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Abstract

Despite the significant interest from research communities in understanding the squeezing
flow of fluid between two plates, important qualitative and quantitative questions regarding
solutions to these squeezing flow models still remain unanswered, including existence,
uniqueness, location, approximation, and convergence. Thus, the purpose of the present
paper is to construct a firm mathematical basis that establishes the above knowledge for
the squeezing flow model and its boundary value problem.
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1. Introduction
Squeezing flow involves fluid dynamics between two moving boundaries. Due

to numerous applications, squeezing flow models have received considerable interest
from scientific and engineering communities. For instance, pioneering scholars include
Stefan [1] and Reynolds [2], while more modern contributors include Rashidi et al. [3],
Tisdell [4,5], Qayyum et al. [6], Ullah et al. [7], Fathollahi et al. [8], Ghoneim et al. [9],
Mumammad et al. [10], Velisoju and Murthy [11], Ozeki at al [12], Mandal and Ghosh [13]
and include the case of porous boundaries [14].

Wang [15] derived a boundary value problem (BVP) involving an ordinary differential
equation for the unsteady squeezing of a viscous fluid between two plates, and applied
perturbation methods to generate approximations to the fluid’s velocity field. More recently,
Khan et al. [16] developed polynomial approximations for the fluid’s velocity components
via shooting methods for said boundary value problem.

Despite the aforementioned progress and high levels of interest ([15] has in excess of
150 citations according to Google Scholar at the time of writing), important qualitative and
quantitative aspects of solutions to the squeezing flow problem still remain unknown, such
as: existence; uniqueness; location; approximation; and convergence. Thus, the purpose
the present paper is to construct a firmer mathematical basis that establishes the above
knowledge for the squeezing flow model and its boundary value problem.

Our strategy involves a sequential approach. In particular, we introduce a recursively-
defined sequence of functions involving a nonlinear integral based on Picard iterations ([17],
Section 2), [18,19]. We compare these iterations with previous approximations in the lit-
erature, such as perturbations and shooting techniques. We discover that our truncated
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second-order iterants provide better approximations than previous forms. We then prove
that, for sufficiently low squeezing number, our sequence of functions is guaranteed to
converge, and that the limit function will be a solution to our original squeezing flow
boundary value problem.

2. Problem Formulation
Let us briefly introduce the model and the particular equations that will be considered,

drawing on the literature of Wang [15] and Khan et al. [16] where additional details can
be found.

Consider two plates that are both parallel to the xy plane and lie at z = ±l
√

1 − αt,
where ±l signifies their positions at time t = 0, and α is a constant that designates the
unsteadiness of the plates, see Figure 1.

Figure 1. Squeezing flow model.

For positive values of α, the two plates move closer together and touch when t = 1/α.
For negative values of α, the two plates move apart. The gap between the plates is assumed
to be much smaller than their diameter (L in the instance of axisymmetric flow; d in the case
of two-dimensional flow) and so any end effects can be disregarded. The lateral velocity of
the fluid will be proportional to the distance from the center when considering continuity
([15], p. 579).

For two-dimensional flow, the following forms were introduced by Wang [15]:

λ =
z

l
√

1 − αt
, u =

αx
2(1 − αt)

F′(λ), w =
−αl

2
√

1 − αt
F(λ), (1)

where u and w represent the velocity field components in the x and z directions, and F is a
sufficiently smooth, unknown function that is to be determined or approximated.

The forms in (1) were substituted into the two-dimensional Navier–Stokes equations
to produce the nonlinear differential equation

F′′′′ = S(λF′′′ + 3F′′ + F′F′′ − FF′′′) (2)

where S := αl2/2ν is known as the non-dimensionalized squeeze number, and ν is the
kinematic viscosity.
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For the axisymmetric flow case, and with v the velocity component in the y direction,
the following substitutions

λ =
z

l
√

1 − αt
, u =

αx
4(1 − αt)

F′(λ), v =
αy

4(1 − αt)
F′(λ), w =

−αl
2
√

1 − αt
F(λ), (3)

produced the differential equation

F′′′′ = S(λF′′′ + 3F′′ − FF′′′). (4)

The differential Equations (2) and (4) thus fell under the general problem

F′′′′ = S(λF′′′ + 3F′′ + βF′F′′ − FF′′′), (5)

where β = 0 gives the axisymmetric case, and β = 1 gives the two-dimensional case.
For both of the above cases, the lateral velocities of the plate were zero, and the normal

velocity was identical to the velocity of the plate, yielding boundary data:

F(0) = 0, F′′(0) = 0, F(1) = 1, F′(1) = 0. (6)

3. Preliminary Results
The following preliminary results involve establishing an equivalent integral form,

and lists some helpful bounds on the Green’s function that will support our investigation.

