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Abstract

This paper deals with several equations of mathematical physics written in explicit form
with their solutions. In Theorem 1, an oblique derivative problem for the string equation
is studied. More precisely, the initial-boundary value problem for the string equation is
investigated. The corresponding vector field on the boundary is non-vanishing and does
not have a characteristic direction, but can be tangential to some part of the boundary, and it
is allowed to change sign. A classical solution exists with suitable compatibility conditions
at the corner points. The picture changes significantly in the case of the wave equation
with several (say two: 2D) space variables in a circular cylinder. The initial-boundary
value problem turns out to be underdetermined with an infinite-dimensional kernel if the
boundary vector field is orthogonal to the time axis. By prescribing extra conditions on the
generatrices of the cylinder where the vector field is tangential to the cylinder, we obtain a
unique classical solution. In Theorem 2, we consider the Cauchy problem in the interior of
the parabola of the Lorentzian-type eikonal equation and find its unique classical solution
in{0<xp, <1/2} N{xp > é} Propagation of singularities for the D and 3 D hyperbolic
(Klein-Gordon) equations in R*, R® is studied in Theorem 3. In the double characteristic
points, the wave front propagates either along the surface of the characteristic cone, or in
the solid cone starting from (fg, x).

Keywords: wave equation; string equation; Klein-Gordon equation; Lorentzian eikonal
equation; initial-boundary value problem; oblique derivative problem; propagation of
singularities; wave-front set; double characteristic points; fundamental solution
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1. Introduction

This paper deals with boundary value problems and propagation of the wave-front of
the solutions to several classical equations of mathematical physics as the string equation
with oblique derivative data and Goursat-Darboux problem for it, the Cauchy problem for
the Lorentzian eikonal equation, as well as with singularities of the solutions of degenerate

. . . . . . 2 2 3 3 4 4
hyperbolic equations with constant coefficients in R( tfr)l X R(Z,y), R° X R”, R( b)) % R(Z,y),
n

X

t,z € R! (say, wave and Klein-Gordon equations in R}y withn =1,2,3) and degenerate
elliptic operators: A, + ¢ in RQ”‘, n=1,2,3;k>1(see[1-3]).

We also consider pseudo-differential operators with multiple (double) involutive char-
acteristics having a principal symbol p3 = u;(x, &)v1(x,&). If p¥ € T*(Q) \ 0 is such that
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p3(p°) # 0, there are no singularities of the solutions of P(x, D)u = f. Simple characteristics
(or principal-type pseudo-differential operator) of the real-valued second order in § symbol
p3 at p° exists if for the real-valued first-order symbol 11 (p)v1 (p) we have: p3(p°) = 0, but
u1(0°) =0, Vuy (p°) # 0 v1(p%) =0, Vo (%) #0

0 or 0 .
v1(p”) #0 ui(p”) #0

Then, the singularities starting from the characteristic point p° propagate along the

|Vep3(0%)| > 0. Thus

zero-bicharacteristic of u; and v, respectively. The zero bicharacteristic of the symbol
u1, namely £, is the nondegenerate integral curve of the Hamiltonian vector field H,,
passing through
o, %= Vo, (x(0),2(0) =
¢ = —=Vauy,p(t) = (x(), (1))

Then, u; (p) = u1(p°) = 0 for each p(t) € L,,. We denote by Charp = {p € T*(Q)\0:
pY(p) =0} and by CrP = {p € T*(Q) \ 0: p3(p) = Vyp9(0°) = 0}—the critical points of

p3. Assume that the characteristics of P with principal symbol p9 = u9(p)o?

(p) are such
that u1(p°) = 0 = v1(p°), Veu1(p°) and Vzv; (0°) are linearly independent. Then, CrPis a
smooth manifold of codimension 2 near p°. P is called an operator with double involutive
characteristics near o if {u1,v1} = 0 on CrP. As usual, {} stands for the Poisson bracket of
u1,v1. The identity [H,,, Hy] = H {ug,00} ON CrP enables us to conclude that the manifold
CrP foliates at two dimensional leaves—integral manifolds M, of the vector fields Hy,,
Hy, (Frobenius theorem), H,, = 2711(%8%/ - %}a%_), Hyi(p%) #0, Hy, (0°), Hy, (0°) being
linearly independent and commuting on CharP.

, . 2.0
The subprincipal symbol of P, p;(p) = pi(p) + 3 1 aax/% (p) is invariant with respect

to the homogeneous canonical transformations at CrP (not at CharP). We recall that the
homogeneous canonical transformations from T*(Q) \ 0 — T*(€)) \ 0 conserve the Poisson
bracket, i.e., the classical symplectic form on the cotangential bundle T*((2) \ 0 [3]. The
operator P satisfies the Levy condition if pll =0on Cr(P).

There exists for the involutive characteristics near p” such a canonical transformation
that uy — &, 01 — &5 00 = (%0;& = 0,8 =0, (g”)O # 0). Certainly, pll — 0on CrP,ie,
p1 — AC1 + Béa, A, B being 0 order pseudo-differential operators [3,4].

Very often, near p, one considers operators Q with principal symbol pJ = u2 + v?;
i.e., on CrP, the principal symbol becomes &% + &3. So, p3 has a zero of sharp order 2 on
the involutive manifold CrP and is positive outside it. The first-order terms are again
Ac¢1 + B¢ under the Levy condition. It was proved in [5] that the singularities of the latter
degenerate elliptic operator propagate along M.

