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Abstract

Recently, a great amount of attention has been focused on the study of fractional and nonlo-
cal operators of the elliptic type both for pure mathematical research and in view of concrete
real-world applications. We are interested in proving the existence and nonexistence of so-
lutions of a minimizing problem involving a fractional Laplacian with weight. We consider
the nonlocal minimizing problem on Hs

0(Ω) ⊂ Lqs(Ω), with qs := 2n
n−2s , s ∈ (0, 1), and

n ≥ 3 inf
u ∈ Hs

0(Ω)

||u||Lqs (Ω) = 1

∫
Rn

p(x)|(−∆)
s
2 u(x)|2dx − λ

∫
Ω
|u(x)|2dx, where Ω is a bounded

domain in Rn, p : Rn → R is a given positive weight presenting a global positive minimum
p0 > 0 at a ∈ Ω, and λ is a real constant. The objective of this paper is to show that
minimizers do not exist for some k, s, λ, and n. After that, we show some nonexistence
results thanks to a fractional Pohozaev identity and fractional Hardy inequality.

Keywords: critical Sobolev exponent; nonlocal operator; fractional Laplacian; minimizing
problem

MSC: 35J20; 35J25; 35H30; 35J60

1. Introduction, Notation, and Statement of the Result
1.1. The Fractional Nonlinear Problem with Weight and Its Relation to the Ordinary
Nonlinear Problem

Let Ω be a smooth bounded domain of Rn, n ≥ 3. Define the space Hs
0(Ω) by

Hs
0(Ω) :=

{
u ∈ L2(Ω),

|u(x)− u(y)|
|x − y| n

2 +s ∈ L2(Rn ×Rn \ Ωc × Ωc), u(x) = 0, ∀x ∈ Rn \ Ω
}

. (1)

Note that it is well known that Hs
0(Ω) ↪→ Lr(Ω) is continuous for any 1 ≤ r ≤ 2n

n−2s .
Moreover, this embedding is compact for 1 ≤ q < 2n

n−2s (see ([1], Theorem 1.4). We assume
that p : Rn → R is a positive weight in C(Rn) and for every x ∈ Rn

p(x) = p0 + κe−|x−a|2 |x − a|k, (2)

where κ > 0, a ∈ Ω. It is obvious that p represents a global minimum p0. We are interested
in studying the following problem:
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 (−∆)
s
2

(
p(−∆)

s
2 u
)
= uqs−1 + λu in Ω

u = 0 in Rn \ Ω,
(3)

with u ∈ Hs
0(Ω). Here, s ∈ (0, 1), Ω is a bounded C1,1 and star-shaped domain, and p is as

defined in (2).
In this paper, we extend the result which has been already presented for the ordinary

Laplacian in [2] to the case of the fractional Laplacian.
Let p be defined as previously in (2), s ∈ (0, 1), and n ≥ 3; we define the infimum

S̃s,λ(p) by

S̃s,λ(p) := inf
u∈Hs

0(Ω)
||u||Lqs (Rn)=1

{∫
Rn

p(x)|(−∆)
s
2 u(x)|2dx − λ

∫
Ω
|u(x)|2dx

}
. (4)

The study of the infimum (4) shows that the existence of minimizers depends not only on
the behavior of p near its global minimum but also on its behavior at +∞.

The well-known fractional Sobolev inequalities were first considered in a remarkable
paper by Lieb; see [3–6].

Let us compare this work to what is proved in the traditional minimization problem
of [2]:

Sλ(p) = inf
u∈H1

0 (Ω)
||u||Lq(Ω)=1

∫
Ω

p(x)|∇u(x)|2dx − λ
∫

Ω
|u(x)|2dx, (5)

where q = 2n
n−2 is the critical exponent for the Sobolev embedding H1

0(Ω) ⊂ Lq(Ω). In [7],
the authors treated the case where the problem is related to the ordinary Laplacian (s = 1).
They proved, in particular, the existence of minimizers of Sλ(p) for 0 < λ < λdiv

1 if n ≥ 4
and k > 2, and for λ∗ < λ < λdiv

1 if n ≥ 3 and 0 < k < 2, and in other cases that
are well detailed in Theorem 1.1 of [2] with k being a positive constant that appears in
the expression of the weight p, λdiv

1 the first eigenvalue of −div(p(x)∇.) on Ω with zero
Dirichlet boundary condition, and λ∗ a positive constant. The method used for the proof
of this result is first to show that Sλ(p) < p0S with S being the best Sobolev constant
defined by

S := inf
u∈H1(Rn)

||u||Lq(Rn)=1

∫
Ω
|∇u(x)|2dx, (6)

then, they prove that the infimum Sλ(p) is achieved.
Another similar result in the fractional case is given in [1,5], but where the weight p is

a constant, they proved that

S̃s,λ := inf
u∈Hs

0(Ω)
||u||Lqs (Ω)=1

∫
Rn

|(−∆)
s
2 u(x)|2dx − λ

∫
Ω
|u(x)|2dx (7)

is achieved for s ∈ (0, 1), n ≥ 4s, and λ ∈]0, λ1,s[, where λ1,s denotes the first eigenvalue of
the nonlocal operator (−∆)s with a homogeneous Dirichlet boundary datum.
In [8], we dealt with the minimization problem

Ss,λ(p) := inf
u∈Hs

0(Ω)
||u||Lqs (Rn)=1

{∫
Rn

p(x)
( ∫

Rn

|u(x)− u(y)|2
|x − y|n+2s dy

)
dx − λ

∫
Ω
|u(x)|2dx

}
, (8)

https://doi.org/10.3390/math14081288

https://doi.org/10.3390/math14081288


Mathematics 2026, 14, 1288 3 of 33

and we proved that the infimum Ss,λ(p) is achieved for some suitable values of n, s, k, and
λ. Thanks to the identity

∫
Rn×Rn

|u(x)− u(y)|2
|x − y|n+2s dxdy = 2c(n, s)−1||(−∆)

s
2 u||2L2(Rn) (9)

(see [1], (1.50)), we deduce that if the weight p is constant, Ss,λ(p) and S̃s,λ(p) are equivalent.
However, it remains unclear whether this equivalence persists when p is not constant. In
this paper, we consider a significant example of a weight function p, defined in (2), which
satisfies properties (3) and (4) as stated in [8]. This choice allows us to avoid the constraints
on κ imposed in Theorem 1.2 of [8] and to obtain the result for all κ > 0.

There are extensive works that study properties of fractional Laplacian operators
as nonlocal operators together with applications to free-boundary value problems and
nonlocal minimal surfaces by Caffarelli and Silvestre in [9] and many others (see for
example [10]).

Frank, Lieb and Seiringer treated in [4] weighted cases, namely dxdy
|x|α |y|β , in order to

prove Hardy–Lieb–Thirring inequalities.
Chang and González [11], as well as González Nogueras and Qing [12], formulated

a fractional s-Yamabe problem that includes the boundary Yamabe problem studied by
Escobar [13]; see also [14]. They highlight a Hopf-type maximum principle together with
interplay between the analysis of weighted trace Sobolev inequalities and the conformal
structure of the underlying manifolds, and they obtained some properties for the fractional
case that are analogous to the original Yamabe problem.

In [15], we studied the polyharmonic operator, namely (−∆)r where r ∈ N, r ≥ 2 with
a critical Sobolev exponent.

Servadei and Valdinoci dealt in [16] with non-ground state solutions in the fractional
Laplacian case without weight. The solutions are constructed with a variational method by
a min–max procedure on the associated energy functional.

The problem involving the ordinary Laplacian in the case where p is a constant was
originally studied by Aubin, Brezis-Nirenberg in [17–19].

We refer to [7,20] for the study of the existence and multiplicity of solutions of the
above problem in the case where s = 1 with the presence of a smooth and positive weight
and with homogeneous Dirichlet boundary conditions. Nevertheless, in [7], it is shown
that if p has discontinuities, then a solution of S0(p, 0) still exists.

For more general weights, depending on x and on u, in [2], Hadiji and Vigneron
showed that in in the case of homogeneous Dirichlet boundary condition and in the
presence of a linear perturbation, the corresponding minimizing problem possesses a
solution. The model of the weight is p(x, u) = α + |x|β|u|k with positive parameters α, β

and k. Note that in this case, natural scalings appear, and the answer depends on the ratio
β
k . We refer to problems that resemble (3), (4), as well as have an extensive literature, and
we refer to papers [17,18,21–23] and references therein and [24] for a complete history of
the problem and geometrical motivations.

1.2. Some Definitions

One of the aims of this paper is to study nonlocal problems driven by (−∆)s (or its
generalization) and with Dirichlet boundary data via variational methods. For this purpose,
we need to work in a suitable fractional Sobolev space: for this, we consider a functional
analytical setting that is inspired by (but not equivalent to) the fractional Sobolev spaces in
order to correctly encode the Dirichlet boundary datum in the variational formulation. This
section is devoted to the definition of this space as well as to its properties. Therefore, before
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setting the main result, we start by defining the fractional Laplacian and the fractional
Sobolev spaces.

Let s ∈ (0, 1) and let S(Rn) be the Schwartz space of rapidly decaying C∞ functions in
Rn. We define the nonlocal operator (−∆)s : S(Rn) −→ L2(Rn) by

(−∆)su(x) := c(n, s)P.V.
∫
Rn

u(x)− u(y)
|x − y|n+2s dy

= c(n, s) lim
ε→0+

∫
Rn\B(x,ε)

u(x)− u(y)
|x − y|n+2s dy,

(10)

Here, P.V. is a commonly used abbreviation for “in the principal value sense” (as
defined by the latter equation), x ∈ Rn, B(x, ε) is the ball centered in x ∈ Rn of radius ε and
c(n, s) is the positive normalization constant, which is defined by

c(n, s) :=
( ∫

Rn

1 − cos(ζ1)

|ζ|n+2s dζ

)−1

, (11)

with ζ := (ζ1, ζ ′), ζ1 ∈ R and ζ ′ ∈ Rn−1. In the sequel, we omit to write “P.V.” in the

integral P.V.
∫
Rn

u(x)− u(y)
|x − y|n+2s dy.

We recall that this operator is nonlocal since, for example, if we take u ∈ S(Rn), such
that u > 0 in Rn \ B(0, 2) and u(x) = 0 in B(0, 1), then (−∆)su(0) > 0, which depends on
the value of u in the hole Rn.

We define the Sobolev space Hs(Rn) as the set of functions u such that they are square
integrable and their fractional Laplacian (−∆)

s
2 u is also square integrable

Hs(Rn) :=
{

u : Rn → R, u ∈ L2(Rn) and
∫
Rn×Rn

|u(x)− u(y)|2
|x − y|n+2s dxdy < +∞

}
. (12)

The norm on Hs(Rn) can be defined by, for all u ∈ Hs(Rn),

||u||Hs(Rn) := ||u||L2(Rn) +

( ∫
Rn×Rn

|u(x)− u(y)|2
|x − y|n+2s dxdy

) 1
2

.

We know that Hs(Rn) endowed with the norm ∥.∥Hs(Rn) is a Hilbert space.
For more definitions, we refer to [1].

Thus, Hs
0(Ω) is a subspace of Hs(Rn) and can be defined simply by

Hs
0(Ω) :=

{
u ∈ Hs(Rn); u = 0 a.e. in Ωc},

where Ωc := Rn \ Ω denotes the complement of Ω in Rn, and “a.e. in Ωc” means almost
everywhere with respect to the Lebesgue measure in Rn \ Ω.

