we also report the root mean squared error (RMSE),
given by

1 g __ 2
RMSE = || = ;(RVH - RVHW) . (22)
RMSE measures the average magnitude of forecast errors in volatility levels, with lower
RMSE values corresponding to smaller deviations between realized and predicted volatility.
Together, these loss functions provide complementary statistical and economic criteria
for evaluating volatility forecasts, ensuring that improvements in predictive accuracy are
reflected in both overall fit and tail risk measurement.

4. Volatility Forecasting Performance

This section evaluates the out-of-sample volatility forecasting performance of the
proposed models under a rolling-window framework. Building on the tail risk spillover
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evidence documented in the previous sections, the analysis assesses whether incorporating
cross-market information improves predictive accuracy and economic relevance relative to
standard market-specific benchmarks.

Section 4.1 describes the rolling-window forecasting design and details the estimation
of all model parameters, including threshold values and regularization parameters, using
only information available at each forecast origin. Section 4.2 compares the statistical
forecasting accuracy of competing models based on standard loss functions, with partic-
ular emphasis on QLIKE. Finally, Section 4.3 examines the economic significance of the
volatility forecasts by implementing a simple volatility timing strategy, illustrating how
improvements in statistical accuracy translate into portfolio performance gains.

4.1. Rolling Window and Parameter

The forecasting analysis is implemented using the same dataset described in
Section 2.3.1, which contains realized and implied volatility measures for the S&P 500
and the crude oil market over the full sample period. Out-of-sample forecasts are gen-
erated under a rolling-window scheme in which model parameters are re-estimated at
each forecast origin using a fixed-length estimation window and then used to produce
multi-horizon volatility forecasts. We consider two rolling-window lengths, W = 500 and
W = 1000 trading days, in order to assess the sensitivity of forecasting performance to the
amount of historical information used in estimation. Shorter windows allow the models to
adapt more quickly to recent structural changes, while longer windows provide greater
estimation stability.

Within each rolling window, threshold parameters in the conditional forecasting model
are estimated endogenously using only in-sample observations. Specifically, a sufficiently
wide search range is specified for the conditioning variable so as to cover both lower and
upper tail regions. Candidate threshold pairs are constructed on a finite grid based on
empirical quantiles of the conditioning variable computed from the rolling estimation
window. For each candidate pair, the corresponding threshold-based HAR forecasting
regression is re-estimated, and the threshold combination that yields the smallest in-sample
residual sum of squares in Equation (18) is selected. Both the threshold values and the
associated regression coefficients are therefore determined entirely within the rolling win-
dow and are subsequently used to generate out-of-sample forecasts. Table A2 provides
descriptive summary statistics of the resulting threshold estimates across the out-of-sample
period, showing that the selected threshold values exhibit limited dispersion and remain
broadly comparable across rolling window lengths W = 500 and W = 1000. Figure Al
further illustrates the time-varying nature of the threshold estimates, showing that the
high threshold values, used to trigger market entries during high volatility periods, remain
consistent across both window sizes. This stability indicates that the threshold mechanism
captures persistent changes in the volatility environment rather than transitory noise.

For the transfer learning specifications, the regularization parameter A is determined
in a data-driven manner within each rolling window. At each forecast origin, A is selected
by cross-validation using only the in-sample observations in the corresponding estimation
window. Standard 5-fold cross-validation is primarily employed, where data is partitioned
into 5 equally sized folds, and A is selected to minimize the mean squared error (MSE)
on these Holdout sets. The selected value of A is then fixed when producing the out-of-
sample forecast for that window, ensuring that regularization is tuned without recourse to
future information. As a robustness check, we additionally conducted a time-series-aware
cross-validation (CV) scheme. This approach considers temporal dependencies by using
sequentially ordered folds, aligning with the characteristics of time-series data. Time-
series CV was performed using a rolling split design, where training sets incrementally

https://doi.org/10.3390 /math14040686


https://doi.org/10.3390/math14040686

Mathematics 2026, 14, 686

20 of 35

"roll" forward in time to reflect temporal evolution. Results from the time-series CV are
largely consistent with those obtained from standard CV, with minor variations. While the
time-series CV performs slightly worse in terms of the forecasting error, the similarity in
outcomes supports the robustness of our transfer learning specifications.

Figure A2 displays the empirical distribution of the selected A values for a rolling
window of W = 500. We find that the results for W = 1000 exhibit a nearly identical pattern;
thus, they are omitted for brevity. Crucially, the resulting values of A remain in a moderate
range for the majority of the period in both markets. This moderate magnitude indicates
that the transfer learning framework does not simply force the target market to “mimic”
the source market’s structure (which would require an excessively large A) but rather
selectively incorporates cross-market information to regularize the forecasting process.
Furthermore, there is a distinct asymmetry in the regularization strength: the equity market
(SPX) often exhibits higher penalty coefficients and greater dispersion compared to the
crude oil market (WTI), suggesting that the degree of information integration is more
volatile and aggressive when transferring oil market signals to equities.

In unreported results, we also consider the alternative choice A1, defined as the largest
regularization parameter within one standard error of the minimum cross-validation error,
which corresponds to a more conservative specification. The main forecasting conclusions
remain qualitatively unchanged under this alternative choice.

4.2. Statistical Forecasting Accuracy

Tables 4 and 5 summarize the out-of-sample forecasting performance for WTI crude
oil futures under rolling estimation windows of W = 500 and W = 1000, respectively.
A first striking feature of the crude oil results is that cross-market models tend to deliver
improvements that are not confined to a single horizon or a single window length. Rela-
tive to the benchmark HAR!V model, adding information from the equity market often
improves forecasting accuracy at the 30-day and 60-day horizons and, in several cases, also
produces non-negligible gains at the one-day horizon. This broader distribution of gains
across horizons contrasts with the equity market case discussed below and suggests that
oil volatility is more responsive to external information, consistent with the view that oil
market uncertainty is tightly linked to macro-financial conditions and to shifts in aggregate
risk sentiment captured by equity markets.

The horizon patterns in the crude oil market are also informative about the role of
forward-looking versus backward-looking cross-market information. Models that include
both realized and implied volatility from the external market (i.e., HARCRV!V) frequently
outperform the benchmark and the RV-only augmentation (i.e., HARCRY), particularly at
longer horizons. This evidence is consistent with the interpretation that option-implied
volatility conveys forward-looking information about future uncertainty that is not fully
captured by realized volatility persistence alone. In the crude oil setting, this forward-
looking channel is especially relevant because oil markets are exposed to abrupt repricing
driven by global demand expectations, policy uncertainty, and risk-off episodes, all of
which may be reflected earlier and more sharply in equity-market implied volatility. Thus,
when equity-market implied volatility is incorporated into the oil volatility forecasting
equation, it can help forecast not only short-run movements but also more persistent
volatility components that matter for multi-week horizons.
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Table 4. Performance comparison of volatility models for crude oil futures (500-day rolling window).