The initial oblique derivative problem for the string equation in half space
{t > 0,0 < x < I} includes the case when the boundary vector field % is tangential
to the boundary, and conserves or changes sign. The only restriction is that % does not
have the characteristic directions % + % and does not vanish. We are looking for clas-
sical solutions of this mixed problem. Certainly, then, compatibility conditions must be
imposed at the corner points (0,0), (1,0). Moreover, the construction of classical solution
requires other compatibility conditions at the points (0, k%), (1, k%), k € N. In the special

AHZ+B(H) L,
case when the boundary data are of the type { (A,B) |f (1,£1) , the uniqueness result
AZ+B%>0
holds. The solvability in the rectangle {0 < x < [,0 <t < %} is reduced to the classical
Cauchy problem for the string equation and to two Goursat-Darboux boundary value
problems (see Theorem 1(a)), i.e., boundary value problems with data on one characteristic
and one non-characteristic straight lines. The described procedure is repeated several
times in rectangles of the type {0 < x < [, (k — 1)% <t < k%, k > 2}. One can easily
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see that the existence of points on the boundary lines x = 0, x = [, where % is tangential
to 5;, does not affect the existence results. Non-existence results, including a blow-up
of the solution, could appear only if % || 0¢ £ 9, at at least one point (x = 0,¢p > 0),
(x = 1,tp > 0). The situation changes substantially if the space variables are n > 2. To
explain this, we consider the domain-bounded cylinder K x {t > 0}, K = {x? +y? < L?}.
Then, the vector field % is tangential to the lateral sides of the cylinder at the generatrices:
{t >0} x {(0,£L)}. This fact leads to the appearance of an undetermined mixed problem
having an infinite-dimensional kernel, i.e., the mixed problem with zero data has infinitely
many solutions.

The prescription of extra conditions on the above-mentioned two half lines leads to
the existence of a unique classical solution of the corresponding mixed problem. Certainly,
appropriate compatibility conditions should be imposed too. We shall only mention that
in the multidimensional case, the mixed problem is rather complicated as the hyperbolic,
diffractive and glancing points appear on T* (0K x t > 0) [3].

Our second equation is a Lorentzian-type eikonal equation p> — g> = —1 with constant

initial data on the parabola 7y : x; = %% In the classical distance, the eikonal equation
p? + ¢* = 1 possesses a local (near each point of the parabola curve) classical solution
(see [6] for new results). If we consider the solution u = u(x,y), u = 1 on v as an integral
surface S inside v, the latter develops singularities of the swallow tail type. For viscosity
solutions, see [2,7]. For the Lorentzian eikonal equation, the situation is completely different,
in contrast with the distance-type eikonal equation, where the characteristic straight lines
are crossing inside 7y and form an envelope there. Here, they form an envelope outside
v and the characteristics are not crossing in the domain {% > xp > x%%, lx1] <1} = D.
Therefore, a classical solution can be found in D. To get this result, we apply the Cauchy

method. Evidently, the data # = 1 is given on the whole parabola x, = %1, but u exists
in D, xp < 1/2. Global viscosity solutions to the Lorentzian eikonal equation were found
recently in [7,8].

Concerning the propagation of singularities, we shall mention that we investigate the
propagation of singularities starting from the double characteristic points of the real-valued
principal symbol. Then, the WF set propagates (for the wave, Klein-Gordon equation) in
the (solid) characteristic cone t> = |x|2, starting from the point (o, xo), i.e., (in the interior
of) the cone (t — t9)? = |x — x¢|*. In the case of degenerate elliptic equations (say A, € R?"),
the singularities propagate along the R" space with initial point at xo. Certainly, if P(Dy)
is given in R} and the considerations are in R} x R}, then P(Dyx)u = f(x,y), y € Ry,
u=u(xy), (x,y) € R

The pseudo-differential operator with symbol & & + A& + B + ... in R* and near
0=2¢9=29 ()% + (&2)? > 0 was recently studied in [9] when investigating the waves
across the event horizon of an extremal rotating Kerr black hole. Unlike point-like particles,
fields can spread and interact non-causally across the horizons, but the theory of real
principal-type operators (i.e., with simple characteristics) does not apply on the horizon.
It was shown in [9] that the solutions near the horizon admit two more channels for the
propagation of singularities. In the case of operators with constant coefficients, it turns out
that these channels are two opposite solid cones (of the future and the past).

Consider operator satisfying Levy condition at p°:

P~ &+ AG +BEG+...,0=8 =2, )+ (&) > .
As we know, through Cr(P) = {¢; = & =0,¢3,23, (£3)% + (£9)? > 0} is passing the

2-dimensional leave My, (9x,, 9x,), such that H,, (0°), H,, (0°) are tangential to M,, at 0.
Denote by Ly, Ly, the integral curves of H,,, Hy,, located at MPO. They are non-tangential
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and crossing at the point p° € M o0- Consider the opposite solid angles with vertex at o°
and with sides L, Ly, (they are not bicharacteristics). Then, the singularities propagate
only along them. They are the channels for the propagation of singularities across the
event horizon.

In Section 5, Discussion, we shall use the following remark.

Remark 1. In a similar way to the tangential oblique derivative problem, one can consider the
Goursat-Darboux boundary value problem for the string equation: uyy, + cu = 0. The investigation
is in a solid angle of the type {x = 0,y = ax,0 < a}. Moreover, u|y—o = ¢o(y),
ou ou 2 2
A(x)@ + B(x)g + C(x)u = ¢1(x), (A,B) [f (1,0),(0,1), A“+ B~ >0,
on y = ax. As the general solution of the PDE with c = %1 and in the first quadrant is:
(a) for c = -1,

0= Jy ARy )t [ 5002y xty s+ y)

for arbitrary smooth f, g, Io- the Bessel function with purely imaginary arqument [1] and
() forc =1

. /Ox f(t)]O(z\/m)dt - /Oy g(s)]‘)(z\/x(yi—s))ds +&Jo(24/xy),

Jo—"being the standard Bessel function [1], while f, g are arbitrary smooth functions, ¢ = const, the
boundary value problem is reduced to the solvability of a system of Volterra-type integral equations

of second type for f, g.

Notations for the Bessel functions are standard in the handbooks of special functions.

The non-standard Cauchy—-Goursat boundary value problem for uy = uy, with appli-
cations in physics is studied in [10].

