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Abstract

Recently, a great amount of attention has been focused on the study of fractional and nonlo-
cal operators of the elliptic type both for pure mathematical research and in view of concrete
real-world applications. We are interested in proving the existence and nonexistence of so-
lutions of a minimizing problem involving a fractional Laplacian with weight. We consider
2n_ s € (0,1), and

n—2s’

/ p(x)|(=A) 3 u(x)Pdx — /\/ |u(x)|?dx, where Q is a bounded
R" Q

the nonlocal minimizing problem on H(Q) C L% (Q)), with g5 :=

n>3 inf
u € Hy ()
[l pas () = 1
domain in R", p : R" — R is a given positive weight presenting a global positive minimum

po > Oata € (), and A is a real constant. The objective of this paper is to show that
minimizers do not exist for some k, s, A, and n. After that, we show some nonexistence
results thanks to a fractional Pohozaev identity and fractional Hardy inequality.

Keywords: critical Sobolev exponent; nonlocal operator; fractional Laplacian; minimizing
problem

MSC: 35]20; 35]25; 35H30; 35J60

1. Introduction, Notation, and Statement of the Result

1.1. The Fractional Nonlinear Problem with Weight and Its Relation to the Ordinary
Nonlinear Problem

Let Q) be a smooth bounded domain of R", n > 3. Define the space H(Q)) by

Hy(Q) :={u e LZ(Q),W € LA(R" x R"\ Q° x Q°),u(x) =0,Yx e R"\ Q}. (1)

2n
n—2s"

(see ([1], Theorem 1.4). We assume

Note that it is well known that Hj(Q2) — L"(Q) is continuous for any 1 < r <

Moreover, this embedding is compact for 1 < g < n2—n25

that p : R” — R is a positive weight in C(R") and for every x € R”

p(x) = po + xe = |x —alft, @)

where ¥ > 0, a € Q). It is obvious that p represents a global minimum py. We are interested
in studying the following problem:
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{ (—A)2 (p(—A)h) =ul 4+ Au inQ -

u=0 inR"\ Q,

with u € H5(Q). Here, s € (0,1), Q is a bounded C'"! and star-shaped domain, and p is as
defined in (2).

In this paper, we extend the result which has been already presented for the ordinary
Laplacian in [2] to the case of the fractional Laplacian.

Let p be defined as previously in (2), s € (0,1), and n > 3; we define the infimum

S (p) by

Sap)i= it { [ p@IEo)tueRar A [ wbas). @

ucHy(Q)
[2e]] s ®m=1

The study of the infimum (4) shows that the existence of minimizers depends not only on
the behavior of p near its global minimum but also on its behavior at +co.

The well-known fractional Sobolev inequalities were first considered in a remarkable
paper by Lieb; see [3-6].

Let us compare this work to what is proved in the traditional minimization problem
of [2]:

_ 24, 2
Sap) = int [ ) |Vu() P = [ ux) P, ©

H”HM(Q):l

where g = ;2% is the critical exponent for the Sobolev embedding H} (Q2) C L1(Q). In[7],
the authors treated the case where the problem is related to the ordinary Laplacian (s = 1).
They proved, in particular, the existence of minimizers of S, (p) for 0 < A < )\f“’ ifn>4
and k > 2, and for A* < A < /\iﬁz’ if n > 3and 0 < k < 2, and in other cases that
are well detailed in Theorem 1.1 of [2] with k being a positive constant that appears in
the expression of the weight p, A{i” the first eigenvalue of —div(p(x)V.) on Q with zero
Dirichlet boundary condition, and A* a positive constant. The method used for the proof
of this result is first to show that S, (p) < poS with S being the best Sobolev constant
defined by

S:= inf 2d
it [ IVa() P, ©

HHHLQ(W)=1
then, they prove that the infimum S, (p) is achieved.
Another similar result in the fractional case is given in [1,5], but where the weight p is
a constant, they proved that

Sai=nf [N Pax = A [ o) P @)

HuHL‘]S(Q):l

is achieved fors € (0,1),n > 4s,and A €]0, A 5[, where A; ¢ denotes the first eigenvalue of
the nonlocal operator (—A)*® with a homogeneous Dirichlet boundary datum.
In [8], we dealt with the minimization problem

s i= ot (oo ( [ By Y [ oa), @

[l gs ®m)=1
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and we proved that the infimum S; » (p) is achieved for some suitable values of , s, k, and
A. Thanks to the identity

2
Lo R iy = 260,5) =) ©)
(see [1], (1.50)), we deduce that if the weight p is constant, S ) (p) and S, 1 (p) are equivalent.
However, it remains unclear whether this equivalence persists when p is not constant. In
this paper, we consider a significant example of a weight function p, defined in (2), which
satisfies properties (3) and (4) as stated in [8]. This choice allows us to avoid the constraints
on x imposed in Theorem 1.2 of [8] and to obtain the result for all x > 0.

There are extensive works that study properties of fractional Laplacian operators
as nonlocal operators together with applications to free-boundary value problems and
nonlocal minimal surfaces by Caffarelli and Silvestre in [9] and many others (see for
example [10]).

xd

\xdl“Tylﬁ’ in order to

Frank, Lieb and Seiringer treated in [4] weighted cases, namely
prove Hardy-Lieb-Thirring inequalities.

Chang and Gonzélez [11], as well as Gonzalez Nogueras and Qing [12], formulated
a fractional s-Yamabe problem that includes the boundary Yamabe problem studied by
Escobar [13]; see also [14]. They highlight a Hopf-type maximum principle together with
interplay between the analysis of weighted trace Sobolev inequalities and the conformal
structure of the underlying manifolds, and they obtained some properties for the fractional
case that are analogous to the original Yamabe problem.

In [15], we studied the polyharmonic operator, namely (—A)" where r € N, r > 2 with
a critical Sobolev exponent.

Servadei and Valdinoci dealt in [16] with non-ground state solutions in the fractional
Laplacian case without weight. The solutions are constructed with a variational method by
a min-max procedure on the associated energy functional.

The problem involving the ordinary Laplacian in the case where p is a constant was
originally studied by Aubin, Brezis-Nirenberg in [17-19].

We refer to [7,20] for the study of the existence and multiplicity of solutions of the
above problem in the case where s = 1 with the presence of a smooth and positive weight
and with homogeneous Dirichlet boundary conditions. Nevertheless, in [7], it is shown
that if p has discontinuities, then a solution of Sy(p, 0) still exists.

For more general weights, depending on x and on u, in [2], Hadjiji and Vigneron
showed that in in the case of homogeneous Dirichlet boundary condition and in the
presence of a linear perturbation, the corresponding minimizing problem possesses a
solution. The model of the weight is p(x, u) = « + |x|P|u|* with positive parameters «,
and k. Note that in this case, natural scalings appear, and the answer depends on the ratio
% We refer to problems that resemble (3), (4), as well as have an extensive literature, and
we refer to papers [17,18,21-23] and references therein and [24] for a complete history of
the problem and geometrical motivations.

1.2. Some Definitions

One of the aims of this paper is to study nonlocal problems driven by (—A)* (or its
generalization) and with Dirichlet boundary data via variational methods. For this purpose,
we need to work in a suitable fractional Sobolev space: for this, we consider a functional
analytical setting that is inspired by (but not equivalent to) the fractional Sobolev spaces in
order to correctly encode the Dirichlet boundary datum in the variational formulation. This
section is devoted to the definition of this space as well as to its properties. Therefore, before
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setting the main result, we start by defining the fractional Laplacian and the fractional
Sobolev spaces.

Lets € (0,1) and let S(R") be the Schwartz space of rapidly decaying C* functions in
R". We define the nonlocal operator (—A)* : S(R") — L2(R") by

Su(x) = ufx) —uly)
(=A)u(x) :=c(n,s)P.V. o T — g5 dy

e—=0T JR"\B(x,e) |x _y|n+2s

(10)
dy,

Here, P.V. is a commonly used abbreviation for “in the principal value sense” (as
defined by the latter equation), x € R”, B(x, ¢) is the ball centered in x € R" of radius ¢ and
c(n,s) is the positive normalization constant, which is defined by

1—cos({ !
c(n,s) = ( L. szsl)dc) , (11)
with ¢ := ({1,7"),1 € Rand I’ € R*"L. In the sequel, we omit to write “P.V.” in the
integral P.V. Mdy.

R |x — n+2s
We recall tha|t thisy(|)perator is nonlocal since, for example, if we take u € S(R"), such
thatu > 0in R” \ B(0,2) and u(x) = 0in B(0,1), then (—A)*u(0) > 0, which depends on
the value of u in the hole R".
We define the Sobolev space H*(R") as the set of functions u such that they are square
integrable and their fractional Laplacian (—A)Zu is also square integrable

_ 2
H*(R") := {u:R" - R,u € L*(R") and o dedy < 4o}, (12)

The norm on H?(R") can be defined by, for all u € H*(R"),

u(x) —u(y)? z
ol = iz + ([, o oy )

We know that H*(R") endowed with the norm |[.[| s (gn) is a Hilbert space.
For more definitions, we refer to [1].
Thus, Hj (Q)) is a subspace of H*(R") and can be defined simply by
Hy(Q) := {u € H*(R");u =0a.e. inQ},

where Q¢ := R" \ Q) denotes the complement of Q) in R”, and “a.e. in O°” means almost
everywhere with respect to the Lebesgue measure in R" \ Q.
The norm of Hf (Q)) can be defined by

. c(n,s) u(x) —u@)? , \?
N(u) = ][ 200y + (2 /R”XR” T dxdy> :

This norm is equivalent to

1
Ju(x) — u(y)? :
||MHH5(Q) = </"an x =y dxdy | ,

(see ([1], Lemma 1.28) and ([4], Lemma 3.1)).
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We notice that the following identity ||u| |HS(Q) =||(=A)3ul| 12(rn), gives the relation
between the fractional Laplacian operator (—A)* and the fractional Sobolev space H((2).
See ([1], relation (4.35)). In this paper, H{(()) will be the functional analytic setting because
the classical fractional Sobolev space approach is not sufficient for studying the problem;
see [1,16,25].