Theorem 1. The BVP (5), (6) is equivalent to the integral equation

F(λ) =
∫ 1

0
H(λ, r)S

[
rF′′′(r) + 3F′′(r) + βF′(r)F′′(r)− F(r)F′′′(r)

]
dr + F0(λ), λ ∈ [0, 1]. (7)

Above: H(λ, r) is a Green’s function

H(λ, r) := − 1
12


r(1 − λ)2[(r2 − 3)λ + 2r2], for 0 ≤ r ≤ λ ≤ 1,

λ(1 − r)2[(λ2 − 3)r + 2λ2], for 0 ≤ λ ≤ r ≤ 1;
(8)

and F0 is given by

F0(λ) =
1
2
(3λ − λ3). (9)

Proof. Although the specific form (7) is new, the Green’s function in (8) is found in ([20],
Theorem 2.1), with the proof of Theorem 1 following similar lines. We thus omit it for brevity.

There exist constants βi such that for i = 0, 1, 2, 3

βi := max
λ∈[0,1]

∫ 1

0

∣∣∣∣∣ ∂(i)

∂λ(i)
H(λ, r)

∣∣∣∣∣ dr, for all λ ∈ [0, 1], (10)

see ([20], Section 3).

4. Main Results
4.1. Improving Approximation

Let us construct some Picard iterants ([5], Section 2). We introduce the sequence of
functions Fn for n = 0, 1, 2, . . . and defined on [0, 1] via

F0(λ) :=
1
2
(3λ − λ3), (11)
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Fn+1(λ) :=
∫ 1

0
H(λ, r)S

[
rF′′′

n (r) + 3F′′
n (r) + βF′

n(r)F′′
n (r)− Fn(r)F′′′

n (r)
]

dr + F0(λ). (12)

Let us calculate the approximations F1 and F2 to give a sense of what the above sequence
produces, to wit:

F1(λ) =
3
2

λ − 1
2

λ3 − S
[

37
560

λ − 73
560

λ3 +
1

16
λ5 +

1
560

λ7
]

− Sβ

[
3

112
λ − 33

560
λ3 +

3
80

λ5 − 3
560

λ7
]

;

and

F2(λ) =

3
2

λ − 1
2

λ3 − 37
560

λS − 3
112

βλS +
73

560
λ3S +

33
560

βλ3S − 1
16

λ5S − 3
80

βλ5S

− 1
560

λ7S +
3

560
βλ7S +

115
68992

β2λS2 +
42263

5174400
βλS2 +

2551
258720

λS2

− 4111
862400

β2λ3S2 − 6779
323400

βλ3S2 − 34901
1552320

λ3S2 +
57

11200
β2λ5S2 +

29
1600

βλ5S2

+
41

2800
λ5S2 − 51

19600
β2λ7S2 − 233

39200
βλ7S2 − 51

39200
λ7S2 +

3
4480

β2λ9S2 +
1

1920
βλ9S2

− 1
1440

λ9S2 − 1
17600

β2λ11S2 +
17

184800
βλ11S2 − 3

123200
λ11S2 +

93407
18834816000

λS3

− 41963
6278272000

β3λS3 − 648059
18834816000

β2λS3 − 2397977
56504448000

βλS3

− 9259249
56504448000

λ3S3 +
216143

6278272000
β3λ3S3 +

247489
1712256000

β2λ3S3 +
4567337

56504448000
βλ3S3

+
2701

6272000
λ5S3 − 1821

6272000
β2λ5S3 − 11

179200
βλ5S3 − 99

1254400
β3λ5S3 − 18279

43904000
λ7S3

+
2911

8780800
β2λ7S3 +

7397
131712000

βλ7S3 +
4317

43904000
β3λ7S3

+
383

2257920
λ9S3 − 367

11289600
βλ9S3 − 17

250880
β3λ9S3 − 757

3763200
β2λ9S3 − 4811

206976000
λ11S3

+
10867

206976000
β2λ11S3 +

241
9856000

β3λ11S3 − 907
124185600

βλ11S3 − 9
5125120

λ13S3

+
499

76876800
βλ13S3 − 59

25625600
β2λ13S3 − 3

732160
β3λ13S3

− 1
48921600

λ15S3 +
37

244608000
βλ15S3 − 29

81536000
β2λ15S3 +

3
11648000

β3λ15S3.