The norm of Hs
0(Ω) can be defined by

N (u) := ||u||L2(Ω) +

(
c(n, s)

2

∫
Rn×Rn

|u(x)− u(y)|2
|x − y|n+2s dxdy

) 1
2

.

This norm is equivalent to

||u||Hs
0(Ω) =

( ∫
Rn×Rn

|u(x)− u(y)|2
|x − y|n+2s dxdy

) 1
2

,

(see ([1], Lemma 1.28) and ([4], Lemma 3.1)).
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We notice that the following identity ||u||Hs
0(Ω) = ||(−∆)

s
2 u||L2(Rn), gives the relation

between the fractional Laplacian operator (−∆)s and the fractional Sobolev space Hs
0(Ω).

See ([1], relation (4.35)). In this paper, Hs
0(Ω) will be the functional analytic setting because

the classical fractional Sobolev space approach is not sufficient for studying the problem;
see [1,16,25].

We start by recalling some notations and some remarks which will be useful. First,
we give some important definitions afterwards. Let us denote by S̃s(p) := S̃s,0(p) and
Ss := S̃s,0(1) the weightless case. Let us denote by uε,s,a an extremal function for the
weightless Sobolev inequality for the fractional Laplacian operator. Let us fix η > 0
such that

B(a, 4η) ⊂ Ω (13)

For x ∈ Rn and ε > 0,

Uε,s,a(x) =
(

ε

ε2 + |x − a|2

) n−2s
2

, (14)

then we set
uε,s,a(x) = Uε,s,a(x)Ψ(x), (15)

where Ψ ∈ C∞
0 (Rn) such that 0 ≤ Ψ ≤ 1, Ψ = 1 in B(a, η) and Ψ = 0 in B(a, 2η)c, where η

is a positive real.
Using [1,19], we have

∫
Rn

∫
Rn

|uε,s,a(x)− uε,s,a(y)|2
|x − y|n+2s dydx = Ks +O(εn−2s), (16)

for n ≥ 4 and s ∈ (0, 1), or n = 3 and s < 3
4 , the square integration of uε,s,a goes as follows

for any n > 4s
||uε,s,a||2L2(Rn) = K2,sε2s +O(εn−2s), (17)

the qs norm is given by
||uε,s,a||qs

Lqs (Rn)
= Kqs +O(εn), (18)

with Kqs =
∫
Rn

dy
(1 + |y|2)n and Ks

K
2
qs
qs

= Ss.

In order to present our main results, we will need to introduce the first eigenvalue
λ̃1,p,s of (−∆)

s
2 (p(x)(−∆)

s
2 .) on Ω with zero Dirichlet boundary condition

λ̃1,p,s := min
u∈Hs

0(Ω)
u ̸=0

∫
Rn

p(x)|(−∆)
s
2 u(x)|2dx∫

Rn
|u(x)|2dx

. (19)

1.3. Natural Scaling(s) of the Problem

Let us define the energy

Ẽλ(u) :=
∫
Rn

p(x)|(−∆)
s
2 u(x)|2dx − λ

∫
Ω

u2dx. (20)

We observe that the critical points of (20) are solutions to the Euler–Lagrange problem (3).
As in [8], it is useful to evaluate the problem with some natural scaling. We analyze a

blow-up around a minimum of p which we suppose to be 0, and we are led to study Ẽλ(v).
For the convenience of the reader, we give the details. More precisely, let us define vε by
v(x) = ε−n/qs vε(

x
ε ) and Ωε = ε−1Ω. Note that if ||v||Lqs (Rn) = 1, then ||vε||Lqs (Rn) = 1.

We have
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Ẽλ(v) = p0

∫
Rn

|(−∆)
s
2 v(x)|2dx + κεk

∫
B(0, η

ε )
e−|x−a|2 |x − a|k

( ∫
Rn

vε(x)− vε(y)
|x − y|n+s dy

)2

dx

+
∫

B(0,η)c
p(x)

( ∫
Rn

v(x)− v(y)
|x − y|n+s dy

)2

dx − λε2s
∫

Ωε

v2
ε dx.

(21)

Unlike, for example, [2], we have a positive term in the previous expression which is

the following
∫

B(0,η)c
p(x)

( ∫
Rn

v(x)− v(y)
|x − y|n+s dy

)2

dx, which can explain the conditions on k

announced later in our result.
When k > 2s, the term related to ε2s dominates the one related to εk provided that

the quantities ∫
B(0, η

ε )
e−|x−a|2 |x − a|k

( ∫
Rn

vε(x)− vε(y)
|x − y|n+s dy

)2

dx (22)

is finite, so we find that the energy becomes strictly below the critical value, and we expect
that Ẽλ(v) < p0Ss; then, S̃s,λ(p) is achieved.

It is important to mention that since the problem is not local, at infinity, the term
e−|x−a|2 |x − a|k has an impact on the integral (22), which is not finite in general for u ∈
Hs

0(Ω), so we will restrict ourselves to specific values of k.
We expect a competition between the local character of the weight and the nonlocal

operator. It turns out that the local nature of the weight wins for a class of weights. The
presence of weight pushes the problem to be local. In other words, when k is smaller than
n − 4s, we find that the local character dominates; on the other hand, when k is very large,
we expect that the problem does not admit solutions.

If we take λ = 0, we obtain the following nonexistence result.

Proposition 1. Let p be defined as in (2). For n = 3 and s ∈]0, 1
4 ] or n = 4 and s ∈]0, 1

2 ] or n = 5
and s ∈]0, 3

4 ] or n ≥ 6 and s ∈ (0, 1), and for all k ∈ [2, n − 4s[, we have S̃s,0(p) = p0S̃s,0(1) and
S̃s,0(p) is never achieved, so there is no minimizing solution.

Proof. Let s ∈ (0, 1) and 2 ≤ k < n − 4s. We recall the notations S̃s(p) := S̃s,0(p) and
Ss := S̃s,0(1).

By Theorem 3, please see Section 2, we write

p0Ss ≤ S̃s(p) ≤ 1
||uε,s,a||2Lqs (Rn)

∫
Rn

p(x)|(−∆)
s
2 uε,s,a(x)|2dx ≤ p0Ss + o(1), (23)

as ε tends to zero. Then, we obtain S̃s(p) = p0Ss.
We suppose that S̃s(p) is achieved by some function u ∈ Hs

0(Ω) such that ||u||Lqs (Rn) =

1; then,
p0

∫
Rn

|(−∆)
s
2 u(x)|2dx ≤

∫
Rn

p(x)|(−∆)
s
2 u(x)|2dx = p0Ss. (24)

Therefore, Ss =
∫
Rn

|(−∆)
s
2 u(x)|2dx, ||u||Lqs (Rn) = 1, which means that Ss is achieved by a

function u ∈ Hs
0(Ω) and this is absurd. See [3–6].

In what follows, we will concentrate on the case where λ > 0.

1.4. Statement of the Main Results

We now state the main statements of this paper.
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Theorem 1 (Existence). Let Ω ⊂ Rn be an open bounded set with continuous boundary, p as
in (2), λ ∈]0, λ̃1,p,s[, and 2 ≤ k < n − 4s. Assume one of the following conditions holds:

1. n ≥ 6 and s ∈ (0, 1);

2. n ∈ {3, 4, 5} and s ∈
]

0,
n − 2

4

[
.

Then, for every κ > 0, S̃s,λ(p) is achieved.

In order to state our main second theorem, we need to define the following constant
α(k, s):

α(k, s) :=
k
2s

inf
u∈Hs

0(Ω)
u ̸=0

∫
Rn

e−|x|2 |x|k|(−∆)
s
2 u|2 dx∫

Ω
|u(x)|2 dx

. (25)

Theorem 2 (Nonexistence). Let Ω ⊂ Rn be a smooth bounded domain, n ≥ 3, p as in (2), and
s ∈ (0, 1). The following hold:

1. If λ ≥ λ̃1,p,s, then S̃s,λ(p) is not achieved.

If Ω is star-shaped,

2. If n ∈ {3, 4, 5} and s ∈
]

0,
n − 2

4

[
, or n ≥ 6 and s ∈ (0, 1), and 2 ≤ k < n − 4s, then

α(k, s) = 0 and S̃s,λ(p) is not achieved for every λ ≤ 0.
3. If k < 2s, then there exists a constant α0 > 0 such that α(k, s) ≥ α0 > 0, and S̃s,λ(p) is not

achieved for every λ < α(k, s).

In order to achieve this result (Theorem 2), we needed to find a formula adapted to
our case similar to the Pohozaev’s identity written in [26]. We were inspired by [26] in
order to find a fractional weighted Pohozaev identity and apply it in order to show that
minimizers do not exist in some cases of weight. For a star-shaped domain Ω and for a
weight p defined as in (2) and for u ∈ Hs(Rn), we found an identity that was the key to
conclude that the infimum is not achieved if λ < α(k, s) with α(k, s) is defined in (25).

1.5. Structure of the Paper

This paper is structured as follows. The next Section 2 proves the a priori estimate
S̃s,λ(p) < p0Ss. Theorem 1, which is the first main result of this paper, is proved by
a mathematically adequate technique using the previous section in order to obtain the
existence of minimizing solutions to S̃s,λ(p). In Section 3, we carry out a Pohozaev identity
that spans a good part of this section and a sort of Hardy fractional inequality for which
have a crucial role to prove nonexistence results of minimizing solutions to S̃s,λ(p).

2. Existence of Minimizers
First of all, let us prove that the infimum S̃s,λ(p) does exist for every λ ∈ R. In fact,

thanks to Sobolev inequalities, we have∫
Rn

p(x)|(−∆)
s
2 u(x)|2dx − λ

∫
Ω
|u(x)|2dx ≥ C||u||Lqs (Rn) − λC1||u||Lqs (Rn), (26)

where C and C1 are positive constants. Therefore, we obtain

S̃s,λ(p) ≥ C − λC1 (27)

So that the infimum S̃s,λ(p) exists.

Here, we used the fact that N1(u) :=
∫
Rn

p(x)|(−∆)
s
2 u(x)|2dx is a norm on Hs

0(Ω).
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The following theorem plays a crucial role to prove the existence of solutions; it is an
adaptation of an original argument due to [19] in the context of Yamabe’s conjecture.

Proposition 2. Let s ∈ (0, 1) and let a weight p satisfy (2). If S̃s,λ(p) < p0Ss, then S̃s,λ(p)
is achieved.

Proof. Let us recall the expression of S̃s,λ(p):

S̃s,λ := inf
u∈Hs

0(Ω)
||u||Lqs (Ω)=1

∫
Rn

p(x)|(−∆)
s
2 u(x)|2dx − λ

∫
Ω
|u(x)|2dx (28)

Let (uj) be a minimizing sequence of S̃s,λ(p); then, ||uj||Lqs (Rn) = 1 and

∫
Rn

p(x)
∣∣∣∣ ∫Rn

uj(x)− uj(y)
|x − y|n+s dy

∣∣∣∣2dx − λ||uj||22 = S̃s,λ(p) + o(1), (29)

as j tends to +∞.
We define a scalar product on Hs

0(Ω) by

< u, v >p=
∫
Rn

p(x)
( ∫

Rn

u(x)− u(y)
|x − y|n+s dy

)( ∫
Rn

v(x)− v(z)
|x − z|n+s dz

)
dx, (30)

for all u, v ∈ Hs
0(Ω). It is obvious that the norm associated with this scalar product is

equivalent to the ordinary norm over Hs
0(Ω).