1 DAY HORIZON 30 DAY HORIZON 60 DAY HORIZON
Model QLIKE Quesc (%) RMSE QLIKE Quesc (%) RMSE QLIKE Quesc (%) RMSE
No_threshold
HAR"Y 0.01562 0 9.203 0.06469 0 17.85 0.08497 0 19.34
HARCRY 0.01556 0.3727 9.234 0.05903 8.759 17.45 0.07895 7.094 18.92
HARCRVIV 0.01556 0.3545 9.272 0.05544 143 18.31 0.06647 21.78 17.07
HARTRANSFER —0.01574 —0.7545 9.327 0.06328 2.182 18.18 0.0786 7.504 19.02
MODELAVG 0.01545 1.113 9.179 0.0569 12.04 17.49 0.07042 17.13 18.02
RV_threshold
HAR'"Y 0.01562 0 9.203 0.06469 0 17.85 0.08497 0 19.34
HARCRY 0.01569 —0.4621 9.356 0.06121 5.379 20.03 0.08459 0.4486 19.3
HARCRVIV 0.01597 —2.223 9.678 0.06245 3.473 20.75 0.08501 —0.04621 19.36
MODELAVG 0.01562 —0.01516 9.289 0.06155 4.856 18.72 0.08424 0.8682 19.29
RETURN_threshold
HARY 0.01562 0 9.203 0.06469 0 17.85 0.08497 0 19.34
HARCRY 0.01571 —0.588 9.357 0.06492 —0.3523 19.71 0.08546 —0.5671 19.35
HARCRVIV 0.01566 —0.2653 9.256 0.06166 4.69 19.9 0.08533 —0.4229 19.34
MODELAVG 0.01559 0.2164 9.233 0.06277 2.979 18.62 0.08475 0.2629 19.31
This table reports out-of-sample volatility forecasting performance for the WTT crude oil futures using a rolling
estimation window of W = 500 trading days. Forecast horizons are i € {1,30,60} days. All models are estimated
on log realized volatility, and volatility forecasts are converted back to levels using the lognormal transformation
before computing loss functions. Reported statistics are average losses over the out-of-sample period; smaller
values of QLIKE and RMSE indicate better forecasting performance. Qg ,s. (%) reports the percentage improve-
ment in QLIKE relative to the benchmark HAR!Y model within the same window length and forecast horizon,
computed as 100 x (QLIKEgar — QLIKE,;p401) / QLIKE g oR, S0 positive (negative) values indicate improvement
(deterioration). The blocks No_threshold, RV_threshold, and RETURN_threshold correspond to alternative rules
regulating the inclusion of cross-market information, as described in Section 3.2. MODELAYC denotes forecast
averaging across the selected cross-market specifications.
Table 5. Performance comparison of volatility models for crude oil futures (1000-day rolling window).
1 DAY HORIZON 30 DAY HORIZON 60 DAY HORIZON
Model QLIKE Quesc (%) RMSE QLIKE Quesc (%) RMSE QLIKE Quesc (%) RMSE
No_threshold
HARY 0.01606 0 9.774 0.07045 0 19.02 0.09761 0 2091
HARCRY 0.01587 1.214 9.784 0.06731 4.461 18.60 0.09762 —0.008903 20.99
HARCRVIV 0.01578 1.741 9.736 0.06593 6.413 18.67 0.09039 7.398 20.70
HARTRANSFER —0.01604 0.1053 9.903 0.06698 4.935 18.91 0.08769 10.16 20.40
MODELAVG 0.01581 1.565 9.738 0.06669 5.345 18.65 0.09169 6.059 20.63
RV_threshold
HARY 0.01606 0 9.774 0.07045 0 19.02 0.09761 0 2091
HARCRY 0.01606 0.01149 9.782 0.06848 2.800 20.21 0.09749 0.124 20.94
HARCRVIV 0.01619 —0.8054 10.21 0.06875 2.416 20.25 0.09748 0.1304 20.93
MODELAVG 0.01600 0.3467 9.834 0.06827 3.102 19.32 0.09718 0.4363 20.90
RETURN_threshold
HARY 0.01606 0 9.774 0.07045 0 19.02 0.09761 0 2091
HARCRY 0.01608 —0.09931 9.786 0.07100 —0.7716 19.11 0.09794 —0.3415 20.92
HARCRVIV 0.01609 —0.1876 9.802 0.06842 2.890 18.67 0.09738 0.2348 20.91
MODELAVG 0.01601 0.3171 9.763 0.06939 1.514 18.86 0.09727 0.3421 20.90

This table reports out-of-sample volatility forecasting performance for the WTI crude oil futures using a rolling
estimation window of W = 1000 trading days. Forecast horizons are i € {1,30,60} days. All models are estimated
on log realized volatility, and volatility forecasts are converted back to levels using the lognormal transformation
before computing loss functions. Reported statistics are average losses over the out-of-sample period; smaller
values of QLIKE and RMSE indicate better forecasting performance. Qg ,s. (%) reports the percentage improve-
ment in QLIKE relative to the benchmark HAR!V model within the same window length and forecast horizon,
computed as 100 x (QLIKEgar — QLIKE,;p401) / QLIKE g aR, so positive (negative) values indicate improvement
(deterioration). The blocks No_threshold, RV_threshold, and RETURN_threshold correspond to alternative rules
regulating the inclusion of cross-market information, as described in Section 3.2. MODELAVC denotes forecast
averaging across the selected cross-market specifications.

Model rankings in the crude oil market further highlight an important role for transfer

learning and forecast combination. In terms of model-specific performance, the transfer
learning specification often plays a prominent role in the crude oil market. HARTRANSFER
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frequently delivers competitive performance and, in several configurations, provides
improvements that are comparable to or stronger than those from direct cross-market
augmentation. This pattern suggests that “how” cross-market information is imported
matters: disciplining oil volatility dynamics by shrinking parameters toward structures
learned from the equity market can be particularly effective when oil volatility is noisy and
subject to episodic structural changes. In such an environment, directly injecting equity
volatility regressors may add signal, but it may also add noise or collinearity; transfer
learning can mitigate these issues by borrowing information at the parameter level while
still allowing the oil market to deviate when local conditions differ. Forecast averaging,
MODELAYC, also performs robustly in the crude oil market. Its gains are consistent
with the idea that there is model uncertainty regarding the dominant spillover channel at
any given time—sometimes realized spillovers dominate, sometimes implied spillovers
dominate, and sometimes regularization-based transfer is more stable. Averaging can
therefore provide a reliable improvement by smoothing over these regime shifts.

