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Abstract

In recent years, the growing availability of large-scale data across a wide range of disciplines
has created new opportunities for developing models that improve the predictive accuracy
of statistical models. Although techniques such as regularization and Bayesian hierarchical
methods are commonly used for building predictive models, substantial challenges remain,
particularly when dealing with high-dimensional datasets that contain considerable noise.
In this study, we propose a Bayesian hierarchical model that employs a spike-and-slab
hierarchical elastic net prior that regularizes the Cox Proportional Hazards (Cox-PH)
model. The method combines Bayesian modeling with the regularized partial log-likelihood
of the Cox-PH framework, incorporating an Elastic Net penalty to estimate the joint
posterior distribution under a hierarchical elastic net prior. We compute this posterior using
an Expectation–Maximization Cyclic Coordinate Descent Algorithm (EM-CCDA), which
streamlines feature selection and enhances overall predictive performance. We evaluate the
algorithm’s performance through Monte Carlo simulations and apply it to three real-world
datasets, comparing the results with those from established classical and Bayesian survival
analysis approaches. The findings demonstrate notable gains in both feature selection and
predictive accuracy, highlighting the model’s strong ability to predict patient survival and
identify relevant genes in real biological datasets.

Keywords: penalization function; elastic net; lasso; joint posterior function; hierarchical

MSC: 62N02

1. Introduction
The growing availability of large and complex datasets across various fields has in-

creased the need for modern and robust statistical models that can effectively handle
complex feature spaces while minimizing the impact of noise [1–3]. In the field of biomedi-
cal research, these challenges are particularly evident and also affect modern statistical and
machine learning methods. Data from genomic, proteomic, and clinical studies are often
large, complex, and highly correlated, yet sample sizes remain limited. As a result, tradi-
tional approaches frequently struggle with instability, overfitting, and variable selection.
Thus, there is an increasing demand for advanced modeling approaches that can seamlessly
accommodate the high-dimensional structure, perform effective regularization, and capture
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the underlying biological association driving survival outcomes. In the context of survival
analysis, the Cox Proportional Hazards (Cox-PH) model [4] is widely utilized due to its
flexibility and interpretability, enabling the estimation of hazard ratios and the analysis of
time-to-event data [5]. However, the model’s performance is often unstable when applied
to large-scale datasets, since such data often contain redundant or highly variable features
that can compromise predictive accuracy [6–8]. Recent studies have focused on filling these
gaps through the development of regularization and Bayesian approaches that enhance
stability and sparsity in high-dimensional modeling. Penalized regression and Bayesian
frameworks have gained significant attention in modern statistical research for variable
selection in high-dimensional settings [9–11]. By applying an L1-penalty, these methods
shrink many coefficients to zero, achieving both variable selection and model sparsity.
Consequently, they enhance predictive performance and effectively address the issues
of multicollinearity and overfitting commonly observed in multi-omic settings. While
penalized regressions provide effective shrinkage and selection mechanisms, Bayesian hier-
archical models extend this framework by incorporating prior knowledge and uncertainty
quantification [12,13].

Identifying prognostic genes from high-dimensional data remains essential, and sev-
eral Bayesian and hierarchical approaches have been successfully applied [14,15]. Notably,
Bayesian approaches have become increasingly popular as flexible and effective tools
for variable selection and modeling in high-dimensional survival data [16–20]. Several
authors, including [21–27], introduced the Bayesian spike-and-slab LASSO method for
high-dimensional linear modeling. Their approach is based on a spike-and-slab framework
constructed from a mixture of double-exponential prior distributions. This prior structure,
which forms the basis of Bayesian variable selection methods, has been shown to perform
efficiently in numerous applications.

Earlier work by [28] introduced a Bayesian hierarchical Cox proportional hazards
model known as the spike-and-slab Lasso Cox model, specifically designed for high-
dimensional molecular data. Through extensive simulation studies, the authors demon-
strated that this approach outperforms conventional LASSO Cox regression. Nevertheless,
the model is constrained to the LASSO framework, which limits its flexibility and restricts
its ability to capture more complex sparsity structures commonly observed in large-scale,
high-dimensional datasets.

Beyond these contributions, the generalized spike-and-slab prior combined with the
Expectation Propagation algorithm has been shown to effectively perform group feature
selection in linear regression problems. This framework achieves state-of-the-art predic-
tive performance and demonstrates strong potential for active learning applications [29].
Following these developments, [30] developed spike-and-slab LASSO generalized linear
models (GLMs) that deliver precise prognostic predictions and improve gene discovery in
large-scale molecular datasets, thereby enhancing both the interpretability and robustness
of cancer prognosis models.

In addition, [16] introduced Bayesian regularization for Cox survival models using
flexible baseline hazards, which provide robust estimates, indicating that B-splines are less
dependent on regularization compared to piecewise specifications. However, these studies
primarily focus on linear regression with Gaussian responses, and posterior computation
has been noted to be particularly challenging due to the complexity involved in updating
the discrete indicators that control model parameters. While these studies highlight the
growing role of hierarchical priors in high-dimensional modeling, most existing Bayesian
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Cox methods still face challenges related to posterior instability, limited scalability, and
weak integration of structured priors in high-dimensional survival settings.

To address these gaps, this study proposes a Bayesian hierarchical Cox Proportional
Hazards (Cox-PH) model that incorporates spike-and-slab hierarchical elastic net prior
regularization, a hybrid approach that combines the strength of L1 (lasso) and L2 (ridge)
penalties. The purpose of this penalty function is to simultaneously perform variable selec-
tion and control multicollinearity, thereby enhancing model stability, adaptive shrinkage,
and predictive accuracy in high-dimensional survival data. By incorporating the Elastic
Net penalty within a Bayesian hierarchical setting, the model balances variable selection
and coefficient shrinkage, allowing both strongly and moderately correlated predictors
to be retained with appropriate regularization strength. Essentially, the inclusion of the
spike-and-slab hierarchical elastic net prior helps to provide feature selection by differenti-
ating between significant and irrelevant covariates while adaptively shrinking small effects
toward zero. This prior structure promotes sparsity in the coefficient space and helps to
capture underlying signals in complex biomedical data. Posterior inference and parameter
estimation are performed using the Expectation–Maximization (EM) and cyclic coordinate
descent (CCD) algorithms, which iteratively optimize the model parameters to facilitate
stable and computationally efficient convergence[31,32]. Specifically, our study differs
from [28] in two main aspects. First, with respect to the regularization procedure, we
employ the elastic net, whereas [28] used the Lasso. Second, in terms of prior specification,
we adopt a hierarchical elastic net prior, while [28] relied on a Laplace prior.

This paper is structured as follows: Section 2 presents the methodology; Section 3
reviews related methods; Section 4 outlines the formulation of the proposed framework;
Section 5 describes the coordinate descent algorithm and the E- and M-steps for the pro-
posed spike-and-slab elastic net Cox–PH model; Section 6 reports the results; and Section 7
concludes this paper.