Since (uj) is bounded in Hs
0(Ω), we extract a subsequence still denoted by (uj) such

that (uj) tends weakly to u in Hs
0(Ω) (since Hs

0(Ω) is reflexive space). Then, (uj) tends
strongly to u in L2(Ω), and (uj) tends to u almost everywhere in Ω, with

||u||Lqs (Rn) ≤ 1. (31)

By the definition of Ss we have

∫
Rn

p(x)
∣∣∣∣ ∫Rn

uj(x)− uj(y)
|x − y|n+s dy

∣∣∣∣2dx ≥ p0Ss, (32)

then

∫
Rn

p(x)
∣∣∣∣ ∫Rn

uj(x)− uj(y)
|x − y|n+s dy

∣∣∣∣2dx − S̃s,λ(p) + o(1) ≥ p0Ss − S̃s,λ(p) + o(1), (33)

as j tends to +∞, therefore

λ||u||2L2(Rn) ≥ p0Ss − S̃s,λ(p) > 0.

Therefore, u ̸= 0.
Let us take vj := uj − u; then, (vj) tends weakly to 0 in Hs

0(Ω) and (vj) tends to 0
almost everywhere in Ω. Using the definition of S̃s,λ(p), we obtain

∫
Rn

p(x)
∣∣∣∣ ∫Rn

u(x)− u(y)
|x − y|n+s dy

∣∣∣∣2dx +
∫
Rn

p(x)
∣∣∣∣ ∫Rn

vj(x)− vj(y)
|x − y|n+s dy

∣∣∣∣2dx

−λ||u||2L2(Rn)
= S̃s,λ(p) + o(1),

(34)
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as j tends to +∞.
On the other hand, since (vj) is bounded in Lqs(Ω) and (vj) tends to 0 almost every-

where in Ω, we deduce from a result of Brezis-Lieb, see [27], that

1 = ||u + vj||
qs
Lqs (Rn)

= ||u||qs
Lqs (Rn)

+ ||vj||
qs
Lqs (Rn)

+ o(1), (35)

as j tends to +∞. Thus,

1 ≤ ∥u||2Lqs (Rn) + ∥vj||2Lqs (Rn) + o(1),

as j tends to +∞. Denoting by ṽj :=
vj

||vj ||Lqs (Rn)
. Since we have

p0Ss ≤
∫
Rn

p(x)
∣∣∣∣ ∫Rn

ṽj(x)− ṽj(y)
|x − y|n+s dy

∣∣∣∣2dx, (36)

we obtain

1 ≤ ∥u||2Lqs (Rn) +
1

p0Ss

∫
Rn

p(x)
∣∣∣∣ ∫Rn

vj(x)− vj(y)
|x − y|n+s dy

∣∣∣∣2dx + o(1), (37)

as j tends to +∞. Since we have already proved that S̃s,λ(p) ≥ 0, we deduce from (37) that

S̃s,λ(p) ≤ S̃s,λ(p)∥u||2Lqs (Rn) +
S̃s,λ(p)

p0Ss

∫
Rn

p(x)
∣∣∣∣ ∫Rn

vj(x)− vj(y)
|x − y|n+s dy

∣∣∣∣2dx + o(1), (38)

as j tends to +∞. Combining (34) and (38), we obtain

∫
Rn

p(x)
∣∣∣∣ ∫Rn

u(x)− u(y)
|x − y|n+s dy

∣∣∣∣2dx − λ
∫

Ω
|u(x)|2dx +

∫
Rn

p(x)
∣∣∣∣ ∫Rn

vj(x)− vj(y)
|x − y|n+s dy

∣∣∣∣2dx

≤ S̃s,λ(p)||u||2Lqs (Rn) +
S̃s,λ(p)

p0Ss

∫
Rn

p(x)
∣∣∣∣ ∫Rn

vj(x)− vj(y)
|x − y|n+s dy

∣∣∣∣2dx + o(1),

(39)

as j tends to +∞. Thus,

∫
Rn

p(x)
∣∣∣∣ ∫Rn

u(x)− u(y)
|x − y|n+s dy

∣∣∣∣2dx − λ
∫

Ω
|u(x)|2dx

≤ S̃s,λ(p)||u||2Lqs (Rn) +

[
S̃s,λ(p)

p0Ss
− 1
] ∫

Rn
p(x)

∣∣∣∣ ∫Rn

vj(x)− vj(y)
|x − y|n+s dy

∣∣∣∣2dx + o(1),

(40)

as j tends to +∞. Since S̃s,λ(p) < p0Ss, we deduce

∫
Rn

p(x)
∣∣∣∣ ∫Rn

u(x)− u(y)
|x − y|n+s dy

∣∣∣∣2dx − λ
∫

Ω
|u(x)|2dx ≤ S̃s,λ(p)||u||2Lqs (Rn). (41)

This means that u is a minimum of S̃s,λ(p).

Remark 1. 1. In the case where the weight p and λ are such that −∞ < S̃s,λ(p) ≤ 0, we prove
that the infimum S̃s,λ(p) is achieved. In fact, as in (31), we have ||u||Lqs (Rn) ≤ 1, then

S̃s,λ(p) ≤ S̃s,λ(p)||u||2Lqs (Rn). (42)

Again, we deduce (41) from (34).
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2. Since the norm associated with the scalar product defined in (30) is equivalent to the standard
norm on Hs

0(Ω), and it is established that the norm induced by the scalar product given in
([8], (23)) is also equivalent to the standard norm on Hs

0(Ω), it follows that these two weighted
norms are equivalent. That is, there exist two positive constants C1 and C2 such that

C1

∫
Rn

p(x)|(−∆)
s
2 u(x)|2dx ≤

∫
Rn

p(x)
( ∫

Rn

|u(x)− u(y)|2
|x − y|n+2s dy

)
dx

≤ C2

∫
Rn

p(x)|(−∆)
s
2 u(x)|2dx.

(43)

Remark 2. Thanks to the following inequality
∣∣|uj(x)| − |uj(y)|

∣∣ ≤ |uj(x)− uj(y)|, if (uj) is
a minimizing sequence of S̃s,λ(p), (|uj|) is also a minimizing sequence. Therefore, we can take a
positive minimizing sequence of S̃s,λ(p).

Clearly, if S̃s,λ(p) is achieved by some function u, then it is also achieved by |u|. Therefore,
there exists a positive solution for the infimum S̃s,λ(p).

A Priori Estimate on S̃s,λ(p)

We need to prove the following proposition and the techniques that it uses, since it
constitutes an official key in order to apply Proposition 2.

Theorem 3. Let n, s such that n = 3 and s ∈]0, 1
4 [ or n = 4 and s ∈]0, 1

2 [ or n = 5 and s ∈]0, 3
4 [

or n ≥ 6 and s ∈ (0, 1). Let p be as defined in (2). For any k ∈ [2, n − 4s[, the following estimate
holds true ∫

Rn
p(x)|(−∆)

s
2 uε,s,a(x)|2dx ≤ p0Ks + κCε2 +O(εn−2s) +O(εk+2s), (44)

as ε tends to zero and C is a positive constant depending on k, s and the dimension n.

Proof. First of all and without loss of generality, we assume that a = 0, and we note
Uε,s,0 = Uε,s uε,s,0 = uε,s.

Let A be a subset domain of Rn; then, we define the function 1A by ∀x ∈ Rn, 1A(x) = 0
if x /∈ A and 1A(x) = 1 if x ∈ A.

In the sequel, we will assume that n and s are such that

n = 3 and s ∈]0,
1
4
[ or n = 4 and s ∈]0,

1
2
[ or n = 5 and s ∈]0,

3
4
[ or n ≥ 6 and s ∈ (0, 1). (45)

The proof makes use of the following estimates and is a bit more complicated than the one
for similar results in the case of the fractional Laplacian without weight, as it is in the [1].

We easily see that for ρ > 0 and x ∈ B(0, ρ)c, then

uε,s(x) ≤ Uε,s(x) ≤ Cε
n−2s

2 , (46)

for any ε > 0 and for some positive constant C, possibly depending on η, ρ, s and the
dimension n.

We mention that the following assertions hold true

1. For any x ∈ Rn and y ∈ B(0, η)c, with |x − y| ≤ η
2 ,

|uε,s(x)− uε,s(y)| ≤ Cε
n−2s

2 |x − y|. (47)
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2. For any x, y ∈ B(0, η)c,

|uε,s(x)− uε,s(y)| ≤ Cε
n−2s

2 min{1, |x − y|}, (48)

for any ε > 0 and for some positive constant C, possibly depending on η, ρ, s and n.

By (2) and (16), we have

∫
Rn

p(x)|(−∆)
s
2 uε,s(x)|2dx =

∫
Rn

p(x)
∣∣∣∣ ∫Rn

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx

≤ p0Ks +
∫
Rn
(p(x)− p0)

∣∣∣∣ ∫Rn

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx.

(49)

Here, without loss of generality, we retain the same notation Ks here, although, by
using (9), it actually stands for Ks · C(n,s)

2 , which is still a constant depending on s.
In the following of the proof, we will estimate the second term of the right-hand side

of (49). Since, for all x ∈ Rn, p(x)− p0 = κe−|x|2 |x|k, we have

∫
Rn
(p(x)− p0)

∣∣∣∣ ∫Rn

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx

=
∫

B(0,η)
(p(x)− p0)

∣∣∣∣ ∫Rn

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx

+
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫Rn

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx

=
∫

B(0,η)
(p(x)− p0)

∣∣∣∣ ∫B(0,η)

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx

+
∫

B(0,η)
(p(x)− p0)

∣∣∣∣ ∫B(0,η)c

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx

+
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫B(0,η)

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx

+
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫B(0,η)c

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx

≤ κ
∫

B(0,η)
e−|x|2 |x|k

∣∣∣∣ ∫B(0,η)

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx

+κ
∫

B(0,η)
e−|x|2 |x|k

∣∣∣∣ ∫B(0,η)c

uε,s(x)− uε,s(y)
|x − y|n+s 1B(0, η

2 )
(x − y)dy

∣∣∣∣2dx

+κ
∫

B(0,η)
e−|x|2 |x|k

∣∣∣∣ ∫B(0,η)c

uε,s(x)− uε,s(y)
|x − y|n+s 1B(0, η

2 )
c(x − y)dy

∣∣∣∣2dx

+
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫B(0,η)

uε,s(x)− uε,s(y)
|x − y|n+s 1B(0, η

2 )
(x − y)dy

∣∣∣∣2dx

+
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫B(0,η)

uε,s(x)− uε,s(y)
|x − y|n+s 1B(0, η

2 )
c(x − y)dy

∣∣∣∣2dx

+
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫B(0,η)c

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx

(50)

We begin by estimating the first term of the last sum, which is

Ãs,k,ε :=
∫

B(0,η)
e−|x|2 |x|k

∣∣∣∣ ∫B(0,η)

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx (51)
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Proposition 3. For s ∈ (0, 1), 2 ≤ k < n − 4s and ε > 0 being very small , we have

Ãs,k,ε ≤ Cε2, (52)

where C is a positive constant depending on s, k and the dimension n.

Proof. Let s ∈ (0, 1), 2 ≤ k < n − 4s. After performing a change of variable in (51),
we obtain

Ãs,k,ε = εk
∫
|x|≤ η

ε

e−|x|2 |x|k
∣∣∣∣∣
∫
|y|≤ η

ε

(
1

(1 + |x|2) n−2s
2

− 1

(1 + |y|2) n−2s
2

)
dy

|x − y|n+s

∣∣∣∣∣
2

dx

≤ εk
∫
|x|≤ η

ε

∣∣∣∣∣
∫
|y|≤ η

ε

(
|x| k

2

(1 + |x|2) n−2s
2

− |x| k
2

(1 + |y|2) n−2s
2

)
dy

|x − y|n+s

∣∣∣∣∣
2

dx.