Turning to the threshold designs, the crude oil results underscore that spillover regula-
tion is not uniformly beneficial. While RV_threshold specifications can improve forecasting
accuracy in certain cases, they also lead to clear deteriorations in others, especially when
the threshold restricts the model from exploiting cross-market information during peri-
ods that are not classified as “extreme” by the chosen state variable. This observation is
economically plausible: oil volatility can react to macro-financial news and risk repricing
even outside the most extreme volatility regimes, so a strict volatility threshold may in-
advertently shut down a useful transmission channel. The RETURN_threshold designs
tend to be less reliable, which is also intuitive in this context: extreme returns are relatively
rare and may not align well with the persistence and multi-horizon structure of realized
volatility. Taken together, the crude oil evidence suggests that unconditional cross-market
information inclusion (or flexible mechanisms such as averaging and transfer learning) is
often the most robust strategy, whereas hard threshold rules require careful calibration to
avoid discarding informative signals.

Comparing results across rolling-window lengths reveals additional insights specific to
the crude oil market. The 500-day window can be more adaptive to recent structural breaks
and regime changes in oil markets, potentially capturing rapid shifts in volatility formation
after major events. However, this adaptiveness comes with higher estimation variability,
which may amplify noise in certain model variants. The 1000-day window generally
provides smoother performance and more stable rankings across specifications, reflecting
the benefits of estimation stability when volatility persistence is strong. Importantly,
the fact that cross-market improvements persist under both window lengths reinforces
the conclusion that equity market information contains incremental predictive content
for oil volatility beyond what is captured by the oil market’s own realized and implied
volatility dynamics.

Overall, the crude oil market results indicate that cross-market information transmis-
sion is not only statistically relevant (as documented in the spillover analysis) but also
economically useful for forecasting. The improvements are more consistent than in the
equity market, are present across multiple horizons, and are supported by both direct pre-
dictor augmentation and parameter-transfer mechanisms. This market-specific robustness
strengthens the central message of the paper: linking tail risk spillovers to forecasting is
particularly valuable when the target market is strongly exposed to external macro-financial
information, as is the case for crude oil.

We next turn to the S&P 500, reported in Tables 6 and 7 for rolling windows of W = 500
and W = 1000, respectively. While cross-market information from the crude oil market can
improve equity volatility forecasts, the pattern of gains is more horizon-dependent and,

https://doi.org/10.3390 /math14040686


https://doi.org/10.3390/math14040686

Mathematics 2026, 14, 686

23 of 35

on average, less uniform than in the crude oil case. At the one-day horizon, improvements
from cross-market augmentation are generally modest and mixed across specifications.
In several cases, unconditional cross-market augmentation leads to small deteriorations
relative to the benchmark HAR!V model, indicating that very short-horizon equity volatility
dynamics are dominated by strong own-market persistence and microstructure-driven
fluctuations that may not benefit substantially from external signals. This result is consistent
with the broader volatility forecasting literature, where one-step-ahead realized volatility
is often well explained by its own recent history, leaving limited incremental explanatory
power for additional regressors.

In contrast, at the 30-day and 60-day horizons, cross-market models exhibit more
consistent improvements in QLIKE. Under the No_threshold design, H ARCRV HARCRVIV
and MODELAV® frequently outperform the benchmark, suggesting that information from
the crude oil market becomes more relevant for forecasting medium- to long-horizon equity
volatility. This horizon-dependent pattern implies that cross-market spillovers primarily
affect persistent volatility components rather than short-lived fluctuations. A complemen-
tary explanation relates to the construction and information horizon of implied volatility.
The VIX index (also for OVX) is designed to measure market expectations of volatility over
approximately the next 30 calendar days, implying that its information content is naturally
aligned with medium-term uncertainty rather than very short-lived daily movements.
Consequently, cross-market information transmitted through implied volatility is expected
to matter more for volatility forecasts at horizons beyond the daily frequency. The stronger
performance of cross-market models at the 30-day and 60-day horizons is therefore eco-
nomically intuitive, as these horizons better match the forward-looking window embedded
in option-implied volatility measures.

The RMSE results for the equity market broadly align with the QLIKE-based findings,
although the magnitude of improvements is typically smaller. This difference is expected
because QLIKE is more sensitive to forecast errors during high-volatility periods and is
more robust to measurement error in realized volatility. The fact that QLIKE improvements
exceed RMSE improvements suggests that the main benefit of cross-market information for
equity volatility forecasting arises precisely in high-volatility or stressed regimes, when
correctly predicting volatility is most economically valuable.

Rolling-window comparisons also reveal a trade-off between adaptability and stability
in the equity market. The 500-day window occasionally delivers larger improvements at
particular horizons but exhibits greater variability across model specifications, reflecting
sensitivity to short-lived episodes and estimation noise. The 1000-day window produces
smoother and more stable performance patterns, indicating that longer windows may
better capture the persistent components of volatility dynamics that drive medium- and
long-horizon forecasts.

Finally, the threshold designs yield a similar qualitative message in the equity market
as in the crude oil market, but with some notable differences. Volatility-based thresholds
(RV_threshold) deliver mixed performance: they can improve forecasts in some configura-
tions but also underperform the no-threshold counterparts, especially at longer horizons
under the 1000-day window. Return-based thresholds (RETURN_threshold) are gener-
ally less effective and tend to produce limited or unstable gains. Taken together, these
results suggest that, within our framework and for the equity market, unconditional inclu-
sion of cross-market information is often (though not always) the most robust approach,
with forecast averaging providing a particularly stable improvement by diversifying across
alternative cross-market specifications.

Across all dimensions, forecast averaging performs robustly in the equity market,
especially at longer horizons. Although no single cross-market specification dominates
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uniformly, MODELAYC remains competitive by balancing the strengths of individual
models and mitigating specification-specific weaknesses. The transfer learning specification
also exhibits noteworthy performance in certain settings: while it does not always dominate
at longer horizons in the equity market, it can perform comparably to the benchmark at
the one-day horizon and deliver stable improvements at medium horizons, suggesting
that regularization-based information transfer may be a useful complement when direct
cross-market augmentation is less effective.

Taken together with the spillover evidence and the empirical behavior of the regu-
larization parameter, the differences in forecasting performance across markets suggest a
plausible, albeit inferential, explanation for the underlying information dynamics. While
these observations do not constitute a formal proof of the transmission mechanism, they
provide a consistent basis for reasoning why transfer learning is more effective in the oil
market than in the equity market. Based on the tail Granger causality analysis (Table 3),
the equity market exerts more pervasive and robust spillovers on the crude oil market.
This suggests that the equity market serves as a stable source of information that helps
regularize the more “noisy” oil market. The relatively stable and lower A values observed
in Figure A2 for the equity-to-oil direction support this inference, indicating that the model
can consistently leverage equity signals to improve oil volatility forecasts. In contrast,
the equity market models derive less benefit from oil market information. The higher and
more volatile A values required when transferring oil signals to equities imply that the
oil market’s information is more difficult to distill, requiring more aggressive filtering to
manage its inherent noise. Consequently, the observed discrepancy in model performance
is likely rooted in this fundamental asymmetry in the quality and stability of information
flow between the two markets.