In this paper, we concentrate on PDE with constant coefficients, as the proofs are
short and simple. Moreover, the string, the wave, the Klein-Gordon- and Schrédinger-type
equations often appear in the applications, and the qualitative picture for them is clear
and easy to explain and describe. We shall compare the classical solution of the Lorentzian
eikonal equation, proposed here, with the global viscosity solution on the 2-dimensional
Minkowski space time (R?, ¢ = dy? — dx?): g(Vf,Vf) = —1[7]. Then, f(x,y) = |x| isa
viscosity solution, but f is not locally semiconcave in any neighbourhood of 0 = x. Another
example is f(x,y) = v/2|x| — |y|, which is a Lipschitz function. It is also a globally defined
viscosity solution of the Lorentzian eikonal equation. The sets V™ £(0,0) and V* £(0,0) are
empty. Thus, the graph of f is partially linear (consists of several planes). We point out that
we shall not study viscosity solutions in this paper.

This paper is organized as follows. Theorems 1-3 are formulated and proved in
Sections 2—-4. This paper ends with a list of references. When the operators are with constant
coefficients, they are locally solvable. The situation is completely different after perturbation
of the lower-order terms with smooth, complex-valued, non-constant coefficients. For
operators with double involute characteristics, microhypoellipticity could appear (i.e., no
propagation of singularities arises) and the solution loses one unit regularly in the Sobolev
spaces [4]. The microlocal Cauchy problem for a subclass of operators with involutive
characteristics was studied in [11]. On the other hand, there exist such perturbations
of the first (time) derivative of the Schrodinger operator that the new operator becomes
(micro)-locally nonsolvable at the critical point p° and there exist solutions with stationary
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singularity, i.e., Pu = f € C®, WF(u) = {p°} (see [12,13]). Applications of microlocal
analysis in general relativity could be found in [14].

2. Mixed Problem for 1D and 2D Wave Equations with Oblique
Derivative Data

Consider the following initial-boundary value problem with smooth coefficients for
the string equation in a half strip, looking for a classical solution u.

U = Uyy, 0 < 1,0 < x <1, ] =const >0

Uli—o = ¢o(x),0 < x <1

utli=0 = @1(x),0 <x <1 1)
li(u) = ay(H)ur + Br(t)ux +y1(H)u = hy(t) on x =0,t > O,a% +ﬂ% >0

lz(u) = Déz(t)ut +‘Bz(t)ux + ')/z(t)u = hz(t) on x=1,t> O,DC% +,B% > 0.

We assume, moreover, that a1 (t) # B1(t), az(t) # —B2(t), ¥Vt > 0, i.e., the vector fields
I |f (1,+1), 1 f (1, —1) are non-characteristic. The data are smooth too.

The compatlblhty conditions for the existence of a classical solution u at the corner
points of first and second order take the form:

a1(0)p1(0) + B1(0) 9y (0) + 711(0)o(0) = h1 0)

(
22(0)91(1) + B2(0) (1) + 72(0)g(1) = 12 (0) @

21(0)91(0) + B (0) 9 (0) + 11 (0)90(0) + a1 (0)¢15(0) + B1(0)9 (0) +

11(0)1(0) = 1y (0) 3

w3(0)91 (1) + B5(0) o (1) + 12(0)po (1) + a2(0) g (1) + B2(0) gy () +

12(0)1(1) = hy(0)

etc.

Theorem 1. (u) The initial boundary value problem (1) (mixed problem) possesses a classical

solution in [0, ] [0, I] under several compatibility conditions imposed on the coefficients at the

corner points (t = 0,x = 0), (t = 0,x = 1) (see (14)—(16)). It is unique if y; = yp = 0. The

global solution in t > 0 can be constructed inductively in the rectangle [0, k%] x [0,1], k > 2 under

additional compatibility conditions imposed at (t = (k — 1)%,x =0)and (t = (k— 1)%, x=1).
(b) Consider the initial-boundary value problem

uy = Agu in M= {t>0} x KK={(xy) € R%:2% +* < 17}
uxlakxfory = f(x,y,1), (x,y) € 0K, t >0 )
M‘t:() = (Po(x/y)/ ut‘t:O = fPl(x,}/), (X,y) €K

equipped with the compatibiity conditions f(x,y,0) = aa% on oK x {t =0}, fi(x,y,0) = aa%.
The boundary value problem (4) has infinitely many solutions.
Under the additional conditions u(0, £L,t) = g+ (t), the initial boundary value problem (4),
u(0,+L,t) = g+ (), t > 0 possesses a unique solution, g+(0) = ¢o(0, £L).
Therefore, (4) with f = @o = @1 = g+ = 0 implies that the classical solution u = 0.

Below (Figure 1), we propose a geometric visualization of the results proposed in
Theorem 1(b).
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Figure 1. The vector field % is tangential to the generatrices AN; and BN of the cylinder M. Extra
data g+ (t) are imposed on them.

Proof of Theorem 1. We shall first prove Theorem 1. To do this, we shall give several nota-
tions. The characteristics 0A and AB, respectively, in the rectangle Q = {0 < x < ,0 <t < %}
have the equations x = t and x +t = [, respectively, while A(%, %), B(1,0). We intro-
duce the triangles A} = {0 < x < %,% >t > x}, Ay = {% >t>1—-xt<x<1},
As={0<t<x0<x<Llu{l<x<1,0<t<I-x},AiUAUA; = Q. The solution
u|A]. =u;,j=123.

According to the D’ Alembert formula

po(x+1t) + @o(x —t) N

1 x-+t
us(t,x) = ! 5 / o1(A)dA.

—t

We write uz = F3(x — t) + G3(x + t), where F3(z) = (’)OT(Z) +3 fzo p1(A)dA, G3(z) =
%T(Z) + % foz ¢1(A)dA. Then, we shall find 17 and u;. Evidently,

U x=t = U3|x=t, U1y t=1 = U3|xys=i- (5)

The construction of 11 in A will be given in detail, but the considerations for u; will
be omitted, as they are very similar.
As we know, 17 has the form

ul(t,x) = Fl(x—t)+G1(X+t) (6)

and x — t < 0in Ay with Fj, Gy, the arbitrary smooth functions.
Applying (5), we conclude that

F3(0) + G3(2t) = (”02(0) + G3(2t) = F(0) + G (21).