(53)

Let fk(t) := |t|
k
2

(1+|t|2)
n−2s

2
, t ∈ Rn; thus,

Ãs,k,ε ≤ εk
∫
|x|≤ η

ε

∣∣∣∣∣
∫
|y|≤ η

ε

(
| fk(x)− fk(y)|+

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

)
dy

|x − y|n+s

∣∣∣∣∣
2

dx

≤ 2εk
∫
|x|≤ η

ε

( ∫
|y|≤ η

ε

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx

+2εk
∫
|x|≤ η

ε

( ∫
|y|≤ η

ε

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

dy
|x − y|n+s

)2

dx

(54)

As a consequence, in order to obtain the inequality (52), we will prove the two
following assertions

∫
|x|≤ η

ε

( ∫
|y|≤ η

ε

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx ≤ ¯̃C < +∞, (55)

where ¯̃C is a constant and

∫
|x|≤ η

ε

( ∫
|y|≤ η

ε

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

dy
|x − y|n+s

)2

dx ≤ C (56)

where C is a positive constant depending on s, k and n.
We start proving (55). Let γ > 0.

∫
|x|≤ η

ε

( ∫
|y|≤ η

ε

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx

≤
∫
Rn

( ∫
Rn

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx

=
∫
Rn

( ∫
|x−y|≥γ

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx

+
∫
Rn

( ∫
|x−y|<γ

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx.

(57)
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For the first time, we take the case where |x − y| ≥ γ.

∫
Rn

( ∫
|x−y|≥γ

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx

=
∫
Rn

( ∫
|x−y|≥γ

∣∣∣∣ |x| k
2

(1 + |x|2) n−2s
2

− |y| k
2

(1 + |y|2) n−2s
2

∣∣∣∣ dy
|x − y|n+s

)2

dx

≤
∫
Rn

( ∫
|x−y|≥γ

|x| k
2

(1 + |x|2) n−2s
2

dy
|x − y|n+s +

∫
|x−y|≥γ

|y| k
2

(1 + |y|2) n−2s
2

dy
|x − y|n+s

)2

dx

≤ 2
[ ∫

Rn

( ∫
|x−y|≥γ

|x| k
2

(1 + |x|2) n−2s
2

dy
|x − y|n+s

)2

dx

+
∫
Rn

( ∫
|x−y|≥γ

|y| k
2

(1 + |y|2) n−2s
2

dy
|x − y|n+s

)2

dx
]

= 2
∫
Rn

|x|k
(1 + |x|2)n−2s

( ∫
|x−y|≥γ

dy
|x − y|n+s

)2

dx

+2
∫

Rn
| fk ∗ h̃(x)|2dx

= 2
∫
Rn

|x|k
(1 + |x|2)n−2s dx

( ∫
|z|≥γ

dz
|z|n+s

)2

+ 2
∫

Rn
| fk ∗ h̃(x)|2dx

(58)
where fk and h̃ are functions defined by, for all t ∈ Rn,

fk(t) =
|t| k

2

(1 + |t|2) n−2s
2

, and h̃(t) :=
1B(0,γ)c(t)
|t|n+s .

Provided that k < n − 4s, we have fk ∈ L2(Rn). Since s > 0, h̃ ∈ L1(Rn). This implies
fk ∗ h̃ ∈ L2(Rn), and we have

|| fk ∗ h̃||L2(Rn) ≤ || fk||L2(Rn)||h̃||L1(Rn) < +∞, (59)

Furthermore, since k < n − 4s,
∫
Rn

|x|k
(1 + |x|2)n−2s dx < +∞ and since s > 0,

∫
|z|≥γ

dz
|z|n+s <

+∞; thus, ∫
Rn

( ∫
|x−y|≥γ

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx < +∞. (60)

Now, let us take the case where |x − y| < γ. We have

fk(x)− fk(y) =
∫ 1

0
D fk(y + t(x − y))(x − y)dt (61)

with fk(z) := |z|
k
2

(1+|z|)
n−2s

2
, z ∈ Rn, and

D fk(z) =
|z| k

2−2z

(1 + |z|2) n−2s
2

(
k
2
− (n − 2s)

|z|2
(1 + |z|2)

)

Let R > 0 be such that R ≥ 2γ and let |y| ≥ R.
For the sake of clarity, we note that since we have |x − y| < γ and |y| ≥ R, we can

suppose also that |x| ≥ R.
Since t ∈ [0, 1] and |x − y| < γ, then
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|y + t(x − y)| ≥ |y| − t|x − y|
≥ |y| − γ

≥ |y|(1 − γ
|y| )

≥ 1
2 |y|

(62)

So, we have

|D fk(y + t(x − y))(x − y)| ≤ C
|y + t(x − y)| k

2−1|x − y|
(1 + |y + t(x − y)|2) n−2s

2

≤ C
|x − y|

|y + t(x − y)|n−2s− k
2+1

≤ C
|x − y|

|y|n−2s− k
2+1

,

(63)

where C is a constant.
Thus, by (63) and (61),

| fk(x)− fk(y)| ≤ |D fk(y + t(x − y))(x − y)| ≤ C
|x − y|

|y|n−2s− k
2+1

, (64)

Since k < n − 4s, then k < n − 4s + 2, and by using (64), we have∫
|x|≥R

( ∫
|x−y|<γ,|y|≥R

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx

≤ C
∫
Rn

∣∣∣∣∣
∫
Rn

1B(0,R)c(y)

|y|n−2s− k
2+1

1B(0,γ)(x − y)
|x − y|n+s−1 dy

∣∣∣∣∣
2

dx

= || f̃ ∗ g̃||2L2(Rn)

≤ || f̃ ||2L2(Rn)
||g̃||2L1(Rn)

< +∞.

(65)

where for all y ∈ Rn, f̃ (y) :=
1B(0,R)c (y)

|y|n−2s− k
2 +1

and g̃(y) :=
1B(0,γ)(y)
|y|n+s−1 , and we have f̃ ∈ L2(Rn)

and g̃ ∈ L1(Rn).
Now, let |y| < R, and so we take |x| < R since |x − y| < γ.

Since for all t ∈ [0, 1], |y + t(x − y| < 2R and
1

(1 + |y + t(x − y)|2) n−2s
2

≤ 1, we have

|D fk(y + t(x − y))(x − y)| ≤ C
|y + t(x − y)| k

2−1|x − y|
(1 + |y + t(x − y)|2) n−2s

2

≤ C′|x − y|,
(66)

where C′ is a constant depending on R.
Since s < 1 and by (66), we have

∫
|x|<R

( ∫
|x−y|<γ,|y|<R

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx

≤ C̃′
∫
|x|<R

( ∫
|x−y|<γ,|y|<R

dy
|x − y|n+s−1

)2

dx

≤ C̃′
∫
|z|<γ

dz
|z|n+s−1

( ∫
|y|<R

dy
)2

≤ C′′

< +∞

(67)
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where C′′ is a positive constant depending on R, γ, s and n.
Therefore, by (65) and (67), for 2 ≤ k < n − 4s, we obtain

∫
Rn

( ∫
|x−y|<γ

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx

≤
∫
|x|<R

( ∫
|x−y|<γ,|y|<R

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx

+
∫
|x|≥R

( ∫
|x−y|<γ,|y|≥R

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx

< +∞.

(68)

and so by using (60) and (68) together with (57), for 2 ≤ k < n − 4s, we obtain

∫
|x|≤ η

ε

( ∫
|y|≤ η

ε

| fk(x)− fk(y)|
dy

|x − y|n+s

)2

dx ≤ ¯̃C < +∞, (69)

where ¯̃C is a positive constant depending on s, k and n. Thus, (55) holds true.
Now, to prove (56), we need to apply Lemma 2.6 in [8]. To guarantee the comfort of

the reader, we recall the statement of this lemma.

Lemma 1. Let γ, R ∈ R∗
+ and s ∈ (0, 1). Let k ≥ 2 and let the set A defined by A := {x, y ∈

Rn, |x − y| < γ, |x| ≤ R, |y| ≤ R}. Then, there exists δ := δ(R, k, s) > 0, such that for every
x, y ∈ A, we have ∣∣|x| k

2 − |y|
k
2
∣∣2 ≤ δ|x − y|2. (70)

(In fact, δ = 2k−4k2Rk−2.)

So now, we apply this lemma for R = η
ε to prove (56), and we take |x − y| < γ < 1.

Since s < 1, we have

∫
|x|≤ η

ε

( ∫
|y|≤ η

ε ,|x−y|<γ

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

dy
|x − y|n+s

)2

dx

≤ δ2

∫
|x|≤ η

ε

( ∫
|y|≤ η

ε

1

(1 + |y|2) n−2s
2

1B(0,γ)(x − y)
|x − y|n+s−1 dy

)2

dx

= 2k−4k2ηk−2ε−k+2
∫
Rn

| ˜̃h1 ∗ g̃1(z)|2dz

(71)

where ˜̃h1 and g̃1 are defined by

˜̃h1(z) :=
1

(1 + |z|2) n−2s
2

, and g̃1(z) :=
1B(0,γ)(z)
|z|n+s−1 . (72)

For n > 4s, we have ˜̃h1 ∈ L2(Rn), in other words, provided that

if n = 3 and s < 3
4

or n ≥ 4 and 0 < s < 1,
(73)

which is satisfied since n and s satisfy (45).
Since s < 1, then g̃1 ∈ L1(Rn). Therefore, ˜̃h1 ∗ g1 ∈ L2(Rn).
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Finally, we obtain

∫
|x|≤ η

ε

( ∫
|y|≤ η

ε ,|x−y|<γ

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

dy
|x − y|n+s

)2

dx ≤ C̃′
0ε−k+2, (74)

where C̃′
0 is a positive constant depending on s, k, n and η. Now, to finish the proof of (56),

it remains to study the integral in (56) over the set Γε := {x, y ∈ Rn such that |x| < η
ε , |y| <

η
ε and |x − y| > γ}. Let

X̃ε :=
∫
|x|< η

ε

( ∫
|y|< η

ε ,|x−y|>γ

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

dy
|x − y|n+s

)2

dx. (75)

In the following, we prove that
X̃ε ≤ C (76)

with C being a positive constant depending on k, s and n.
We have

X̃ε =
∫

0≤|x|≤1

( ∫
|y|< η

ε

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

1B(0,γ)c(x − y)dy
|x − y|n+s

)2

dx

+
∫

1<|x|< η
ε

( ∫
|y|< η

ε

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

1B(0,γ)c(x − y)dy
|x − y|n+s

)2

dx.

(77)

We start by treating the first term on the right-hand side of (77).
Let x, y ∈ Rn such that |x| ≤ 1 and |x − y| ≥ γ; then, we have

|y| ≤ |x − y|+ |x| ≤ |x − y|+ 1. (78)

Then, by computing the minimum of the function f : t 7→ t
2 + t

, t ∈ [γ,+∞[ which is

achieved for t = γ, we have

|x − y|
1 + |y| ≥

|x − y|
2 + |x − y| ≥

γ

2 + γ
:= C0 > 0, (79)

where C0 is a positive constant.
Since k < n − 4s, then k < 2n − 2s, and by (79), we have

∫
0≤|x|≤1

( ∫
|y|< η

ε

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

1B(0,γ)c(x − y)
|x − y|n+s dy

)2

dx

≤ C
∫

0≤|x|≤1
dx

( ∫
|y|< η

ε

∣∣|y| k
2 + 1

∣∣
(1 + |y|2) n−2s

2 (1 + |y|)n+s
dy

)2

≤ C′,

(80)

where C′ is a positive constant depending on n, s, k and γ.
We treat the second term on the right-hand side of (77).