This discrepancy in forecasting performance can be linked to the market-specific roles
within the broader financial system. The equity market, acting as the information hub and
a source of funding liquidity, provides a more stable and “clean” structural signal. This is
empirically reflected in the relatively lower and more stable A values for the equity-to-oil
specification, indicating that the oil market benefits from learning this robust financial
structure. In contrast, the “noisiness” of the crude oil market—partly driven by speculative
flows and idiosyncratic supply shocks—requires the equity market model to adopt a
more aggressive and volatile filtering mechanism (as evidenced by the higher and more
dispersed A in Figure A2). Consequently, the financialized nature of the oil market makes
it a responsive recipient of equity signals, while its inherent volatility limits the reverse
information flow, leading to the observed gains in predictive accuracy being concentrated
in the oil market.

Additional forecasting results for alternative horizons are reported in Appendix A
Tables A3 and A4 for the S&P 500, and Tables A5 and A6 for the crude oil market. Several
horizon-dependent patterns are worth highlighting. Overall, forecasts at intermediate and
longer horizons (e.g., 15-day and 45-day) tend to be more favorable than the 1-day horizon,
although the relative ranking between 15-day and 45-day horizons is not uniform and varies
across model specifications and markets. In terms of model class, specifications without
thresholding generally deliver stronger and more stable performance across horizons.
In particular, for the S&P 500 with W = 500, the CRVIV specification exhibits notably
strong performance at the 15-day and 45-day horizons. These patterns are consistent
with the main findings reported in this section, with the appendix tables providing the
detailed comparisons.
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Table 6. Performance comparison of volatility models for the S&P 500 (500-day rolling window.)

1 DAY HORIZON 30 DAY HORIZON 60 DAY HORIZON
Model QLIKE Quesc (%) RMSE QLIKE Quesc (%) RMSE QLIKE Quesc (%) RMSE
No_threshold
HARY 0.0457 0 4.086 0.1216 0 6.642 0.121 0 6.511
HARCRV 0.04606 —0.7811 4.117 0.1152 5.243 6.593 0.1157 4.337 6.354
HARCRVIV 0.04652 —1.789 4271 0.1169 3.806 6.617 0.1172 3.105 6.357
HARTRANSFER 0.04468 2221 4.085 0.1189 2.154 6.752 0.1256 —3.862 6.878
MODELAVG 0.04581 —0.253 4.142 0.1139 6.298 6.529 0.1118 7.57 6.319
RV_threshold
HAR'V 0.0457 0 4.086 0.1216 0 6.642 0.121 0 6.511
HARCRV 0.04641 —1.55 4.179 0.1188 2.268 6.554 0.117 3.263 6.371
HARCRVIV 0.04736 —3.629 4.306 0.1186 2.392 6.582 0.1182 2.266 6.4
MODELAVG 0.04598 —0.6099 4.137 0.1184 2.614 6.552 0.1173 3.016 6.402
RETURN_threshold
HAR'Y 0.0457 0 4.086 0.1216 0 6.642 0.121 0 6.511
HARCRV 0.04598 —0.6095 4.141 0.1224 —0.6563 6.664 0.1215 —0.4235 6.515
HARCRVIV 0.04614 —0.9743 4211 0.1219 —0.2684 6.672 0.1209 0.09606 6.502
MODELAYG 0.04574 —0.08629 4.125 0.1212 0.283 6.643 0.1206 0.2846 6.498
This table reports out-of-sample volatility forecasting performance for the S&P 500 using a rolling estimation
window of W = 500 trading days. Forecast horizons are 1 € {1,30,60} days. All models are estimated on log
realized volatility, and volatility forecasts are converted back to levels using the lognormal transformation before
computing loss functions. Reported statistics are average losses over the out-of-sample period; smaller values of
QLIKE and RMSE indicate better forecasting performance. Q4.5 () reports the percentage improvement in QLIKE
relative to the benchmark HAR!V model within the same window length and forecast horizon, computed as
100 x (QLIKEgar — QLIKE 0401) / QLIKER AR, sO positive (negative) values indicate improvement (deteriora-
tion). The blocks No_threshold, RV_threshold, and RETURN_threshold correspond to alternative rules regulating
the inclusion of cross-market information, as described in Section 3.2. MODELAVG denotes forecast averaging
across the selected cross-market specifications.
Table 7. Performance comparison of volatility models for the S&P 500 (1000-day rolling window.)
1 DAY HORIZON 30 DAY HORIZON 60 DAY HORIZON
Model QLIKE Quesc (%) RMSE QLIKE Quesc (%) RMSE QLIKE Quesc (%) RMSE
No_threshold
HAR'Y 0.04709 0 4.009 0.1378 0 6.864 0.1501 0 7.025
HARCRV 0.04705 0.08298 4.025 0.1319 4.297 6.813 0.1481 1.291 7.063
HARCRVIV 0.04712 —0.05388 4.067 0.1326 3.772 6.836 0.1472 1.946 7.059
HARTRANSFER 0.04606 2.187 3.975 0.1269 7916 6.766 0.1453 3.19 7.105
MODELAYG 0.04692 0.372 4.018 0.1317 4.408 6.798 0.1446 3.641 6.977
RV_threshold
HAR'Y 0.04709 0 4.009 0.1378 0 6.864 0.1501 0 7.025
HARCRV 0.04728 —0.4007 4.031 0.1348 2.169 6.819 0.1513 —0.8453 7.034
HARCRVIV 0.04756 —0.9837 4.02 0.1354 1.732 6.831 0.1511 —0.6924 7.025
MODELAYG 0.04703 0.1325 3.978 0.1349 2.099 6.816 0.1495 0.4179 7.004
RETURN_threshold
HAR!V 0.04709 0 4.009 0.1378 0 6.864 0.1501 0 7.025
HARCRV 0.0474 —0.6536 4.058 0.1383 —0.3382 6.87 0.1508 —0.507 7.034
HARCRVIV 0.04749 —0.8394 4.099 0.1383 —0.3383 6.86 0.1506 —0.326 7.037
MODELAVG 0.04723 —0.2888 4.048 0.1376 0.1492 6.855 0.15 0.0601 7.022