We start by recalling some notations and some remarks which will be useful. First,
we give some important definitions afterwards. Let us denote by Ss(p) := Ss(p) and
Ss := Ss0(1) the weightless case. Let us denote by s, an extremal function for the
weightless Sobolev inequality for the fractional Laplacian operator. Let us fix # > 0
such that

B(a,4n) C Q (13)
Forx e R"and ¢ > 0,
uS,s,ll(x) = (Sz + |X _ a|2 7 (14)
then we set
Ues,a(x) = Ues,a(x)¥(x), (15)

where ¥ € CJ(R") such that0 <¥ < 1,¥ =1in B(a,17) and ¥ = 0in B(a,21), where 1
is a positive real.
Using [1,19], we have

_ 2
/H /,, Me,s,a|gcx)_y|je+,sz,z(y)| dydx = K, + O(Snfzs)/ (16)

forn >4ands € (0,1),orn=3and s < %, the square integration of u, s ; goes as follows
for any n > 4s
= Ky &% + O(e"%), (17)

| |us,s,u %Z(Rn)

the gs norm is given by

=Ky, + O("), (18)

|[tte,s,a zsqb (RM)

. dy K
with K, :/ ——~2 —— and =% = S,.
s Rn (1 _|_ ‘y|2)7’l qué s
In order to present our main results, we will need to introduce the first eigenvalue
;\LP/S of (—=A)3(p(x)(—A)32.) on Q with zero Dirichlet boundary condition

[, pI(=2)u(x) Pax

Myps = msin (19)
ueif]l?géﬂ) /n |u(x)|2dx
1.3. Natural Scaling(s) of the Problem
Let us define the energy
Ex(u) = / ()| (—A)3u(x)2dx — /\/Quzdx. 20)

We observe that the critical points of (20) are solutions to the Euler-Lagrange problem (3).

As in [8], it is useful to evaluate the problem with some natural scaling. We analyze a
blow-up around a minimum of p which we suppose to be 0, and we are led to study E, (v).
For the convenience of the reader, we give the details. More precisely, let us define v, by
v(x) = e "%0(%) and Q = e Q. Note that if ||v]|14 rny = 1, then [|vg|[pas (rr) = 1.
We have
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(ﬂﬁqx_w</nmuww4w@>yx

|x—y‘”+5

E(v) :po/w |(—A)%v(x)|2dx+;<ek/Bov

’e

o(x) —v(y) f 2 [ 2
—~ dx — A dx.
+Amwf“”<@nwyWﬂ ) dv =2 [ o

Unlike, for example, [2], we have a positive term in the previous expression which is

(21)

2
the following p(x) Mdy dx, which can explain the conditions on k
BO)* R [x =y

announced later in our result.
When k > 2s, the term related to ¢2° dominates the one related to & provided that

the quantities
2 k ve(x) — ve(y) ?
/ e =0l |x — (/ dy) dx (22)
B0.1) eyl

is finite, so we find that the energy becomes strictly below the critical value, and we expect
that E) (v) < poSs; then, S 5 (p) is achieved.

It is important to mention that since the problem is not local, at infinity, the term
e~ lxal’ |x — a|¥ has an impact on the integral (22), which is not finite in general for u €
H(€Y), so we will restrict ourselves to specific values of k.

We expect a competition between the local character of the weight and the nonlocal
operator. It turns out that the local nature of the weight wins for a class of weights. The
presence of weight pushes the problem to be local. In other words, when k is smaller than
n — 4s, we find that the local character dominates; on the other hand, when k is very large,
we expect that the problem does not admit solutions.

If we take A = 0, we obtain the following nonexistence result.

Proposition 1. Let p be defined as in (2). Forn = 3and s €]0, 2] orn = 4and s €]0, ] orn =5
and s €]0,3] orn > 6and s € (0,1), and for all k € [2,n — 4s|, we have S5(p) = poSso(1) and
Ss0(p) is never achieved, so there is no minimizing solution.

Proof. Lets € (0,1) and 2 < k < n — 4s. We recall the notations Ss(p) := Ss(p) and

Ss = 55’0(1).
By Theorem 3, please see Section 2, we write

- 1
poSs < Ss(p) <

[[1te,5,0

[, POON=8) bt (x) P < poSi+0(1),  23)

2
L9s (R") °

as ¢ tends to zero. Then, we obtain Ss(p) = poSs.
We suppose that Ss(p) is achieved by some function u € HS(Q)) such that ||u|| s (®R?) =
1; then,

po [ 1(=8)iu()Pdx < [ p(x)](=8)3u(x)Pdx = poSs. (24)

Therefore, S; = / [(—A)3u(x)Pdx, ||ul |Las (rn) = 1, which means that S; is achieved by a
Rn
function u € Hj(Q)) and this is absurd. See [3-6]. [

In what follows, we will concentrate on the case where A > 0.

1.4. Statement of the Main Results

We now state the main statements of this paper.
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Theorem 1 (Existence). Let (2 C R" be an open bounded set with continuous boundary, p as
in (2), A €]0, ;\1,,,,5 [, and 2 < k < n — 4s. Assume one of the following conditions holds:

1. n>6ands e (0,1);
2
2. ne {3,4,5}ands€]0,n4[.

Then, for every k > 0, S A (p) is achieved.

In order to state our main second theorem, we need to define the following constant

a(k,s):

L, e Pl (=a)ful d

: (25)
2s ueHy(Q) /Q |M(X)|2 dx

Theorem 2 (Nonexistence). Let () C R" be a smooth bounded domain, n > 3, p as in (2), and
€ (0,1). The following hold:
1. IfA > Ay, then Sg ) (p) is not achieved.
If Q) is star-shaped,
n—2
4
a(k,s) = 0and S (p) is not achieved for every A < 0.
3. Ifk < 2s, then there exists a constant oy > 0 such that a(k,s) > ag > 0, and S ) (p) is not
achieved for every A < a(k,s).

2. Ifne{3,45}ands € }0, ,orn>6ands € (0,1),and 2 < k < n —4s, then

In order to achieve this result (Theorem 2), we needed to find a formula adapted to
our case similar to the Pohozaev’s identity written in [26]. We were inspired by [26] in
order to find a fractional weighted Pohozaev identity and apply it in order to show that
minimizers do not exist in some cases of weight. For a star-shaped domain () and for a
weight p defined as in (2) and for u € H°(R"), we found an identity that was the key to
conclude that the infimum is not achieved if A < a(k,s) with a(k, s) is defined in (25).

1.5. Structure of the Paper

This paper is structured as follows. The next Section 2 proves the a priori estimate
Ssa(p) < poSs. Theorem 1, which is the first main result of this paper, is proved by
a mathematically adequate technique using the previous section in order to obtain the
existence of minimizing solutions to S  (p). In Section 3, we carry out a Pohozaev identity
that spans a good part of this section and a sort of Hardy fractional inequality for which
have a crucial role to prove nonexistence results of minimizing solutions to S; ) (p).

2. Existence of Minimizers

First of all, let us prove that the infimum S; , (p) does exist for every A € R. In fact,
thanks to Sobolev inequalities, we have

L pl-a)buPax = [ juGPdx > Cllullieen ~ ACH [l lean,  (26)
where C and C; are positive constants. Therefore, we obtain
Ssalp) = C=AC 27)

So that the infimum S ) (p) exists.

Here, we used the fact that Ny (u) := - p(x)|(=A)3u(x)|?dx is a norm on HS ().
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The following theorem plays a crucial role to prove the existence of solutions; it is an
adaptation of an original argument due to [19] in the context of Yamabe’s conjecture.

Proposition 2. Let s € (0,1) and let a weight p satisfy (2). If Ssx(p) < poSs, then S (p)
is achieved.

Proof. Let us recall the expression of S, (p):

S, = inf —A)2u(x)|Pdx — 2 2
Sai=nf [Pl Py = [ (o) P e8)

||u||L‘/75(Q):1

Let (u;) be a minimizing sequence of S5 (p); then, 4] Lgs (mn) = 1 and

[, p)

as j tends to +oco.

wi(x) —uj(y)  |° )
/Rn W‘iy dx — M[ujllz = Ssa(p) +o(1), (29)

We define a scalar product on H(Q)) by

< U, >p= /n p(x) (/R” Wdy) (/R” Wdz)dx, (30)

for all u,v € Hj(Q). It is obvious that the norm associated with this scalar product is
equivalent to the ordinary norm over Hj(Q)).

Since (u;) is bounded in H{ (), we extract a subsequence still denoted by (u;) such
that (u;) tends weakly to u in H(Q) (since Hj(Q2) is reflexive space). Then, (u;) tends
strongly to u in L2(Q)), and (u j) tends to u almost everywhere in ), with

[[ea]] pos (mmy < 1. (31)
By the definition of S; we have
wi(x) —ui(y) |
/n p(x) /n 7|x —ys dy| dx > poSs, (32)

then

[, p

as j tends to oo, therefore

/ uj(x) —u;i(y)

2
=y dx — 5o (p) +0(1) 2 poSs — Ssa(p) +0(1),  (33)

dy

)\Hulliz(Rn) > POSS - gs,/\(p) > 0.