Put z = 2t € [0,1]. Therefore,

Gi(z) = C+ 5(o0() + [ @1(1)d)
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where C = (POT@ — F(0) and u; = Fi(x —t) + G3(x + t) + C. Thus,

)
=0 = A(=) +G3() +C0<t< 3,
Jdu / ’ Jou / /
T;|x:0 =F(-t)+ G3(t);a—tl|x:0 = —F (=) +Gs(t), @)
ie.,
h(u) =0 = a1 () (=F (=1) + G3(8)) + P1(£) (Fy (=) + G5(8)) + 11 () x
[
[CHE(=H)+G()] =m(t) 0=t < 7.
Consequently,
F{(—t)([ﬁ —wa1) + (=) =h(t) - Gé(ﬂé] + ‘31) — 711Gz — C1. (8)
Put l4(G ) = (oq + B1)G; + 711G3 and denote wy (t) = Fi(—t),0 <t < L = w) (t) =
—Fl( ), w ( ) = ( t). This way, we obtain a linear first-order ODE to the function w (t),
0<t< ) 3

wy (a1 — B1) +1w1 = hy — 14(G3) — Cy1, w1 |i= = F1(0);1 — B1 # 0. ©9)

F;1(0) will be a parameter in our study. So

71 ( 7
wl(t) fO ”‘1( / fO aq (u 1 14(G3) C/Y]d 0 < l (10)
— B =2
We conclude that in A4,
b P /t o Ld i (s) — 14(Gs) (s) — Ci(s)ds
uq(t, x “-FE [F(0) + 1k + (11
l( ) 1 0(1(5)*‘31(5) ] ( )
Ga(x+1) + 2% — B (0). O
Remark 2. In the special case when y1 = 0, i.e., Iy is a vector field in the plane
t—x t A)dA
ul_/ i (s lx1+/31)G3d go(x+6)+ [5 " @1(A) qoo< ) a2
"‘1 = Pi(s) 2

Thus, uy is uniquely determined in Ay. From the construction of uq, we know that
u € CO(A; UA3). We are interested when u € C>(A1 U Az), i.e., when Vuq|y—t = Vus|y—; and
(a%/ 0x0¢, 0 )ul‘x t = (a%raxatz )”3|x te

Having in mind that
D] =t = F1(0) + G3(2t), By s—t = —F; (0) + G3(21),
Btz =t = F5(0) + Gj3(2t), drus| o=t = —F3(0) + G3(28),

we conclude that u € C!, near the characteristic line x = ¢ iff F{ (0) = Fé(O) = M.

As we know, w1 (0) = F;(0), w’l(O) = —Fll (0). According to (9),

0,(0)(w1(0) — B1(0)) + 12(0)w1(0) = I (0) ~ 15(G)(©) 1 (0) (P42 — Fy(0)),
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ie.,

@} (0)(@ (0) — 1 (0)) = I (0) — 13(Ga)(0) + 1) 13

Then, the condition guaranteeing u € C! near x = t takes the form:

9p(0) — @1(0)  h1(0) —14(G3)(0) + 241 (0) 9o (0)

2 B B1(0) —a1(0) ’ 14

where
14(G5)(0) = 5(1(0) + B1(0))(5(0) + 91(0)) +71(0) 9o (0).

Concerning the coincidence of the second derivatives of 11, u3 on the characteristic
x = t, we have the following condition:

(90(0) — 91(0)). (15)

NI~

Fy (0) = F; (0) = w) (0) =

From (9), we get that

!/

w; (0) (21 (0) — B1(0)) + wy (0) (4 (0) — B1(0)) + 71 (0)F1 (0) + 71 (0)w) (0) =

2 1~ 1G5 o~ 110~ Ry (o)),
B 1 (0) (01 (0) — 1(0)) + w) (0)(&, (0) — B (0) +71(0)) = (16)
J1 ‘ 1 7oy ®0(0)

H1(0) — (3 (aa(t) + Br (D) (@o(t) + @1(8) + M(DGa(0)limo — y71(0) P2,

w, (0) given by (13), Ga(t) = 3@o(t) + 5 o 91(1)dA, Gy = 5@ + @1)(8)-
Conditions (14) and (15), with w, (0), w, (0), taken from (13) and (16), imply that

"= { UL € N
uz € A3
is C2 smooth in A1 U As.

The construction of u; in A, is the same as the construction of u; in Ay. Condi-
tions similar to (14) and (15) guarantee the existence of a smooth solution of (1) in
{0<x<I}Ix{0o<t< %} We repeat the above considerations in the rectangle
{0 <x <I}x {% < t < I} and find (under corresponding regularity conditions of
the type (14) and (15) imposed at the corner points Al(é, 0), Bl(%, 1)) the smooth solution u
in this rectangle.

We shall illustrate Theorem 1 by Example 1.

Example 1. We shall find the unique classical solution of (1) in {0 < t < %} x{0<x<I}

for oo = @1 = 0and vy = yo = 0. Then, uz = 0, while uq(t,x) = fot*x %

-1 ) . .
Uy = Ox+t % inhy (x+t>1 zr/z Ay). Evidently, uy|i—x = 0, Up|;yx—; :, 0. One can
easily guess that uy € C2(Ay) if h1(0) = hy(0) = 0and up € C?(Ay) if hp(0) = hy(0) = 0. In

fact,

in Al/

hz(t‘FX*l)
ap(t+x—1)+Ba(t+x—1)

h2(0)
a2(0) + B2(0)’

Ot xlUp = = Ot xUn|yqp—1 = a2(0) + B2(0) # 0,

etc.
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Remark 3. It is interesting to study (1) when le(t)% +Bigy (ot )at + ﬁz ) has a characteristic

1a
) 1(1,1) ((az(to), ﬁz(to)) | (1, —1)). Further
) If (1,1) for each t > 0.