∫
1<|x|< η

ε

( ∫
|y|< η

ε

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

1B(0,γ)c (x − y)
|x − y|n+s dy

)2

dx

=
∫

1<|x|< η
ε

( ∫
0≤|y|≤1

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

1B(0,γ)c (x − y)
|x − y|n+s dy

)2

dx

+
∫

1<|x|< η
ε

( ∫
1≤|y|< η

ε

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

1B(0,γ)c (x − y)
|x − y|n+s dy

)2

dx

(81)
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For the first term of the previous sum in (81), since for x, y ∈ Rn such that |y| ≤ 1, we have
|x − y|n+s ≥ (|x| − |y|)n+s ≥ (|x| − 1)n+s, thus we have

∫
1<|x|< η

ε

( ∫
0≤|y|≤1

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

1B(0,γ)c (x − y)
|x − y|n+s dy

)2

dx

=
∫

1<|x|≤5

( ∫
0≤|y|≤1

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

1B(0,γ)c (x − y)
|x − y|n+s dy

)2

dx

+
∫

5<|x|< η
ε

( ∫
0≤|y|≤1

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

1B(0,γ)c (x − y)
|x − y|n+s dy

)2

dx

≤ 1
γ2n+2s

∫
1<|x|≤5

( ∫
0≤|y|≤1

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

dy

)2

dx

+
∫

5<|x|< η
ε

( ∫
0≤|y|≤1

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2 (|x| − 1)n+s

dy

)2

dx.

(82)

We estimate the first term of the last sum (82), and we have∫
1<|x|≤5

( ∫
0≤|y|≤1

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

dy

)2

dx ≤
∫

1<|x|≤5

( ∫
0≤|y|≤1

|y| k
2 + |x| k

2

(1 + |y|2) n−2s
2

dy

)2

dx

≤ 2
∫

1<|x|≤5

( ∫
0≤|y|≤1

|x| k
2

(1 + |y|2) n−2s
2

dy

)2

dx

+2
∫

1<|x|≤5

( ∫
0≤|y|≤1

|y| k
2

(1 + |y|2) n−2s
2

dy

)2

dx

= 2
∫

1<|x|≤5
|x|kdx

( ∫
0≤|y|≤1

dy

(1 + |y|2) n−2s
2

)2

dx

+2
∫

1<|x|≤5
dx

( ∫
0≤|y|≤1

|y| k
2

(1 + |y|2) n−2s
2

dy

)2

,

(83)

Every integral here represents an integral of a continuous function over a compact set; then,
each one is convergent (and is bounded independently of ε), and we obtain

∫
1<|x|≤5

( ∫
0≤|y|≤1

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

dy

)2

dx ≤ C, (84)

where C is a positive constant depending on n, s and k.
Now, for the second term of the last sum in (82), we write

∫
5<|x|< η

ε

( ∫
0≤|y|≤1

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2 (|x| − 1)n+s

dy

)2

dx

≤ 2
∫

5<|x|< η
ε

( ∫
0≤|y|≤1

|x| k
2

(1 + |y|2) n−2s
2 (|x| − 1)n+s

dy

)2

dx

+2
∫

5<|x|< η
ε

( ∫
0≤|y|≤1

|y| k
2

(1 + |y|2) n−2s
2 (|x| − 1)n+s

dy

)2

dx

≤ 2
∫

5<|x|≤+∞

|x|k
(|x| − 1)2n+2s dx

( ∫
0≤|y|≤1

dy

(1 + |y|2) n−2s
2

)2

+2
∫

5<|x|≤+∞

dx
(|x| − 1)2n+2s

( ∫
0≤|y|≤1

|y| k
2

(1 + |y|2) n−2s
2

dy

)2

dx

(85)

Clearly, the integrals
∫

0≤|y|≤1

dy

(1 + |y|2) n−2s
2

and
∫

0≤|y|≤1

|y| k
2

(1 + |y|2) n−2s
2

dy are convergent

as integrals of continuous functions over a compact set. Since k < n − 4s, then k < n + 2s,
and we have ∫

5<|x|≤+∞

|x|k
(|x| − 1)2n+2s dx ≤ C0,

https://doi.org/10.3390/math14081288

https://doi.org/10.3390/math14081288


Mathematics 2026, 14, 1288 18 of 33

where C0 is a positive constant possibly depending on n, s and k. Also, since n + 2s > 0,
we have ∫

5<|x|≤+∞

dx
(|x| − 1)2n+2s ≤ C1,

where C1 is a positive constant possibly depending on n, s and k. Therefore, we obtain

∫
5<|x|< η

ε

( ∫
0≤|y|≤1

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2 (|x| − 1)n+s

dy

)2

dx ≤ C, (86)

where C is a positive constant possibly depending on n, s, η and k.
Thus, thanks to (84), (86) together with (82), we obtain

∫
1<|x|< η

ε

( ∫
0≤|y|≤1

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

1B(0,γ)c (x − y)
|x − y|n+s dy

)2

dx ≤ C, (87)

where C is a positive constant possibly depending on n, s, η and k.
Let us consider the second term of the sum (81). Here, we refer the reader to [28]. For

x, y ∈ Rn, let x = rx′, y = ρy′ and |x′| = |y′| = 1, and perform the following change of
variables τ = ρ

r ; then, we have
∫

1<|x|< η
ε

( ∫
1≤|y|< η

ε

∣∣|y| k
2 − |x|

k
2
∣∣

(1 + |y|2)
n−2s

2

1B(0,γ)c (x − y)
|x − y|n+s dy

)2

dx

≤
∫ η

ε

1

( ∫ η
ε

1

∫
|y′ |=1

∫
|x′ |=1

|ρ
k
2 − r

k
2 |dσ(x′)dσ(y′)

(1 + ρ2)
n−2s

2 |rx′ − ρy′ |n+s
ρn−1dρ

)2

rn−1dr

≤
∫ η

ε

1

( ∫ η
ε

1

∫
|y′ |=1

∫
|x′ |=1

r
k
2 |( ρ

r )
k
2 − 1|ρn−1dσ(x′)dσ(y′)

ρn−2srn+s |x′ − ρ
r y′ |n+s

dρ

)2

rn−1dr

=
∫ η

ε

1
r−n+k+2s−3

( ∫ η
εr

1
r

∫
|y′ |=1

∫
|x′ |=1

|τ
k
2 − 1|τ2s−1dσ(x′)dσ(y′)

|x′ − τy′ |n+s dτ

)2

dr

=
∫ η

ε

1
r−n+k+2s−3

( ∫ 1
2

1
r

∫
|y′ |=1

∫
|x′ |=1

|τ
k
2 − 1|τ2s−1dσ(x′)dσ(y′)

|x′ − τy′ |n+s dτ

)2

dr

+
∫ η

ε

1
r−n+k+2s−3

( ∫ 1

1
2

∫
|y′ |=1

∫
|x′ |=1

|τ
k
2 − 1|τ2s−1dσ(x′)dσ(y′)

|x′ − τy′ |n+s dτ

)2

dr

+
∫ η

ε

1
r−n+k+2s−3

( ∫ η
εr

1

∫
|y′ |=1

∫
|x′ |=1

|τ
k
2 − 1|τ2s−1dσ(x′)dσ(y′)

|x′ − τy′ |n+s dτ

)2

dr.

(88)

We will estimate the terms of the last sum in (88), and we begin with the first term. Since
|x − y| > γ, then there exists δ̄ > 0 such that |x′ − τy′| > δ̄, and since k < n − 4s, then
k < n − 2s + 2 and k < n + 2s − 2. When ε is small enough, we have

∫ η
ε

1
r−n+k+2s−3

( ∫ 1
2

1
r

∫
|y′ |=1

∫
|x′ |=1

|τ
k
2 − 1|τ2s−1dσ(x′)dσ(y′)

|x′ − τy′ |n+s dτ

)2

dr

≤ C
∫ η

ε

1
r−n+k+2s−3

( ∫ 1
2

1
r

|τ
k
2 − 1|τ2s−1dτ

)2

dr

≤ C
∫ η

ε

1
r−n+k+2s−3

( ∫ 1
2

1
r

τ
k
2 +2s−1dτ

)2

dr

+C
∫ η

ε

1
r−n+k+2s−3

( ∫ 1
2

1
r

τ2s−1dτ

)2

dr

= C
∫ η

ε

1
r−n+k+2s−3 1

( k
2 + 2s)2

(( 1
2
) k

2 +2s − r−
k
2 −2s

)2

dr

+C
∫ η

ε

1
r−n+k+2s−3 1

(2s)2

(
1

22s − r−2s
)2

dr

≤ C
∫ η

ε

1
r−n+k+2s−3(

1
2
)k+4sdr + C

∫ η
ε

1
r−n−2s−3dr

+C
∫ η

ε

1
r−n+k+2s−3 1

24s dr + C
∫ η

ε

1
r−n+k−2s−3dr

≤ C
[

r−n+k+2s−2

−n + k + 2s − 2

] η
ε

1
+ C

[
r−n−2s−2

−n − 2s − 2

] η
ε

1

+C
[

r−n+k+2s−2

−n + k + 2s − 2

] η
ε

1
+ C

[
r−n+k−2s−2

−n + k − 2s − 2

] η
ε

1

≤ C,

(89)
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where C is a positive constant possibly depending on η, s, k and n.

Notice that K(τ) :=
∫
|y′ |=1

dσ(y′)
|x′ − τy′|n+2s is independent of x′ ∈ {|y| = 1} (see [28]),

and we have K(τ) = τ2−n(τ2 − 1)−1−2sH(τ), τ ≥ 1, where H(τ) is a positive continuous
function on [1,+∞[ such that H(τ) ≈ τ2s as τ tends to +∞.

Therefore, for the second term of the sum in (88), performing a change of variables
ξ := 1

r , we have

∫ η
ε

1
r−n+k+2s−3

( ∫ 1

1
2

∫
|y′ |=1

∫
|x′ |=1

|τ k
2 − 1|τ2s−1dσ(x′)dσ(y′)

|x′ − τy′|n+s dτ

)2

dr

=
∫ η

ε

1
r−n+k+2s−3

( ∫ 1

1
2

∫
|x′ |=1

( ∫
|y′ |=1

dσ(y′)
|x′ − τy′|n+2s

)
|τ

k
2 − 1|τ2s−1dσ(x′)dτ

)2

dr

= σ2(Sn−1)
∫ η

ε

1
r−n+k+2s−3

( ∫ 1

1
2

K(τ)|τ
k
2 − 1|τ2s−1dτ

)2

dr

= σ2(Sn−1)
∫ η

ε

1
r−n+k+2s−3dr

( ∫ 2

1
|ξ

−k
2 − 1|ξ−2s−1K(

1
ξ
)dξ

)2

= σ2(Sn−1)
∫ η

ε

1
r−n+k+2s−3dr

( ∫ 2

1
|ξ

−k
2 − 1|ξ−2s−1ξn+2sK(ξ)dξ

)2

= σ2(Sn−1)
∫ η

ε

1
r−n+k+2s−3dr

( ∫ 2

1
|ξ

−k
2 − 1|ξn−1ξ2−n(ξ2 − 1)−1−s H(ξ)dξ

)2

= σ2(Sn−1)
∫ η

ε

1
r−n+k+2s−3dr

( ∫ 2

1
|ξ

−k
2 − 1|ξ(ξ2 − 1)−1−s H(ξ)dξ

)2

,

(90)

where σ(Sn−1) is the Lebesgue measure of the unit sphere in Rn. Since k < n − 4s, then
k < n − 2s + 2, and we have