2. Methodology
The Cox proportional hazard model is a classical method of analyzing survival data.

However, it faces challenges in the presence of high-dimensional data due to the singularity
matrix involved, which can seldom be invertible. To address this issue, a penalty function is
introduced to handle the problem of sparsity and convergence. In the Bayesian concept, the
spike and slab formulation provides a probabilistic construct for sparse recovery, inducing
sparsity through a penalty function integrated into constrained optimization.

This study introduces the Cox proportional hazard model as censored survival out-
comes, where a pair of response variables Y = (ti, di) are observed for each patient. The
censoring indicator di is 1 when the observed survival time ti is uncensored and 0 when
censored. The true survival time for patient i is represented as Ti. If di = 1, then Ti = ti,
and if di = 0, then Ti > ti. Past studies indicate that Cox proportional hazard models are
popular for identifying associations between survival responses and explanatory variables
X, assuming that the hazard function for survival time T is of the form

h(t | X) = h0(t) exp(Xβ) (1)

where h0(t) is the baseline hazard function and X and β are vectors of explanatory variables
and coefficients, respectively. The prognostic index is represented by Xβ. Classical Cox
models estimate β by maximizing the partial log-likelihood (pl):
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pl(β) =
n

∑
i=1

[
di log

(
exp(Xiβ)

∑l∈R(ti)
exp(Xl β)

)]
(2)

where R(ti) is the risk set at time ti and l represents each individual inside the risk set. This
study penalized the partial likelihood of the Cox proportional hazards (Cox–PH) model
using the Elastic-net penalty function, in contrast to the already established penalized
Lasso [28]. We start by showing how the penalized partial likelihood of the Cox proportional
hazards (Cox–PH) model is formulated. Let the Lasso penalty p(β) be defined as

p(β) = λ
J

∑
j=1
|β j|, (3)

and, thus, the penalized partial likelihood of the Cox–PH model is expressed as

ppl(β) = pl(β)− λ
J

∑
j=1
|β j|. (4)

The parameter λ regulates the strength and size of all independent joint posteriors,
controlling the degree of regularization and the selection of variables in the model. The
Lasso penalty is represented as ∑J

j=1 |β j|, with various ways of penalizing pl(β).

3. Overview of the Posterior Development
This section reviews established Bayesian approaches to variable selection within

the Cox proportional hazards framework. We begin by formulating the joint posterior
distribution for the Lasso Cox–PH model, which combines the likelihood function with
appropriate prior distributions to estimate regression coefficients under penalization. This
formulation follows the framework introduced by [28] and serves as the foundation for the
modified spike-and-slab Elastic-Net Cox–PH model proposed in this study.

Joint Posterior for the Spike-and-Slab Lasso Cox–PH Model (Sslasso-Coxph)

Within the Bayesian paradigm, the posterior distribution is obtained by combining
the likelihood with the prior distributions. Specifically, the joint posterior distribution for
the spike-and-slab Lasso Cox–PH model (sslasso-coxph) by [28,33] is defined as

log p(β, γ, θ | t, d) = log p(t, d | β, h0) +
J

∑
j=1

log p(β j | Sj) +
J

∑
j=1

log p(γj | θ) + log p(θ) (5)

Here, the regression coefficients β are assumed to follow a double-exponential
(Laplace) prior, h0 is the baseline hazard function, the indicator variables γ (known to
be a latent variable) and γ ∈ {0, 1} follow independent Bernoulli distributions, and the
hyperparameter θ is assigned a uniform prior. The corresponding log joint posterior
distribution can be written as

log p(β, γ, θ | t, d) = log p(β) +
J

∑
j=1

(
− 1

2s
|β j|+ γj log(θ) + (1− γj) log(1− θ)

)
. (6)

This formulation was originally developed by [28]; however, in the present work,
we extend this framework by adopting a spike-and-slab hierarchical elastic net prior for
Cox–PH models.
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4. Bayesian Hierarchical Modeling for the Elastic Net Cox Proportional
Hazards Model (Sselastic-Net-Coxph)

This study adopts a Bayesian hierarchical framework to penalize the Cox proportional
hazards (Cox–PH) model using the elastic net penalty while incorporating a spike-and-slab
mixture prior. The spike-and-slab formulation is employed as a prior distribution on the
regression coefficients, and the corresponding joint posterior distribution is formulated as
described below.

4.1. Penalized Cox–PH Model Using Elastic-Net Penalty Function

The partial likelihood of the Cox proportional hazards model is penalized using the
elastic net penalty, as presented in Equation (7). The elastic net penalty combines both L1

(lasso) and L2 (ridge) regularization terms and is defined as

penλ(β) = λ1

J

∑
j=1
|β j|+ λ2

J

∑
j=1

β2
j . (7)

Accordingly, the penalized partial likelihood (ppl) for the Cox–PH model with an
elastic net penalty is expressed as

ppl(β) = pl(β)−
(

λ1

J

∑
j=1
|β j|+ λ2

J

∑
j=1

β2
j

)
. (8)

Here, λ1 and λ2 denote the regularization (tuning) parameters governing the relative
contribution of the L1 and L2 penalties. Both control the amount and type of shrinkage
applied to the regression coefficients. The terms |β j| and β2

j correspond to the lasso and
ridge components, respectively.

4.2. Spike-and-Slab Elastic Net Cox–PH Model

The Spike-and-Slab Elastic Net Cox–PH Model is a Bayesian hierarchical model that
builds on the elastic net prior framework. For a more convenient representation, the elastic
net prior in Equation (7) is characterized in the literature [34–36] by the standardized
hierarchical elastic net prior distribution given in Equation (9).

p(β | λ1, λ2) ∝ exp

(
−λ2

2

J

∑
j=1

β2
j −

λ1

2

J

∑
j=1
|β j|
)

. (9)

For easier computation and follow-up, we introduce global scale parameters s1 and s2,
where s1 = 1

λ1
and s2 = 1

λ2
, respectively. Thus, a reparameterized version is obtained and

presented in Equation (10).

p(β | s1, s2) ∝ exp

(
− 1

2s2

J

∑
j=1

β2
j −

1
2s1

J

∑
j=1
|β j|
)

. (10)

The scale parameters s1 and s2 control the amount of shrinkage; smaller scales induce
stronger shrinkage and force the estimates of β j toward 0. Specifically, if s1 decreases, then
1
s1

increases, leading to a stronger L1 penalty; similarly, if s2 decreases, then 1
s2

increases,
resulting in a stronger L2 penalty.

Next, we show the development of the spike-and-slab elastic net Cox model using the
quantity in Equation (10):
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p(β j) = (1− γj) exp
(
− 1

2s2,0
β2

j −
1

2s1,0
|β j|
)
+ γj exp

(
− 1

2s2,1
β2

j −
1

2s1,1
|β j|
)

. (11)

Equation (11) can also be written in a hierarchical form by conditioning on the la-
tent indicator variable γj, similar to the formulation in [28]. Rather than expressing the
prior as a mixture of spike and slab elastic net components, we represent it using a single
conditional prior:

β j | γj ∝ exp

(
− 1

2s2j
β2

j −
1

2s1j
|β j|
)

, (12)

where the scale parameters depend on the value of the indicator variable, defined as

s1j = (1− γj)s1,0 + γjs1,1, s2j = (1− γj)s2,0 + γjs2,1.