This table reports out-of-sample volatility forecasting performance for the S&P 500 using a rolling estimation
window of W = 1000 trading days. Forecast horizons are /1 € {1,30,60} days. All models are estimated on log
realized volatility, and volatility forecasts are converted back to levels using the lognormal transformation before
computing loss functions. Reported statistics are average losses over the out-of-sample period; smaller values of
QLIKE and RMSE indicate better forecasting performance. Q4.5 (%) reports the percentage improvement in QLIKE
relative to the benchmark HAR!Y model within the same window length and forecast horizon, computed as
100 x (QLIKEgar — QLIKE 0401) / QLIKEg AR, sO positive (negative) values indicate improvement (deteriora-
tion). The blocks No_threshold, RV_threshold, and RETURN_threshold correspond to alternative rules regulating
the inclusion of cross-market information, as described in Section 3.2. MODELAVG denotes forecast averaging
across the selected cross-market specifications.
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To formally assess whether the differences in average forecasting performance are
statistically significant, we conduct Diebold—Mariano (DM) tests based on out-of-sample
loss differentials. The DM tests are implemented using the QLIKE loss function, with the
null hypothesis that the competing model and the benchmark deliver equal predictive
accuracy. We adopt a one-sided alternative that the competing model outperforms the
benchmark and compute test statistics using HAC-robust variance estimators with a Bartlett
kernel to account for serial correlation induced by overlapping forecasts. The benchmark
model in all comparisons is HAR!", and negative DM statistics indicate superior forecasting
performance of the competing specification.

Tables 8 and 9 report the resulting DM test statistics for the crude oil market and
the S&P 500, respectively, across different forecast horizons and rolling-window lengths.
Several clear patterns emerge. First, the 30-day horizon consistently exhibits the strongest
and most robust evidence of predictive gains, with statistically significant improvements
observed for multiple competing specifications across both markets. This finding provides
formal inferential support for the superior average QLIKE performance documented ear-
lier at this intermediate horizon. Second, at the 1-day and 60-day horizons, evidence in
favor of the transfer learning and model-averaging specifications is more selective but still
present in a number of configurations, indicating that these models can deliver meaningful
gains outside the intermediate horizon as well. In contrast, threshold-based specifications
generally perform less favorably in the DM comparisons, with fewer statistically significant
improvements across horizons. This pattern closely mirrors the corresponding QLIKE re-
sults and suggests that, in the present setting, thresholding does not systematically enhance
out-of-sample volatility forecasting accuracy. Overall, the DM test results reinforce the main
conclusions drawn from the average loss comparisons, highlighting the particular relevance
of the 30-day horizon and the relative advantage of non-threshold-based specifications.

Table 8. Diebold—Mariano test results based on QLIKE loss for crude oil: W = 500 vs. W = 1000.

WINDOW W = 500 WINDOW W = 1000
Model 30 DAY 60 DAY 1 DAY 30 DAY 60 DAY
No_threshold
HAR!V (Bench) - - - - - -
HARCRV —3.946 *** —2.133* —1.440 * —4.262 *** —1.928 ** —1.623*
HARCRVIV —3.888 *** —2.078 ** —1.572* —4.695 *** —1.416* —1.299 *
HARTRANSFER —4.833 *** —2.461 *** —2.515 *** —2.390 *** —1.908 ** —1.778 **
MODELAVG —5.739 *** —D2.434 *** —1.887 ** —5.948 *** —1.889 ** —1.530*
RV_threshold
HAR!V (Bench) - - - - - -
HARCRV —D.357 *** —2.064 ** 0.989 —2.056 ** —1.437* 0.867
HARCRVIV 0.224 —1.728 ** 1.405 —0.584 —1.656 ** 1.152
MODELAVG —3.684 *** —2.053 ** 0.804 —2.861 *** —1.893 ** 0.874
RETURN_threshold
HAR! (Bench) - - - - - -
HARCRV —1.704 ** 1.761 1.886 0.706 1.741 —0.799
HARCRVIV —2.982 *** —2.098 ** 2.117 0.275 —1.890 ** —1.113
MODELAYG —3.885 *** —2.666 *** 1.614 —0.156 —1.607 * 0.535

This table reports one-sided Diebold-Mariano test statistics based on the QLIKE loss function. The benchmark
model is HARV. Negative test statistics indicate superior forecasting performance of the listed model relative to the
benchmark. HAC-robust variance estimates with a Bartlett kernel are used to account for serial correlation in the loss
differentials. ***, **, and * denote statistical significance at the 1%, 5%, and 10% levels, respectively.
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Table 9. Diebold-Mariano test results based on QLIKE loss for the S&P 500: W = 500 vs. W = 1000.

WINDOW W = 500 WINDOW W = 1000
Model 1 DAY 30 DAY 60 DAY 1 DAY 30 DAY 60 DAY
No_threshold
HAR!' (Bench) - - - - - -
HARCRV 3.281 —1.301* —1.321* —0.815 —2.071 ** —0.351
HARCRVIV 2.798 —0.930 —1.268 —1.932 ** —1471* —1.175
HARTRANSFER —7.205 *** —2.063 ** —0.988 —5.95]1 *** —2.603 *** —2.144 **
MODELAVG 1.827 —1.944 ** —2.218** —5.34] *** —2.182** —1.798 **
RV_threshold
HAR! (Bench) - - - - - -
HARCRV 4.068 0.229 —1.628 * 1.236 —2216** 1.109
HARCRVIV 4.794 —1.026 —1.068 1.384 —1.735** 1.462
MODELAVG 2.933 —1.530 * —1.911 * —1.120 —2.557 *#* 0.706
RETURN_threshold
HAR! (Bench) - - - - - -
HARCRV 2.355 1.791 —0.876 2.735 —0.285 0.781
HARCRVIV 2.607 —1.029 —1.616* 2.141 0.226 —1.621*
MODELAYG 2.467 —1.254 —2.467 *** 1.671 —1.578* —1.865 **

This table reports one-sided Diebold-Mariano test statistics based on the QLIKE loss function. The benchmark
model is HAR!V. Negative test statistics indicate superior forecasting performance of the listed model relative to
the benchmark. HAC-robust variance estimates with a Bartlett kernel are used to account for serial correlation in the
loss differentials. ***, **, and * denote statistical significance at the 1%, 5%, and 10% levels, respectively.

4.3. Economic Significance: A Volatility Timing Application

To assess the economic relevance of the forecasting improvements documented above,
we complement the statistical evaluation based on QLIKE and RMSE with a simple
volatility-timing (VT) exercise. Following the univariate volatility timing framework
in [41,42], we construct portfolio weights using only volatility forecasts, without requiring
explicit return predictability.

Specifically, let RV i + denote the h-step-ahead forecast of realized volatility for asset i
at time ¢. The portfolio weight assigned to asset i is defined as

(1/@1}1‘)}7

Zjlil (1/1@#)”, =

Wit =

7

where 17 > 0 controls the aggressiveness of the volatility timing strategy. Larger values
of 17 place relatively more weight on assets with lower forecasted volatility. This strategy
requires only univariate volatility forecasts and avoids portfolio optimization or matrix
inversion, thereby reducing estimation error and transaction costs.