∫ η
ε

1
r−n+k+2s−3dr =

[
r−n+k+2s−2

−n + k + 2s − 2

] η
ε

1
≤ C, (91)

where C is a positive constant depending on n, s and k.
The function |1 − ξ

−k
2 |2ξn−2s+1H(ξ)(ξ2 − 1)−1−2s is continuous on ]1, 2], and in the

neighborhood of 1, this function is equivalent to
|1 − ξ

−k
2 |H(1)

(ξ2 − 1)1+s = ξ−
k
2
|ξ k

2 − 1|H(1)
(ξ2 − 1)1+s , which

in the neighborhood of ξ = 1 is equivalent to
|ξ k

2 − 1|H(1)
(ξ2 − 1)1+s , and if we note ξ ′ := ξ − 1, we

obtain after performing a limited development on ξ ′ = 0

|ξ k
2 − 1|

(ξ2 − 1)1+s =
|(ξ ′ + 1)

k
2 − 1|

((ξ ′ + 1)2 − 1)1+s

= ξ ′−s
(

( k
2 )

21+s + o(1)
)

,

(92)

which is integrable in the neighborhood of ξ ′ = 0, since s < 1.
Therefore, for k < n − 4s and s ∈ (0, 1), we obtain

∫ 2

1
|ξ

−k
2 − 1|ξ(ξ2 − 1)−1−s H(ξ)dξ ≤ C, (93)

where C is a positive constant depending on s, k and n.
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Thus, using (91) and (93) together with (90), for 2 ≤ k < n − 4s, we find

∫ η
ε

1
r−n+k+2s−3

( ∫ 1

1
2

∫
|y′ |=1

∫
|x′ |=1

|τ k
2 − 1|τ2s−1dσ(x′)dσ(y′)

|x′ − τy′|n+s dτ

)2

dr ≤ C, (94)

where C is a positive constant depending on s, k and n.
We treat the third term of the sum in (88) and we proceed as in (90); we write

∫ η
ε

1
r−n+k+2s−3

( ∫ η
εr

1

∫
|y′ |=1

∫
|x′ |=1

|τ k
2 − 1|τ2s−1dσ(x′)dσ(y′)

|x′ − τy′|n+s dτ

)2

dr

=
∫ η

ε

1
r−n+k+2s−3

( ∫ η
εr

1

∫
|x′ |=1

K(τ)|τ k
2 − 1|τ2s−1dσ(x′)dτ

)2

dr

= σ2(Sn−1)
∫ η

ε

1
r−n+k+2s−3dr

( ∫ η
εr

1
τ2−n(τ2 − 1)−1−s H(τ)|τ k

2 − 1|τ2s−1dτ

)2

= σ2(Sn−1)
∫ η

ε

1
r−n+k+2s−3dr

( ∫ η
εr

1
τ−n+2s+1(τ2 − 1)−1−s|τ k

2 − 1|H(τ)dτ

)2

≤ σ2(Sn−1)
∫ η

ε

1
r−n+k+2s−3dr

( ∫ +∞

1
τ−n+2s+1(τ2 − 1)−1−s|τ k

2 − 1|H(τ)dτ

)2

.

(95)

Let us treat both of the inegrals in the last expression of (95), for k < n − 2s + 2 (which is
satisfied since k < n − 4s) by (91), we have

∫ η
ε

1
r−n+k+2s−3dr ≤ C. (96)

The second integral of (95), which is the following,

∫ +∞

1
τ−n+2s+1(τ2 − 1)−1−s|τ

k
2 − 1|H(τ)dτ, (97)

is the integral of a continuous function on ]1,+∞[. In the neighborhood of +∞, since

H(τ) ≈ τ2s as τ tends to +∞, the function inside the integral is equivalent to
1

τn−2s+1− k
2

,

which is integrable at +∞, since k < 2n − 4s (in fact, k < n − 4s).
In the neighborhood of 1, after performing the change of variables τ′ = τ − 1, the

function inside the integral (97) is equivalent to
|τ k

2 − 1|
(τ2 − 1)1+s , we use the same computations

as in (92), and since s < 1, we find that it is integrable in the neighborhood of τ = 1.
Thus, for 2 ≤ k < n − 4s, we obtain∫ +∞

1
τ−n+2s+1(τ2 − 1)−1−s|τ

k
2 − 1|H(τ)dτ ≤ C, (98)

where C is a positive constant depending on s, k and n.
Therefore, using (96) and (98) together with (95), for 2 ≤ k < n − 4s, we obtain

∫ η
ε

1
r−n+k+2s−3

( ∫ η
εr

1

∫
|y′ |=1

∫
|x′ |=1

|τ k
2 − 1|τ2s−1dσ(x′)dσ(y′)

|x′ − τy′|n+s dτ

)2

dr ≤ C, (99)

where C is a positive constant depending on s, k and n.
Thereby, using (89), (94) and (99) together with (88), for 2 ≤ k < n − 4s, we obtain

∫
1<|x|< η

ε

( ∫
1≤|y|< η

ε

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

1B(0,γ)c(x − y)
|x − y|n+s dy

)2

dx ≤ C, (100)

where C is a positive constant depending on s, k, η and n.

https://doi.org/10.3390/math14081288

https://doi.org/10.3390/math14081288


Mathematics 2026, 14, 1288 21 of 33

Then, by (87) and (100) together with (81), we obtain

∫
1<|x|< η

ε

( ∫
|y|< η

ε

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

1B(0,γ)c(x − y)
|x − y|n+s dy

)2

dx ≤ C, (101)

where C is a positive constant depending on s, k, η and n.
Thereby, thanks to (80) and (101) together with (77), we obtain

X̃ε =
∫
|x|< η

ε

( ∫
|y|< η

ε ,|x−y|>γ

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

dy
|x − y|n+s

)2

dx

≤ C,

(102)

where C is a positive constant depending on s, k, η and n. Then, (76) yields.
Consequently, by (74), (75) and (76), for 2 ≤ k < n − 4s, we have

∫
|x|≤ η

ε

( ∫
|y|≤ η

ε

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

dy
|x − y|n+s

)2

dx

≤
∫
Rn

( ∫
|x−y|<γ

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

dy
|x − y|n+s

)2

dx

+
∫
|x|< η

ε

( ∫
|y|< η

ε ,|x−y|>γ

∣∣|y| k
2 − |x| k

2
∣∣

(1 + |y|2) n−2s
2

dy
|x − y|n+s

)2

dx

≤ C + C̃′
0ε−k+2,

(103)

where C is a positive constant possibly depending on s, k, η and n. Thus, (56) yields.
Now, since (55) and (56) both hold true, in (54), for 2 ≤ k < n − 4s, we obtain

Ãs,k,ε =
∫

B(0,η)
|x|k

∣∣∣∣ ∫B(0,η)

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx

≤ 2εk( ¯̃C + C + C̃′
0ε−k+2)

= Cε2,

(104)

where C is a positive constant depending on s, k and the dimension n. Thus, we finish the
proof of Proposition 3.

Now, we estimate the last term on the right-hand side of (50). Using (48), we have
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫B(0,η)c

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx

≤ Cεn−2s
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫B(0,η)c

min{1, |x − y|}
|x − y|n+s dy

∣∣∣∣2dx

= Cεn−2s
[ ∫

|x|>η
(p(x)− p0)

∣∣∣∣ ∫|y|>η

1B(0,1)(x − y)
|x − y|n+s−1 dy

∣∣∣∣2dx

+
∫
|x|>η

(p(x)− p0)

∣∣∣∣ ∫|y|>η

1B(0,1)c (x − y)
|x − y|n+s dy

∣∣∣∣2dx
]

= Cεn−2s
[ ∫

|x|>η
(p(x)− p0)

∣∣∣∣ ∫|x+z|>η

1B(0,1)(z)
|z|n+s−1 dz

∣∣∣∣2dx

+
∫
|x|>η

(p(x)− p0)

∣∣∣∣ ∫|x+z|>η

1B(0,1)c (z)
|z|n+s dz

∣∣∣∣2dx
]

≤ Cεn−2s
[ ∫

|x|>η
(p(x)− p0)dx

∣∣∣∣ ∫Rn

1B(0,1)(z)
|z|n+s−1 dz

∣∣∣∣2

+
∫
|x|>η

(p(x)− p0)dx
∣∣∣∣ ∫Rn

1B(0,1)c (z)
|z|n+s dz

∣∣∣∣2],

(105)
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Since s ∈ (0, 1),
∫
Rn

1B(0,1)(z)
|z|n+s−1 dz < +∞ and

∫
Rn

1B(0,1)c(z)
|z|n+s dz < +∞. Furthermore, by (2),

p − p0 ∈ L1(Rn), then
∫
|x|>η

(p(x)− p0)dx < ∞.

Thus, ∫
B(0,η)c

(p(x)− p0)

∣∣∣∣ ∫B(0,η)c

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx = O(εn−2s), (106)

as ε tends to zero.
We move now to estimate the second term of the sum in (50). Using the assertion (47)

and the fact that s < 1, we have

∫
B(0,η)

e−|x|2 |x|k
∣∣∣∣ ∫B(0,η)c

uε,s(x)− uε,s(y)
|x − y|n+s 1B(0, η

2 )
(x − y)dy

∣∣∣∣2dx

≤ Cεn−2s
∫
|x|<η

ηk
∣∣∣∣ ∫|y|≥η

1B(0, η
2 )
(x − y)

|x − y|n+s−1 dy
∣∣∣∣2dx

≤ Cεn−2sηk
∫
|x|<η

∣∣∣∣ ∫|z+x|≥η

1B(0, η
2 )
(z)

|z|n+s−1 dz
∣∣∣∣2dx

≤ Cεn−2sηk
∫
|x|<η

dx
∣∣∣∣ ∫Rn

1B(0, η
2 )
(z)

|z|n+s−1 dz
∣∣∣∣2

= O(εn−2s),

(107)

as ε tends to zero.
We treat now the third term of the sum (50), and we will prove the following estimation

∫
B(0,η)

e−|x|2 |x|k
∣∣∣∣ ∫B(0,η)c

uε,s(x)− uε,s(y)
|x − y|n+s 1B(0, η

2 )
c(x − y)dy

∣∣∣∣2dx = O(εn−2s) +O(εk+2s), (108)

as ε tends to zero.
Let us recall that uε,s(x) = Uε,s(x) for all x ∈ B(0, η). We use (46) for η = ρ, and since

s > 0, we have ∫
B(0,η)

e−|x|2 |x|k
∣∣∣∣ ∫B(0,η)c

|uε,s(x)− uε,s(y)|
|x − y|n+s 1B(0, η

2 )
c (x − y)dy

∣∣∣∣2dx

≤ 2
∫

B(0,η)
e−|x|2 |x|k

∣∣∣∣ ∫B(0,η)c

uε,s(x)
|x − y|n+s 1B(0, η

2 )
c (x − y)dy

∣∣∣∣2dx

+2
∫

B(0,η)
e−|x|2 |x|k

∣∣∣∣ ∫B(0,η)c

uε,s(y)
|x − y|n+s 1B(0, η

2 )
c (x − y)dy

∣∣∣∣2dx

(109)

