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Abstract

In this paper, we investigate Turing instability and spatiotemporal pattern formation in
a toxic-phytoplankton-zooplankton model incorporating Riesz fractional diffusion. By
replacing classical Laplacians with fractional-order operators (—A)?/% and (—A)¥/2, we
establish a framework to capture species-specific anomalous diffusion in aquatic ecosys-
tems. Theoretical analysis demonstrates that the fractional orders significantly modulate
the Turing bifurcation threshold and the range of unstable modes. Numerical simulations,
implemented via a DCT-based fractional finite difference scheme, reveal that: (1) fractional
diffusion triggers pattern formation below the classical critical threshold, generating com-
plex mixed structures unattainable in integer-order models; (2) the two fractional orders
exert opposing influences on pattern morphology—decreasing the phytoplankton order ¢
promotes a transition from stripes to hexagonal spots. Our results suggest that anomalous
diffusion is a key mechanism for ecological pattern selection, providing new insights into
the spatiotemporal complexity of plankton populations in heterogeneous environments.

Keywords: Riesz fractional diffusion; spatiotemporal pattern; Turing bifurcation; cross
diffusion; anomalous diffusion; plankton dynamics

MSC: 35B32

1. Introduction

Spatiotemporal pattern formation is a ubiquitous phenomenon in natural systems,
spanning from complex chemical reactions to intricate ecological dynamics [1-4]. In aquatic
ecosystems, the spatial distribution of plankton populations often manifests as organized
patches, which are recognized as crucial determinants for species coexistence and the onset
of harmful algal blooms [5]. The pioneering work of Turing (1952) revealed that diffusion
can paradoxically destabilize a homogeneous steady state when coupled with appropriate
reaction kinetics [1]. Recent advances have further deepened our understanding, uncover-
ing complex dynamics such as nonlinear pattern selection and spatial chaos within diverse
ecological landscapes [6].

Real-world aquatic environments are often characterized by turbulence where the tra-
ditional Brownian motion assumption is frequently violated. Consequently, fractional-order
partial differential equations (PDEs) have emerged as a robust framework for modeling
anomalous diffusion and non-local interactions [7-13]. Unlike integer-order PDEs, frac-
tional operators effectively capture long-range spatial correlations and scale-invariant prop-
erties intrinsic to biological systems. While time-fractional PDEs model history-dependent
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processes [11], spatial fractional PDEs involving the Riesz fractional Laplacian (—A)%/2

have gained prominence for describing super-diffusive transport in turbulent media [14,15].
Recent research suggests that spatial fractional diffusion can fundamentally reshape bifur-
cation conditions and significantly modulate the morphology of spatial structures.

In the context of interacting populations, the coupling of fractional calculus with cross-
diffusion mechanisms has recently attracted attention. Yao et al. [16] demonstrated that
introducing cross-fractional diffusion into a predator-prey model with mutual interference
can induce Turing patterns in regimes that otherwise exhibit only bistability. Similarly;,
Igbal and Wu [17] utilized weakly nonlinear analysis to classify pattern morphologies, such
as squares and spots, in a fractional cross-diffusion system with a Beddington-DeAngelis
functional response. However, these studies primarily focus on standard predator—prey
interactions. While Han and Dai [18] investigated cross-diffusion induced instability
in a toxic-phytoplankton—zooplankton (TPP-Z) model, their study was confined to the
integer-order framework. To date, the combined effects of Riesz fractional diffusion and
cross-diffusion on the complex antagonistic dynamics of toxic-phytoplankton-zooplankton
systems remain underexplored, particularly regarding how species-specific anomalous
diffusion rates modulate pattern selection.

This study builds upon the rich legacy of Turing analysis, focusing specifically on
the TPP-Z model. This model describes antagonistic interactions where phytoplankton
produces toxins that inhibit predation. The original model incorporates mechanisms
such as the Allee effect and Holling type IV functional responses [19,20]. Furthermore,
the essential role of cross-diffusion in predator—prey spatial coupling has been explored
to explain complex patterns beyond classical Fickian diffusion [2,21-25]. Recent work on
fractional-order ecological models has extended these concepts to multi-species interactions,
providing new insights into the role of anomalous diffusion in complex food webs [26,27].
The original integer-order TPP-Z system is governed by:

o°P P aPZ 5
atrp(l—K>(P—m)—C+eP2+a1V P, (1a)
Z (B—6)PZ 5

o et dZ + V*[(ay +bP)Z], (1b)

where P(x,t) and Z(x, t) represent the population densities of phytoplankton and zooplank-
ton, respectively. The ecological parameters include the growth rate r, carrying capacity
K, Allee threshold m, predation rate «, functional response coefficients ¢ and e, conversion
efficiency S, toxin production rate 6, and mortality d. a; and a, denote self-diffusion, while
b represents the cross-diffusion coefficient which captures the zooplankton’s behavioral
response to phytoplankton density. To better reflect the anomalous transport observed in
turbulent aquatic environments, we extend this model by replacing the classical Laplacian
operators with Riesz fractional Laplacians of potentially different orders for each species.
The resulting fractional-order system is:

JoP p Pz

a =P (1 B K) (P=m) = cj—ePZ — a1 (=A)?2P, (2a)
0Z —0)PzZ

ot (ﬁc+e;)2 —dZ — (=8)Y"?[(az + bP)Z], (2b)

where (—A)?/% and (—A)¥/? are the Riesz operators of order ¢, € (1,2]. The Riesz
fractional Laplacian operator (—A)7/2 for v € (1,2] is rigorously defined as a pseudo-
differential operator via its Fourier transform:

F(=8)"2u(x)| (1) = [k "a(K), ©)
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where k denotes the wavevector and 7i(k) is the Fourier transform of u(x). Equiva-
lently, in n-dimensional space, the Riesz fractional operator can be expressed in terms
of a singular integral:

u(x) —u
(=8)""2u(x) = Cuy [ mdy, (4)
where C;; 4 is a normalization constant. This integral representation highlights the non-local
interaction mechanism, where the state at point x depends on the long-range spatial correla-
tions across the entire domain. This species-specific fractional framework allows us to inves-
tigate how the interplay between different anomalous diffusion rates—reflecting the passive
drifting of phytoplankton versus the active, non-local movement of zooplankton—affects
pattern selection and ecological stability, providing a more nuanced understanding of
real-world plankton dynamics.