Therefore, u # 0.
Let us take v; := u; — u; then, (v;) tends weakly to 0 in Hj(Q)) and (v;) tends to 0
almost everywhere in Q. Using the definition of S, ) (p), we obtain

/n p(x) /n u(x)_yﬁgrys)dy 2dx+/Rn p(x)

|x—
_/\||u||%2(Rn) = gs,A(P) +0(1)'

2

vj(x) — Uj(}/)d
fe -y Y gy

https://doi.org/10.3390 /math14081288
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as j tends to +oo.
On the other hand, since (v;) is bounded in L% (Q2) and (v;) tends to 0 almost every-
where in (), we deduce from a result of Brezis-Lieb, see [27], that

1= ||+ 051 |75 gy = |1l 75 oy + 1251175 oy + 0(1), (35)
as j tends to +oo. Thus,

1< ||”||qu R") + ||v]||L,45 R7) +o(1),

as j tends to +oo. Denoting by 7; := WH:W Since we have
] S n

- 0(x) —9i(y) | |?

poss S /n p(x) /11 ]x_y|”]+5dy’ dx, (36)
we obtain
1 vj(x) —vj(y) , *
< 2 / j j

1 — HuHLﬂs(R ) + POSS R (x) n |X _y|n+s dy dx+0(1)/ (37)

as j tends to +oco. Since we have already proved that S ) (p) > 0, we deduce from (37) that

S (P) < Soa (Pl + 22 [ pi)

/ vj(x) —v;(y)

2
Xy dy| dx+o(1), (38)

as j tends to +co. Combining (34) and (38), we obtain

u(x x) =) |
/np(x)/n% 7‘/ Ju(x |2dx+/n nn]+st’ dx
R B |x—y] | (39)
S S5 (p) - 0(x) —o(y)
< , g7 IV
< Soa (Pl ey + g [ ()| [, Ty dx+ol1),
as j tends to +co. Thus,
. u(x)—u d 2d
/nP(x) /n X — s y A/ |u(x)|“dx
50(0) o) ~oy) 1 w0
sA\P AS A
sA(p)l|u ||qu(Rn)+{ P0Ss —1]/np(x) /”Wdy dx +o(1),
as j tends to +oo. Since S; 1 (p) < poSs, we deduce
u(x
[ope| [t e [ R < Sy 01

This means that u is a minimum of S, ) (p). O

Remark 1. 1. In the case where the weight p and ) are such that —co < S, ) (p) < 0, we prove
that the infimum S, 5 (p) is achieved. In fact, as in (31), we have ||u] | Las (mey < 1, then

Ssa(p) < Ssa (Pl s (gny- (42)

Again, we deduce (41) from (34).

https://doi.org/10.3390 /math14081288
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2. Since the norm associated with the scalar product defined in (30) is equivalent to the standard
norm on H) (QY), and it is established that the norm induced by the scalar product given in
(181, (23)) is also equivalent to the standard norm on H{(QY), it follows that these two weighted
norms are equivalent. That is, there exist two positive constants C1 and C, such that

(=) i) 2dx ; [u(x) —u@ ;N 4,
[, pl-ayiueobax < [y ( [ gy ) -
<G [ p)I(=8)bu(x)Px.

Remark 2. Thanks to the following inequality ||u;(x)| — |uj(y)|| < |u;(x) —u;(y)], i (u;) is
a minimizing sequence of S5 (p), (|u;|) is also a minimizing sequence. Therefore, we can take a
positive minimizing sequence of Sg » (p).

Clearly, if Sq A (p) is achieved by some function u, then it is also achieved by |u|. Therefore,
there exists a positive solution for the infimum S (p).

A Priori Estimate on S ) (p)

We need to prove the following proposition and the techniques that it uses, since it
constitutes an official key in order to apply Proposition 2.

Theorem 3. Let n,s such that n = 3and s €]0, }[orn = 4 and s €]0, 3[or n = 5and s €]0, 3]
orn>6ands € (0,1). Let p be as defined in (2). For any k € [2,n — 4s], the following estimate
holds true

[, PEOI(=0) ttsa(x) P < poKs +xCe + O(" %) + O(4), (44)
as ¢ tends to zero and C is a positive constant depending on k, s and the dimension n.

Proof. First of all and without loss of generality, we assume that 2 = 0, and we note
us,s,O = Ugs Ues o = Ugs-

Let A be a subset domain of R"; then, we define the function 14 by Vx € R",14(x) =0
ifx ¢ Aand14(x) =1ifx € A.

In the sequel, we will assume that # and s are such that

n=23ands 6]0,i[orn=4ands 6}0,%[orn =5ands G}O,Z[orn >6ands € (0,1). (45)

The proof makes use of the following estimates and is a bit more complicated than the one
for similar results in the case of the fractional Laplacian without weight, as it is in the [1].
We easily see that for p > 0 and x € B(0,p)¢, then

n—2s

ue,s(x) < us,s(x) <Ce 7z, (46)

for any £ > 0 and for some positive constant C, possibly depending on 7, p, s and the
dimension 7.
We mention that the following assertions hold true

1. Foranyx € R"andy € B(0,7), with |x —y| < %,

165 (x) — te5(y)| < Ce" 7 [x — y]. 47)
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2. Foranyx,y € B(0,7)¢,

ltte5(x) — tes ()| < Ce"2" min{1,|x —y|}, (48)

for any &€ > 0 and for some positive constant C, possibly depending on #, p, s and n.
By (2) and (16), we have

2
y| dx

/ Ue,s(x) — ”e,S(y)d

|x,y‘n+s

L P08 bue(Pdx = [ p(x)

) (49)

dx.

/ Ue,s (X) — Ues () dy

|x ,y|n+s

< poke+ [ (p(x) = po)

Here, without loss of generality, we retain the same notation K here, although, by
using (9), it actually stands for K; - C(g's) , which is still a constant depending on s.
In the following of the proof, we will estimate the second term of the right-hand side

of (49). Since, for all x € R", p(x) — po = Ke""|2|x|k, we have

'/"(p(X) ~ o) / Wdy 2dx
+/B(°"7>c(p(x) )| [, ul(;)—_yIu*(y)dy “ax
- /B(O/,?)(P(x) — po) /B(O,q) Wd de
" /5(0/71)(}9(36) ~ o) /13(0,17)" Wdy zdx
+ /B(O,,Y)C(P(X) Q) ~/B(O,17) Wdy 2dx
/IS(O,U)c(p( ) = Po) /B(O,U)c Wdy 2dx .
< K/B(ov) eI x|k /B(O,”) Wdy zdx
+K/B(o, ¢ P ./1;(0,,7)c W%(O/g)(){ iy de

2
+K/B(O, )g*\x|2|x k /B(O,r])f WlB(o,g)C(’C—y)dV dx
u ,S(x) — Ugs (y) 2
+/B(O,’7)C(P(x) = po) /B(o,q) Wlmo,%)(x —y)dy| dx
U, (x) — us,s(]/) 2
* /B(O,r])c(p(x) —p) /B(OJ]) Wlmo,g)c(ﬁf —y)dy| dx
2
o = [t g Way
We begin by estimating the first term of the last sum, which is
A o —|x)? .1k ugrs(x) — Ugs (y) 2
As,k,e = /B((),;/I)e |x| /3(0,17) ley dx (51)
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Proposition 3. Fors € (0,1),2 < k < n —4s and ¢ > 0 being very small , we have
Agye < C, (52)
where C is a positive constant depending on s, k and the dimension n.

Proof. Lets € (0,1), 2 < k < n —4s. After performing a change of variable in (51),

we obtain
2
) : ]
e = [ [ ( ) |
e i<t 1+lxl2 @)
k 2 (53)
cof (ot
> x|§g |‘ g 1+’x‘ );1225 1+‘y|2 nZS ‘x_y|n+s
5
Let fi(t) :== Lﬂ—%/t € R"; thus,
(1+]¢2) 2
llyl® — |x|3 P
2
A < k/ / y v p
s <[] [ (150 s+ ) |

< 2¢k /|x<'z </ |<,7 |fk(x) _fk ||x n+s> (54)

2
k ||y‘2 - dy
+2¢ / _y / _y 5 GE dx
w2 \ i<t (14 |y2) " y

As a consequence, in order to obtain the inequality (52), we will prove the two
following assertions

2
dy =
/‘x| P </<’7 | fie(x) — fk(y)x—y|"+s) dx < C < +oo, (55)

€

where C is a constant and

k k 2
||y|7*|x\7’ dy
dx < C 56
/x<'Z </y|<Z 1+ |y‘2)"—225 |x —y|nts X= (56)

where C is a positive constant depending on s, k and .
We start proving (55). Let y > 0.

2
. u
/ g <‘/|<;7 |fk( ) fk( )’xy|n+s> dx
2
dy
fily >\x|n+s> "

( \fk
d 2
( filx fk<y>||x_;/|n+s) dx

(57)

< Jo
Iy
LA

lx—yl[=r

+

2
A fk<y>||x_d§|n+s> dx.
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For the first time, we take the case where |x —y| > 7.