Example 2. Let y; =0, a1(t) = a = const > 0, B1 = t* +a, k € N. Then, (9) takes the form

kil (6) = I (1) — (2a -+ })Ga(1) = Ha(t), w1 (0) = B (0), G5(1) = 2 (go(8) + 1 (1), (17)

direction at some point ty > 0, i.e., (a1 (to), B1(to)
on, we may suppose that tg = 0, while ay(t), B1 (¢

Equation (17) possesses a smooth solution for t > 0 if Hy(t) vanishes of order r > k at t = 0. Thus,

wy(t) = F(0) — /Ot hy(s) — G;S(ks)(p_a + Sk)ds_

w1 (t) is smooth if hy(s) — 2aGé(s) =0(s"),s » +0 =

wl(t):Fl(O)—/OtLlw

1
. ds + G3(t) — 5¢0(0)-

Example 3. We shall now analyze the case y; = A = const # 0, a1(t) = a > 0, B1(t) = a + .
Evidently, from (9), we have

—t5wy (1) + Awy () = Iy (1) — (20 + ) G5 (t) — A(Gs + C), w1 (0) = Fy(0).
The change w1 (t) = w1 (t) — Fy(0) in the previous equation leads to
/ / 0
P (1) — A = —n(8) + (20 -+ )G (1) + AG() + PUL) = g1(6), @ (0) = 03¢ > 0, (18)

Thus, ifw, € C1(t > 0) = ¢1(0) = 0.
If we are looking for C*°or an analytic solution of (18), we can apply the theory of Briot—Bouquet.
The simplest case is when k = 1. Equation (18) is written as

!

(0 = g+ 0
y(0) = (19

where the series f(t) = Y.3° ant" is convergent near 0. One can easily see that if A > 0 and
A ¢ N, there exists a unique analytic solution of (19): y(t) = Yooy an-t—. If A = ng € N,
we assume that a,, = 0. Then, (19) has infinitely many analytic solutions near 0, namely:
Yy =Dt + ¥ <psp, ;ﬁ—t;o, D = const.

Consider now the initial boundary value problem (4). As the vector field aa—x is tangen-
tial to M along the generatrices of the cylinder M : Ny = {(0,L) = A} x {t > 0}, and
N, ={(0,—L) = B} {t > 0}, we expect some difficulties to appear.

Put v(t, x,y) = ax L(t,x,y) for t > 0 and differentiate the wave Equation (4). The function v
satisfies the Dirichlet-type initial boundary value problem

(oo =0 in M
Olakxjor) = f(xyt), (x,y) €0K,t >0 (20)
0l=0 = F2(x,y), vt|1=0 = a(’;l (x,y) in K.

Under several compatibility conditions, (20) has a unique solution v. Consequently,
u = [y o(ts,y)ds +w(ty). Below, we obtain a mixed boundary value problem for w(t,y)
in the half strip R = {0 < t} x {]y| < L} C R%,y. There are no difficulties in verifying that

Ohw = vy(t,0,y) in R

(21)
wli—0 = ¢o(0,¥), wt|t=0 = ¢1(0,¥), [y <R
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1(0,0,£L) = w(0, £L).

Equation (21) is evidently an undetermined boundary value problem, as we do not have
any information about w|y—.1 +>0. That is why we prescribe extra conditions u|n, = g+(t),
uln, = 8- (t) = w(t,£L) = u|x—o(t, L) = g+. Therefore,

Dhw = wy — wiyy = vx(t,0,y)
wln, = g+ (1), w|n, = g (t) (22)
wli=0 = @0(0, ), wt|=0 = ¢1(0, ), ly| < L.

Under standard compatibility conditions imposed in the corner points (0,L), (0, —L), (22)
possesses a unique classical solution w(t,y). This way, we conclude that the initial boundary value
problem (4) has an infinite-dimensional kernel. By putting two extra conditions on the generatrices
of the cylinder M where the boundary vector field is tangential to dM, we obtain a unique classical
solution of (4). Certainly, (20) and (22) must be equipped with appropriate compatibility conditions
and then u(t, x,y) = [y v(t,s,y)ds + w(t,y).

3. Cauchy Problem for the Lorentzian Eikonal Equation

In this section, we will find a classical solution to the following Cauchy problem for
the Lorentzian eikonal equation:

Ju

pz_q2 = —1 u = M(JCl/Xz) p - aa;ll/q TXQ (23)
uly=1,y:x1 =a,x = z,ze xz—x1/2

We are looking for a solution inside the parabola 7 : x, > 2

Theorem 2. There exists a unique classical solution of (23) in the domain

D={0<x <1/2}Nn{xp, > ?} u is constructed via the characteristics of the corre-
sponding Hamiltonian system. They are straight lines in 0x1x and form a cusp-type envelope P
located outside «y but P is tangential to <y at two points: (+1,1/2). The characteristics are not
crossing in D.

Proof of Theorem 2. Let us now prove Theorem 2. According to the classical method
of characteristics (Cauchy) u = u(x1(t, ), x2(t, a)), the bicharacteristics (x1(t, a), x2(t, &);
p(t,a),q(t a)) satisfy the Hamiltonian system of ODE in R*:

%1 =2p,x1(0) = x1(0,0) =
%2 = ~20,%5(0) = 12(0,0) = % (24)
p=0,p"(0) =p(0) = p(t,a) =

u = u(xi(t,0), x(ta) = i = 2(p = ¢?) = 2((p°% = (@*)2), u(0) = u(a, L) = 1
= 2u(0) = pO(a) +ag"(a) = 0.

The characteristic (x1, x) is not collinear to ¢ = (1, &) att = 0if (x1(0),%2(0)) |} (1, «),
ie,ifg? #0, (p°,—q°) [f (1,a) <= a®>—1 # 0. So, we will assume that |a| < 1, & =0 =,
and the characteristic curve is orthogonal to the parabola y only at 0, whileon 7,0 < |a| < 1
= |nl<1,0<x <1/2

Solving the system

(r°)? = ()% = 1
P’ +ag’ =0
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P() = At 0 = Lla| < 1,8 £0 o)
0 — __px
p(a) = M#Ofortx#o.
Equation (25) implies that the characteristics I'y are straight lines,
xi () = 20 +u = a(l - )
Fa : 0 a2 zptia a2 (26)
xo(t,a) = —29°t+ % = — =+ 5
n=2((p")* = (¢°)%) = 2 u(0) =1=
u=-2t+1. (27)
Iy is parallel to (E)
We eliminate f in (26) for « # 0,0 < |a| < 1. Thus, in the plane Ox;x;
X1 0(2
Fa:xzzz—{—?—lf0r0<\1x\<1,|x1|<1; (28)
a=0=Tp: ¥ =0 .
Xp = —2pt.