The structure of this paper is as follows: Section 2 provides a rigorous theoretical anal-
ysis, deriving the conditions for Turing instability and exploring how the fractional orders
¢ and ¥ modulate the critical wavenumber and the range of unstable modes. Section 3
introduces our numerical methodology, utilizing a fractional finite difference scheme cou-
pled with the Discrete Cosine Transform (DCT-II) for efficient simulation under Neumann
boundary conditions, and discusses the resulting pattern morphologies. Section 4 sum-
marizes our findings and discusses their broader biological implications and potential for
future ecological research.

2. Theoretical Analysis
2.1. Equilibrium

The equilibrium points of system (2) are identical to those of the original system (1),
as they are determined solely by the reaction terms. The system admits the following
equilibrium points:

1. Trivial equilibrium: Ey = (0,0)
2. Boundary equilibria: E1p = (K, 0) and Eyy = (m,0) (the latter exists only for strong

Allee effect, m > 0)

3.  Positive coexistence equilibria: Ef = (P;, Z]) and potentially E5 = (P;, Z}), where

P? satisfies

edp2_(/3—9)P+cd:0, 5)
—p* *_ *2
with m < Pf < K,and Z; = r(K=P; )<Pia1<m)(c+epi ).

Assuming (Hy) : Zy > 2./ce is satisfied, the positive equilibrium E; exists if:

R & c Ko &2

20 _ Rk 2oy [T E 6

" e 2 e SN2 Va2 (©)
Z P2 _ px* *_ *2

32 a 77
% —Sand %, = ‘ﬁ? —4/ % — ¢ —m. The equilibrium Ej is locally asymptotically stable
if: P > KJFT’” (away from Allee threshold) and % — %) -+ 2e < 0 (ensures tr(JEi«) < 0).

These conditions ensure both tr(Jg:) < 0 and det(Jg;) > 0.
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2.2. Turing Bifurcation Analysis with Fractional Diffusion

We now investigate the conditions under which the spatially homogeneous equi-
librium E} becomes unstable to spatially inhomogeneous perturbations when fractional
diffusion is present.

Consider perturbations of the form:

p _ Py ﬁ ik-r+At
(£)= ()« ()

where p and £ are the amplitudes of small perturbations, i = \/—1 is the imaginary unit, k
is the wavevector with magnitude k = |k|, r denotes the spatial position vector, and A is
the eigenvalue (growth rate) determining the temporal evolution of the perturbation. In
Fourier space, the linearized system becomes:

A(?) ::Auk)<?>, ®
Z Z
where the dispersion matrix is:

[ T —mlk? Ji2
Mw_(ﬂrwﬁw¢—wﬁwmmw ©)

where Jj; are the elements of the Jacobian matrix evaluated at the equilibrium E*:

B P . P*(P* —m) _, p* aZ*(c — eP*?)

Jn=r|( —?)(P _m)_K+P(1_K)]_(c4—e13*2)2’ (10a)
Jia = —aP*/(c+eP*?), (10b)
T = (B—0)Z*(c —eP*?)/(c +eP*?)?, (10c)
Jn = (B—0)P"/(c+eP?)—d =0. (10d)

The characteristic equation is:
A2 — tr(M(k))A + det(M(k)) = 0, (11)

with

tr(M(K)) = Jiy — gk — (az + P} ) K|, (12a)

det(M(k)) = a1 (a2 + b)) [k|**V + [T12bZ] — T (a2 + P |K[? — Jr2T1. - (12b)

For Turing instability to occur, two conditions must be satisfied: ( a) The homogeneous
equilibrium is stable: tr(M(0)) < 0 and det(M(0)) > 0; (b) There exists a wavenumber
k # 0 such that det(M(k)) < 0 or Re(A(k)) > 0.

The critical point (b, k) satisfies the bifurcation conditions:

9 det(M(k))

det(M(k:)) =0, T

—0. (13)

To determine the critical wavenumber, we first simplify the determinant expression in
Equation (12b). Let us define the auxiliary function H(b) as:

H(b) = Ji1(az +bP}) — JpobZ;. (14)
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With this notation, the coefficient of the |k|¥ term in Equation (12b) becomes
—H(b). Differentiating Equation (12b) with respect to k and applying the condition
ddet(M(k))/9k = 0, we obtain:

(¢ +)ar(az + bePy) ke[ #TV 1 — pH(be) k[P~ = 0. (15)
Solving this equation for |k.| yields the expression for the critical wavenumber:

¢ — IPH(bc)
e (¢ +9)ar(az + bePy) (16)

Finally, substituting Equation (16) back into the condition det(M(k.)) = 0 (noting that
|ke|?¥ = |kc|? - |kc|¥) leads to the transcendental equation for the critical cross-diffusion
threshold b.:

A C)[ YH(bo) v
Pty (¢ +9)ar(az + bePY)

The exponent ¢ /¢ in Equation (17) is the key mathematical factor explaining why

= J12J21- (17)

b shifts significantly when ¢ # 1. If ¢ = 1, the above equation reduces to
LH(b,) [%] = JioJo1, which is exactly H(b,)? = 4ay (ay + b P} ) FioJor. I p < ¢
(long-range zooplankton movement), the required cross-diffusion b, to trigger Turing
instability is generally lower, explaining the accelerated pattern formation.