We treat the second term of the sum in (109)∫
B(0,η)

e−|x|2 |x|k
∣∣∣∣ ∫B(0,η)c

uε,s(y)
|x − y|n+s 1B(0, η

2 )
c (x − y)dy

∣∣∣∣2dx

≤
∫

B(0,η)
e−|x|2 |x|k

∣∣∣∣ ∫B(0,η)c

Uε,s(y)
|x − y|n+s 1B(0, η

2 )
c (x − y)dy

∣∣∣∣2dx

≤ Cεn−2s
∫

B(0,η)
e−|x|2 |x|k

∣∣∣∣ ∫B(0,η)c

1B(0, η
2 )

c (x − y)

|x − y|n+s dy
∣∣∣∣2dx

≤ Cεn−2s
∫

B(0,η)
e−|x|2 |x|k

∣∣∣∣ ∫Rn

1B(0, η
2 )

c (x − y)

|x − y|n+s dy
∣∣∣∣2dx

= Cεn−2s
∫

B(0,η)
e−|x|2 |x|kdx

∣∣∣∣ ∫Rn

1B(0, η
2 )

c (z)

|z|n+s dz
∣∣∣∣2

≤ Cηkεn−2s
∫

B(0,η)
dx
∣∣∣∣ ∫|z|> η

2

1
|z|n+s dz

∣∣∣∣2
= O(εn−2s),

(110)
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as ε tends to zero.
Now, we move to the first term of the right-hand side of (109), and we will prove that

∫
B(0,η)

e−|x|2 |x|k
∣∣∣∣ ∫B(0,η)c

Uε,s(x)
|x − y|n+s 1B(0, η

2 )
c(x − y)dy

∣∣∣∣2dx = O(εk+2s), (111)

as ε tends to zero.
Let g̃1,k,ε and h be two functions such that for all x ∈ Rn, g̃1,k,ε := e−

|x|2
2 |x| k

2 Uε,s(x) and

h(x) :=
1B(0, η

2 )
c(x)

|x|n+s . Since s > 0, h ∈ L1(Rn). We have

||g1,k,ε||2L2(Rn)
=
∫
Rn

e−|x|2 |x|k|Uε,s(x)|2dx

= εn−2s
∫
Rn

e−|x|2 |x|k
(ε2 + |x|2)n−2s dx

= ε−n+2s
∫
Rn

e−|x|2 |x|k(
1 + |x|2

ε2

)n−2s dx

= εk+2s
( ∫

Rn

|z|k
(1 + |z|2)n−2s dz + o(1)

)
.

(112)

Since 2 ≤ k < n − 4s (for n and s as in (45)), the integral
∫
Rn

|z|k
(1 + |z|2)n−2s dz is finite.

Therefore, ||g1,k,ε||2L2(Rn)
= O(εk+2s) as ε tends to zero. Then, we have

∫
B(0,η)

|x|k
∣∣∣∣ ∫B(0,η)c

Uε,s(x)
|x − y|n+s 1B(0, η

2 )
c (x − y)dy

∣∣∣∣2dx

≤
∫
Rn

∣∣∣∣ ∫Rn
e−

|x|2
2 |x| k

2 Uε,s(x)
1B(0, η

2 )
c (x − y)

|x − y|n+s dy
∣∣∣∣2dx

= ||g̃1,k,ε ∗ h||2L2(Rn)

≤ ||g̃1,k,ε||2L2(Rn)
||h||2L1(Rn)

= O(εk+2s),

(113)

as ε tends to zero. Thus, (111) yields.
Using (110) and (111) together with (109), we deduce that for n and s as described

in (45) and for 2 ≤ k < n − 4s, (108) holds true.
Now, let us move to treat the fourth term of the sum (50). Thanks to (2) and (47) and

since s < 1, we have∫
B(0,η)c

(p(x)− p0)

∣∣∣∣ ∫B(0,η)

uε,s(x)− uε,s(y)
|x − y|n+s 1B(0, η

2 )
(x − y)dy

∣∣∣∣2dx

≤
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫B(0,η)
Cε

n−2s
2

1B(0, η
2 )
(x − y)

|x − y|n+s−1 dy
∣∣∣∣2dx

≤ Cεn−2s
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫Rn

1B(0, η
2 )
(x − y)

|x − y|n+s−1 dy
∣∣∣∣2dx

= Cεn−2s
∫

B(0,η)c
(p(x)− p0)dx

∣∣∣∣ ∫Rn

1B(0, η
2 )
(z)

|z|n+s−1 dz
∣∣∣∣2

= O(εn−2s),

(114)
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where C and C′ are positive constants possibly depending on η, s and n.
Now, we move to the fifth term of the sum (50), and we will prove the following

∫
B(0,η)c

(p(x)− p0)

∣∣∣∣ ∫B(0,η)

uε,s(x)− uε,s(y)
|x − y|n+s 1B(0, η

2 )
c(x − y)dy

∣∣∣∣2dx

≤ 2
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫B(0,η)

uε,s(x)
|x − y|n+s 1B(0, η

2 )
c(x − y)dy

∣∣∣∣2dx

+2
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫B(0,η)

uε,s(y)
|x − y|n+s 1B(0, η

2 )
c(x − y)dy

∣∣∣∣2dx

(115)

We start by the estimation of the first term of the previous sum; we use (46) for η = ρ

∫
B(0,η)c

(p(x)− p0)

∣∣∣∣ ∫B(0,η)

uε,s(x)
|x − y|n+s 1B(0, η

2 )
c(x − y)dy

∣∣∣∣2dx

≤
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫B(0,η)

Uε,s(x)
|x − y|n+s 1B(0, η

2 )
c(x − y)dy

∣∣∣∣2dx

≤ Cεn−2s
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫B(0,η)

1B(0, η
2 )

c(x − y)

|x − y|n+s dy
∣∣∣∣2dx

≤ Cεn−2s
∫

B(0,η)c
(p(x)− p0)dx

∣∣∣∣ ∫Rn

1B(0, η
2 )

c(z)

|z|n+s dz
∣∣∣∣2.

(116)

Since we have p − p0 ∈ L1(Rn) (by (2)) and since s > 0,
∫

B(0,η)

1B(0, η
2 )

c(z)

|z|n+s dz is bounded.

Therefore,

∫
B(0,η)c

(p(x)− p0)

∣∣∣∣ ∫B(0,η)

uε,s(x)
|x − y|n+s 1B(0, η

2 )
c(x − y)dy

∣∣∣∣2dx = O(εn−2s), (117)

as ε tends to zero.
For the the second term of the sum in (115), using (2) and (14), we have

∫
B(0,η)c

(p(x)− p0)

∣∣∣∣ ∫B(0,η)

uε,s(y)
|x − y|n+s 1B(0, η

2 )
c(x − y)dy

∣∣∣∣2dx

≤ C′
∫

B(0,η)c
(p(x)− p0)

∣∣∣∣ ∫B(0,η)
Uε,s(y)dy

∣∣∣∣2dx

≤ C
∣∣∣∣ ∫B(0,η)

Uε,s(y)dy
∣∣∣∣2

= Cεn−2s
∣∣∣∣ ∫|y|<η

dy

(ε2 + |y|2) n−2s
2

∣∣∣∣2
= Cεn+2s

∣∣∣∣ ∫|z|< η
ε

dz

(1 + |z|2) n−2s
2

∣∣∣∣2
= Cεn+2s

∣∣∣∣ ∫ η
ε

0

rn−1dr

(1 + r2)
n−2s

2

∣∣∣∣2
= O(εn−2s),

(118)

since ε2s
∫ η

ε

0

rn−1dr

(1 + r2)
n−2s

2
tends to a positive constant independent of ε as ε tends to zero.
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Thus, using (117), (118) together with (115), we obtain

∫
B(0,η)c

(p(x)− p0)

∣∣∣∣ ∫B(0,η)

uε,s(x)− uε,s(y)
|x − y|n+s 1B(0, η

2 )
c(x − y)dy

∣∣∣∣2dx = O(εn−2s) (119)

Therefore, by using Proposition 3, (107), (108), (114), (119), and (106), together with (50), for
2 ≤ k < n − 4s, we obtain

∫
Rn
(p(x)− p0)

∣∣∣∣ ∫Rn

uε,s(x)− uε,s(y)
|x − y|n+s dy

∣∣∣∣2dx ≤ κCε2 +O(εn−2s) +O(εk+2s). (120)

Then, by this and (49), for n and s as in (45) (here we have already taken into account the
conditions in (73)) and for 2 ≤ k < n − 4s, we write∫

Rn
p(x)|(−∆)

s
2 uε,s,a(x)|2dx ≤ p0Ks + κCε2 +O(εn−2s) +O(εk+2s), (121)

which completes the proof of Theorem 3.

Remark 3. Theorem 3 remains valid under the weaker assumption that the weight function p
satisfies p(x) = p0 + κ|x|k in a neighborhood B(0, η) with p − p0 ∈ L1(Rn). As shown in the
proof above, the term ε2 appearing in inequality (121) does not arise from the exponential weight
e−|x|2 and hence has no impact on the argument (see [8]). Nevertheless, this term will play a
significant role in the next sections, where it will be essential in deriving nonexistence results.

Remark 4. Note that if we take vε,s,a :=
uε,s,a

||uε,s,a||Lqs (Rn)
, inequality (44) becomes

∫
Rn

p(x)|(−∆)
s
2 vε,s,a(x)|2dx ≤ p0Ss + κCε2 +O(εn−2s) +O(εk+2s). (122)

Let us conclude the proof of Theorem 1. Thanks to Theorem 3, (18) and (17), we write
the inequality satisfied by the energy

S̃s,λ(p) ≤ Ẽλ(vε,s,a)

= Ẽλ

( uε,s,a

||uε,s,a||Lqs (Rn)

)
≤ p0Ss + κCε2 − λ

K2,s

K
2
qs
qs

ε2s +O(εn−2s) +O(εk+2s)

= p0Ss + ε2s
(
− λ

K2,s

K
2
qs
qs

+ κCε2−2s +O(εn−4s) +O(εk)

)
.

(123)

We deduce that if n = 3 and s ∈]0, 1
4 ] or n = 4 and s ∈]0, 1

2 ] or n = 5 and s ∈]0, 3
4 ]

or if n ≥ 6 and s ∈ (0, 1), for k ∈ [2, n − 4s[, and when ε is small enough, we have
S̃s,λ(p) ≤ Ẽλ(vε,s,a) < p0Ss. In all the cases above, S̃s,λ(p) is achieved for 0 < λ < λ̃1,p,s

and for every κ > 0; thus, the Theorem 1 follows at once.

Remark 5. In this Theorem 1, we proved the result for a weight p(x) = p0 + |x|ke−|x|2 , x ∈ Rn

since in the neighborhood of zero, p0 + |x|ke−|x|2 is equivalent to p0 + |x|k. Then, we obtain
the same result if we take p(x) = p0 + |x|k in a neighborhood of zero, and we suppose that
p − p0 ∈ L1(Rn) as we supposed in [8].
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Remark 6. For p = 1, Theorem 1 coincides with Theorem 1.2 of [8], since we have Ss,λ(1) =

S̃s,λ(1).

In the following section, we prove Pohozaev’s identity in the case of the fractional
Laplacian with weight, which plays a role in proving the nonexistence of minimizers.

3. Pohozaev’s Identity with Weight
The classical Pohozaev identity was introduced by Pohozaev [29] in 1965 for local

operators as a fundamental tool to establish nonexistence results for elliptic equations
in star-shaped domains. In [26], Ros-Oton and Serra established a generalization of the
Pohozaev identity to the nonlocal setting, namely for the fractional Laplacian (−∆)s, and
used it to derive analogous nonexistence results in the fractional case. In this paper,
we follow the method of [26] to establish a weighted Pohozaev identity adapted to our
operator (−∆)s/2(p (−∆)s/2 ·), which is the key tool in the proof of the nonexistence results
of Theorem 2.