Given the portfolio weights, realized portfolio returns are computed as 7+ = Zfil W 4 4.
Portfolio turnover is measured following [42] as the sum of absolute changes in portfolio
weights before and after rebalancing.

Table 10 reports the economic performance of the volatility timing strategy under alter-
native volatility forecasting models. Several patterns emerge. First, models that incorporate
cross-market information—in particular HARCRV!V —consistently deliver lower portfolio
volatility and higher Sharpe ratios relative to the benchmark HAR!V model across differ-
ent values of 77. Second, these gains are achieved without materially increasing portfolio
turnover, indicating that the improvements are not driven by excessive trading. We also
experiment with additional combinations of model specifications and tuning parameters;
the corresponding portfolio results, which are not reported for brevity, display patterns
that are qualitatively consistent with the QLIKE- and Diebold-Mariano-based comparisons
in Section 4.2. Several patterns emerge.
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Table 10. Economic performance of volatility timing strategies based on volatility forecasts.

Volatility of Portfolio Returns (%)

Model n=1 n=2 n=4
HAR! (Benchmark) 18.50 17.36 17.45
HARCRV 18.47 17.33 17.45
HARCRVIV 18.42 17.30 17.43
HARTRANSFER 18.54 17.30 17.40
MODELAVG 18.46 17.33 17.44
Portfolio Turnover (TO)
Model n= 1 n= 2 7= 4
HAR' (Benchmark) 0.0336 0.0338 0.0163
HARCRV 0.0316 0.0313 0.0145
HARCRVIV 0.0299 0.0294 0.0133
HARTRANSFER 0.0338 0.0345 0.0170
MODELAVG 0.0314 0.0311 0.0144
Sharpe Ratio
Model n=1 n=2 n=4
HAR! (Benchmark) 0.509 0.578 0.652
HARCRV 0.520 0.592 0.663
HARCRVIV 0.528 0.602 0.674
HARTRANSFER 0.512 0.583 0.656
MODELAVG 0.519 0.591 0.664
Annualized Return (%)
Model n=1 n=2 n=4
HARI (Benchmark) 9.42 10.03 11.38
HARCRV 9.61 10.26 11.56
HARCRVIV 9.73 10.41 11.74
HARTRANSFER 9.49 10.09 11.40
MODELAVG 9.59 10.24 11.58

This table reports economic performance measures from a volatility timing (VT) strategy based on the volatility
forecasts generated by different models. The VT strategy follows [41] and allocates portfolio weights inversely
proportional to forecasted variances, with tuning parameter 7 € {1,2,4} controlling the aggressiveness of
rebalancing. The portfolio consists of the S&P 500 and WTI crude oil assets. All volatility forecasts are obtained
from the No_threshold specifications using a one-day forecast horizon and a rolling window of W = 500. Portfolio
return volatility is annualized. Turnover (TO) measures rebalancing intensity. Sharpe ratios are computed
assuming a zero risk-free rate. Annualized returns are calculated as the mean daily return multiplied by 252.

Overall, the results suggest that the statistical gains documented in the forecast eval-
uation translate into economically meaningful benefits in a simple asset allocation setting.
Even in a parsimonious volatility timing framework that relies solely on volatility forecasts,
incorporating cross-market information and transfer-based regularization improves risk-
adjusted portfolio performance.

5. Conclusions

This paper examines tail risk spillovers and volatility forecasting between the U.S.
equity market and the crude oil market. Using realized and implied volatility within a
HAR-type framework, we document pronounced, asymmetric, and time-varying tail risk
transmission across the two markets and show that such spillovers contain economically
meaningful information for volatility forecasting.

Building on these findings, we propose several cross-market volatility forecasting
strategies, including direct information augmentation, threshold-based designs, forecast
averaging, and transfer learning. The empirical results indicate that incorporating cross-
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market information improves forecasting performance primarily at medium and longer
horizons, consistent with the forward-looking nature of implied volatility. Moreover,
the relative effectiveness of different transmission mechanisms varies across markets:
while forecast averaging performs robustly in the equity market, transfer learning proves
particularly effective in the crude oil market, where volatility dynamics are noisier.

Overall, this paper highlights the importance of linking tail risk spillovers to volatility
forecasting and demonstrates that flexible cross-market information transmission can
enhance predictive performance across markets and horizons.

Several avenues for future research naturally emerge. First, more refined state-selection
mechanisms could be developed to regulate cross-market information transmission, po-
tentially integrating volatility, liquidity, and broader macro-financial conditions. Second,
the framework could be extended to allow for richer cross-market and cross-asset infor-
mation integration, enabling volatility forecasts to draw simultaneously on signals from
multiple related markets. Finally, the horizon-dependent effectiveness of cross-market
information points to the existence of intertemporal spillover mechanisms whose economic
foundations remain unclear and warrant further investigation.
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Appendix A

Table Al. Granger causality spillover test results: robustness using empirical quantiles.