2
dy
— 4
/ ( J o, i)~ Sty >||x_y|n+s> x
k
_ / ly|2
R\ Jlx-ylzy AP
k k 2
< |x|2 dy ly|2 dy P
— nZq n+s+ nZs _ q/|n+s x
R\ =yl (1 + |x2)" 2" [x =yl =y1>7 (14 |y|2)" 2" [x — Yl
x| d 2
/ / || n—2s yn+s> dx
n\ -yl (14 [x2)" 2" X =
k 2
d
o ) o
"\ Jlylzy (14 |y2) 7 X =yl

k 2
f (L Y
R (14 [x[2)7725 \ Jjx—y|zy |x —y["Fs

2 [ |fixh(x)Pax
Rﬂ

- |x |k / / 2
_2[}{"7(1+|x|2)n725dx ‘Zm—wﬁ +2 | fi # () Pdx

where f; and i are functions defined by, for all t € R”,

|x]2

(1+[x[2)"7"

dy 2
‘x _ |n+s) dx

<2

(58)

Lg(0,7)c (£)

|t]2 ~
n—2s 25 ’ andh(t) = |t|n+s

fillt) = —————=
(1+t2) =
Provided that k < n — 4s, we have f; € L?>(R"). Since s > 0, € L'(R"). This implies
fy*h € L2(R"), and we have

| fi* 2y < il 2o 1Al |1 ey < 400, (59)
Furthermore, since k < n —4s / Ldx < 40 and since s > 0, dz
' R (L [x[2)n 2 FEAFas
+o00; thus,
2
L[ 1 = ) ) dr < oo (60)
0\ eyl P IR =y s |
Now, let us take the case where |x — y| < . We have
1
filx) = i) = [ DAy +t(x =) (x = )it Q)
%
with fi(z) == L,,,Zs,z € R*, and
(1+]z)) 2

B T P T
Pl = e (5~ 0207 )

Let R > 0 be such that R > 2 and let |[y| > R.

For the sake of clarity, we note that since we have |x — y| < 7 and |y| > R, we can
suppose also that |x| > R.

Since t € [0,1] and |x — y| < 9, then

https://doi.org/10.3390 /math14081288


https://doi.org/10.3390/math14081288

Mathematics 2026, 14, 1288 14 of 33

ly+tlx—y)| >yl —tx—y|

>yl =
62
> |yl - ) (62
> 3yl
So, we have
ly+tx -y tx -y
IDfk(y +t(x—y))(x —y)| <C N
(I+y+tx—y)]*) 2
<cC =yl (63)
ly + t(x —y)["H T
<o ¥yl
|y|n—23—§+1
where C is a constant.
Thus, by (63) and (61),
x —
%) = filw)] < IDfly + Hx — ) (x — ) < c— ¥ (64)
|]/‘n 2s—5+1
Since k < n —4s, then k < n — 4s + 2, and by using (64), we have
2
dy
- — | d
Sk ( Ly o ) = fel®) |x_y|n+s) x
2
1 ¢ 1 X —
s¢ / B(af)(’fyjl B(O/Y)(nJrsfyl) dy‘ dx
~R ] ZR |y|” S—3 |x_y| (65)
= ||f*g||L2 Rn
< ||f||L2 ]Rn)HgHLl Rn
< —o0.
1g(0,1) ()

where for all y € R", f(y) = M and §(y) :=

rd 2(Rn
b = Ty and we have f € L*(R")

and § € L'(R").
Now, let [y| < R, and so we take |x| < R since |x — y| < 7.

Since for all t € [0,1], |y + t(x —y| < 2R and ! —— <1, we have
A+ly+tx—y)P) 2

k_
cclyHtx—ylx—y]
n—2s
(I+ly+tx—y)?) 2
<Cx—yl,

IDfi(y + tH(x —y))(x = y)|

(66)

where C' is a constant depending on R.
Since s < 1 and by (66), we have

2
. ay
x)— | dx
/\x\<R </Xy<w,y<R ‘fk( ) fk(y)‘ |x—y|”+5>
d 2
Y
| dx
/\x\<R </|xy<7 ly|<R |xy|n+sl>
2
d
/\<v |Z|”+s [z T (/y\q{ }/)

I/\

(67)

< C//

< +o0
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where C” is a positive constant depending on R, 7, s and .
Therefore, by (65) and (67), for 2 < k < n — 4s, we obtain
p 2
Y
xX) — — | dx
/”<AykJﬁ<>.ﬁwmxyMJ
p 2
Y
< xX) — — | dx
- /\x\<R </|x—y|<%y|<R ) = el —W“) (68)
2
dy
o (] SR I PR
|x|>R ( u7w<7mAzRLﬂ( ) '&(yﬂlx—-yw+s>
< +o0.
and so by using (60) and (68) together with (57), for 2 < k < n — 4s, we obtain
2
[ @ il ) ar < € < oo (69)
i<t \ Syt VF =y - '

where Cis a positive constant depending on s, k and n. Thus, (55) holds true.
Now, to prove (56), we need to apply Lemma 2.6 in [8]. To guarantee the comfort of
the reader, we recall the statement of this lemma.

Lemma 1. Let v,R € RY and s € (0,1). Let k > 2 and let the set A defined by A := {x,y €
R", |x —y| < v,|x| <R, |y| < R}. Then, there exists 6 := 6(R,k,s) > 0, such that for every
x,y € A, we have

[lx[# — Jy|2 | < olx — P (70)

(In fact, § = 2K—4k?RK-2)

So now, we apply this lemma for R = I to prove (56), and we take [x — y| < y < 1.
Since s < 1, we have

2
[ () Il = 2| ay
Jiri<t \ Ty Llx—yl<y (1 + |y[2)"2" [x —y|"™*

I

1 e -y .\ 1)
S 52/ / n—2s B(O"Y) n+s_y1 dy dx
<t \ i<t (14 [yP) "2 X =l

= Qk—4p2yk—2g—k+2 /]R" 1 * §1(2)|dz

where /11 and §1 are defined by

1 _ 1p(0,y)(2)
= ———  and §(z) i= ———". 72
1(2) (1 N |Z|2)n—225 an gl( ) |Z|n+s—1 ( )

T

For n > 4s, we have iy € L2 (R"), in other words, provided that
ifn=3ands < %
(73)
orn>4and0<s <1,

which is satisfied since 7 and s satisfy (45).
Since s < 1, then §; € L'(R"). Therefore, i, * g1 € L?(R™).
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Finally, we obtain

k k 2
(] 2 =<2 dy ke
<t \ < lx-yl<r ( 2 -

(74)
14 [y[2) 2" P =y
where C}) is a positive constant depending on s, k, n and 7. Now, to finish the proof of (56),

it remains to study the integral in (56) over the set I's := {x,y € R" such that |x| < £, |y| <
1 and |x —y| > 7}. Let

2
T <t \ i<t e '

Lix—yl>y (1+ [y|2)"2" X —y["*s
In the following, we prove that

X. <C (76)
with C being a positive constant depending on k, s and n.
We have
k k 2
% / / [ly12 = IxI2| Lpoye(x —p)dy\"
© s \ i< 1+ yp) -yt
. . 2 (77)
+/ / [ly12 = 1x12| Tppe(x —y)dy )~
1<irl<t \ Jl<? (14 |y2)"2"  |x—y"*
We start by treating the first term on the right-hand side of (77).
Let x,y € R" such that |x| < 1and |x — y| > 7; then, we have
Wyl < lx—yl+[x] <[x—yl+1. (78)
t
Then, by computing the minimum of the function f : t — 27—|—t/t € [v,+oo[ which is
achieved for t = 7, we have
x—yl o [x—yl g
> > =Cy >0, 79
T+lyl —2+x—yl — 2+ 0 @)
where Cy is a positive constant.
Since k < n — 4s, then k < 2n — 2s, and by (79), we have
k k 2
lly]2 — x|2| 1p(o,y)c(x —y)
1 n—2s n—+s d]/ dx
o<il<t \ <! (14 |y[2)" =" [x =yl
k 2
141 (80)
<C dx / HZ|725+ | dy
osfsi<t \ <t (14 Jy2) "2 (14 [y])r s

<,

where C' is a positive constant depending on 1, s, k and 7.

We treat the second term on the right-hand side of (77).

k k 2
ly|2 —|x|2| 1) (x —¥)
/1<\x|<%’ (/y|<z { n—2s ©7) dy | dx

(1+ Ry -yl
k k 2
_ [ W e B9y ) (81)
1<lri<? \ o<t (14 |y)2)" 2" X —yl"
k k 2
+/ / |lyl2 = |x]2 1B(0,7)f(x*y)dy i
Ji<lx|<® \ Jiglyl< 2 (1+ ‘y‘z)n?s [x — y[n+s

https://doi.org/10.3390 /math14081288


https://doi.org/10.3390/math14081288

Mathematics 2026, 14, 1288 17 of 33

For the first term of the previous sum in (81), since for x, y € R" such that |y| < 1, we have
|x —y|" > (|x] — |y|)"*® > (|x] — 1)" "%, thus we have

k k 2
: : llyl2 — [x|2] 1B(0,’y)5(x_y)d J
7 n— 25 _ n+s y X
1<fx<2 \ Joslyl<t (14 |y|2) "z |x —y|
2
_ [ / llyl? — |2 lB(O,'y)f(x_y)dy i
1<lxi<s \ Joslyl<t (14 |y2)"2"  [x—yl"
2
+/‘ / |‘y|7 - ‘X‘7| 1B(0,7)5(x_y) dy dx (82)
s<lrl<® \ JoslI<t (14 |y|2)"2 = |x —y|nts
1 lylf —1x5]
. . Y~ |x
< ——57 ——d d
> ,yZnJrZs /1<M§5 (/O<y<l (1+ |y| )n 25 y) X

2
LA
+/ / Hy\” — I | dy) dx
s<lal<d \ JosyI<t (14 |y2) "2 (|x| — 1)n+s

We estimate the first term of the last sum (82), and we have

lylf —1x5] w b\
/ / yinbdy dx / / yinbdy dx
1<|x|<5 0<|y|<1 (1+ |y| ) 1<|x|<5 0<|y|<1 (1+ MZ)
= 2/ / |x|2 n— Zs
J1<|x|<5 0<]y|<1 (1 +| ‘2
=y / /. M (83)
1<fxl<s \ Jo<lyl<1 (14 |y|?)
:2/ |x|Fdx / —2 | dx
Ji<|x|<5 0<lyl<1 (1+ ‘y‘Z)
k 2
+2/ dx / 7|y|2 —=-dy |,
Ji<|x|<5 Joslyl<t (14 |y[2) "z

Every integral here represents an integral of a continuous function over a compact set; then,

IA

each one is convergent (and is bounded independently of ¢), and we obtain

k k 2
[yl — x|
7,125 y| dx <C, (84)
1<lxl<s \ Joslyl<t (14 |y[2) 2"

where C is a positive constant depending on 7, s and k.