This representation is equivalent to the mixture form in Equation (11), but it is easier
to work with in a hierarchical setting and simplifies the computational implementation,
similar to [28]. The scales are chosen such that s1,1 > s1,0 > 0 and s2,1 > s2,0 > 0, ensuring
that the slab component imposes weaker shrinkage, whereas the spike component enforces
stronger shrinkage toward zero.

The slab component permits the regression coefficients to assume relatively large
values, whereas the spike component aggressively shrinks coefficients toward zero, pro-
moting sparsity. The latent indicators γj ∈ {0, 1} represent model inclusion variables and
are assumed to follow a Bernoulli distribution with an unknown inclusion probability
parameter θj, defined as follows:

γj | θ ∼ Bernoulli(θ), p(γj | θ) = θγj(1− θ)1−γj . (13)

The inclusion probability parameter θ is assumed to follow a uniform distribution,
θ ∼ U(0, 1).

4.3. Joint Posterior for Spike-and-Slab Elastic Net Cox–PH Model

In the Bayesian school of thought, the posterior is considered as the product of the
log-likelihood of a model and the given prior distribution. We jointly use P(· | t, d), which
represents the posterior, and ∏(·), which stands for the prior. Thus, the log joint posterior
of the Spike-and-Slab Elastic Net Cox–PH Model P(β, γ, θ | t, d) is

log p(β, γ, θ | t, d) = log p(t, d | β) +
J

∑
j=1

log p(β j | γj) +
J

∑
j=1

log p(γj | θ) + log p(θ). (14)

where log p(t, d | β) is proportional to the partial log-likelihood pl(β) defined in
Equation (2). Therefore, the log joint posterior for the spike-and-slab elastic net Cox–PH
model can be fully expressed as

log p(β, γ, θ | t, d) = pl(β)−
J

∑
j=1

(
1

2s2j
β2

j +
1

2s1j
|β j|
)

+
J

∑
j=1

[
γj log θ + (1− γj) log(1− θ)

]
+ log p(θ). (15)
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5. Procedure for EM–Coordinate Descent Algorithm
The EM–coordinate descent algorithm considers the indicator variables γj as latent

quantities and estimates the parameters (β, θ) by integrating over their posterior distribu-
tions. In this formulation, the indicator variables represent whether each coefficient belongs
to the spike or slab component. The EM algorithm is based on the log joint posterior density,
and the parameter estimates are updated iteratively through the E-step and M-step.

5.1. E-Step

In the E-step, we compute the expectation of the log joint posterior density with
respect to the conditional posterior distributions of the latent indicators γj. The conditional
posterior probability that the jth coefficient belongs to the slab component is given by

pj = P(γj = 1 | β j, θ, t, d) =
p(β j | γj = 1) P(γj = 1 | θ)

p(β j | γj = 0) P(γj = 0 | θ) + p(β j | γj = 1) P(γj = 1 | θ)
. (16)

where P(γj = 1 | θ) = θ and P(γj = 0 | θ) = 1− θ.
For the proposed spike-and-slab elastic-net model, the conditional prior for each

coefficient β j, depending on whether γj = 1 (slab, p(β j | γj = 1)) or γj = 0 (spike,
p(β j | γj = 0)), is defined as

p(β j | γj) ∝ exp

(
− 1

2s2j
β2

j −
1

2s1j
|β j|
)

, (17)

where the scale parameters depend on the indicator variable as

s1j = (1− γj)s1,0 + γjs1,1, s2j = (1− γj)s2,0 + γjs2,1,

with s1,1 > s1,0 and s2,1 > s2,0 so that the slab component imposes weaker shrinkage than
the spike component.

Therefore, the conditional posterior expectations of the inverse scale parameters are
obtained as

E(s−1
1j | β j) =

1− pj

s1,0
+

pj

s1,1
, (18)

E(s−1
2j | β j) =

1− pj

s2,0
+

pj

s2,1
. (19)

These expectations provide adaptive shrinkage weights for the L1 and L2

penalties, respectively.

5.2. M–Step

In the M-step, (β, θ) are updated by maximizing the expected log joint posterior, with
the latent indicators γj and the inverses of the scale parameters, s−1

1j and s−1
2j , substituted

by their conditional posterior expectations, as given in Equations (18) and (19). From the
log joint posterior density (Equation (15)), it can be seen that β and θ can be updated
separately because the coefficients β are only involved in the prior penalty terms, whereas
the probability parameter θ is only involved in ∑j γj log θ + (1− γj) log(1− θ).

Therefore, the coefficients β are updated by maximizing the expression
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Q1(β) = pl(β)−
J

∑
j=1

(
1
2

E[s−1
2j ] β2

j +
1
2

E[s−1
1j ] |β j|

)
, (20)

Given the adaptive scale parameters, the term

J

∑
j=1

(
1
2

E[s−1
2j ]β

2
j +

1
2

E[s−1
1j ]|β j|

)

serves as an elastic net penalty with coefficient-specific penalty factors. Thus, the coeffi-
cients can be updated by maximizing Q1(β) using the cyclic coordinate descent algorithm,
allowing some coefficients to be shrunk toward zero while others remain relatively large.

The probability parameter θ is updated by maximizing

Q2(θ) =
J

∑
j=1

(
γj log θ + (1− γj) log(1− θ)

)
, (21)

while θ = 1
J ∑J

j=1 pj.
Therefore, the model uses cyclic coordinate descent to update β j by maximizing Q1(β),

and θ is updated by maximizing Q2(θ). In summary, the EM coordinate descent algorithm
for fitting the spike-and-slab elastic net Cox model is presented in Algorithm 1. The
convergence is assessed using the relative change in the partial log-likelihood, as given in
Equation (22), with tolerance ε = 10−5.

|d(t) − d(t−1)|
0.1 + |d(t)|

< ε, (22)

where d(t) = pl(β(t)).

5.3. Selecting Optimal Scale Values

This study aims to select optimal scale values through a hierarchical spike-and-slab
framework using two sets of scale parameters, (s1,0, s1,1) for the L1 component and (s2,0, s2,1)

the L2 component. The objective is to determine appropriate scale values that control the
strength of shrinkage in the proposed spike-and-slab elastic net Cox–PH model.

Instead of focusing on a single model, the slab scales s1,1 and s2,1 are fixed at relatively
large values to induce weak or minimal shrinkage, while the spike scales s1,0 and s2,0 are
varied over sequences of smaller values such that

0 < s(1)1,0 < s(2)1,0 < · · · < s(L)
1,0 < s1,1, 0 < s(1)2,0 < s(2)2,0 < · · · < s(L)

2,0 < s2,1.