M Kernel N Crude Oil — S&P 500 S&P 500 — Crude Oil
DD DU Uu UD DD DU [9]8) UuD
20  Daniell 1% —2.64 —2.57 22.50 *** 44.31 *** 39.93 *** 7.45 *** 19.91 *** —1.84
5% 5.52 *** 12.65 *** 419 *** 22.32 *** 11.34 *** 16.75 *** 8.36 *** 18.99 ***
30 Daniell 1% —3.25 —2.61 16.74 *** 51.25 *** 52.20 *** 14.61 *** 31.11 *** 4.03 ***
5% 6.34 *** 10.79 *** 4.00 *** 21.74 *** 11.88 *** 14.71 *** 12.79 *** 19.57 ***
60 Daniell 1% —4.55 —3.41 16.35 *** 46.16 *** 55.32 *** 18.11 *** 46.62 *** 23.56 ***
5% 8.43 *** 7.65 *** 4.50 *** 20.03 *** 11.20 *** 12.39 *** 17.66 *** 23.21 ***
20  Bartlett 1% —2.31 —2.31 24.26 *** 41.80 *** 32.16 *** 5.98 *** 15.90 *** —2.31
5% 4.36 *** 14.36 *** 4.27 *** 23.81 *** 11.03 *** 18.21 *** 7.43 *** 18.51 ***
30 Bartlett 1% —2.84 —2.84 20.27 *** 48.95 *** 44.73 *** 12.34 *** 27.31 *** 0.92
5% 5.56 *** 12.45 *** 4.17 *** 23.11 *** 11.61 *** 16.25 *** 11.15 *** 19.71 ***
60  Bartlett 1% —4.04 —4.04 18.46 *** 47.97 *** 53.97 *** 17.09 *** 43.00 *** 19.40 ***
5% 7.87 *** 9.11 *** 4.51 *** 21.50 *** 11.33 *** 13.64 *** 16.45 *** 23.15 ***
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Table A1. Cont.
M Kernel N Crude Oil — S&P 500 S&P 500 — Crude Oil
DD DU Uu UD DD DU Uu UD
20  Parzen 1% —2.64 —2.64 20.29 *** 47.70 *** 44.07 *** 10.33 *** 23.41 *** —1.53
5% 5.50 *** 12.20 *** 4.06 *** 22.14 *** 11.43 *** 16.04 *** 9.59 *** 18.79 ***
30 Parzen 1% -3.25 —-3.25 17.20 *** 51.68 *** 52.71 *** 16.44 *** 36.28 *** 5.08 ***
5% 6.54 ¥ 10.20 *** 4.17 21.40 *** 11.53 *** 14.00 *** 13.62 *** 20.48 ***
60 Parzen 1% —4.61 —4.61 16.11 *** 44.02 *** 55.43 *** 17.58 *** 46.39 *** 28.99 ***
5% 8.62 *** 6.95 *** 4.36 *** 19.83 *** 10.81 *** 11.92 *** 18.34 *** 23.54 ***
This table provides robustness results using empirical quantiles to construct tail-event indicators and reports
Granger causality spillover test results based on tail risk measures for different bandwidth parameters (M)
and kernel functions. Reported values are Q statistics, with statistically significant statistics shown in bold.
Superscripts ***, **, and * denote significance at the 1%, 5%, and 10% levels, respectively. DD and UU denote
downside-to-downside and upside-to-upside spillovers, while DU (UD) represents downside-to-upside (upside-
to-downside) spillovers. Statistical significance is assessed using two-sided standard normal critical values.
Table A2. Summary statistics of optimal RV thresholds for 30-day volatility forecasts.
HARCRV HARCRVIV
W =1000 W =500 W =1000
Statistic Low High Low High Low High Low High
Panel A: S&P 500 Models
Mean 2.557 3.789 2.332 3.793 2.557 3.751 2.332 3.757
SD 0.287 0.398 0.195 0.323 0.287 0.384 0.195 0.325
Min 2.097 2.959 2.097 3.323 2.097 2.959 2.097 3.277
Q1 2.449 3.556 2.097 3.572 2.449 3.463 2.097 3.559
Median 2.483 3.762 2.449 3.753 2.483 3.740 2.449 3.645
Q3 2.799 4.053 2.456 4.022 2.799 3.955 2.456 4.018
Max 3.108 4.846 2.682 4.534 3.108 4.534 2.682 4.534
Panel B: Crude oil Models
Mean 1.149 2.869 0.993 2.967 1.149 2.836 0.993 2.883
SD 0.262 0.459 0.116 0.554 0.262 0.442 0.116 0.501
Min 0.865 2.162 0.865 2.221 0.865 2.162 0.865 2221
Q1 0.897 2.520 0.865 2.347 0.897 2511 0.865 2.349
Median 1.103 2.782 0.966 3.232 1.103 2777 0.966 2.928
Q3 1.308 3.237 1.103 3.453 1.308 3.233 1.103 3.281
Max 1.973 3.798 1.117 3.745 1.973 3.833 1.117 3.929

This table reports summary statistics of the optimal lower and upper threshold parameters (cr, c;y) estimated
for the RV-threshold cross-market HAR models at the 30-day forecast horizon. Thresholds are applied to the
logarithm of realized volatility and are estimated endogenously within each rolling window by minimizing
the in-sample residual sum of squares of the forecasting regression. Results are reported separately for rolling
window lengths W = 500 and W = 1000. Panel A presents threshold estimates for S&P 500 volatility models
incorporating crude oil information, while Panel B reports results for crude oil volatility models incorporating S&P
500 information. All threshold values are expressed in log scale and summarize the distribution of rolling-window
estimates over the out-of-sample period.
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Figure A1l. Time-varying threshold estimates for tail risk identification across markets and window
sizes. This figure displays the estimated threshold values for tail risk identification over time. Each
panel shows results for a specific market (S&P 500 or crude oil) and rolling window size (W = 500
or W = 1000). The solid lines represent the model without implied volatility (without IV), while
the dashed lines represent the model with implied volatility (With IV). The lower threshold is not
considered in this model, as only high volatility periods trigger market entries, which is reflected by
the overlap of lower threshold values across both models.
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Figure A2. Time-varying lambda estimates (W = 500): This figure displays the transfer learning
tuning parameter A values over time for S&P 500 and crude oil markets under rolling window size
W = 500. Solid lines represent the S&P 500 market and dashed lines represent the crude oil market.
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Table A3. Volatility models for S&P 500 across additional forecast horizons (500-day rolling window).

15 DAY HORIZON 45 DAY HORIZON
Model QLIKE Quesc (%) RMSE QLIKE Quesc (%) RMSE
No_threshold
HARY 0.1082 0 6.388 0.1232 0 6.656
HARCRV 0.1052 2.811 6.654 0.1182 4.113 6.552
HARCRVIV 0.1075 0.6997 6.688 0.1220 0.9769 6.617
HARTRANSFER 0.1051 2.891 6.426 0.1254 —1.727 6.904
MODELAVG 0.1037 4.155 6.485 0.1163 5.611 6.510
RV_threshold
HARY 0.1082 0 6.388 0.1232 0 6.656
HARCRV 0.1072 0.9386 6.375 0.1211 1.760 6.561
HARCRVIV 0.1073 0.8337 6.407 0.1215 1.430 6.525
MODELAVG 0.1066 1.472 6.363 0.1199 2.674 6.543
RETURN_threshold
HARY 0.1082 0 6.388 0.1232 0 6.656
HARCRV 0.1085 —0.271 6.436 0.1250 —1.447 6.683
HARCRVIV 0.1093 —1.030 7.444 0.1237 —0.4061 6.668
MODELAVG 0.1082 —0.004942 6.571 0.1233 —0.07606 6.657

This table reports out-of-sample volatility forecasting performance for the S&P 500 using a rolling estimation
window of W = 500 trading days. Forecast horizons are h € {15,45} days. All models are estimated on log
realized volatility, and volatility forecasts are converted back to levels using the lognormal transformation before
computing loss functions. Reported statistics are average losses over the out-of-sample period; smaller values of
QLIKE and RMSE indicate better forecasting performance. Q.. (%) reports the percentage improvement in QLIKE
relative to the benchmark HAR!Y model within the same window length and forecast horizon, computed as
100 x (QLIKEgar — QLIKE, ;0401) / QLIKER AR, so positive (negative) values indicate improvement (deteriora-
tion). The blocks No_threshold, RV_threshold, and RETURN_threshold correspond to alternative rules regulating
the inclusion of cross-market information, as described in Section 3.2. MODELAVG denotes forecast averaging
across the selected cross-market specifications.