This is fundamentally different from the integer-order case where b, is independent
of the diffusion structure. Moreover, the fractional orders ¢ and ¢ directly modulate the
critical threshold for pattern formation: (a) As ¢ — 2~ and ¢p — 27, k. recovers the classical
result; (b) for ¢ < 2 or ¢ < 2, the factor % modifies the critical wavelength; (c) the growth
rate at criticality: Re(A(kc)) o« (b — bc) with modified time scale.

To quantify the impact of the fractional orders ¢, ¢ and the cross-diffusion coeffi-
cient b on the system’s stability, we numerically evaluate the dispersion relation derived
in Equation (12b). As illustrated in Figure 1, the introduction of anomalous diffusion
fundamentally alters the Turing bifurcation behavior compared to the classical case.

Specifically, while the integer-order system (¢ = 2.0, = 2.0) requires a critical cross-
diffusion threshold of b, = 0.1248 to trigger instability, fractional-order kinetics can induce
instability at significantly lower thresholds. For instance, at a sub-critical value of b = 0.12
(Figure 1la), where the integer-order system remains stable, parameter combinations with
lower ¢ (e.g., = 1.8) already exhibit positive maximum eigenvalues. This result con-
firms that super-diffusive zooplankton movement expands the Turing instability domain,
effectively destabilizing the homogeneous steady state in regimes that would otherwise
be stable.

Furthermore, once the system enters the instability regime (e.g., b = 0.155, Figure 1b),
the fractional orders dictate the spatial scale of the emerging patterns. Higher fractional or-
ders (closer to 2.0) are associated with smaller critical wavenumbers k. (longer wavelengths)
and faster growth rates. Conversely, lower fractional orders shift the peak eigenvalue to
larger wavenumbers (shorter wavelengths) with reduced growth rates. This analysis indi-
cates that ¢ and ¢ act not only as diffusion coefficients but as selection mechanisms that
control both the formation speed and the characteristic size of the spatial patterns.
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Figure 1. Maximum values of real part of eigenvalues with the variations of wave number k.

Parameters: r = 0.6,« = 0.7, 3 = 0.5,0 = 0.48,d = 0.012, c = 4.18, e = 0.05, a; = 20.0, 2, = 0.1,
K=8m=-5.

2.3. Amplitude Equations and Pattern Selection

While the linear stability analysis described above effectively identifies the critical
threshold (b.) and the critical wavenumber (k) for the onset of instability, it is insufficient
to fully characterize the pattern formation process. Linear theory predicts the exponential
growth of perturbations but fails to account for the saturation effects induced by nonlinear
interactions as amplitudes increase. Consequently, linear analysis cannot determine which
specific pattern morphology (e.g., stripes, hexagons, or mixed states) will be selected, nor
can it assess the stability of these emerging structures. To address this limitation and
rigorously investigate the pattern selection mechanism near the bifurcation point (b ~ b.),
we proceed with a weakly nonlinear analysis. By employing the method of multiple scales,
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we derive the Stuart-Landau amplitude equations, which govern the slow evolution of
the dominant modes and allow us to determine the stability of various Turing patterns.
First, We rewrite the system (2) at the positive coexistence equilibria EJ (P, Z]) as follows,
denoting u = (p,z)T as perturbations (P — P}, Z — Z;)T:

atu =Lu + N (18)

where the linear operator £ is defined as:
_[Jn T ai(—A)972 0
L:= - /2 . /2 (19)
Jn 0 bZi(=A)¥2 (a1 +bPy)(—A)Y
and N represent nonlinear terms, respectively as follows:

2 2 3 3
N = —b(—A)¥/2(0,pz)T + fppPz + fpzpz +fpsz22 +fpppP3+ 0(83) (20)
SppP” + 8pzPZ + Gppzp~z + §pppp” + 0(€7)

with
 r[(K+m —3Py) %2 P; — (e*Py* — 3ce) (K — Py ) (P — m)] fro= a(ePi? —c)

Jr = K%2P; T g2t
e we(3c — eP;?) o = [~ 3P + e(2Pi* — 6cePy? + c2) (K — Py)(Pf —m)]

ppz 4%8131*2 ’ ppp K%(%PTS

g = r(B —0)(e*P;? — 3ce) (Pf — m)(K —P}) - (B—0)(c —eP;?)

PP aKZ3P; Toer &P

—_— (ﬁ—@)(ezpl*z — 3ce) - 1'(/3—9)(—63P1*4—i—6ce2P1*2 —cze)(K—Pl*)(Pl* —m).

ppz %gpl*Z 4 ppp [XK'QSPTS

At the same time, we rewrite £ to separate out the critical mode contribution as
follows:

L=2Lo+ (b—b)Ly (21)

where Ly and £ are defined as:

[ TJn—a(=n)2 Tz
o (jzl—bczi‘(—A)Wz —(ag +bcPp)(—A)/2 ) (22)
0 0
L= (—z;(—A)w/z _Pf(_AWz) (23)

To derive the amplitude equations, we employ the method of multiple scales to obtain
a solution that is uniformly valid in time. We postulate an expansion of the form:

u=e(p,z1)’ +e(p2,z2)" +€(p3,z3)" +o(e%) (24)
We simultaneously expand the control parameter b and the nonlinear terms N as:
b = be+ eby + €%by + €bs + 0(63), N = 2N, + N3 + 0(63) (25)

where
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N, = forPi+ freiz1\ [ 2feePip2 + fpe(p1za+ paza) + fppepiza + fopppd (26)
SppP? + §p=P121 28ppP1P2 + &p=(P122 + P2z1) + SppzP321 + Sppp P

Then, by introducing time scales T; = €t, T, = €%t, T3 = €3t, we rewrite the time
derivative as:

0y = €dr, + €91, + €97, +0(€) (27)

Substituting these expansions into the governing equation and collecting terms at each
order of €, we obtain a hierarchy of equations.
At O(e), we have:

Lo(p1,z1)T =0 (28)