Evidently, I', is monotonically increasing for 1 > a > 0 and monotonically decreasing
fora < 0,xq =0= % —1=x € [-1,-1/2). If tg® = %, 1 > a > 0 (slope angle),
then £ < ® < 7. On the other hand, from (28), it follows that x, = 0 = x; = a — %
for 0 < a < 1. Consequently, x; € (0,(3)%2) C (0,1). The curve Iy, a > 0 is located
symmetrically to I'_, with respect to Oxp. Our next step is to find the envelope P of the
family I'y. Therefore,
xZZﬂ-F%—l,lX#O

P: ®
0=—"1+a
. X1:lX3 .
Evidently, P : 3 9 ie.,
X :jlx —1,
143,23 (%2, _1
P:xy= 1—i—2x1 ,x2—0:>x1—:l:(3) ,xl—:tl—>x2—2. (29)

To fix the ideas (x%/ 3 is an even function), we shall assume that « € (0,1); x/z(l) =1,
x2 l

Yixp=F=x(1)=1

We conclude that the envelope P is tangential to y at (1,1/2) and is strictly below -y for
0 < x; < 1. Infact, XZ—% > -1+ %x%/‘o’ in [0,1) (after the change y = xf/g’ =ud-3u+2>0
<= (u—1)%(p+2) > 0). Pis located outside D. As T, is not crossing Iy in D and T,
a1 > 0 is not crossing T'y,, for ap < 0, we are interested whether I'y, NIy, N D # © for
some &1 7'5 ap, 000 > 0,0 > 0.

Take for a1 # 0, ap # 0, a1 # ap, a1 > 0, ap > 0 the corresponding characteristics I'y,,
Ly,:

2
X1:%+%—1,1>0¢1>0 (30)
v=042-1,1>a>0n # .
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The system (30) has the solutions
X1 = %061062(061 —|—0¢2) S (0,1) (31)
X =303 +ad+aja,—2) <1
The point (x1, x2) € intD(interior of D) iff
i 2., .2 Loo 2
X > o e + a5 +agap —2 > ﬂc]az(ocl +a3)7, (32)
0 < &y # ap < 1. To study inequality (32), we denote
N +oup=—p,pe (—2,0) (33)
A1y =g € (0,1)
and make the change (33) in (31). Therefore,
4(p* —q) >8+°p%,p € (-2,0),9 € (0,1). (34)
Equation (34) can be rewritten as p? > 247,7, g€ (0,1),1ie,
2<p<——m—,0<g<1. (35)

ey

Exercise. Let a1, ay be the roots of the quadratic equation z? + pz + g = 0. The latter
possesses simple roots aj,ap € (0,1)iff p>? —4g >0, -2<p<0,0<g<1,1+p+gq>0.
Sufficiency: p? — 4q > 0 = a; # a, are simple real roots and ajay = g > 0 = a1, & have
the same sign. a1 < 0, 0p <0 = p > 0(absurd), 0 < a1 <1 <ap = p+g+1<0,

O<my<apy=1=p+g+1=0,a7 >ap, >1= g > 1. Therefore, 0 < a1 < ap <
2

2—q
p=—g—1p=-2/gfor0 < g <1, -2 < p < 0and verify that they cross only at (—=2,1).
Then, from the exercise and the latter fact, we conclude that the algebraic inequality (32)

1= p+4g+1 > 0. More precisely, we draw the graphs of the functions p = —

7

does not hold for a; # ap € (0,1), i.e,, Ty, and T, are not crossing inside D and so the
solution u is single-valued there. In the special case, g = 1,p = -2 = a1 = ap = 1 and
(32) become equal. Ifa; = ay € (0,1) = 0 > a® — 302 +2 <= 0> (1 —a?)?(a®>+2)
—absurd. The proof is completed. [J

4. Singularities of the Solutions of Degenerate Hyperbolic Equations
with Constant Coefficients in R%, R®

We shall now study the propagation of singularities, and we remind the definition and
several properties of the wave front set of Schwartz distributions u € D'(Q) (see [3,15,16]).
Denote by T*(Q) \ 0 the cotangent bundle of the domain () C R”, (x,§) € T*(Q) \ 0 <=
x€eR",E#0,C€R™

Definition 1. (xo, %) & WF(u) if there exist ¢ € C{(R"), ¢ = 1 near xo and e > 0 such that

¢u(&) = O((|¢|~N), VN € N. Here, |% - %'\ < ¢. Evidently, WF is a conical set with respect
to ¢. As usual, il stands for the Fourier transform of u.

Put Dy, = %a%/ and Dy <> ¢ as dual variables to x. (1) The projection of WF(u) with
respect to x coincides with singsuppu; signsuppu is the smallest closed set outside of which
u€C® @) acCP = WF(au) C WE(u), (3) WF(u +v) C WF(u) UWF(v), u,0 € D,
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(4) WE(P(x,D)u) C WF(u) C WF(Pu) U CharP, where P(x, D) is arbitrary differential or
pseudodifferential operator with C* coefficients of order m with symbol p,

p P (x5 8) 4 Pt (6,8 + oA P (0, E) +

where p,_j(x,t8) = t"Jp,_j(x,&),Vt > 0 (see [3]). P is micro-hypoelliptic if
WF(Pu) = WF(u). Each elliptic operator at p° = (x0,&° # 0), i.e., p%,(0°) # 0 is micro-
hypoelliptic. pY, is invariant with respect to the homogeneous canonical transformations
k: T*(Q)\0 — T*(Q) \ 0, i.e., non-degenerate transformations which conserve the Poisson
bracket {f, g}(x,&) = If (5 55 - 3£ 38).