As the spike scales are increased, more coefficients are allowed to shift from the spike
to the slab component. This process incorporates additional non-zero effects into the model,
similar to what is seen in spike-and-slab lasso models [28].
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Algorithm 1: EM Coordinate Descent Algorithm for the Spike-and-Slab Elastic
Net Cox–PH Model

Input : Initial values of β and θ

Output : Estimated coefficients β̂ and inclusion probability θ̂

1 Initialize β(0) = 0, θ(0) = 0.5, and set t = 0;
2 while convergence criterion not satisfied and t < tmax do
3 t← t + 1;
4 E-step: Update posterior inclusion probabilities pj using Equation (16);
5 Compute the conditional posterior expectations of the inverse scales using

Equations (18) and (19);
6

E[s−1
1j | β

(t−1)
j ] =

1− pj

s1,0
+

pj

s1,1
, E[s−1

2j | β
(t−1)
j ] =

1− pj

s2,0
+

pj

s2,1

7 M-step:;
8 Update β(t) using cyclic coordinate descent to maximize Q1(β) in

Equation (20);
9 Update the probability parameter θ(t) = 1

J ∑J
j=1 pj;

10 Compute convergence criterion:
|pl(β(t))− pl(β(t−1))|

0.1 + |pl(β(t))|
< ε;

11 end
Output : Final estimates β̂ = β(t) and θ̂ = θ(t)

This approach is similar to the elastic net regularization path, where the glmnet

package fits models across a range of tuning parameters, allowing the selection of an
optimal model based on predictive performance [10,32]. In the present study, the adaptive
scale parameters play a role similar to the tuning parameters by controlling the amount of
shrinkage applied to each coefficient.

For predictive assessment, a pre-validation strategy (a variant of cross-validation) is
employed. The data are partitioned into K subsets, and the model is fitted using K − 1
subsets while the remaining subset is used for validation. The prognostic index for the Kth
subset is calculated as η̂K = XK β̂(−K). This represents the pre-validated prognostic index,
which is based on models created without including the Kth subset.

This procedure is repeated across all subsets to obtain cross-validated performance
measures. Additionally, cross-validated partial likelihood (CVPL) is used as an alternative
validation criterion, defined as

CVPL =
K

∑
K=1

[
PL(−K)(β̂)− PL(−K)(β̂(−K))

]
, (23)

where β̂(−K) denotes the parameter estimate obtained by excluding the Kth subset. The
CVPL compares the partial likelihood evaluated using all observations with that obtained
when one subset is omitted, providing an additional measure of predictive accuracy. This
strategy allows our proposed spike-and-slab elastic net Cox model to perform simultaneous
variable selection and coefficient stabilization, particularly in the presence of correlated
predictors. The final code and wrapper for reproducing the results of the sselastic-net-coxph
will be made publicly available on GitHub (https://github.com/Dydx1989 (accessed on
10 February 2026)) to ensure reproducibility.
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6. Results
6.1. Simulation Procedure

In this section, simulation studies are conducted to evaluate the performance of the
penalization methods, with particular emphasis on the proposed hierarchical spike-and-
slab elastic net Cox model. The penalty functions considered in the study share common
parameters, namely, the tuning parameters and the regression coefficients β. The simulation
procedure is designed to accommodate all the penalization methods under comparison.

Five simulation scenarios with varying levels of complexity (overlapping groups,
group sizes, non-overlapping structures, number of non-zero groups, and correlation
coefficients r) are considered. For each dataset, n = 500 observations are generated with
a survival response consisting of observed survival times ti and censoring indicators di.
A vector of continuous predictors Xi = (Xi1, . . . , Xi J), with J = 200, 1000, is also generated.

The predictors are generated in groups. Specifically, sub-vectors Xi(50k + 1), . . . ,
Xi(50k + 50) are drawn from a multivariate normal distribution N50(0, Σ), where Σ is a
covariance matrix with correlation coefficient r among predictors within each group. The
predictors are correlated within groups but assumed to be independent between groups.

The “true” survival times Ti are generated from an exponential distribution as
Ti∼exp

(
∑J

j=1 Xijβ j

)
. The censoring times Ci for each individual are also generated from

an exponential distribution Ci∼exp(ϕi), where ϕi is randomly selected from a standard
normal distribution. The observed censored time ti is set as the minimum between the
“true” survival time and the censoring time ti = min(Ti, Ci), while the censoring indicator
di is set to 1 if C > T and 0 otherwise. This data-generating mechanism follows standard
procedures used in survival analysis simulation studies [28,33].

Table 1 presents the true non-zero variables used in the simulation settings. In
Scenario 1, consisting of 500 samples and 200 predictors, and Scenario 2, consisting of
500 samples with 1000 predictors, the relevant features were successfully identified across
the simulated replicates.

Table 1. Best Variables Selected.

Scenario Variable 1 Variable 2 Variable 3 Variable 4

Scenario 1 (n = 500, J = 200) X5 X55 X105 X155

Coefficient Values 0.6454 −0.6331 0.6294 −0.6361
Scenario 2 (n = 500, J = 1000) X5 X225 X505 X755

Coefficient Values 0.6371 −0.6771 0.6500 −0.6269

Table 2 shows the simulation results for five different penalization methods applied
to the Cox proportional hazards model across six separate scenarios. The evaluation
used 10-fold cross-validation—a widely adopted approach in penalized Cox regression
studies [37,38]—along with system time (Time), the concordance index (C-Index), deviance,
and mean absolute error (MAE). The methods being compared include the Bayesian Cox
model with a double-exponential prior (d-e bcoxph), the Bayesian Cox model with a
Student-t prior (t-prior bcoxph), the Lasso-penalized Cox model (Lasso coxph), the Spike-
and-Slab Lasso Cox model (sslasso-coxph), and the Spike-and-Slab Elastic Net Cox model
(sselastic-net coxph).

In Scenario 1, we consider 500 observations with 200 predictors, the sselastic-net coxph
model demonstrates superior performance, achieving the highest C-Index of 0.721, indicat-
ing strong predictive accuracy. Its deviance 2259.279 offers a better model fit compared to
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the other methods, while the MAE of 0.7826 reflects a reliable predictive accuracy. However,
the Lasso coxph model exhibits faster computation, providing a lower C-Index (0.696) and
a higher deviance (2301.044), indicating reduced accuracy and poor fit. The t-prior bcoxph
model, with a C-Index of 0.605 and a deviance of 3010.550, performs notably worse, as
reflected by its high MAE (1.5519), suggesting overfitting and weak generalization.

In Scenario 2, we maintained the number of observations and predictors, where the
sselastic-net coxph model continued to perform consistently well, with a C-Index of 0.721
and a deviance of 2269.679, maintaining a strong balance between predictive accuracy
and model fit. Its system time (0.045) and MAE (0.7769) also demonstrated efficiency and
stability across replications. In contrast, the Lasso coxph model demonstrated a slight
decline in predictive strength (C-Index = 0.686) and higher deviance (2306.598), while the
t-prior bcoxph again recorded poor predictive and fitting metrics.

Table 2. Evaluation of Proposed and Existing Methods Across Six Simulated Scenarios Using 10-Fold
Cross-Validation.