The solution to this equation can be expressed as a superposition of critical modes:
3 .
(p1,21)T = (@, 1)T Y Aje™™ +cc. (29)
=1

where ® = — 75/ (J11 — alkf) and A; are the complex amplitudes of the modes with
wavevectors k;, satisfying |k;| = k., c.c. denotes the complex conjugate.
At O(€?), we have:

Lo(p2,22)" =01, (p1,21)T = b1L1(p1,21) T + be(—8)¥2(0, p1z1)T — N (30)

Denote the vector on the right-hand side of (30) as (F,, E.)T. To ensure solvability,
we require that (F,, F;)T is orthogonal to the null space of the adjoint operator £j. This
condition leads to the first set of amplitude equations:

(1Y) (L, E)T =0 (31)

where ¥ = —(J11 — alkf)/(jﬂ - bCZi‘klf) and (F;];, Fg)T are the components of (F,, F;)T
corresponding to the mode with wavevector k;. This leads to:

(® +¥)ar, Ay = —bik!Y (P + Z; @)Y A+

2fpp®? + 2fp® + ¥ (2gpp @ + 28 P — 2b k! ©)| Ay A3,
(® +¥)ar, Ay = —bik! (P + Z; @)Y Ag+

2fpp®? + 2fp:® + ¥ (28 pp P + 28 @ — 2bk! @)|A3A,,
(® +¥)ar, A3 = —bikY (Pf + Z; @)Y A+

2fpp®? + 2fp® + ¥ (28 ppP? + 28D — 2bk! @)| A1 Ap.

(32)

At O(€?), the presence of quadratic nonlinear terms generates higher-order harmonic
modes and mean flow components. Consequently, the solution (py,z,)" takes the form
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of a superposition of these interaction modes. We express the solution as the following

Fourier series:

3 3 4 3 4
PZ/ZZ 2 PO,ZO ‘A |2 <®’1)T Z Bjelk/'r + 2(p2k/22k)TA]2621k/.r

j=1 ' j=1 j=1 (33)
+ Z(pmzx/ Zmix) A]’Zlel(kj_k’)'r +c.c.
j#l

Substituting the expressions of (p1, z1)T and (33) into (30), we can solve for the coef-
ficients (po,z0)T, (Pax, z2k) T, and (Ppix, Zmix) T by matching coefficients of corresponding
Fourier modes, where

 28pp®” +28): @
Ja1

T11(28pp®? + 282 ®) — To1 (2fpp D2 + 2 D)
J12J21
(fop®* + fpz®) (a2 + bc P} ) (2kc)¥
— (—gpp®? — gpa® + be(2ke)V®) Tz
(T — a1(2ke)?) (= (a2 + bePy) (2ke)¥)
(ka ZZk)T _ - ;712(‘721 - chiF (ch)w)
’ (—8pp®* — §pz® + be(2ke )Y D) (J11 — a1(2kc)?)
— (—fop®® = fp2®) (T21 — beZ5 (2k)¥) (34)
(J11 — a1(2ke)?) (= (a2 + be Py ) (2k)¥)
— J12(TIo1 — beZ; (2kc)Y)
(a2 + BeP}) (2fp 9 42, @) (v/3ke)?

— J12(—28ppP* — 28 P + be(v/3k )V @)
(i1 — a1 (V3k0)P) (a2 + bcP) (V3ke)P)
(Pomies Zmin) T = = J12(Jo1 = beZi (V3ke)Y)
i s (J1 — ﬂl(\@kc)lp)(*zgppq)z —28p: P+ be (V3ke) ¥ @)

— (I = beZi (V3ke) V) (=2 fpp P — 2f1=P)
(I — a1 (VBke)?) (= (a2 + be PY) (vV/3ke)¥)
= T2 (Tt = beZF (V3ke)Y)

(po,z0)"

At O(€%), we have:

Lo(ps,z3)T = 01, (p2,22)" + 01, (p1,21)T — b1L1(p2,22)T — b2L1(p1,21)"

(35)
+be(—0)¥2(0, p1z2 + pazi) T + b (—A)¥72(0, p1z1)T — N3

Substituting the expressions of the first-order approximation (py,z;)" and the second-
order approximation (py,23)” into the above equation, we denote the right-hand side as
(Gp, Gz)T. To apply the Fredholm solvability condition, we need to isolate the resonant
components that lead to secular terms. Let (G%,, GHT denote the coefficient vector corre-
sponding to the critical mode ¢’¥1'* in the inhomogeneous term. Through detailed algebraic

manipulation, we obtain:

G, = P07, B + DI, A1 — (2D fyp + fpz) [PoA1(|A1* + |Aa|* + | As[?) + D(A,Bs + A3Ba)
+ PmixA1(| A2 |* + [A3]%) + pacA1|Ar |2} — Dfpelz0A1 (| A1 + | A2 + | As?) + AzBs
+ AsBa + zpin A1 (| A2” + | A3?) + 2ok A1 | A1 7] = Bfppe P A1 (| AP + 2| Az * + 2| A3]?)
= 3fppp P A1 (| A1* + 2| A2f* + 2| A3]%)
= D97, By + DI, Ay + (G1|A1]” + Ga(|A2l* + [A3]?)) A1 — (297 fpp + 20 f2) (A2B3 + A3Ba),
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Gl = 7,By + 1, A1 + bik? (®Z; + Pf)By + bok? (DZF + Pf) Ay + 2b1 k! DA, A,
— (2®gpp + §pz — bekd ) [PoAr (| A1 2 + | A2f? + | As]?) + ©(A2B5 + A3Bo)
+ pir A1 (| 42> + | As?) + parA1| A1 2] — (Bgpz — bkl @) [z0A1 (|A1]? + | Af? + | As]?)
+ AzB3 + A3By + Zuix A1 (|A2]” + | A3[?) + 221 A1| A1 ]
— 3gpp=®? A1 (|A1]* + 2| Ax* + 2| As[?) — Bgppp®° A1 (| A1 |* + 2| Az * + 2| A3[?)
= 01, By + 91, A + kL (®Z] + P} ) (b1 By + by Ar) + 2b1 k! DAY Ay
+ (| AL + m2(| A2f? + | As]?)) A1 — (2978, +29gy. — 26k D) (A;B3 + AsBy),