Thus, our new approximations to the velocity field of our fluid may be computed by
substituting our F0, F1 or F2 into the velocity field’s components in (1) or (3), depending on
which flow case is of interest. We have included the degrees of the terms involving β in F2

for completeness, noting that β = β2 = β3 since β is 0 or 1.
Now we have an idea of what the above sequence can produce, let us compare it with

existing approximations from the literature.
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Wang [15] used perturbation methods to obtain the following first-order approxima-
tion for solutions to the BVP (5), (6):

F0(λ) + S f1(λ), where:

f1(λ) =


− 1

560
(
λ7 + 35λ5 − 73λ3 + 37λ

)
, β = 0,

1
280

(
λ7 − 28λ5 + 53λ3 − 26λ

)
, β = 1;

and the second-order approximation

F0(λ) + S f1(λ) + S2 f2(λ), (13)

where:

f2(λ) =


− 1

140

(
3

880
λ11 +

7
72

λ9 +
51

280
λ7 − 41

20
λ5 +

34901
11088

λ3 − 2551
1848

λ

)
, β = 0,

1
280

(
1

330
λ11 +

5
36

λ9 − 193
70

λ7 +
53
5

λ5 − 9355
693

λ3 +
25477
4620

λ

)
, β = 1.

If we compare, for example, our F1 with Wang’s first order approximation with β = 0
then we see that they are identical forms. However, a similar comparison between our
F2 and Wang’s second order approximation (13) shows differences in the degree of λ and
S , that is, our F2 is a (higher order) polynomial in λ of degree 15 and in S of degree 3.
This suggests that our F2 may be a more accurate approximation to solutions due to the
flexibility associated with higher-degree polynomials. Indeed, this is the case for a range
of squeezing numbers. Say, for β = 0, and for small values of S there is little difference
between Wang’s form (13) and F2, with both providing good approximations to F. However
as S grows, the differences between (13) and F2 become more significant and F2 offers a
better approximation to the solution F than (13) for cases |S| ≤ 5. Furthermore, for much
larger values of S neither our F2 nor Wang’s (13) can provide a reasonable approximation
to the solution.

In Table 1, we compared our F2 and Wang’s (13) with the numerical solution, which
has been generated by Maple’s dsolve with numeric option and trapezoid method in the
axisymmetric case, and where the plates move together with S = 3. Figures have been
rounded to 10 significant digits. We see that our F2 provides a better approximation to F
than Wang’s form.

Table 1. Comparison of forms for case: S = 3, β = 0.

λ F2(λ) (13) F(λ)

0.0 0 0 0
0.1 0.1387498890 0.1310314385 0.1360420895
0.2 0.2755919879 0.2612224655 0.2705703752
0.3 0.4085608155 0.3895241100 0.4019511237
0.4 0.5355609627 0.5144668205 0.5283029788
0.5 0.6542649831 0.6339412648 0.6473527924
0.6 0.7619641752 0.7449677069 0.7562640881
0.7 0.8553512310 0.8434489122 0.8514232256
0.8 0.9302068796 0.9239004036 0.9281612152
0.9 0.9809510167 0.9791504140 0.9803764037
1.0 1 1 1
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In Table 2, we compared our F2 and Wang’s (13), with the numerical solution and
trapezoid method generated by Maple’s dsolve with numeric option, in the axisymmetric
case and where the plates are moving apart with S = −4. Figures have been rounded to
10 significant digits. Once again, we see that our F2 provides a better approximation to F
than Wang’s form.

Table 2. Comparison of forms for case: S = −4, β = 0.

λ F2(λ) (13) F(λ)

0.0 0 0 0
0.1 0.1908068582 0.1763733148 0.2155167591
0.2 0.3735268601 0.3465626255 0.4198114628
0.3 0.5406230124 0.5047024687 0.6025185557
0.4 0.6856612999 0.6455673005 0.7550401697
0.5 0.8038625608 0.7648982961 0.8715279882
0.6 0.8926336198 0.8597376269 0.9498702673
0.7 0.9520369371 0.9287714660 0.9925008184
0.8 0.9851322722 0.9726818436 1.006734428
0.9 0.9980962411 0.9945060003 1.004312331
1.0 1 1 1

Synthesizing the above, our form F2 provides a better approximation to the squeezing
flow solution for a larger range of S values than Wang’s form (13).