Now, for the second term of the last sum in (82), we write

- 1% — Ixl2| i
/ 1] / y n 25 dy dx
S<jal<t \ JO<lyI<T (14 |y|2) "2 (|x] — 1)n+s
x 2
2
5<|x|<’ 0<lyl<1 (14 MZ) (\x| —1)n+s
2
/ / n‘yz! dy | dx (85)
Sclri<t \ Joslis (14 |yf2) " (Jx] - 1)+
2
/ N / dy
S<lx|<too (Jx] —1)21F28 0<lyI< (14 |y[2)"2 n=2s

2
dx lyl?
—d dx
/<|x\<+oo (x| = 1)2+2s (/O<y<1 1+ |y2)" 2" 2 y)

d k

Clearly, the integrals / 7y”25 and / %dy are convergent
0<lyl<1 (1 + |y|?) 2 0<lyl<1 (1+ |y2)" 2

as integrals of continuous functions over a compact set. Since k < n — 4s, then k < n + 2s,

and we have

. .
5<la|<oo (] — 1)2H2°0 = 0
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where Cj is a positive constant possibly depending on 7, s and k. Also, since n 425 > 0,
we have

dx
< (y,
/5<|x\§+oo (Ix] - 1)2nt2s = 1

where C; is a positive constant possibly depending on 7, s and k. Therefore, we obtain

2
Iyl [+
dy | dx <C, 86
/5<|x\<¥ (/0<y|<1 (1+ MZ) (|x| 1)n+s v)ars (86)

where C is a positive constant possibly depending on n, s, 77 and k.
Thus, thanks to (84), (86) together with (82), we obtain

1t = 2] oy x—1)  \°
[ Y20 oV gy ) dx <, (87)
1<lxj<l \ Josly<t (14 [y[2)" 2= ¥ —vl

where C is a positive constant possibly depending on n, s, 77 and k.

Let us consider the second term of the sum (81). Here, we refer the reader to [28]. For
x,y € R" letx = rx/,y = py’ and |x'| = [y| = 1, and perform the following change of
variables T = F;’ ; then, we have

k k 2
Hy‘z —|x|2{ 15(0,.y>c(x7y)
1 Ui n—2s _ ylnts d]/ dx
1<hi<d \shi<t (14 pyp)"2* XVl
1 1 kook , ) s
S/ (/ / o ﬂf‘rmd”m p””dP> "y
B 1+p )T =y
t n—1 / 2
¢ r2 2 —1)p" tdo(x")do(y') .
/ </ / / n —254n+5 |l it dp) 7 1d;f
N R T
? & — 25—1 ’ ’ 2
(P ] e )
! L Jiy=1 =1 I — Ty
g } i 5 — 2s—1 / ’ 2
:/ r’"+k+25*3(/7/ / |72 1|T dir(z)da(y)[h) ir
B L= ¢ =1 |x — Ty s

17 k _ 2
+/£ me,»fs(/l/ / T2 ,1|T,zs 1d7(f)dg(y/>d'r) dr
N 3 =t =1 " — Tyt

v /A k _ 2
: / ‘ rfnmzﬁfs( / / / [t2 — 1|t Ydo(x)do(y') dT) o
1 1 == |/ — Tyt

We will estimate the terms of the last sum in (88), and we begin with the first term. Since
|x —y| > 7, then there exists § > 0 such that [x' — 7y/| > J, and since k < n — 4s, then

k <n—2s+2and k < n+ 2s — 2. When ¢ is small enough, we have

k
b ens( (2 [ [T lde(x)dey) [\
/ ! /1 /r,/r, - /| nts dt ) dr
1 b = = lx" —Ty'|

< C/ —n+k+25 3

fa 1dT> dr

< C/ —n+k+2: ( T2+Zs 1dT> dr
Ui

+C/S r—n+k+2: ( )
1

A 2
_ C/ B r—n+k+25—3 1 (1)%*25 _ r*%*ZS dr
1 (5 +25)2\ "2

+C /11LZ pntk+25-3 1 (i — }’72‘;)20’7 (89)

(25)2 \ 2%

N\»—x *\

Ui Ui
< C/S r—n+k+25—3(1)k+4sdr+c/€ P23 4,
A 2 1

n n
+C/E k253 %errC/E k=253 g,
1 ; 1

Ui A

pontk425-2 € pn—2s-2 €
<cC C
- [—n+k-‘r25—2}1 + [—71—25—2]1

Ui n
pntk+2s—2 € c pontk=2s-2 €

C
+ {—n+k+25—2}1 + [—n-‘rk—Zs—Z]l

<C,
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where C is a positive constant possibly depending on 7, s, k and n.

/
Notice that K(7) := /I | wa’r(yy/ﬁq% is independent of x’ € {|y| = 1} (see [28]),
y|=11x =

and we have K(t) = 727"(12 — 1)"1"2H(7), T > 1, where H(7) is a positive continuous
function on [1, +-co[ such that H(7) ~ 7% as T tends to +oo.
Therefore, for the second term of the sum in (88), performing a change of variables

¢:= %, we have

E ki [ e 1 e (xdo(y) )
A r /1 //,//, ! _ !|n+s dT d?’
P =1 =1 X — Ty
n 1 / 2
= /E r”+k+2§3</ / (/ 7 d(T(y/ )n+25> |T§ - 1|T251d(7(x/)d‘r> dr
1 =1 \Jly =1 ¢ — 1y

: 1 2
— 0_2(57171) / rn+k+253(/1 K(T)|T§ _ 1|T251d’[> dr
1 ES

2

: 2 1 2
— 2(gn—1 —n+k+25—3 -5 —25—1gr¢ =
=5 [Tt ([l e ke ) )
1 2
— 0’2(5”71) /1g rn+k+253dr</12 |€’Tk _ 1|€251§n+25K(§)d§>

n 2 2
— n— € —n+k+25-3 £ qan-1x2-nx2 _ qy-1-s
= (s [Tt ([ e ) o)
2

! 2
= (s ) [T ([ e - omde )

where ¢(S"1) is the Lebesgue measure of the unit sphere in R”. Since k < n — 4s, then
k < n—2s+2,and we have

r—n+k+25—2 :| %

n
€ —n+k+25—3d _
/1 ' g {—n Tki2s 2

where C is a positive constant depending on 7, s and k.
The function |1 — C%k |2En=2sF1H (&) (&% — 1)~172% is continuous on |1,2], and in the

<C, 1)
1

—k k
1-¢2|H(1 2 —1/H(1
neighborhood of 1, this function is equivalent to |(Ej2§21|)1+(5> = - W, which
62 —1]H()

in the neighborhood of ¢ = 1 is equivalent to ,and if wenote ¢’ := & — 1, we

( 62 _ 1)1+s
obtain after performing a limited development on ¢’ = 0

g2-1  _ (@412 -1
@-DTs (@ +12-1)t

=gl <2(1,2(+)S + 0(1)),

which is integrable in the neighborhood of ¢’ = 0, since s < 1.
Therefore, for k < n —4sand s € (0,1), we obtain

(92)

/12 €7 —10e@ - 1) CHEE < C, (93)

where C is a positive constant depending on s, k and .
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Thus, using (91) and (93) together with (90), for 2 < k < n — 4s, we find

251 / / 2
/e ks 3( / / / 1“ do(x')do (y )dT) dr<C,  (93)
ly'|=1J|x'|=1 x — Ty |”+s

where C is a positive constant depending on s, k and .
We treat the third term of the sum in (88) and we proceed as in (90); we write

K o 2
/gfﬁmsfa( /ﬂ / / T2 — 1|7 do(x')do(y') dT) 0
ul ly'|=1 Jjv'|=1 |x" — Ty | s

1 2
:/* k25— 3</ /‘ _ \rz —1\125 1d17( )dr) dr
x'|=1

A l, 2
_ U.Z(sn—l) /f r—n+k+2573dr( /1t _L,Z—n(TZ _ 1)7175H(T)‘T§ _ 1‘1’2571(11’) (95)
J1 .