Let pY, (p) be real-valued and p$, (0°) = 0, V. zph, (0°) # 0, i.e., pY, possesses simple
characteristics at p¥. pY, is called a symbol of real principal type. Let m = 1 and a = p?.
Consider the Hamiltonian integral curve of a through p° (the so-called 0 bicharacteristic):

The manifold CharP = {p{(p) = 0}, codimCharP = 1, foliates near p° to non-crossing
0 bicharacteristics £, of a.

It is well known that WF(u) \ WF(Pu) C CharP is invariant under the hamiltonian
flow. Roughly speaking, singularities propagate along the bicharacteristic curves (rays).

Other useful results from the microlocal analysis are the following ones: (5) for
aeD (X),beD(Y)

WF(a®b) C (WF(a) + WF(b)) U ((suppa x {0}) x WE(b)) U (WF(a) x (suppb x {0})) (36)

WE(axb) C{(x+y),{): (x,) € WF(a), (y,¢) € WE(b)} (37)

(see [3] and specially Chapter VIII).

Certainly, it is assumed that the convolution a x b exists (say, a or b is compactly
supported).

Evidently, WF(6(y)) = T (R} \ 0). Let & € J '(R") be the fundamental solution of
P(Dy)E = é(x). Then,

P(Dy)u=feJ (R") = u=E&xf+KerP.

We point out that if O, = uy — A,u is the wave operator and A, is the Laplace
operator, then the study of U, + 2;7:1 aj% + bl% +cand A, + Yf aj% +¢ aj, by,c,
i i

respectively—constants after the change—and u = ve<4*>*hif and u = ve<A*>, re-
spectively, is reduced to the investigation of U, + &, A, + &3, ¢; p—constants. The change
Y1 =Xx1+ X2, Y2 :xl—xzinR)ZC : ax?i;xz — %};—%}2

To simplify the formulation, we shall deal only with n = 3 case —3 space variables.
Then, (3 : uy = Azu has the fundamental solution

o(t)

Ey = —Lbg,
3 4t

(38)
where Jg, is a delta function on the sphere: S; : t = r = \/x% + y? + 22, singsupp&s = {t =
r} = supp&s, O(t) is the Heaviside function.

Concerning the Klein-Gordon operator (3 — k?, k > 0 the fundamental solution

(%(5& ,@(t,r)kll(k— Vtz_rz)), (39)

1
Er = —
% t 22

47w
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where the Bessel function I; of purely imaginary argument (see [1]) is odd:

Ii(z) = Yol W(%)ZHH, [(0) = 0. Therefore, Il(kﬁ ;4;) € C”,

singsupp&s,_ = {t =r},supp&; _{t >r},

see [17].
The operator (3 + k?, k > 0 possesses the fundamental solution

WE 2
v = (S es ~ Do - ), (o)

Ref. [17], where the odd Bessel function J;(z) = Y ;g %(—1)” (see [1]). Thus,
singsupp€sy+ = {t = r}, supp&s+ = {t > r}. For the Laplace operator, things are simpler
in its fundamental solution: &, : WF(&,) = {(0, R7 \ 0)}. In fact, A, is elliptic and therefore
a hypoelliptic operator.

We shall study the behavior of our operators in (R} x R3) x R‘(lﬂy). Then, the corre-
sponding fundamental solutions are: £ = £ @ 5(F,y),y € R>, F € Rl, x € R3, # € R!. We
shall study the singularities on the critical set

CrP = {(t =& =0; (1) # 0}, (41)

ie,Pu=f, pO € WE(f), pO = (to, %0, fo,yO;T = ¢ =0,(%,57) # 0}. The principal symbol
of the wave equation is T2 — |&|2.

Theorem 3. (a) Consider the operator (3 + k2, k > 0 in R® near the point o° (41), Pu = f.
Then, WF(u) C {(t,x) : [t —to]> > |x — x> F =P,y =y, t =& =0, (2°,4°) # 0}, ie,
singularities propagate in the solid cone (t — tg)> > |x — xo|* with vertex at (ty, xo). In the special
case k = 0 (wave equation), the singularities propagate along the conical surface with vertex at
(to, x0)-

(b) In the elliptic case, the singularities of u propagate along the space {x + xp,x € R"},

y=v0,8=017=n"#0if p° = (x0,y0;& = 0,7° # 0).

Remark 4. Assume that p3 has a zero of sharp order 2 at the involutive manifold £ = {u;(p) =
v1(p) = 0, Vui(0°), Voi(0°) linearly independent, uq (p°) = v1(p°) = 0, {u1, u2}(p) = 0}.
Thus, pg = anu% + 2apu1v1 + azzv% near pO, “%2 —ay1ap < 0,411 > 0, paly = 0, while pg is
> 0 outside ¥.. According to the Frobenius theorem, ¥. near oV foliates at two-dimensional integral

manifold M, of the linearly independent Hamiltonian fields, [Hu,, Ho)] = 0o0n X.

If the condition of Levi is satisfied, i.e., the first-order term p; in the full symbol
development is p; = Au; + Boy, then the singularities starting from p° propagate along
the leave M,. In the case when the Levi condition is not fulfilled, everything depends on
the subcritical symbol p,l |5 ( p/l |5, is the canonical invariant) (see [4]).

There are two different possibilities: 1) p,l |5, is away from the axis, {x < 0} = Pis
hypoelliptic with a loss of 1 derivative near p’; 2) pll takes negative value for some p°. Then,
B. de Monvel found some f such that WFf = {p°}, Pf € Hi for some e > Obut f ¢ H}

loc loc
(P micro-hypoelliptic with loss of 1 derivative would imply that f € H llotg ) [4].