where
&1 = —(pax + PO)(chfpp +fp2) - q’fpz(ZZk +z0) — 3fPPPq)3 - 3fPPZq)2
&2 = —(Pmix + PO)(z‘Dfpp +fp2) - ‘DfPZ(Zmix +z0) — 6fpppq>3 - 6fPPZq)2'
m=—(px+ PO)(zCDgpp +8pz — bckz:p) - (q’gpz - bcklcpcp)(ZZk +2z0) — 33PPPCD3 - 3gppzq>2/
2 = —(Pmix + Po)(2‘1>gpp + 8pz — bcklcp) - (q)gpz - bckffb) (Zmix +20) — 6gpppq)3 - 6gppzq)2,

Due to the rotational symmetry of the system, the resonant terms for the other two
modes, (G%, G2)T and (G?,, G2)T, can be obtained by cyclic permutation of the indices.
To ensure the existence of uniform bounded solutions for the third-order approximation,
the Fredholm solvability condition requires that the inhomogeneous vector field be orthog-
onal to the kernel of the adjoint operator Lj. Specifically, we impose the orthogonality
condition (1,Y¥) - (G{,, Gé)T = 0 for j = 1,2,3. This leads to the final set of amplitude
equations:

(® +¥)(3r,B1 + 91, A1) = —k!H(DZ} + P)(b1By + baAy) — 201k DY A, A,
+ 202 fyp + 2@, + ¥ (202G + 2Dg ), — 2bckYD)]
x (ApB3 + A3By)
— [(&1+ ) A1 + (G2 + ¥r2) (| A2* + |A3|*)] Aq,
(® +¥) (37, By + 91, A2) = —kI¥(DZ} + P ) (b1 By + by Ay) — 2b1 kY DF A3 A,
+ 202 fyp + 20 + ¥ (202 gy + 2Dgp: — 2bckID)]
x (A3By + A1B3)
— (&1 +¥m) | A2|* + (G2 + ¥r72) (|As]* + |A1]*)] Az,
(® +¥)(dr, B3 + 97, A3) = —kI ¥ (DZ} + Py ) (b1 By + by A3) — 2b1 k! DY A} A,
+ 202 f,p + 20 fp, + ¥ (202G, + 2Dgp: — 2bkY D)
x (A1By + AyBy)
— [(&1 +¥m)|A3]* + (G2 + ¥12) (| A1]* + |A2[)] A3,

. (36)

By combining the perturbation expansion A; = €A; + esz + O(€3) with the time
derivative relation in (27), we reconstruct the unified Stuart-Landau amplitude equations
corresponding to the amplitudes .A; (j = 1,2,3) as follows:

10t A1 = pAr + v A Az — [g1] A1 F + g2 (| A2 * + | As[?)] Ay,
10t Ax = phy + v A A — [g1]A2)? + g2(J A1 + [A3]?)] A, (37)
10t As = wAs + v AL A — [91]As)? + g2 (| A1 + [ A2]?)] As,
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where the coefficients are defined as:

0 = O+ Y ‘u:b—bc g =— ¢1+Ym o= Cr+ Y
be bek? (Pf + DZ1)Y bek? (P + @Z5)Y

bek? (Pr + @Z7)¥
2(b = b )®  2fpp®? + 2fpe® + ¥ (28, P2 + 28. P — 2bck! P)
be(Pf + ®Z7) bek? (P; + 7)Y

(38)

Introducing the polar coordinate transformation A; = R; exp(i8;) into Equation (37),
we obtain the coupled system for the mode amplitudes R; and the total phase © = ¢, +

Uy + U3:
Y o BRI RIR RIS
00:® = —v R RoRs sin ©,
TodtRy = ]/lRl 4+ vRyR3cos® — glR% — gz(R% =+ R%)Rl, (39)

T790¢tRy = pRy + vR1R3cos © — gle — gz(R% + R%)Rz,
9¢tR3 = §R3 + VR1 Ry cos ® — g1R3 — ¢>(R + R3)Rs.

Following the standard weakly nonlinear analysis near the onset of instability (b ~ b.),
the spatial patterns can be rigorously described as the superposition of three pairs of Fourier
modes (kj, —k;);—1,23 making angles of 27t/3 on the critical circle [k| = k.. Based on the
stability theorem for the cubic amplitude equations (Theorem 4.1 in [28]), the classification
and stability of the stationary solutions are summarized as follows:

Stripe Patterns (S): The stripe solution is characterized by a single pair of modes (e.g.,
|A1] # 0,4 = A3 = 0), given by Ry = /p/g1. In the Fourier spectrum, this
corresponds to two symmetric peaks at £k;.

¢ Theoretically, stripes are stable only when the cross-saturation coefficient dom-
inates the self-saturation coefficient (i.e., g2 > g1) and the control parameter
satisfies y > p3.

*  Otherwise, if g1 > g», the stripe pattern is always unstable regardless of j.

Hexagon Patterns (Hy or H;): Hexagons arise from the resonance of three wave vectors
satisfying ki + ko + k3 = 0. The solution satisfies R| = Ry = R3 = R*. The power
spectrum exhibits six symmetric peaks forming a regular hexagon.

e  These patterns exist for # > uj. The solution branch R™ is stable in the range
B < M4

*  The condition # < p4 implies that hexagonal spots are typically the first struc-
tures to emerge from the homogeneous state (subcritical bifurcation) due to the
quadratic nonlinearity v.