Khan et al. [16] used shooting methods for initial value problems to obtain the follow-
ing general forms for first and second order approximations:

F0(λ) = A2λ + A4
λ3

6
;

F1(λ) = A2λ + A4
λ3

6
−

(
1

30
SA4 −

1
120

SA2 A4 +
1

120
SβA2 A4

)
λ5

−
(

1
5040

SA2
4 −

1
1680

SβA2
4

)
λ7;

F2(λ) = A2λ + A4
λ3

6
−

(
1

30
SA4 −

1
120

SA2 A4 +
1

120
SβA2 A4

)
λ5

−
(

1
5040

SA2
4 −

1
1680

SβA2
4 −

1
5040

S2β2 A2
2 A4 −

1
504

S2βA2 A4

+
1

280
S2 A2 A4 −

1
1680

S2 A2
2 A4 −

1
120

S2 A4

)
λ7

+

(
1

20160
S2β2 A2 A2

4 −
1

8640
S2βA2 A2

4

+
1

22680
S2 A2 A2

4 +
1

4320
S2βA2

4 −
13

90720
S2 A2

4

)
λ9 + . . .

Above, the constants A2 and A4 were to be determined from the boundary conditions
F (1) = 1, F ′(1) = 0. However, this raises several questions, as the following discussion
shows. Using the first order approximation F1 with β = 0 and S = 1, the two equations
for A2 and A4 are:

F1(1) = A2 +
A4

6
− 1

30
A4 +

1
120

A2 A4 −
1

5040
A2

4 = 1,

F ′
1(1) = A2 +

A4

2
− 5

(
1

30
A4 −

1
120

A2 A4

)
− 7 · 1

5040
A2

4 = 0,
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which leads to the analysis of a cubic equation, and to three pairs of solutions with decimal
approximations, namely:

(A2, A4) = (−1257.905465,−50.9013460), (−3.890232410, 1.572684654), (61.79569704,−4.278481516).

Thus, questions arise regarding the definiteness, uniqueness, and multiplicity in the gen-
eration of the approximative sequence Fn of Khan et al. [16], and their relationship with
solutions to the BVP (5), (6).

Furthermore, Wang did not discuss ideas such as existence or uniqueness solutions,
or the convergence of his approximations.

4.2. A Firmer Mathematical Basis

The above discussion naturally motivates interest in understanding the nature of the
Picard iterations (11), (12) to our squeezing flow problem (5), (6). We shall now investigate
their location, their convergence, and their relationship, if any, with the original squeezing
problem (5), (6). Our strategy will rely on two important ideas: uniform convergence of a
sequence of functions [21] and completeness of a metric space [22].

Let R > 0 be a constant. For the set of thrice-differentiable functions defined in [0, 1]
with continuous third derivative denoted by C3([0, 1]), we introduce the subset

DR := {F ∈ C3([0, 1]) : d(F, F0) ≤ R}

and the metric

d( f , g) := max
{

max
λ∈[0,1]

| f (λ)− g(λ)|, β0

β1
max

λ∈[0,1]
| f ′(λ)− g′(λ)|,

β0

β2
max

λ∈[0,1]
| f ′′(λ)− g′′(λ)|, β0

β3
max

λ∈[0,1]
| f ′′′(λ)− g′′′(λ)|

}
, (14)

where the βi are defined in (10). Observe that DR is complete with repsect to d because DR

is a closed subspace of C3([0, 1]).
The following new result provides a location for each of our approximations Fn defined

via (11), (12).

Theorem 2. For any given R > 0 and for all sufficiently small |S| we have each Fn ∈ DR.

Proof. We draw on induction. It is obvious that d(F0, F0) = 0 ≤ R. Thus, F0 ∈ DR. Now
assume Fn ∈ DR for some n ≥ 1. From the definition of Fn+1 we see that for all λ ∈ [0, 1]
we have

|F(i)
n+1(λ)− F(i)

0 (λ)| ≤ |S| Mβi, i = 0, 1, 2, 3;

where M = M(R, β, β0, β1, β2, β3) is a bound on the polynomial

g(λ, Fn, F′
n, F′′

n , F′′′
n ) = yF′′′

n + F′′
n + βF′

nF′′
n − FnF′′′

n (15)

on

D :=
{
(λ, u0, u1, u2, u3) ∈ R5 : λ ∈ [0, 1], |u0 − F0(λ)| ≤ R,

|u1 − F′
0(λ)| ≤

β1

β0
R, |u2 − F′′

0 (λ)| ≤
β2

β0
R, |u3 − F′′′

0 (λ)| ≤ β3

β0
R
}

. (16)

We note that such a bound M exists because the polynomial g is continuous on the closed
and bounded set D with g dependent on β, and D depends on R and on the βi. Hence
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M will depend on R, β and the βi as claimed. For the purposes of our work, it is not
necessary to have an explicit bound at hand; rather, it is sufficient to know that a bound
exists. An explicit bound may be calculated using the triangle inequality.