A A 2
— JZ(Sn—l) / £ r7n+k+2s73dr(/ e 7 nt2s+1 (T2 _ 1)—1—5‘,[% _ 1‘H(T)dT>
1 1

2

y +oo
(72(5;1—1) / 7’7"+k+2573d7’< / .L_fn+25+1 (TZ _ 1)7175 ‘Té _ 1‘H(T)d’[’> .
J1 J1

Let us treat both of the inegrals in the last expression of (95), for k < n — 25 + 2 (which is
satisfied since k < n — 4s) by (91), we have

Il
/S r7n+k+2573dr S C. (96)
1
The second integral of (95), which is the following,
oo 25412 1-s).k
/ T2 (22 )15 |05 1 H (1), 97)
J1

is the integral of a continuous function on |1, +oo[. In the neighborhood of +co, since
1

H(t) ~ 7% as T tends to +oo, the function inside the integral is equivalent to ik
Th—2s+1—5

7

which is integrable at 400, since k < 2n — 4s (in fact, k < n — 4s).
In the neighborhood of 1, after performing the change of variables v/ = v — 1, the
% 1]
(T2 _ 1)1+s’
as in (92), and since s < 1, we find that it is integrable in the neighborhood of T = 1.
Thus, for 2 < k < n — 4s, we obtain

function inside the integral (97) is equivalent to we use the same computations

+o00
/ T2 (g2 1)—1—3|T§ —1]H(7)dt < C, (©8)
1

where C is a positive constant depending on s, k and .
Therefore, using (96) and (98) together with (95), for 2 < k < n — 4s, we obtain

. Pl 1214 (o / 2
/s o nk+25—3 /g / / A )dT dr<C, (99)
1 1 Jy=1/x]=1 ! — Ty

where C is a positive constant depending on s, k and n.
Thereby, using (89), (94) and (99) together with (88), for 2 < k < n — 4s, we obtain

lylE = 1x15] Taome(x =), )
/ 1 / ! n— Zs B0 n+sy dy dx S C/ (100)
1<lxl<? \ J1slyl<? (14 |yP)"2"  [x—yl

where C is a positive constant depending on s, k, 7 and n.
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Then, by (87) and (100) together with (81), we obtain

K k 2

5 _ ~ 1 c —
/ / ly1? ~Ixl?] Ts0) <xn+sy)dy dx < C, (101)
1<iel<? \ i<t (14 [y2)2= 1x— Yl

where C is a positive constant depending on s, k, #7 and n.
Thereby, thanks to (80) and (101) together with (77), we obtain

2
- (] [ A N VA W
© < i<yl (14 y)2) i [ -yt (102)

<C

where C is a positive constant depending on s, k, ## and n. Then, (76) yields.
Consequently, by (74), (75) and (76), for 2 < k < n — 4s, we have

k k 2
lyl2 —Ix|2|  dy
] ) n—2s n+s dx
<t \ i<t (14 |y2) 2" 1x— vl

k k 2
2 —|x|2 d
g/ / |ly] ‘szs U [P
Jer \ Jx=yl<r (14 |y)"2" [x =l

(103)
vl el a4y Y
+ 25 S d
/|x\<% </y<z,xy>w 1+ |y[2)" 2= Ix —yl"“) *
< C+ Che*+2,
where C is a positive constant possibly depending on s, k, 77 and #n. Thus, (56) yields.
Now, since (55) and (56) both hold true, in (54), for 2 < k < n — 4s, we obtain
2
Ape = [ o] [ Ml Tty
B(07) BOy) Xyl
(104)

< 2¢K(C + C + Cle*12)
= Ce?,

where C is a positive constant depending on s, k and the dimension n. Thus, we finish the
proof of Proposition 3. [

Now, we estimate the last term on the right-hand side of (50). Using (48), we have

/. o P P)

2
dx

/ Ue,s (X) — Ues(y)
B(0)¢

=y

dy

. 2
< CenE /B (Omc(p(x) = po) /B o) Wtjy‘ dx
—co[ [ -p)| [ Wdy i
+./|x‘>”(p(x) o) -/\y\>v %d}/ dx} 2
= Cen [/‘;M(P(x) ~po) /‘;HM Eﬂﬂ(j) dz’ dx (105)
13(0,1)6(2) 2
+~/|x\>v(p(x) TP sy 1l dz' dx}

13(0,1)(Z)d 2
R |z|rs 1 z

13(0,1)6(2) 2
./R” |z[nFs dzH,

< con [ [, pt) — pojax

+ (p(x) — po)dx

Jlx|>n
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. Lp(o,1)(2) 1p(0,1)¢(2)
Since s € (0,1), /R” Wdz < 40 and/ ?dz < +o0. Furthermore, by (2),
p—po € LL(R"), then/| ‘ (p(x) — po)dx < oo.
x|>y

Thus,
2

dx = O(e"™%), (106)

Ugs(X) — Ugs
[ e,
B(07)

‘x_y‘nJrs

Sy P = p)

as ¢ tends to zero.
We move now to estimate the second term of the sum in (50). Using the assertion (47)
and the fact that s < 1, we have

/ eI x|k
B(0,17)

< Cel—2s / 17k
x| <n

< Csn—Zs,,lk /

Jlx|<y |-

2
dx

o Ues(x) —es(y) _
/B(O yoo Jx—ylrts 13(0,%)(’“ y)dy

2

dx

[ oyt -y
y

yl=y [x—y[rs=t

/ 1p0,4)(2) ol g (107)
|z

+x[>q |Z|n+s—l

13(0,%)(2)(1 2
Rn |Z|n+571 z

< Ceh~ ZSWk/
[x|<n

— 0( eh—2s ),
as ¢ tends to zero.
We treat now the third term of the sum (50), and we will prove the following estimation

2

Ues (%) = Ues(y) | dx = O(e" %) + O(:4%), (108)

By |x—y|"ts

/B(O,ﬂ)

B(0,4)¢ (x —y)dy

as ¢ tends to zero.
Let us recall that us(x) = Ugs(x) for all x € B(0,7). We use (46) for # = p, and since
s > 0, we have

2
/B(O,v) aa /B(O,ﬂ)c lus/s\gcxz;liiz(y)‘1B<°f%>5(x_y | &
<2 e B es) g e )iy e (109)
B(0) By |x —y|rts B0
+2/ eI x|t / MesW) e (x —y)dy 2dx
By [x — y|rts "B
We treat the second term of the sum in (109)
2
/B(Om o3P K /BMC %18(0/%)5(35 —y)dy| dx
—|x2 Ues(y) B g
</011 e ||k /0” -y ‘;14-513(0”)( y)dy| dx

/ L0, 4)e (x—y) i
(0n)°

|x _y|n+s

< Ce' % / e x|k dy
B(0,7)

/ 1B(o,%)c(x*y) 2 (110)

x—yp

< CSn—ZS/ E*\x|2‘x‘k
B(0,)
:Ce”‘zs/ e~ P x[Fdx ‘/
.B(O, ‘ ‘ |Z|n+s

2
i i 1
<C ke”’zs/ dx’/ ——dz
=1 B(01) >} |zt

— O(Sn—Zs ),
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as ¢ tends to zero.
Now, we move to the first term of the right-hand side of (109), and we will prove that

/ ef‘x‘zlxlk
B(0,17)

as ¢ tends to zero.

U s(x 2 .
/B(O 0)e pc'y(wlslB(o,Z)c(x —y)dy| dx = O(%),  (111)

2
Let &1 k. and 1 be two functions such that for all x € R”, §; 4. := e 5 |x| : U,s(x) and
L0, (%)
h(x) := VFT Since s > 0, h € L'(R"). We have
|2
Igukel Bagny = [, € P el U ()P
2
e M
R (82 + ‘x‘Z)n 2s
g*\x|2|x|k (112)
—enn
n X n—2as
B+ )
k
— k2 ||
=¢ s(l/n T |22)n_25dz+0(1)>.
Since 2 < k < n —4s (for n and s as in (45)), the integral / Ldz is finite
= ’ 8 R (1+ |z[2)"—2 :

Therefore, ||g7 .| |%2(]R”) = O("%) as ¢ tends to zero. Then, we have

2

‘ Ues(x)
k £,8
s g e (x —y)dy| d
/B(O,;y) 1+ /B(O';I)c |x —y|nts B(0,%) (x —y)dy| dx
Pk Lpope(x=y) 2
< /n /”E 2 |X‘ZUS,S(X)Wdy dx

(113)

= Hgl,k,e * h| ‘iZ(R”)

< Hgl,k,SHiZ(Rn) ‘ |h||%1 (R")

— O(est),
as ¢ tends to zero. Thus, (111) yields.
Using (110) and (111) together with (109), we deduce that for n and s as described
in (45) and for 2 < k < n — 4s, (108) holds true.
Now, let us move to treat the fourth term of the sum (50). Thanks to (2) and (47) and
since s < 1, we have

Ly P = P0)

2
dx

Ues (X) — Ues(y)
%1 7 —
/B(O,»]) |x,y‘rl+s B(O,%)(x y)dy

‘ : s Lpo(x—y) 2
n—2s B([),Z)
= - Ce? — 2 ——dy| d
< /B(O,q)f(p(x) po) /3(0,17) € x =y y| dx
ooy (*=¥) 7 (114)
<ce® [ )| [ ] 4
< Ce B(O,V)C(P(x) Po) o T g1 Y]

2

1p0.1y(2)
[ mop,,
R

n ‘Z‘rﬂrs—l

=C n—2s / _ d
€ 'B(O,”)f(P(x) po)dx

— O(snfls)/
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where C and C’ are positive constants possibly depending on 77, s and .
Now, we move to the fifth term of the sum (50), and we will prove the following

/‘ ““x>"“>t/ Ues(x) — tes(y) 4 ”c<x—4ndy2dx
B(0,7)° Boy) |x—y[rts  TBO2)
< 2/ (p(x) = po) / Mes(0) e (x — y)dy zdx (115)
>~ B(O,T])C B(O,?]) |x _ y‘TH*S B(O,f)
+2/ (p(x) — po) / L(y)—i-lg(o E)C(x iy de

B(0)° B(oy) |x —y[rrs F02

We start by the estimation of the first term of the previous sum; we use (46) for 7 = p

2
Ugs(X)
- — 1 1\e — d d
/B(O,q)f(p(x) Po) /B(O,,?) |x — y[n+s B(0,4) (x —y)dy| dx
Uy,s(x) 2
= - sl c —y)d d
o /B(O,U)C(p(x> PO) /B(O,)y) |x7y|?l+s B(O,%) (x y) Y X
(116)
Ipoc(x—y) 2
< Csnizs/ X)— / Ld dx
B(M)C(P( ) = po) bon x— g
1 n C(Z) 2
<ce> | ~ po)d /“%>dW
= B(O,W)C(p(X) pO) X n |Z|Tl+s z
1p(,1)(2)
i 1 i B(sz) .
Since we have p — pg € L*(R") (by (2)) and since s > 0, /B(O 22 " 7 4y s bounded.
Ui

) | z | n-+s
Therefore,

Sy P2 = P0)

as ¢ tends to zero.