Mixed States: In this study, mixed states are defined as the spatial coexistence of stripe and
hexagonal patterns within the computational domain. These states typically emerge
in the bistability region (u3 < p < p4), where both morphologies correspond to stable
attractors. Consequently, the system exhibits a spatially heterogeneous structure,
characterized by local patches of stripes and hexagons separated by interfaces or
grain boundaries, rather than a global single-mode pattern.

The critical bifurcation thresholds y; derived from the coefficients g1, g2, v are defined

as:
—12 v2g v2(2¢1 + £2)
= — = —, = —— 40
M= dg+2e) "7 (@m-g2 M (-5 “0)
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To visually determine the selection of patterns, we plot the control parameter  and
the stability boundaries 1, y3, 14 as functions of the cross-diffusion coefficient b. Figure 2
illustrates the stability diagram for the fractional orders ¢ = 1.9 and ¢y = 1.9.

o

0.0

-0.2

0.10 0.11 0.12 0.13 0.14 0.15 0.16 0.17 0.18
Cross Diffusion Coefficient b

Figure 2. Stability diagram of stationary patterns as a function of the cross-diffusion coefficient b
with fractional orders ¢ = 1.9 and i = 1.9. The blue solid line represents the dependence of the
control parameter y on b. The dashed and dotted lines represent the critical stability boundaries
U1, 43, and 4. The intersections of y with these boundaries determine the critical thresholds b, b3,
and by, which partition the parameter space into four distinct regimes: the Uniform Steady State (LI,
blue region) for b < b; the Hexagonal Pattern (H, pink region) for b, < b < b3; the Mixed State (M,
yellow region) for b3 < b < by; and the Stripe Pattern (S, green region) for b > by.

As shown in Figure 2, the intersections of the curve y(b) with the critical boundaries
define specific transition points for pattern selection:

* b, corresponds to the Turing bifurcation threshold where y = 0. For b < b, the uni-
form steady state is stable.

*  b3is the threshold where y = y3. The region b, < b < b3 corresponds to y < u3, where
the stripe mode is unstable, leading to the emergence of mixed or spot-like states.

* by is the threshold where y = u4. The region b3 < b < by satisfies u3 < u < g,
which is the bistability region where hexagonal patterns are stable (and stripes are
also theoretically stable).

e Forb > by, we have y > p4, where the hexagonal mode becomes unstable, leaving the
stripe pattern as the sole stable attractor.

This diagram provides a graphical map for predicting the dominant morphology based on
the cross-diffusion intensity b.

3. Numerical Simulations
3.1. Numerical Methodology

To solve the fractional-order system (2), we employ a finite difference scheme com-
bined with the Discrete Cosine Transform (DCT-II) for efficient computation of the Riesz
fractional Laplacian under Neumann boundary conditions [14,29,30]. Ecologically, these
zero-flux boundary conditions correspond to a closed or isolated aquatic environment (e.g.,
a lake or a controlled experimental mesocosm), implying that there is no net migration of
phytoplankton or zooplankton across the physical boundaries of the domain. We use a
uniform grid with N x N points and spatial step size dx, and an explicit Euler method with
time step dt, chosen to ensure numerical stability. The Riesz fractional Laplacian (—A)7/%u
is computed as follows: (a) Compute the DCT-II of u: 1 = DCT-II(u). (b) Multiply by the
fractional eigenvalues: ' = i - |k|7, where |k| are the wavevectors. (c) Compute the inverse
DCT-II: u' = IDCT-II(#’) and apply the negative sign if needed.
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We use an explicit Euler method with time step At = 0.01. To ensure numerical
stability, the time step At and spatial step size dx must satisfy the fractional Courant—
Friedrichs-Lewy (CFL) condition associated with the spectral derivative [31]:

(41)

Atgmin(c(dx)¢ C(dx)¥ )/

aj ’ az JFbpmax

where C is a constant determined by the specific stability region of the time-stepping
scheme and the maximum eigenvalue of the discrete fractional operator. In our simulations,
the chosen At consistently satisfies this constraint for the range of fractional orders ¢, ¢ €
(1,2] considered.

All simulations start from small random perturbations around the positive equilibrium E:

P(x,y,0) = P{ +ep-N(0,1),

(42)
Z(x,y,0) =Z7 +€z-N(0,1),

where N (0,1) denotes a standard normal random variable and ep = 0.1Pf, ez = 0.1Z7.
Unless otherwise stated, weuser = 0.6, = 0.7, 3 = 0.5,® = 0.48,d = 0.012, c = 4.18,
e=0.05a =20.0,ap =01, K=8,m = —b5.

3.2. Simulation Results and Analysis
3.2.1. Case 1: Fractional-Order Pattern Formation Below Classical Turing Threshold

In this case, we investigated pattern formation with parameters b = 0.12, ¢ = 2.0,
and ¢ = 1.8. This parameter combination is theoretically significant because in integer-
order systems, b = 0.12 lies below the Turing bifurcation threshold b., implying that
no pattern formation should occur. However, our fractional-order simulations reveal a
fundamentally different scenario, demonstrating the profound nonlinear effect of fractional
diffusion on pattern formation.

Quantitative analysis validates this observation. Based on the derivation in Section 2.2,
the critical cross-diffusion threshold for the fractional system is calculated as b, ~ 0.0988
with a critical wavenumber k. = 0.230. Since the chosen parameter b = 0.12 satisfies b > b,
the system is clearly driven into the Turing instability regime. This stands in sharp contrast
to the integer-order model, where the critical threshold is typically higher (e.g., b, ~ 0.1248),
rendering the state b = 0.12 stable.

Figure 3 illustrates the temporal evolution of pattern formation in the fractional-order
system. At the initial time (t = 1), the system exhibits a nearly homogeneous state with
small random fluctuations typical of initial perturbations. By t = 500, distinct spatial
structures begin to emerge, indicating the early stages of pattern formation. This pattern
emergence at sub-threshold cross-diffusion values represents a key departure from classical
integer-order behavior and highlights the pattern-promoting effect of fractional diffusion.
The fractional order i = 1.8 for zooplankton introduces long-range spatial correlations that
effectively reduce the critical threshold b, required for Turing instability.