Simulation Method 10-Fold CV Time (s) C-Index Deviance MAE

Scenario 1 (n = 500, J = 200)

d-e bcoxph 0.745 0.569 2484.278 0.650
t-prior bcoxph 0.979 0.605 3010.550 1.552
Lasso coxph 0.014 0.696 2301.044 0.478
sslasso-coxph 0.035 0.707 2281.189 0.652
sselastic-net coxph 0.040 0.721 2259.279 0.783

Scenario 2 (n = 500, J = 200)

d-e bcoxph 0.909 0.602 2855.699 1.407
t-prior bcoxph 1.059 0.588 3164.973 1.551
Lasso coxph 0.014 0.686 2306.598 0.478
sslasso-coxph 0.042 0.698 2292.370 0.656
sselastic-net coxph 0.045 0.721 2269.679 0.777

Scenario 3 (n = 500, J = 200)

d-e bcoxph 0.931 0.610 2949.448 1.411
t-prior bcoxph 1.019 0.593 2986.948 1.555
Lasso coxph 0.016 0.700 2292.258 0.510
sslasso-coxph 0.047 0.703 2287.087 0.659
sselastic-net coxph 0.043 0.719 2277.174 0.754

Scenario 4 (n = 500, J = 1000)

d-e bcoxph 4.241 0.592 2845.307 1.299
t-prior bcoxph 5.280 0.577 5899.464 1.429
Lasso coxph 0.033 0.697 2278.758 0.510
sslasso-coxph 0.080 0.714 2248.719 0.659
sselastic-net coxph 1.138 0.891 2143.213 0.754

Scenario 5 (n = 500, J = 1000)

d-e bcoxph 4.348 0.601 5570.253 1.299
t-prior bcoxph 5.298 0.588 6084.526 1.429
Lasso coxph 0.030 0.697 2281.190 0.510
sslasso-coxph 0.081 0.713 2246.745 0.659
sselastic-net coxph 1.089 0.876 2283.666 0.754

Scenario 6 (n = 500, J = 1000)

d-e bcoxph 4.337 0.598 5340.907 1.299
t-prior bcoxph 5.239 0.580 6385.465 1.429
Lasso coxph 0.031 0.689 2284.913 0.510
sslasso-coxph 0.086 0.712 2249.343 0.659
sselastic-net coxph 1.106 0.890 1958.092 0.754

For the sslasso-coxph model, the spike scale S0 varied across scenarios as follows: 0.045, 0.05, 0.02 for Scenarios
1–3 and 0.029, 0.034, 0.042 for Scenarios 4–6, while the slab scale S1 = 0.5 was fixed for all scenarios. For the
sselastic-net coxph model, s1,0 varied across scenarios, as reported above: s1,1 = 0.5, s2,0 = 0.01, and s2,1 = 1.0 for
all scenarios.

In Scenario 3, we obtained the same dimension of 500 observations and 200 predictors,
and the sselastic-net coxph model outperformed all methods, with a C-Index of 0.719,
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deviance of 2277.174, and MAE of 0.7543. The consistent performance across multiple
scenarios highlights the robustness and adaptability of the model. The Lasso coxph model
followed but remained less accurate, with a C-Index of 0.700 and a higher deviance of
2292.258, reinforcing its limitations in predictive power.

The number of predictors was increased to 1000 in scenario 4. The sselastic-net coxph
model sustained its dominance, achieving a higher C-Index of 0.891, a lower deviance
of 2143.213, and an MAE of 0.7543. Despite the high dimensionality, its system time
of 1.138 indicated strong computational efficiency. The Lasso coxph model, while faster,
showed inferior results (C-Index = 0.697; deviance = 2278.758), suggesting reduced adapt-
ability to complex, high-dimensional data. The d-e bcoxph and t-prior bcoxph models
exhibited both high deviance and longer computation times, underscoring their limited
suitability in such settings. In Scenario 5, 500 observations and 1000 predictors were used,
and the sselastic-net coxph model maintained a robust performance, achieving a C-Index
of 0.876, a deviance of 2283.666, and an MAE of 0.7543. Its system time (1.089) further
illustrated efficiency relative to model complexity. Although the Lasso coxph model ran
faster, it delivered lower accuracy (C-Index = 0.697) and higher deviance (2281.190). The
t-prior and d-e bcoxph models continued to underperform, marked by elevated deviance
and MAE values.

Finally, in Scenario 6, which retained the same sample size and predictor count, the
sselastic-net coxph model achieved its best performance, with the highest C-Index of 0.890,
a lower deviance of (1958.092), and a stable MAE of 0.7543. This confirms its robustness
and predictive reliability even in high-dimensional environments. Although the Lasso
coxph model computed faster, it again showed weaker predictive ability (C-Index = 0.689;
deviance = 2284.913), while the remaining methods continued to exhibit sub-optimal fit
and higher prediction errors.

Table 3 shows the results of six simulation scenarios using the spike-and-slab elastic
net Cox model for survival prediction. The scenarios differ in the number of observations
and predictors. Evaluation metrics include system time (Timeα), C-Index, deviance, and
mean absolute error (MAE).

Table 3. Outcomes of Six Simulation Scenarios Using the Spike-and-Slab Elastic Net Cox Model for
Survival Prediction.

Simulation Method Timeα (s) C-Index Deviance MAE

Scenario 1 (n = 500, m = 200) sselastic-net coxph 0.745 0.721 2259.279 0.478
Scenario 2 (n = 500, m = 200) sselastic-net coxph 0.909 0.721 2269.679 0.478
Scenario 3 (n = 500, m = 200) sselastic-net coxph 0.043 0.719 2277.174 0.510
Scenario 4 (n = 500, m = 1000) sselastic-net coxph 1.138 0.891 2143.213 0.510
Scenario 5 (n = 500, m = 1000) sselastic-net coxph 1.089 0.876 2246.745 0.510
Scenario 6 (n = 500, m = 1000) sselastic-net coxph 1.106 0.891 1958.092 0.510

In Scenario 1, 500 observations and 200 predictors were used, and the model achieved a
C-Index of 0.721, a deviance of 2259.279, and an MAE of 0.478470. These results offer a good
balance between accuracy and model fit, with a short computation time of 0.745, showing
high efficiency for moderate datasets. In Scenario 2, we utilized the same observations and
predictors in scenario 1. Thus, the outcomes were almost the same, with a C-Index of 0.721
and an MAE of 0.478470, with a slight increase in deviance to 2269.679. This consistency
highlights the robustness and reliability of the model in repeated simulations. In Scenario 3,
we used 500 observations and 200 predictors. The C-Index revealed a slight drop to 0.719,
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while the deviance scaled to 2277.174 and the MAE increased to 0.5100032, thus showing a
small decline in accuracy, but the model continued to perform well and provide reliable
predictions. In Scenario 4, we scaled the number of predictors to 1000, which signified an
improvement in performance. The C-Index rose to 0.891 and showed high discriminative
ability. The deviance reduced to its lowest value of 2143.213, indicating a strong fit to the
model. MAE remained at 0.5100032, revealing that the model maintained stable accuracy
even with more predictors. In Scenario 5, we used 500 observations and 1000 predictors,
where the C-Index decreased slightly to 0.876, while the deviance increased to 2246.745.
MAE remained at 0.5100032, showing that the model maintained strong accuracy despite
the added complexity. In Scenario 6, the C-Index of 0.891 was the same as in Scenario 4.
The deviance was reduced to 1958.092, indicating the best data fit. The MAE remained
stable at 0.5100032, showing that the model consistently improved accurate predictions
even under the most complex scenario.