As a result, we see
d(Fn+1, F0) ≤ |S| Mβ0 ≤ R

provided |S| is sufficiently small. Thus, Fn+1 ∈ DR and the result holds by induction.

The following new result illustrates that Fn is a Cauchy sequence, which has important
implications regarding its convergence.

Theorem 3. For any given R > 0 and for all sufficiently small |S|, the sequence Fn is a Cauchy
sequence on DR with respect to d.

Proof. Observe that the integrand in the definition of Fn+1 involves a polynomial g
defined in (15). A polynomial is continuous and Lipschitz, and so there exists a
γ = γ(R, β, β0, β1, β2, β3) such that for each k

d(Fk+1, Fk) ≤ |S|γ d(Fk, Fk−1) (17)

≤ (|S|γ)k d(F1, F0). (18)

Once again, for the purposes of our work, it is not necessary to have an explicit value of γ

at hand, rather it is sufficient to know that such a value exists.
Now, for m > n, the triangle inequality gives

d(Fm, Fn) ≤ d(Fm, Fm−1) + d(Fm−1, Fm−2) + · · ·+ d(Fn+1, Fn)

≤ (|S|γ)m d(F1, F0) + (|S|γ)m−1 d(F1, F0) + · · ·+ (|S|γ)n d(F1, F0)

= (|S|γ)n d(F1, F0)
m−n−1

∑
i=0

(|S|γ)i

≤ (|S|γ)n d(F1, F0)
1

1 − |S|γ

where |S|γ < 1 for all sufficiently small |S|, and thus the above is treated as a convergent
geometric sum.

Now, given any ε > 0 we can choose an N such that

(|S|γ)N <
ε(1 − |S|γ)

d(F1, F0)

so that
d(Fm, Fn) < ε, for all m > n > N.

Hence, Fn is Cauchy for all |S| sufficiently small.

The following new result shows that the sequence Fn converges, and illustrates the
relationship between its limit and the BVP (5), (6).

Theorem 4. For any given R > 0 and for all sufficiently small |S|, the sequence Fn converges with
respect to d, and its limit F satisfies: F ∈ DR and is a solution to (7), and hence to the BVP (5), (6).

Proof. The set C3([0, 1]) is complete with respect to d and so must be the closed subset DR.
Since our sequence Fn is Cauchy, it must converge to a function F with F ∈ DR.

Now, taking limits on both sides with respect to d in (12) and applying continuity, we
see that
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F(λ) = lim
n→∞

Fn+1(λ) =
∫ 1

0
H(λ, r)S

[
rF′′′(r) + F′′(r) + βF′(r)F′′(r)− F(r)F′′′(r)

]
dr + F0(λ)

and so we obtain (7).

The following new result ensures the non-multiplicity of solutions to (7) and hence to
the BVP (5), (6).

Theorem 5. For any given R > 0 and for all sufficiently small |S|, there is only one solution to (7)
lying in DR, and hence there is only one solution to BVP (5), (6) whose graph lies in D.

Proof. From the previous theorem, Equation (7) has at least one solution in DR for all
sufficiently small |S|. Now assume that there are two solutions F and G in DR. We
then have

d(F, G) ≤ |S|γ d(F, G) < d(F, G)

for all sufficiently small |S| and we have a contradiction.

Bringing our new results together, we thus see that for all sufficiently small
squeezing numbers:

• our Picard iterations Fn remain in the set DR and are convergent
• the limit function is a solution to the squeezing BVP (5), (6)
• the solution is unique within the set DR.

Remark 1. Our above mathematical results may be physically interpreted as guaranteeing that
squeezing flow problems are well-posed for all sufficiently small values (positive or negative) of the
squeeze number S . That is, we discover that squeezing flow problems admit unique solutions when
the squeezing number is sufficiently small, which is ensured when α or l are small, or when the
kinematic viscosity is large.

5. Conclusions
Herein, we put forth a sequence of functions designed to approximate solutions to the

squeezing flow BVP that compared more favorably than existing approximations in the
literature. We established a firmer mathematical basis for the problem under consideration,
and showed that for sufficiently low values of the squeezing number, our sequence of
functions converged to a solution of the squeezing flow model and ensured that the solution
was unique.
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