By t = 2000, the pattern evolves into a complex mixed structure containing both
hexagonal and stripe elements. To understand the selection mechanism of this morphology,
we calculated the coefficients of the amplitude equations derived in Section 2.3. Atb = 0.12,
we obtained u ~ 0.214, v =~ —0.053, g1 ~ 0.038, and g» ~ 0.059. The stability boundaries
for different patterns were determined as y; ~ —0.004, y3 ~ 0.257, and p4 ~ 1.045.
According to the standard stability theory, stripe patterns are stable only when p > 3.
In our simulation, the control parameter 1 = 0.214 falls within the range (y1, jt3), where
pure stripes are unstable, but hexagonal patterns are theoretically stable (since p < u4).
The observation of a mixed state in the numerical simulation (Figure 3d), rather than a
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pure hexagonal lattice, suggests that the system is operating in a strong competition regime.
The value of y is close enough to the stripe stability boundary p3 to allow stripe-like
features to persist alongside hexagons, creating the complex mixed morphology. This
coexistence demonstrates that the non-local effects of fractional differentiation can prolong
the competition between modes, leading to diverse spatial structures unattainable in

standard models.

Patt=1
-~ 2.738

2.736
150
2.734
= 100 2732
2.730
2728

2.726

@t=1

P at 1=500 Z at t=500

150 150

=100 =100

265 50

(b) t = 500

Z at t=2000

150

3 100

1

Z at t=4000

150

=100

(d) t = 4000

Figure 3. Pattern formation development over time. Parameters: b = 0.12, ¢ = 2.0, p = 1.8.
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This finding has important ecological implications: it suggests that anomalous diffu-
sion in natural aquatic systems can lead to more diverse and complex spatial structures
of plankton distributions, even under environmental conditions (represented by b = 0.12)
that would otherwise maintain spatial homogeneity.

The physical mechanism underlying this sub-threshold pattern formation can be
understood through the modified dispersion relation derived in Section 2.2. The fractional
Laplacian operator (—A)¥/2 with ¢ < 2 introduces non-local spatial interactions that
effectively amplify the destabilizing effect of cross-diffusion. This amplification shifts the
Turing bifurcation curve in parameter space, allowing pattern formation at lower cross-
diffusion values than in the classical case. Our numerical results confirm this theoretical
prediction and demonstrate that fractional diffusion can overcome sub-threshold limitations
to generate unexpected spatial complexity.

3.2.2. Case 2: Effect of Phytoplankton Fractional Order ¢

In this case, we fixed p = 2.0 and b = 0.18, then systematically varied the phy-
toplankton fractional order ¢ from 2.0 to 1.8. This allows us to isolate how anomalous
phytoplankton diffusion influences pattern selection.

Figure 4 demonstrates a distinct morphological transition in the phytoplankton density
P as ¢ decreases. We utilize the amplitude equation coefficients derived in Section 2.3 to
rigorously quantify the mechanism behind this transition.

At ¢ = 2.0 (Figure 4a), corresponding to classical Gaussian diffusion, the bifurcation
threshold is b, ~ 0.1248. With b = 0.18, the control parameter y ~ 0.4422 is significantly
larger than the stripe stability threshold y3 ~ 0.0051 (and y > py4 ~ 0.0210). According to
the stability theory, this regime (4 > p3) strongly favors pure stripe patterns. Consequently,
the system exhibits well-defined stripe (S) patterns, characterized by parallel bands of high
and low density.

As the fractional order ¢ decreases to 1.9 (Figure 4b), the critical threshold increases to

¢« ~ 0.1408, reducing the effective distance from criticality. The calculated parameters are
u =~ 0.2782, with stability boundaries y3 ~ 0.1011 and p4 = 0.4102. Here, the system enters
the bistability region defined by 3 < u < g, where both stripe and hexagonal solutions
are theoretically stable. This mathematical bistability manifests physically as symmetry
breaking, resulting in a mixed state where elongated structures coexist with emerging
spot-like elements, as the system explores the attraction basins of competing attractors.

Finally, at ¢ = 1.8 (Figure 4c), the bifurcation threshold rises further to b, ~ 0.1608,
yielding a small control parameter y ~ 0.1192. Crucially, this value drops below the
stripe stability threshold 3 ~ 0.3682 (while remaining below 4 ~ 1.4789). In this regime
(u > pa), the stripe and hexagonal mode become unstable. This aligns with the simulation,
where the dominant morphology shifts toward localized spot or mixed (M) patterns.

This transition from stripes to spots as ¢ decreases can be understood through the
modification of the dispersion relation and the diffusion kernel a; |k|?. As ¢ decreases,
the sub-diffusive penalty on high-wavenumber modes is relatively relaxed compared to the
Laplacian case (¢ = 2), leading to a heavy-tailed spatial coupling. This shift in the diffusion
kernel favors the selection of localized spots over extended stripes, physically pushing
the system back towards the onset of instability (low y) where hexagonal patterns typi-
cally prevail. Ecologically, this suggests that more anomalous (non-local) phytoplankton
movement, perhaps driven by intense turbulent mixing, tends to fragment continuous pop-
ulation bands into isolated patches, which may significantly impact the grazing efficiency
of zooplankton and the overall stability of the aquatic ecosystem.
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Figure 4. Pattern transition with decreasing phytoplankton fractional order ¢. Parameters: b = 0.18,
$ = 20.

3.2.3. Case 3: Effect of Zooplankton Fractional Order ¢

In this case, we fixed ¢ = 1.9 and b = 0.155, then varied the zooplankton fractional
order ¢ from 2.0 to 1.8. Figure 5 displays a distinct morphological progression that is
notably opposite to the trend observed in Case 2. The quantitative bifurcation analysis
provides a clear mathematical justification for this inverse morphological sequence.