The estimated regression coefficients from the Bayesian hierarchical elastic-net Cox
proportional hazards model (sselastic-net-coxph) for Scenarios 1 and 4 are presented vi-
sually and described in Figure 1. Figure 1 presents the simulation results for Scenario 1,
comparing Bayesian Cox proportional hazards models fitted with hierarchical elastic net
and double-exponential (Laplace) priors. The figure highlights differences in coefficient es-
timation, shrinkage behavior, and posterior uncertainty under the two prior specifications.

Figure 1. Estimated regression coefficients from the Bayesian Cox proportional hazards model under
hierarchical elastic net and double-exponential (Laplace) priors for Scenario 1. Red points indicate
posterior mean estimates, while blue lines represent 95% credible intervals.

In this scenario, the simulated dataset consisted of n = 500 observations and
m = 200 predictors. The results illustrate how prior choice affects coefficient shrink-
age and variable selection in the Bayesian Cox model. Among the 200 predictors, only a
small subset was identified as relevant, with two predictors selected under the hierarchical
elastic net prior and four under the Laplace priors. The hierarchical elastic net prior induces
stronger shrinkage, pulling many coefficient estimates toward zero and promoting sparsity.
In contrast, the Laplace prior exhibits heavier tails, allowing greater flexibility by retaining
larger coefficient estimates for predictors associated with stronger signals. These differences
are reflected in the relative dispersion of the posterior means and credible intervals. The
spike-and-slab hyperparameters, sλ = 0.045 and s1 = 0.5, control the degree of sparsity by
regulating the probability of variable inclusion and the strength of penalization. Overall,
both priors effectively recover the underlying signal while suppressing noise. However,
the hierarchical elastic net and Laplace priors favor more aggressive shrinkage. In contrast,
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other priors permit greater variability in the estimated coefficients, illustrating the trade-off
between sparsity and flexibility in Bayesian survival modeling.

Figure 2 illustrates the impact of hierarchical elastic net and Laplace priors on vari-
able selection and coefficient shrinkage in a high-dimensional Bayesian Cox proportional
hazards (CoxPH) model. The dataset for Scenario 4 consists of n = 500 observations and
p = 1000 predictors (p ≫ n). This scenario demonstrates the effect of prior choice on
coefficient shrinkage and variable selection. Under the hierarchical elastic net prior, six
predictors were selected, whereas the Laplace prior retained nine predictors. The selected
predictors and their corresponding p-values are shown in the figure. Red points and lines
indicate the posterior mean estimates of the regression coefficients, while blue lines repre-
sent 95% credible intervals, illustrating estimation uncertainty. The hierarchical elastic net
prior enforces strong shrinkage, pulling most coefficients toward zero and retaining only
the most relevant variables. In contrast, the Laplace prior almost selects the same variables
with the hierarchical elastic net, but allows additional predictors with moderate effects
to be included. The spike-and-slab hyperparameters, sλ = 0.034 and s1 = 0.5, regulate
the level of sparsity and the probability of variable inclusion, balancing the retention of
relevant predictors against the exclusion of noise. Overall, both priors successfully identify
important predictors, with the hierarchical elastic net prior yielding a more compact model
and the Laplace prior capturing additional potential effects. These results highlight how
prior selection influences sparsity, coefficient flexibility, and model stability in Bayesian
survival analysis.

Figure 2. Estimated regression coefficients from the Bayesian Cox proportional hazards model under
double-exponential and Student-t priors for Scenario 4. Red points indicate posterior mean estimates
and blue lines represent 95% credible intervals.

6.2. Real-Life Studies

This section focused on the practical application of the proposed Spike-and-Slab for
the Elastic-Net COX-PH, with the existing models using three (3) different microarray gene
expression data sets. The three data sets include GSE14333 data [39] (Data 1), Dutch breast
cancer data [40] (Data 2), and Diffuse large-B-cell lymphoma data [41] (Data 3). A detailed
description of the datasets is presented in Table 4.

Table 4. Characteristics of the Used Clinical and High-Dimensional Datasets.

Name Observations Features Censoring Rate

GSE14333 [39] 226 16,383 25
Dutch Breast Cancer Data (DBCD) [40] 295 4919 73

Diffuse Large-B-Cell Lymphoma data (DLBCL) [41] 240 7402 42
Diffuse Large-B-Cell Lymphoma data (DLBCL) [41] 240 7402 42
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Table 4 summarizes the main characteristics of the three datasets, GSE14333, DBCD,
and DLBCL, used in this analysis. All three have a high-dimensional structure in which the
number of predictors greatly exceeds the number of observations (p≫ n). This difference
creates serious challenges for classical survival models, including risks of multicollinearity
and overfitting. The GSE14333 dataset contains 226 samples and 16,383 gene expression
features, representing a typical high-dimensional colorectal cancer cohort. The DBCD
dataset includes 295 observations with 4919 predictors, offering a more complex setting
due to its larger sample size and substantial feature space. The DLBCL dataset consists of
240 samples and 7402 features, providing an intermediate scenario in both dimensionality
and sample characteristics. Together, these datasets cover a wide range of feature dimen-
sions and sample sizes, offering a strong basis for assessing the scalability, robustness, and
predictive performance of Bayesian hierarchical Cox models. The distinct p > n structure
in all datasets highlight the importance of using effective shrinkage priors such as Gaussian,
Laplace, and Spike-and-Slab variants to achieve reliable variable selection and improve
generalization in high-dimensional genomic survival analysis.

6.3. Application to Real Life Data Sets

In this section, we introduce an alternative survival model using Bayesian regulariza-
tion through a hierarchical modeling approach. This approach aims to identify and select
relevant predictors by applying penalty functions, such as Lasso and elastic net, which
induce shrinkage in the penalized partial log-likelihood of the Cox model for survival
prediction. Specifically, hierarchical modeling with the spike-and-slab double-exponential
prior, along with Lasso, spike-and-slab Lasso, and elastic net Cox models, were utilized to
analyze real-world data.

Table 5 presents the number of selected genes in GSE14333, with a summarized
outcome for the three methods applied in this study, providing the corresponding features
selected and the proportion of features chosen by each method. Based on the outcomes,
Lasso Coxph selected the fewest features. For the model fit, as shown by AIC values,
the ssElastic model performs best with the AIC (1024.265), followed by ssLasso with AIC
(1372.611), while the Lasso model has the highest AIC (1499.291), suggesting a poor fit. For
accuracy, measured by MAE, the ssLasso model presents the lowest MAE (0.0016), showing
superior predictive performance, while the ssElastic (0.0038) and Lasso (0.0039) models
show a slightly lower performance. Generally, the ssElastic model achieves the best balance
between fit and predictive accuracy.

Table 5. Number of Selected Genes from GSE14333 Survival Data.