2

Uegs(X -
/B esl) (0,4 (x —y)dy| dx = O(e"™),  (117)

(o) [x —y|rTs B

For the the second term of the sum in (115), using (2) and (14), we have

/. e P = P0)
<C [ o (P —r

2
dx

Ue,s(y) _
i it e

u. dy| d
/B«w) es(y)dy ‘ *

< ( u
N ‘ / /77) E,S (y)dy’
(118)

n—2s
2

0 (1+72)

1 n—1
. e T idr .. .
since e / (W tends to a positive constant independent of ¢ as ¢ tends to zero.
0 (14+r 2
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Thus, using (117), (118) together with (115), we obtain

Sy P2 = P0)

Therefore, by using Proposition 3, (107), (108), (114), (119), and (106), together with (50), for
2 < k < n—4s, we obtain

2

Ue,s () — tes(Y) _ n—2s
/B(M) WlB(o,g)c (x —y)dy| dx=0(""=)  (119)

2
u X)—Uu —_
[, ety < e+ 0 2) + 0@, a2

[ () = po)

Then, by this and (49), for n and s as in (45) (here we have already taken into account the
conditions in (73)) and for 2 < k < n — 4s, we write

[, PEOI(=2) btsa(x) P < poKs +xCe2+ O %)+ O(H),  (121)
which completes the proof of Theorem 3.

Remark 3. Theorem 3 remains valid under the weaker assumption that the weight function p
satisfies p(x) = po + «|x|* in a neighborhood B(0,7) with p — po € L'(R"). As shown in the
proof above, the term €2 appearing in inequality (121) does not arise from the exponential weight
eI and hence has no impact on the argument (see [8]). Nevertheless, this term will play a
significant role in the next sections, where it will be essential in deriving nonexistence results.

Remark 4. Note that if we take ves, := Uesa , inequality (44) becomes
||tes,allLas (R™)
[ PON(=2)Foca(x) P < poSs + xCe + O %) + O(H3).  (122)

Let us conclude the proof of Theorem 1. Thanks to Theorem 3, (18) and (17), we write
the inequality satisfied by the energy

IN

Ss,/\(p) E)\ (ve,s,a)

_ EA Ue,s,a
|[tte,s,al| Las (R")

< pOSs + KC£2 _ A%SZS + O<£n72s> 4 O(€k+25) (123)

qs
Kys

= poSs + € ( — )\% + kCe272 4 O(e" %) + O(ek)>.
K

We deduce thatif n = 3 and s €]0,1] orn = 4and s €]0,1] or n = 5and s €]0, 3]
orifn > 6ands € (0,1), for k € [2,n — 4s[, and when ¢ is small enough, we have
Ssa(p) < Ex(vesa) < poSs. In all the cases above, S 5 (p) is achieved for 0 < A < Ay,
and for every x > 0; thus, the Theorem 1 follows at once. [

Remark 5. In this Theorem 1, we proved the result for a weight p(x) = po + ]x\ke""'Z, x € R”
since in the neighborhood of zero, py + \x\ke"ﬂz is equivalent to po + |x|¥. Then, we obtain
the same result if we take p(x) = po + |x|* in a neighborhood of zero, and we suppose that
p — po € L1(R™) as we supposed in [8].
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[, @9u) [ (p-apiu) ax = [ (E7p0) - e Pap ) |-a)fuo| ax

IRESZENIEN

Remark 6. For p = 1, Theorem 1 coincides with Theorem 1.2 of [8], since we have S, 5 (1) =
gs,A(l)'

In the following section, we prove Pohozaev’s identity in the case of the fractional
Laplacian with weight, which plays a role in proving the nonexistence of minimizers.

3. Pohozaev’s Identity with Weight

The classical Pohozaev identity was introduced by Pohozaev [29] in 1965 for local
operators as a fundamental tool to establish nonexistence results for elliptic equations
in star-shaped domains. In [26], Ros-Oton and Serra established a generalization of the
Pohozaev identity to the nonlocal setting, namely for the fractional Laplacian (—A)*, and
used it to derive analogous nonexistence results in the fractional case. In this paper,
we follow the method of [26] to establish a weighted Pohozaev identity adapted to our
operator (—A)*/?(p (—A)*/? ), which is the key tool in the proof of the nonexistence results
of Theorem 2.

Our aim is to prove the Pohozaev identity for the semilinear Dirichlet problem

{ (-85 (p(-8)5u) = () im0 -
U=0 inR"\ Q,

with weight

with u € H§(Q)). Here, s € (0,1), Q) is a bounded C"! and star-shaped domain and p is as
defined in (2)
The weak formulation of this problem is given by, for all v € H (Q2),

NI®

/np(x)(—A) u(x)(—A)%v(x)dx:/Qf(x,u)v(x)dx. (125)

In the sequel and without any loss of generality, we assume that a = 0.

Theorem 4. Let u € H(QY), where Q) a star-shaped domain, s € (0,1) and a weight p is defined
as in (2); then, we have

Joo \ ) , (126)
S [ () () (5 () dox).

where ¢ is a constant called the mean constant, v is the unit outward normal to 0Q at x, and T is
the Gamma function.

Proof. Let u € Hj(Q)) and s € (0,1). We write the left-hand side of the identity (126) as

| (x9u(x) [(—A)i (p(—0)2u) <x>}dx = jM“ | i@ (=2)7 (p(=8) 1) (x)dx,

where 1) (x) = u(Ax). Note that uy = 0in R" \ (), since () is star-shaped, and we take
A > 11in the above derivative. By replacing p by its expression, we obtain

Nlw

(pms) @] dx = oy [ i (0(-8)u(d

+%\/\=1 /Q uy (x)(—A)2 (Ke—\x|2|x|k(_A)%u) (x) dx.
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Using the classical Pohozaev formula (see [26]), we obtain
S Tu@) [(-8)2 (p(-8)Fu) (1))
5)? u
_ p0<252_”/0u(x)(—A)Su(x)dx— ¥/¢m ((Ss(x))z(x.v)d(7>
e [, ((-8) 3 () e F [ (—8) Bu(x)ax (12)

= Po(zs % /Qu(x)(—A)su(x)dx— F(12+5)2/BQ (;(x))z(x.v)da>
+ 8= ()‘S_%K/Rn w2 (x)w (x)dX),

XZ S
where wy (x) = e | x| : (—=A)2u(x) and wy 5 (x) = w1 (Ax), see [30] for the function T'. We
recall that if u and v are Hj(()), then

/Qv(—A)sudx:/n(—A)iu(—A)ivdx. (129)

As a consequence, we may use the previous identity (129) with v = u,, and we make the
change of variables y = v/Ax to obtain

[ U@ [(-8)% (p(-8)5u) (1)) ax
= Po (25 ”/Qu(x)(—A)su(x)dx—r(lers)z/aQ (;(x))z(x.v)da>

+ (Ab‘é‘”n /R v, ﬁ(x)wll\lﬁ(x)dx> (130)
= po (25 ¢ [ u(x)(-a)utx) dx—mz“)Z/ (;(x)>2(x.v)da>

2s—k—n —|xP k] AN kd /
+5 K/Rne |x| ‘( A)2u(x )‘ dx+2d)\m 1 Jen 1,)\(x)wl,%(x)dx_

Using again [26], we have

d d 2 o0 tx
_ —|x| k n—1
dA |a=1 / w1 (X)y 1 (x)dx = dA |a=1 ./aoe [x (x.v) (/0 ! w(’\t")w( A )dt> do(x), (131)

where w(x) = (—A)Zu(x).

We write o b o ;
/O Lw(Atx)w <A)dt:/o cp(t/\)(p(X>dt,

o(t) = t"Tw(tx) = t'T (—A)3u(tx).

From the Pohozaev identity for the classical fractional laplacian (see [26]), we have

ddm-l /Ooot”’lw(/\tx) <A>dt T(145)2 (:(x))z.

with

Therefore,

ddMl /R w1 (X)wy 1 (x)dx = —T(1+5)? /me <P || (xu)((ss( )) do(x).  (132)

Finally, we obtain
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[ Gevu) [(=8)3 (p(-2)2 ) |
2
- <2s ”/Qu(x)(—A)su(x)dx—mTJrS)/aQ (;(x)>2(x.v)d¢7> (133)
+W /Rn Ke_"('z|x|k|(—A)%u(x)\2dx— W/aQKe_x|2|x|k(x.1/)(5us(x))zda(x).
Then, we write
(re)Jax = [ (25200 = e Palt )| (-) bt
IR [ () ) () o)

Nl

/Q (xVu(x)[(-) 1

O

We find a similar formula if we gain a weight of the type p(x) = po + p, || + px, |x|*2.
We define it in the following proposition.

Proposition 4. Let u € H(Q) and suppose that p(x) = po + pi, |x|1 + p,|x|*2; then, we have
the following similar formula of Pohozaev’s identity

[ evue) [(=)3 (p(=)tu) |ax = [ n(zs;”mx)_ipgkf x|k,—>]<_A)su<x>fdx

i=1

SLOR [ ) () (1 X)) do(x).

(135)

Now, we collected all the tools to prove Theorem 2.