Aty = 2.0 (Figure 5a), where zooplankton follow classical Fickian diffusion, the critical
threshold is relatively high at b, ~ 0.1408. For b = 0.155, the control parameter is ;1 ~ 0.1006.
Analysis of the Stuart-Landau coefficients reveals that this value lies well below the stripe
stability threshold (3 ~ 0.4129), rendering the stripe mode strictly unstable. As a result,
the phytoplankton density P exhibits well-organized hexagonal (H) or spot-like patterns,
corresponding to the stable region for hexagons (u < p4 ~ 1.6747).

As 1p decreases to 1.9 (Figure 5b), anomalous zooplankton dispersal amplifies the
cross-diffusion instability, significantly reducing the critical threshold to b, ~ 0.1248.
Consequently, the control parameter increases to u ~ 0.2419. With the stability boundaries
calculated as p3 ~ 0.1836 and y4 ~ 0.7399, the system explicitly enters the bistability
region defined by y3 < u < p4. In this regime, both hexagonal and stripe solutions are
theoretically stable attractors. This strong competition between modes prevents the system

https://doi.org/10.3390 /math14050756


https://doi.org/10.3390/math14050756

Mathematics 2026, 14, 756

17 of 20

from settling into a single uniform morphology, resulting in the observed mixed state
characterized by the coexistence of elongated aggregations and spot-like elements.

Finally, at ip = 1.8 (Figure 5c), representing highly anomalous zooplankton movement,
the threshold drops further to b, ~ 0.1105, pushing the system deep into the unstable
regime with u ~ 0.4032. Crucially, the stability boundaries shift to u3 ~ 0.0395 and
ua ~ 0.1584. Under these conditions, y exceeds both 3 and 4, meaning the hexagonal
pattern entirely loses its stability, while the stripe pattern becomes the sole stable attractor.
Thus, the morphology undergoes a complete qualitative shift toward well-defined stripe
(S) patterns.

This contrasting behavior between ¢ and ¢ highlights the asymmetric role of predator
and prey dispersal in pattern selection. While decreasing ¢ (phytoplankton) tends to
localize the population into spots by reducing the effective distance from criticality (low
u), decreasing ¢ (zooplankton) facilitates the elongation and connection of these patches
into stripes by pushing the system further beyond the bifurcation threshold (high ).
The physical interpretation involves the interplay between the scales of nutrient-prey
interaction and predator grazing pressure: anomalous zooplankton dispersal ( < 2) allows
predators to exert grazing pressure over much larger spatial scales, effectively "stretching"
the prey patches into elongated stripe structures to minimize local predation risk.

P at t=2000 Z at t=2000
4.0 2
150 150
35 2
=100 3.0 =100
20
25
50 50
18
20
0
0 50 100 150 0 50 100 150
X X
@y =20
Z at t=2000
5
150 30
4
5 =100 25
2 50 20
1 0 15
0 50 100 150
X
(b)yp =19

Z at t=2000

)y =18

Figure 5. Pattern transition with decreasing zooplankton fractional order . Parameters: b = 0.155,
¢ =19.
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4. Discussion and Conclusions

In this study, we have investigated the effects of Riesz fractional diffusion on pattern
formation in a toxic-phytoplankton—zooplankton model, extending the classical integer-
order framework to incorporate species-specific anomalous diffusion through operators
(—A)?/2 and (—A)¥/2, where ¢, € (1,2]. Our theoretical analysis rigorously derives the
conditions for Turing bifurcation in the presence of fractional diffusion. A key finding is
that the critical cross-diffusion threshold b, is fundamentally modified by the exponent
ratio ¢/ ¢, which distinguishes fractional-order systems from their integer-order counter-
parts. This mathematical modification provides a theoretical explanation for our Case 1
observation: patterns can emerge at b = 0.12, a value below the classical Turing bifurcation
threshold, when zooplankton exhibit fractional-order dispersal ( = 1.8).

Through numerical simulations using a fractional finite difference scheme combined
with the Discrete Cosine Transform (DCT-II) method, we demonstrate that fractional orders
significantly affect both pattern morphology and formation dynamics. Our results reveal
three primary findings: (1) species-specific fractional diffusion enables pattern formation
below classical Turing thresholds, creating complex structures that are unattainable in
integer-order systems; (2) the two fractional orders play distinct and opposing roles in
pattern selection: decreasing the phytoplankton order ¢ promotes a transition from stripes
to hexagonal spots by narrowing the unstable wavenumber range, whereas decreasing
the zooplankton order ¢ drives a transition from hexagons to stripes by broadening the
unstable spectrum.

These findings have direct implications for understanding spatial dynamics in plank-
ton communities. The incorporation of Riesz fractional diffusion provides a more realistic
mathematical framework for modeling plankton dynamics in heterogeneous aquatic en-
vironments where classical diffusion assumptions break down due to turbulence and
non-local interactions. Our species-specific approach, which separately quantifies the
anomalous dispersal of passive phytoplankton and active zooplankton, represents a signifi-
cant advance over models that assume identical diffusion mechanisms for all species.

Despite the insightful results regarding fractional-order pattern formation, it is impor-
tant to acknowledge a limitation of the current study. Our model assumes that the fractional
orders ¢ and ¢ are constant parameters throughout the domain and time. However, in real-
istic aquatic environments, the degree of anomalous diffusion may vary spatiotemporally
due to heterogeneous turbulence levels or changing environmental conditions. Modeling
such complexity would require variable-order fractional operators, which presents signifi-
cant theoretical and numerical challenges but remains a crucial direction for ensuring the
model’s ecological fidelity.

Future research will focus on: (1) incorporating both spatial and temporal fractional
diffusion to investigate the interplay between anomalous transport and memory effects,
specifically examining how history-dependence may induce pattern formation delays or
hysteresis phenomena; and (2) comparing simulation results with high-resolution field
tracking data to empirically estimate fractional orders for real-world plankton species.
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