Method Genes Selected Proportion of Genes Selected AIC MAE
Lasso CoxPH 10 0.00095 1499.291 0.0039
ssLasso CoxPH 108 0.00642 1372.611 0.0016
ssElastic-Net CoxPH 94 0.00559 1024.265 0.0038

Table 6 shows the performance of three survival analysis methods on the Dutch Breast
Cancer Data (DBCD) dataset, evaluated using metrics such as the number of selected genes,
the proportion of selected genes, the AIC, and the MAE. The Lasso Cox model selected
16 genes, showcasing a more inclusive selection, while the spike-and-slab Lasso Cox model
(ssLasso) picked 8 genes, selecting the most relevant predictors. The spike-and-slab elastic
net Cox model (ssElastic) selected only 1 gene, indicating an extremely selective approach.
The proportions of selected genes are 0.0033 for Lasso, 0.0016 for ssLasso, and 0.0002 for
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ssElastic. Concerning the model fit, ssLasso provide the best AIC (730.5997), while Lasso
and ssElastic had higher AIC values of 802.7552 and 806.567, respectively. In terms of
predictive accuracy, ssElastic performed best with a lower MAE (0.0013), compared to
0.0026 for Lasso and 0.0027 for ssLasso. Generally, ssElastic provided the best predictive
accuracy, while ssLasso offered the best balance between model fit and feature selection.

Table 6. Number of selected genes from DBCD high-dimensional survival data.

Method Genes Selected Proportion of Genes Selected AIC MAE

Lasso Coxph 16 0.0033 802.7552 0.0026
ssLasso Coxph 8 0.0016 730.5997 0.0027
ssElastic Coxph 1 0.0002 806.567 0.0013

Table 7 presents the results of survival analysis methods applied to the Diffuse Large
B-Cell Lymphoma (DLBCL) dataset. The Lasso Cox model identified 29 genes, indicating
an extensive selection process. In contrast, the ssLasso model selected 12 genes, while
the ssElastic model selected 11 genes, showing a more precise feature selection approach.
The proportion of selected genes for the Lasso model was 0.0039, providing moderate
selection, while ssLasso and ssElastic models had proportions of 0.0016 and 0.0014, respec-
tively, indicating a more focused selection. In terms of model performance, the Lasso Cox
model had an AIC of 616.7418, suggesting space for improvement. The ssLasso model
achieved a best fit with an AIC of 565.6131, while the ssElastic model had an AIC of
589.9531. Relating to prediction accuracy, the Lasso model had an MAE of 0.0017, the
ssLasso model had a slightly lower MAE of 0.0015, and the ssElastic model had an MAE of
0.0016, revealing that all models performed well, with the ssLasso model showing the best
predictive performance.

Table 7. Number of selected genes from DLBCL high-dimensional survival data.

Method Genes Selected Proportion of Genes Selected AIC MAE

Lasso Coxph 29 0.0039 616.7418 0.0017
ssLasso Coxph 12 0.0016 565.6131 0.0015
ssElastic Coxph 11 0.0014 589.9531 0.0016

Table 8 presents the performance of the Lasso-CoxPH, Spike-and-Slab Lasso (ssLasso),
and Spike-and-Slab Elastic Net (ssElastic) models across three datasets: GSE14333, DBCD,
and DLBCL. The table reveals the number of features each model selected with their
ranking proportion, indicating the effectiveness of feature identification across datasets.
The Lasso-CoxPH model selected a small number of features (10, 16, and 29), demontrating
aggressive shrinkage. While this provides a sparse and simple model, it may miss some
moderate but relevant effects, excluding the potentially predictive genes. The ssLasso
CoxPH model identified more features (108 in GSE14333, 81 in DBCD, and 12 in DLBCL)
and achieved the highest ranking proportion (1.0). This reveals its ability to adaptively
shrink coefficients, effectively separating between noise and signals. Its flexibility allows it
to retain informative predictors that the regular Lasso might exclude, enhancing predictive
performance in high-dimensional settings. The ssElastic CoxPH model provided a balance
between sparsity and stability, selecting a few numbers of features (94, 1, and 11), with
a ranking proportion of 0.7. Its performance provides the advantage of incorporating
ridge-type regularization to capture correlated predictors, enhancing interpretability while
maintaining computational efficiency. Generally, Table 8 reveals that while Lasso-CoxPH
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induces stronger sparsity, the Spike-and-Slab models, particularly ssLasso, offer more
adaptive and stable feature selection, making them more reliable for high-dimensional
genomic survival analysis with complex correlations and mild genetic effects.

Table 8. Summarized proportion and ranking on real life data.

Method GSE14333 DBCD DLBCL Poportion of Rank

Lasso Coxph 10 16 29 0.3
ssLasso Coxph 108 81 12 1.0
ssElastic Coxph 94 1 11 0.7

Figure 3 presents a Cox coefficient plot for genes selected from the GSE14333 colorectal
cancer dataset using the Lasso-CoxPH, Spike-and-Slab Lasso, and Spike-and-Slab Elastic
Net models, indicating differences in variable selection and clinical interpretability.

Figure 3. Cox coefficient estimates plot for genes selected in GSE14333. The red dot in each panel
indicates a highly significant gene.

Figure 3 presents the Cox coefficient plots for genes selected from the GSE14333
colorectal cancer dataset, which contains 16,830 gene expression features, using three
regularized models: Lasso-CoxPH, Spike-and-Slab Lasso, and Spike-and-Slab Elastic Net.
The Lasso-CoxPH model provided a highly sparse representation, identifying only a few
dominant genes by inducing strong global shrinkage across all coefficients. While effective
in excluding noise, this approach tends to over-shrink moderately informative genes,
resulting in potential loss of biological signals relevant to patient survival. The Spike-and-
Slab Lasso model mitigates this constraint through adaptive shrinkage, capturing a large but
more relevant number of genes. The selected genes that indicate both positive and negative
coefficients represent risk-associated and protective genetic effects. This flexibility allowed
the model to better differentiate between genes with negligible and substantial contributions
to the hazard function. The Spike-and-Slab Elastic Net further improved selection stability
by integrating both Lasso and ridge-type penalties. It identifies a slightly larger but more
consistent number of predictive genes, effectively handling high intergene correlations
typical of microarray data. The retain genes in this model demonstrated clearer biological
interpretability, reflecating coherent risk and protective gene cluster relevant to colorectal
cancer prognosis. Essentially, Figure 3 highlights that while all models achieve variable
selection, the Spike-and-Slab Elastic Net model offers the most balanced performance,
preserving sparsity while retaining biologically meaningful and stable predictors, making
it particularly suitable for high-dimensional genomic survival modeling.

Figure 4 illustrates the Cox coefficient estimates for genes selected from the DBCD
dataset using the Lasso-CoxPH, Spike-and-Slab Lasso, and Spike-and-Slab Elastic Net
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models, revealing how each method balances sparsity and stability and identifies
relevant predictors.

Figure 4. Cox coefficient estimates plot for the genes selected in DBCD Data.