Example 4. The Schriodinger operator in R"™1 : — Py = iuy + Ayu with symbol &> + 7, & € R”,
T € R is (a) microelliptic at p° = (to, x0; & # 0,7°) and therefore it does not propagate
singularities; (b) & = 0 = 10 > 0, P is micro-hypoelliptic (|Z°| + 70 > 0), and again there is no
propagation of singularities; (c) if T° < 0, we use the fact that the fundamental solution &, (t, x)
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of D, is such that singsuppE, = {(t = 0,x),x € R"}, and therefore, WF(E,) = {(0,x;¢, T),
x € R",(&,1) € R™1\0}. Take f € &', such that p° = (ty,x0;E° = 0,70 > 0) € WE(f).
One can easily see that WF(E,  f) propagates along the set {(t = tg, x + xo,Vx € R";&0 =0,

0 < 0)}. Certainly, E,(t, x) = (2%) (5 oy

Proof of Theorem 3. The proof of Theorem 3 is based on the inclusions (36) and (37). In fact,
take the fundamental solution &3 + of the Klein-Gordon equation in R} x R3, x = (x1,x2,%3),
k # 0, and (t,&) € R*\ 0 are the dual variables. Let (f,y) € R! x R® and (%,7) be the
dual variables to (7, y). In R* x R* (03 £ k2&5 1) Q 6(F,y) = 6(H) Q@ 6(x) Q 6(F) R 4(y), i.e
&3+ = &(t,x) ®6(Fy) is the fundamental solution of 3 k2 in R8. InR* : WF(&; 1) =
{((tx) -t =|x|; (7,€) : T = [¢]> > 0)}.

According to (36),

WE(&1) C {((tx,F=0,y=0):t=|x|;(t,&% 1) : T2 =|¢* > 0)}U
{(t=0,x=0,F=0,y =0);R{; ) x R{; )\ O}U
{(t,x,F=0,y=0):t> |x;(t=0,¢ = O,R4T,7 \0)}U

{tx,T=0y=0):t=|x;((t,0): T = ¢ >0, =0, =0)}.

If 0 = (to, x0; Fo, y0; T° = &% = 0, (2%, 4°), (%)% + |#°]? > 0) belongs to WF(f), then
(37) leads to:

WF(&i x f) C{(t+to,x+x0,f0,y0) : t > \x\;TO = 0,@0 = 0,%0,170)}

i.e., singularities propagate along the solid cone K : (f — t9)? > |x — xo|?> with vertex at
(to, x0), while 70 = &0 = 0, (2%, 4°) € R*\ 0, F = Fy, y = yo.
In the elliptic case, the fundamental solution of P in R*" is

E=EQR(y) = WF(E) C {(0,0;R x Ry \ 0)} U {(RY,y = 0); (0, Ry \ 0)}U

{(0,0;Rz\0,0)}, CharP = {(¢,17) : & = 0,5 # 0}, CrP = {§ = 0,77 # 0}.

Assume that p° = (xq,y0;& = 0,7° # 0) € WF(f), i.e., o° € CharP = CrP. Then,
WF(&y x f) € {(x+x0,y0 : & = 0,7° # 0)}, i.e, singularities of f propagate along
the R = {x +x0,Vx € R%,xg € R"},y =y, E =8 =0,41" =75 #0. If &© # 0, no
singularities propagate. Thus, everything is proved. [J

5. Discussion

1. We can consider Dirac’s system of PDEs in R*, % E R4 # = (x9,x) € R%,
x = (x1,%2,x3) describing the relativistic particles: Y°_(y* 5% — mly)y = 0, Iy being
the unit matrix in R* and the 4 x 4 matrices 7* are Dirac’s constant ones. We can find
the fundamental solution of the system in R* as the action of the first-order linear partial
differential operator at the fundamental solution of the scalar Klein-Gordon equation
(0s — m?)y = 0in R*%. Thus, we can study the propagation of singularities (wave-front
sets) in R® = R} x R; by applying Theorem 3. For massless particles (neutrino, photon)
singularities in the double characteristic case propagate along the surface of the double
characteristic cone of the type x3 = |x|2, while for particles with mass m > 0 (proton,
neutron, electron) they propagate along the interior of the solid cone x3 = |x|?.

2. In Theorem 1, boundary data are given on two parallel lines, which are not char-
acteristic. It is also possible to investigate in the first quadrant u,y & cu = 0 with data
uly—o = fi(y) and I(u)|y—ax = a(X)ux + b(x)uy +d(x)u = fo(y), a> +b* > 0, & > 0,
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i.e., the Goursat-Darboux boundary value problem. Evidently, the data are given on the
characteristic x = 0 and on the non-characteristic line y = ax. The only restriction is that
(a(x),b(x)) | (0,1). This problem was shortly discussed in Remark 1.

3. Another interesting Darboux problem is ((J; + k?)u = 0, u being prescribed at three
characteristic hyperplanes «; passing through the origin, i.e., «; 3 0,j =1,2,3 and «; are
tangential to the characteristic cone x3 = |x|?, x = (x1,x2), x9 > 0. The multidimensional
generalizations are evident. What about the construction of solutions into explicit form and
the singularities of the solutions developed on the conical surface and on the rays a; Na;,
xp > 0? Several Darboux and Goursat boundary value problems can be found in [18]. It
is also interesting to consider the case of nonlinear hyperbolic equations and the blow-up
of their solutions, as we did in Remark 3 and the examples below it. In this direction, the
following papers could be useful [19,20].

6. Conclusions

In this paper, we study several equations of mathematical physics, and we find their
solutions in explicit form. First, we consider the initial-boundary value oblique derivative
problem for the string equation. The classical solution exists under some compatibility
conditions in the corner points. The second problem is the case of the wave equation with
several space variables in a circular cylinder. We add extra conditions on the generatrices
of the cylinder where the vector field is tangential to the cylinder, and we obtain a unique
classical solution. We study the Cauchy problem in the interior of the parabola of the
Lorentzian-type eikonal equation, and we find its unique classical solution. It appears that
in the double characteristic points, the wave front propagates either along the surface of the
characteristic cone or in the solid cone. In the discussion, we propose some open problems.
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