Proof of Theorem 2

Proof. We start by proving assertion (1). Let (3 be a smooth bounded domain of R”,n > 3.
(To prove this assertion we don’t need to suppose (2 to be starshaped domain.) Let u be a
function which achieves the infimum S; , (p). The minimizer u satisfies Euler’s equation
given by

for(f, Tgmetan) ([, Gpetae)an=a fLute

= Asp [ ()P (g ()

(136)

for all ¢ € Hj(Q2) where A; )y is a Lagrange multiplier.
Let @1, s be an eigenvector associated to ;\14,,5. We take ¢ = ¢1,,5, and we obtain

/n p(x)</Rn Mdy) ( - ¢1,p,s|i)_z|<fi§s >dx_)‘/ X)P1ps(x

(137)
= Asp [ () #2u(x)gr s (x)dx
and
(s =) [ 1@®1p)dx = Asy [ n(x)IP 2ux)grps(x)dx. (139
Identically as in ([1], Chapter 3), we can prove that ¢y , s > 0. Therefore, we deduce
/Q u[#2py o dx > 0. (139)
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Then, we obtain (Ay,s — A) /R" u(x)P1,ps(x)dx > 0and so Ay 6 > A.

Finally, if A > 7&14,,5, there exists no solution achieving the infimum (4).

We move to detail the proof of assertion (2). Let () be a star-shaped domain and let
n,ssuch thatn = 3and s €]0, ;[ orn =4ands €]0, [orn = 5and s €]0,3[orn > 6
and s € (0,1). We will establish that a(k,s) = 0 and then for every A < 0, there exists no
solution to (4).

By the Pohozaev identity in the fractional Laplacian with weight, we have

[T [0 (peaytu)]ax = [ (Z5 000 = e b (-
2 [ 2
7w/an p(x)(x.v)(%) do(x).

(140)

The left-hand side is

dx

go—1 _ x.Vuls  Ax.Vu?
/Q(x.Vu)(u + Au) /Q( Lt )

2
_—”/ ulsdx — @/ u?dx (141)
qs Q 2 fo)
n—2s nA 2
=-5= -5 | udx
2 2 /Q

We study the right-hand side by taking

mT“V /a . p(x)(x.l/)(%)zda(x)r

using the fact that (—A)2 (p(—A)2u) = u%~1 4+ Au, we have

[ (25 ) et

25 —n s 2 k xl2 s 2
= Je 2 p(x)|(=A)2ul dx—E/Rne 2 K| (—A) 2u| dx — A (142)

A=

. k 2 s 2
__ 25— s 2 k
—szn('/"uquvL/\./nu dx)z/ne ] |x| ’(*A)Zu(x)‘ dx — A.

Therefore, by combining (141) and (142) and taking into account ||u||;, = 1, we obtain

_ nA 2s

> Quzdx =

—n z_k/fIXIzk_i 24x —
. )\/Qudx 2 Lo PP (o) pu) fax -4, (43)

s0
k a2 s 2

s [wdx = = [ e WPt (<) bux) fdx - 4. 144

s | whdx 3 Jeon® IxX|*|(=A)2u(x)| dx (144)

Therefore, we obtain
/e*|x‘2]x\k|(—A)%u(x)|2dx
RH
2
u(x)|~dx
[ lut)

An immediate result that we can announce here is that if A = 0, the infimum (4) cannot

A> ?kS > 0. (145)

be achieved.
For n,s such that n =3 and s €]0, {[orn = 4and s €]0, }[orn = 5and s €]0, 3[ or
n>6ands € (0,1), by Theorem 3, for every 2 < k < n — 4s, we have
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r e_‘x|2|x|k](—A)%u]2dx
0 <ua(k,s) = inf % R 5
B (0) ) lutx) Pax
—|x|2 s 2
P /ne | <] (=) 2 “dx
< 5ot (146)
2s Jtte5(x) [2dx

o)
k (Ce+O(e"))
— g Kl,sszs + O(£n72s)
<e7B(C+0(e"2)),

where C is a positive constant.

Sincen > 2,5 € (0,1), a(k,s) = 0, then we obtain A > «a(k,s) = 0. Therefore, if A < 0,
the infimum (4) is not achieved, which finishes the proof of assertion (2).

We end the proof of Theorem 2 by proving the assertion (3). For the convenience of
the reader, we recall Hardy’s formula, and for further details, please see [10,31].

Proposition 5. Let k € R such that k < 2s, then we have Yu € H{(Q)

s C? C Is(u,u
/Rne—\XI2|x|k|(—A)7u(x)\2dxZ"T’S’k/ﬂ|x|k_2s|u(x)|2dx+ "2'5"‘ . |2x(|sk)dx, (147)
where | )|2
S ulx)—u
I () = c(n, ) / Mdy, (148)

and Cy, s i is a positive constant depending on s, k and the dimension n.
Proof. Vt € R we have

where diam(Q)) is the diameter of Q). We apply the product formula of the fractional
Laplcian u(—A)u = 1((—=A)3 |ul? + Is (u,u)), and we obtain

_x?

e T |xP (=) Ru(x)| e T

u(x)| dx >0, (149)

|x|*~2

el (=) ) P ax
(diam(Q))2 [ _ s
2 [ ()R + I () (150)

2 2
+ f2¢~ (diam(02))® / PR > 0.
Q |x|257k

+te”

with I;(u, u) defined in (148). Since k < 2s, we have

400 T’k_s ne1
/0 Wr dr < +oo, (151)

Then, we apply the result shown in [28], Theorem 1.1, and with r = |x|, for every x €

R"™\ {0}, we obtain
1

ES _
(=) z|x[f = Cons T pr”

(152)

where C,, s is a positive constant depending on n, s. After application of the Green formula,
there exists a positive constant C,, ; x such that
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i . ~(diam(0))? u(x)|?
/ne | k| (—A) 2u(x)Pdx +te™ 2 Cpgx /]R” ||x|(zjk
(153)
—(diam(Q))? Is (u,u) > i 2 'elx‘2|”(x)|2
te— 2z zidx t g_(dmm(ﬂ)) / 7&1.}( > 0.
+ ./R" |x|sfk + a ’x‘Zsfk =
—(diam 2 1
sincee "2 < Tand for x € Q, e < o@(0); then, we obtain
]2 k s |M( )| IS wu |1/l
L ettt i€y [ W [ B [ MO0 s
Cnsk
For t = — =%, we obtain

- . - Is(u,u C? 2
[ PRl =) fuopas — St [ B0 g St [ MR, )

2 Jre xR T T4 Jo x|k

then, we obtain the desired result.
O

Now, we can easily prove (3) of Theorem 2.
Let Q) be a star-shaped domain and let u be a solution of (4), so we have u = 0 in
R™ \ Q. By (145) and using Proposition 5, for () star-shaped domain and k < 2s, we have

T (o) pulx)
e X X
d
| ln(o)Px
> wa(k,s)
/ |x|k72s‘u x)|2dx (156)

> C(n,s,k) f |u |2dx
2 C(n,s,k) (dmm(Q))k 2

=g > 0.

Then, we conclude that for A < a(k, s) the infimum (4) is not achieved.

We conclude that for k < 2s, we have A > a(k,s) > ay > 0, so thatif A < a(k,s),
S~S, A(p) is not achieved. In other words, when A is small, there is no solution, and to have a
solution A must be greater than a value ap > 0. [

We can, finally, end this section by the following remark where we give a short
comparision between the local and fractional cases.

Remark 7. In the local case, everything happens in the neighborhood of the minimum, which is 0,
and when x is close to 0, |x| is very small. In contrast to what happens in the nonlocal case, the
vectors x which are far from 0 intervene, which means that |x|* will be large. Therefore, we can

exceed S, and consequently this is not reached.

4. Conclusions

In this paper, we have studied the fractional minimization problem

Soalp)i= imf [ pIAy P dx = A [ fufdx,

H”Hms =1

https://doi.org/10.3390 /math14081288


https://doi.org/10.3390/math14081288

Mathematics 2026, 14, 1288 32 of 33

where p is a positive weight admitting a global minimum py > 0, and s € (0,1),n > 3. Our
main contributions are the following.

Existence. We proved in Theorem 1 that for k € [2,n — 4s[, A €]0, 7\14,,5[ and under the
dimensional conditions of Theorem 1, the infimum S; 5 (p) is achieved for every « > 0. The
key step is the a priori estimate S; ; (p) < poSs, established in Theorem 3, which allows us
to recover compactness despite the critical Sobolev exponent. Compared to [8], where a
restriction on x was imposed, our result holds for all ¥ > 0 thanks to the specific structure
of the weight p defined in (2).

Nonexistence. We proved in Theorem 2 three nonexistence results. First, if A > /N\Lprs,
no minimizer exists. Second, for k € [2,n — 4s], there is no minimizer when A < 0. Third,
for k < 2s, there exists oy > 0 such that no minimizer exists when A < a(k,s). The
proofs rely on two key tools that we developed: a fractional weighted Pohozaev identity
(Theorem 4), adapted to the operator (—A)*/?(p (—A)*/2 ), and a fractional Hardy-type
inequality with weight (Proposition 5).

Comparison with related results. Our results extend those of [7] (local case s = 1)
and [26] (unweighted fractional case p = 1) to the weighted fractional setting. The condition
k € [2,n — 4s[ for existence is a natural fractional analogue of the condition k > 2 of [7],
recovering the latter as s — 1. The nonlocal character of the operator introduces new
difficulties that are not present in the local case, in particular the contribution of the weight
at infinity, which is responsible for the additional condition on k discussed in Remark 7.

Perspectives. Several natural extensions of this paper remain open. First, it would be
interesting to consider more general weights p, for instance weights with multiple local
minima or with a different behavior at infinity. Second, the case of systems of equations
involving the fractional Laplacian with weight deserves investigation. It is also interesting
to consider a system with n components in the case of a local operator; see, for instance [32].
Finally, it is important to extend these results to the polyharmonic operator case, (—A)*™"
with s € (0,1) and n € N; see [15,22].
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