Figure 4 revealed the estimated Cox coefficients of genes selected from the DBCD
dataset, containing 4919 gene expression features, through the Lasso-CoxPH, Spike-and-
Slab Lasso (ssLasso), and Spike-and-Slab Elastic Net (ssElastic) models. The Lasso-CoxPH
model identified a few genes, which indicates its strong shrinkage effect, which induces
high sparsity. Although this helps exclude noise predictors, it can also underestimate
moderately important genes and overlook relevant biological signals linked to patient
survival. The ssLasso model relaxed this constraint through adaptive shrinkage, offering
a more balanced selection of genes. Its coefficients include both positive and negative
values genes with positive log-hazard coefficients indicating higher risk and those with
negative values indicating protective effects. This adaptive behavior allows the model
to better distinguish between irrelevant and significant predictors. The ssElastic model
further optimized the selection process by adding ridge-type regularization, causing it
to capture correlated or jointly informative genes that may influence survival together.
The selected genes in this model formed clear clusters of strong positive and negative
effects, demonstrating its robustness in identifying biologically significant gene groups
while maintaining model stability. Essentially, Figure 4 reveals that while all three models
perform variable selection, the ssElastic model provides the best balance between sparsity,
stability, and interpretability. It effectively retains influential prognostic genes while filtering
out irrelevant ones, making it the most reliable method for large-scale genomics in the
DBCD dataset.

Figure 5 displays the Cox coefficient estimates for genes selected from the DLBCL
dataset using the Lasso-CoxPH, Spike-and-Slab Lasso, and Spike-and-Slab Elastic Net
models, highlighting how each method balances sparsity and stability.

Figure 5 presents the Cox coefficient plot for the features selected from the 7399-gene
DLBCL dataset using three penalized models: Lasso-CoxPH, Spike-and-Slab Lasso, and
Spike-and-Slab Elastic Net. The figure illustrates both the direction and magnitude of
the effects associated with the selected genes. The Lasso-CoxPH model selected a small
number of genes through uniform shrinkage, effectively excluding weak predictors but
often over-shrinking moderately strong effects. In contrast, the Spike-and-Slab Lasso
model achieved more adaptive shrinkage, balancing sparsity and flexibility. It retained a
moderate number of influential genes, separating irrelevant predictors (shrunk near zero)
from truly significant ones with nonzero posterior means. These selected genes indicate
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both positive and negative log-hazard coefficients, indicating features associated with
increased and decreased risk, respectively. The Spike-and-Slab Elastic Net model further
enhanced feature recovery by combining the Lasso sparsity with ridge-type regularization.
This approach identified a slightly larger yet more stable set of genes, effectively handling
correlated predictors, a common characteristic of gene expression data. The selected genes
in this model showed distinct clusters of high positive coefficients (strong risk factors) and
negative coefficients (protective factors), suggesting biologically meaningful differentiation
in DLBCL prognosis. Generally, Figure 5 demonstrates that while all models achieve
variable selection, the Spike-and-Slab Elastic Net provides the most balanced trade-off
between sparsity, stability, and predictive interpretability, making it more reliable for
high-dimensional genomic survival analysis.

Figure 5. Cox coefficient estimates plot for the selected genes in DLBCL Data.

7. Conclusions
This study proposes a survival prediction approach designed to more effectively

address high-dimensional data. The model integrates Bayesian variable selection with
spike-and-slab priors and an EM-based estimation procedure, improving predictive ac-
curacy while enabling clear identification of relevant predictors. Simulation results and
empirical analyses indicate that the proposed model demonstrates favorable predictive
performance and model stability compared with existing penalized Cox approaches, partic-
ularly in the high-dimensional scenarios evaluated in this study. Although motivated by
high-dimensional applications, the method can also be applied to smaller datasets without
compromising performance.

The primary methodological contribution is a spike-and-slab elastic-net Cox model
that employs a spike-and-slab hierarchical elastic net prior. This prior permits varying
levels of shrinkage across regression coefficients, thereby limiting the influence of irrelevant
predictors and stabilizing coefficient estimates. For model estimation, the EM algorithm is
adapted to the penalized partial likelihood of the Cox model, with joint posterior expec-
tations computed efficiently through cyclic coordinate descent within each EM iteration.
During the E-step, posterior expectations of the indicator variables (γi) are obtained for each
coefficient, while, in the M-step, the regression coefficients are updated using standard coor-
dinate descent procedures. This framework is particularly relevant for biomedical and clin-
ical applications, where accurate risk stratification and reliable variable selection are critical
for understanding disease progression and supporting evidence-based decision-making.

Overall, the proposed Bayesian hierarchical modeling framework for the Elastic Net
Cox proportional hazards model (sselastic-net-coxph) provides a flexible, interpretable, and

https://doi.org/10.3390/math14050767

https://doi.org/10.3390/math14050767


Mathematics 2026, 14, 767 20 of 23

computationally tractable approach for modeling complex survival data, while maintaining
adaptability for extension to other structured prior formulations and inference methods.

7.1. Strengths, Limitations, and Future Perspectives
7.1.1. Strengths

The development of our proposed Spike-and-Slab Elastic Net Cox–PH model demon-
strates several advanced methodological and practical strengths. The proposed model
integrates Bayesian hierarchical spike-and-slab modeling with elastic net regularization,
enabling simultaneous variable selection and coefficient stabilization. This is particularly
advantageous in high-dimensional survival settings with correlated predictors, where stan-
dard LASSO may select only one variable from a correlated group, while ridge regression
does not perform variable selection extensively.

The use of the EM-coordinate descent algorithm in this study provides a computa-
tionally efficient alternative to full Bayesian MCMC estimation. Estimating the posterior
inclusion probabilities through the EM framework and updating regression coefficients
via adaptive penalized coordinate descent, our proposed methodology achieves scalability
while retaining probabilistic interpretation through the inclusion probabilities pj. More-
over, varying the expected inverse scales E(s−1

1j ) and E(s−1
2j ) across predictors enhances

model flexibility and improves stability in the presence of heterogeneous effect sizes. The
use of cross-validated partial likelihood provides a comprehensive evaluation of both
discrimination and calibration performance.

7.1.2. Limitations

Although the proposed Spike-and-Slab Elastic Net Cox–PH model demonstrated
several improvements over existing methods, certain limitations should be acknowledged.
The present methodology has the following limitations, which can be addressed in future
work: (i) The EM algorithm was used to compute the estimates; faster computational
methods could also be considered. (ii) The model evaluation in the present work primarily
relied on the concordance index (C-index), deviance, and mean absolute error (MAE).
Prediction accuracy measures such as the Integrated Brier Score and time-dependent AUC
would also be appropriate. (iii) The cross-validation strategy, while effective for tuning
scale parameters, may be sensitive to sample size and fold allocation, particularly in small
datasets. This could affect the reproducibility of different random splits.

7.1.3. Future Perspectives

This study can be extended in several directions for future research, particularly for
biomedical and clinical applications. First, integrating uncertainty quantification through
approximate Bayesian inference methods, such as variational Bayes or Laplace approxima-
tion, would enhance interpretability while preserving computational efficiency. Second,
incorporating structured priors, such as group spike-and-slab penalties or network-based
regularization, could further improve performance when predictors exhibit known bio-
logical or functional relationships. Finally, future research may focus on extending the
framework to accommodate more complex survival settings, including competing risks,
structured priors, and scalable Bayesian inference techniques.
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