Table A4. Volatility models for S&P 500 across additional forecast horizons (1000-day rolling window).

15 DAY HORIZON 45 DAY HORIZON
Model QLIKE Quesc(%) RMSE QLIKE Quesc (%) RMSE
No_threshold
HARY 0.1186 0 6.530 0.1452 0 7.063
HARCRV 0.1163 2.013 6.551 0.1384 4.662 6.971
HARCRVIV 0.1171 1.329 6.550 0.1403 3.369 7.038
HARTRANSFER 0.1096 7.622 6.433 0.1379 5.047 7.064
MODELAVG 0.1158 2.434 6.516 0.1383 4.790 6.961
RV_threshold
HARY 0.1186 0 6.530 0.1452 0 7.063
HARCRV 0.1177 0.7908 6.560 0.1437 1.023 7.039
HARCRVIV 0.1173 1.131 6.558 0.1433 1.330 7.042
MODELAVG 0.1172 1.245 6.531 0.1428 1.634 7.028
RETURN_threshold
HAR!V 0.1186 0 6.530 0.1452 0 7.063
HARCRV 0.1193 —0.555 6.583 0.1457 —0.3353 7.069
HARCRVIV 0.1192 —0.4368 6.635 0.1448 0.2931 7.065
MODELAVG 0.1187 —0.05668 6.565 0.1447 0.3222 7.057

This table reports out-of-sample volatility forecasting performance for the S&P 500 using a rolling estimation
window of W = 1000 trading days. Forecast horizons are i € {15,45} days. All models are estimated on log
realized volatility, and volatility forecasts are converted back to levels using the lognormal transformation before
computing loss functions. Reported statistics are average losses over the out-of-sample period; smaller values of
QLIKE and RMSE indicate better forecasting performance. Q.. (%) reports the percentage improvement in QLIKE
relative to the benchmark HAR!Y model within the same window length and forecast horizon, computed as
100 x (QLIKEgar — QLIKE ;p401) / QLIKER AR, sO positive (negative) values indicate improvement (deteriora-
tion). The blocks No_threshold, RV_threshold, and RETURN_threshold correspond to alternative rules regulating
the inclusion of cross-market information, as described in Section 3.2. MODELAVG denotes forecast averaging
across the selected cross-market specifications.
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Table A5. Volatility models for crude oil futures across additional forecast horizons (500-day
rolling window).

15 DAY HORIZON 45 DAY HORIZON
Model QLIKE Quese (%) RMSE QLIKE Quese (%) RMSE
No_threshold
HARY 0.04712 0 15.83 0.08093 0 19.22
HARCRY 0.04468 5.162 15.43 0.07545 6.771 18.91
HARCRVIV 0.04231 10.21 15.21 0.06795 16.04 18.54
HARTRANSFER 0.04598 2.423 15.55 0.07718 4631 19.15
MODELAVG 0.04311 8.506 15.24 0.07081 12.5 18.57
RV_threshold
HARY 0.04712 0 15.83 0.08093 0 19.22
HARCRV 0.04531 3.830 15.14 0.07987 1.301 19.13
HARCRVIV 0.04657 1.163 15.61 0.08040 0.6545 19.67
MODELAYG 0.04540 3.647 15.24 0.07973 1.474 19.15
RETURN_threshold
HARY 0.04712 0 15.83 0.08093 0 19.22
HARCRY 0.04694 0.369 15.40 0.08135 —0.5224 19.24
HARCRVIV 0.04656 1.192 15.62 0.08060 0.3996 19.28
MODELAVG 0.04641 1.491 15.48 0.08057 0.4399 19.21

This table reports out-of-sample volatility forecasting performance for the WTI crude oil futures using a rolling
estimation window of W = 500 trading days. Forecast horizons are h € {15,45} days. All models are estimated
on log realized volatility, and volatility forecasts are converted back to levels using the lognormal transformation
before computing loss functions. Reported statistics are average losses over the out-of-sample period; smaller
values of QLIKE and RMSE indicate better forecasting performance. Q.. (%) reports the percentage improve-
ment in QLIKE relative to the benchmark HAR!V model within the same window length and forecast horizon,
computed as 100 x (QLIKEgar — QLIKE,;041) / QLIKE AR, SO positive (negative) values indicate improvement
(deterioration). The blocks No_threshold, RV_threshold, and RETURN_threshold correspond to alternative rules
regulating the inclusion of cross-market information, as described in Section 3.2. MODELAVC denotes forecast

averaging across the selected cross-market specifications.

Table A6. Volatility models for crude oil futures across additional forecast horizons (1000-day
rolling window).

15 DAY HORIZON 45 DAY HORIZON
Model QLIKE Quesc (%) RMSE QLIKE Quesc(%) RMSE
No_threshold
HARY 0.04878 0 16.30 0.09279 0 20.75
HARCRV 0.04680 4.049 15.84 0.09243 0.3955 20.76
HARCRVIV 0.04518 7.364 15.64 0.08697 6.275 20.76
HARTRANSFER 0.04718 3.275 16.05 0.08491 8.500 20.36
MODELAVG 0.04616 5.374 15.82 0.08870 4411 20.61
RV_threshold
HAR!Y 0.04878 0 16.30 0.09279 0 20.75
HARCRY 0.04834 0.9016 15.95 0.09249 0.3334 20.71
HARCRVIV 0.04861 0.3449 16.01 0.09267 0.1289 20.72
MODELAVG 0.04805 1.495 15.90 0.09236 0.4682 20.71
RETURN_threshold
HAR!Y 0.04878 0 16.30 0.09279 0 20.75
HARCRY 0.04902 —0.5084 16.08 0.09322 —0.4606 20.77
HARCRVIV 0.04819 1.208 15.86 0.09264 0.1713 20.75
MODELAVG 0.04834 0.8954 16.03 0.09257 0.2414 20.74

This table reports out-of-sample volatility forecasting performance for the WTI crude oil futures using a rolling
estimation window of W = 1000 trading days. Forecast horizons are /i € {15,45} days. All models are estimated
on log realized volatility, and volatility forecasts are converted back to levels using the lognormal transformation
before computing loss functions. Reported statistics are average losses over the out-of-sample period; smaller
values of QLIKE and RMSE indicate better forecasting performance. Qg 5. (%) reports the percentage improve-
ment in QLIKE relative to the benchmark HAR!Y model within the same window length and forecast horizon,
computed as 100 x (QLIKEgar — QLIKE,;p401) / QLIKE oR, so positive (negative) values indicate improvement
(deterioration). The blocks No_threshold, RV_threshold, and RETURN_threshold correspond to alternative rules
regulating the inclusion of cross-market information, as described in Section 3.2. MODE LAYG denotes forecast
averaging across the selected cross-market specifications.
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