Our aim is to prove the Pohozaev identity for the semilinear Dirichlet problem
with weight  (−∆)

s
2

(
p(−∆)

s
2 u
)
= f (x, u) in Ω

u = 0 in Rn \ Ω,
(124)

with u ∈ Hs
0(Ω). Here, s ∈ (0, 1), Ω is a bounded C1,1 and star-shaped domain and p is as

defined in (2)
The weak formulation of this problem is given by, for all v ∈ Hs

0(Ω),∫
Rn

p(x)(−∆)
s
2 u(x)(−∆)

s
2 v(x)dx =

∫
Ω

f (x, u)v(x)dx. (125)

In the sequel and without any loss of generality, we assume that a = 0.

Theorem 4. Let u ∈ Hs
0(Ω), where Ω a star-shaped domain, s ∈ (0, 1) and a weight p is defined

as in (2); then, we have

∫
Ω

(
x.∇u(x)

)[
(−∆)

s
2

(
p(−∆)

s
2 u
)
(x)
]

dx =
∫
Rn

(
2s − n

2
p(x)− κk

2
e−|x|2 |x|k

)∣∣∣(−∆)
s
2 u(x)

∣∣∣2dx

− Γ(1+s)2

2

∫
∂Ω

p(x)(x.ν)
( u

δs (x)
)2

dσ(x).
(126)

where c is a constant called the mean constant, ν is the unit outward normal to ∂Ω at x, and Γ is
the Gamma function.

Proof. Let u ∈ Hs
0(Ω) and s ∈ (0, 1). We write the left-hand side of the identity (126) as

∫
Ω

(
x.∇u(x)

)[
(−∆)

s
2

(
p(−∆)

s
2 u
)
(x)
]

dx =
d

dλ |λ=1

∫
Ω

uλ(x)(−∆)
s
2

(
p(−∆)

s
2 u
)
(x)dx,

where uλ(x) = u(λx). Note that uλ ≡ 0 in Rn \ Ω, since Ω is star-shaped, and we take
λ > 1 in the above derivative. By replacing p by its expression, we obtain

∫
Ω

(
x.∇u(x)

)[
(−∆)

s
2

(
p(−∆)

s
2 u
)
(x)
]

dx = p0
d

dλ |λ=1

∫
Ω

uλ(x)(−∆)su(x)dx

+ d
dλ |λ=1

∫
Ω

uλ(x)(−∆)
s
2

(
κe−|x|2 |x|k(−∆)

s
2 u
)
(x) dx.

(127)
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Using the classical Pohozaev formula (see [26]), we obtain∫
Ω

(
x.∇u(x)

)[
(−∆)

s
2

(
p(−∆)

s
2 u
)
(x)
]
dx

= p0

(
2s−n

2

∫
Ω

u(x)(−∆)su(x)dx − Γ(1 + s)2

2

∫
∂Ω

( u
δs (x)

)2
(x.ν)dσ

)
+ d

dλ |λ=1

∫
Rn

(
(−∆)

s
2 uλ(x)

)
κe−|x|2 |x|k(−∆)

s
2 u(x)dx

= p0

(
2s−n

2

∫
Ω

u(x)(−∆)su(x)dx − Γ(1 + s)2

2

∫
∂Ω

( u
δs (x)

)2
(x.ν)dσ

)
+ d

dλ |λ=1

(
λs− k

2 κ
∫
Rn

w1,λ(x)w1(x)dx
)

,

(128)

where w1(x) = e−
|x|2

2 |x| k
2 (−∆)

s
2 u(x) and w1,λ(x) = w1(λx), see [30] for the function Γ. We

recall that if u and v are Hs
0(Ω), then∫
Ω

v(−∆)sudx =
∫
Rn
(−∆)

s
2 u(−∆)

s
2 vdx. (129)

As a consequence, we may use the previous identity (129) with v = uλ, and we make the
change of variables y =

√
λx to obtain∫

Ω

(
x.∇u(x)

)[
(−∆)

s
2

(
p(−∆)

s
2 u
)
(x)
]
dx

= p0

(
2s−n

2

∫
Ω

u(x)(−∆)su(x)dx − Γ(1 + s)2

2

∫
∂Ω

( u
δs (x)

)2
(x.ν)dσ

)
+ d

dλ |λ=1

(
λ

2s−k−n
2 κ

∫
Rn

w1,
√

λ(x)w1, 1√
λ

(x)dx
)

= p0

(
2s−n

2

∫
Ω

u(x)(−∆)su(x) dx − Γ(1 + s)2

2

∫
∂Ω

( u
δs (x)

)2
(x.ν)dσ

)
+ 2s−k−n

2 κ
∫
Rn

e−|x|2 |x|k
∣∣∣(−∆)

s
2 u(x)

∣∣∣2dx +
κ

2
d

dλ |λ=1

∫
Rn

w1,λ(x)w1, 1
λ
(x) dx.

(130)

Using again [26], we have

d
dλ |λ=1

∫
Rn

w1,λ(x)w1, 1
λ
(x)dx =

d
dλ |λ=1

∫
∂Ω

e−|x|2 |x|k(x.ν)
( ∫ ∞

0
tn−1w(λtx)w

( tx
λ

)
dt
)

dσ(x), (131)

where w(x) = (−∆)
s
2 u(x).

We write ∫ ∞

0
tn−1w(λtx)w

( tx
λ

)
dt =

∫ ∞

0
ϕ(tλ)ϕ

( t
λ

)
dt,

with
ϕ(t) := t

n−1
2 w(tx) = t

n−1
2 (−∆)

s
2 u(tx).

From the Pohozaev identity for the classical fractional laplacian (see [26]), we have

d
dλ |λ=1

∫ ∞

0
tn−1w(λtx)w

( tx
λ

)
dt = −Γ(1 + s)2

( u
δs (x)

)2
.

Therefore,

d
dλ |λ=1

∫
Rn

w1,λ(x)w1, 1
λ
(x)dx = −Γ(1 + s)2

∫
∂Ω

e−|x|2 |x|k(x.ν)
( u

δs (x)
)2

dσ(x). (132)

Finally, we obtain
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∫
Ω
(x.∇u(x))

[
(−∆)

s
2

(
p(−∆)

s
2

)]
dx

= p0

(
2s−n

2

∫
Ω

u(x)(−∆)su(x)dx − Γ(1 + s)2

2

∫
∂Ω

( u
δs (x)

)2
(x.ν)dσ

)
+ 2s−k−n

2

∫
Rn

κe−|x|2 |x|k|(−∆)
s
2 u(x)|2dx − Γ(1 + s)2

2

∫
∂Ω

κe−|x|2 |x|k(x.ν)
( u

δs (x)
)2

dσ(x).

(133)

Then, we write

∫
Ω
(x.∇u(x))

[
(−∆)

s
2

(
p(−∆)

s
2

)]
dx =

∫
Rn

(
2s − n

2
p(x)− κk

2
e−|x|2 |x|k

)∣∣∣(−∆)
s
2 u(x)

∣∣∣2dx

− Γ(1+s)2

2

∫
∂Ω

p(x)(x.ν)
( u

δs (x)
)2

dσ(x).
(134)

We find a similar formula if we gain a weight of the type p(x) = p0 + pk1 |x|
k1 + pk2 |x|

k2 .
We define it in the following proposition.

Proposition 4. Let u ∈ Hs
0(Ω) and suppose that p(x) = p0 + pk1 |x|

k1 + pk2 |x|
k2 ; then, we have

the following similar formula of Pohozaev’s identity

∫
Ω
(x.∇u(x))

[
(−∆)

s
2

(
p(−∆)

s
2 u
)]

dx =
∫
Rn

(
2s − n

2
p(x)−

2

∑
i=1

pki
ki

2
|x|ki

)∣∣∣(−∆)
s
2 u(x)

∣∣∣2dx

− Γ(1+s)2

2

∫
∂Ω

p(x)(x.ν)
( u

δs (x)
)2

dσ(x).
(135)

Now, we collected all the tools to prove Theorem 2.

Proof of Theorem 2

Proof. We start by proving assertion (1). Let Ω be a smooth bounded domain of Rn, n ≥ 3.
(To prove this assertion we don’t need to suppose Ω to be starshaped domain.) Let u be a
function which achieves the infimum S̃s,λ(p). The minimizer u satisfies Euler’s equation
given by

∫
Rn

p(x)
( ∫

Rn

u(x)− u(y)
|x − y|n+s dy

)( ∫
Rn

ζ(x)− ζ(z)
|x − z|n+s dz

)
dx − λ

∫
Ω

u(x)ζ(x)dx

= Λs,p

∫
Ω
|u(x)|qs−2u(x)ζ(x)dx,

(136)

for all ζ ∈ Hs
0(Ω) where Λs,p is a Lagrange multiplier.

Let Φ1,p,s be an eigenvector associated to λ̃1,p,s. We take ζ = ϕ1,p,s, and we obtain

∫
Rn

p(x)
( ∫

Rn

u(x)− u(y)
|x − y|n+s dy

)( ∫
Rn

ϕ1,p,s(x)− ϕ1,p,s(z)
|x − z|n+s dz

)
dx − λ

∫
Ω

u(x)ϕ1,p,s(x)dx

= Λs,p

∫
Ω
|u(x)|qs−2u(x)ϕ1,p,s(x)dx,

(137)

and
(λ̃1,p,s − λ)

∫
Ω

u(x)Φ1,p,s(x)dx = Λs,p

∫
Ω
|u(x)|qs−2u(x)ϕ1,p,s(x)dx. (138)

Identically as in ([1], Chapter 3), we can prove that ϕ1,p,s > 0. Therefore, we deduce∫
Ω
|u|qs−2ϕ1,p,sdx > 0. (139)
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Then, we obtain (λ̃1,p,s − λ)
∫
Rn

u(x)ϕ1,p,s(x)dx > 0 and so λ̃1,p,s > λ.

Finally, if λ ≥ λ̃1,p,s, there exists no solution achieving the infimum (4).
We move to detail the proof of assertion (2). Let Ω be a star-shaped domain and let

n, s such that n = 3 and s ∈]0, 1
4 [ or n = 4 and s ∈]0, 1

2 [ or n = 5 and s ∈]0, 3
4 [ or n ≥ 6

and s ∈ (0, 1). We will establish that α(k, s) = 0 and then for every λ ≤ 0, there exists no
solution to (4).

By the Pohozaev identity in the fractional Laplacian with weight, we have

∫
Ω
(x.∇u)

[
(−∆)

s
2

(
p(−∆)

s
2 u
)]

dx =
∫
Rn

(
2s − n

2
p(x)− k

2
e−|x|2 |x|k

)∣∣(−∆)
s
2 u
∣∣2dx

− Γ(1+s)2

2

∫
∂Ω

p(x)(x.ν)
( u

δs

)2
dσ(x).

(140)

The left-hand side is∫
Ω
(x.∇u)(uqs−1 + λu) =

∫
Ω

( x.∇uqs

qs
+

λx.∇u2

2

)
dx

= −n
qs

∫
Ω

uqs dx − nλ

2

∫
Ω

u2dx

= − n−2s
2 − nλ

2

∫
Ω

u2dx.

(141)

We study the right-hand side by taking

A :=
Γ(1 + s)2

2

∫
∂Ω

p(x)(x.ν)
( u

δs

)2
dσ(x),

using the fact that (−∆)
s
2 (p(−∆)

s
2 u) = uqs−1 + λu, we have

∫
Rn

(
2s − n

2
p(x)− k

2
|x|k

)∣∣(−∆)
s
2 u
∣∣2dx − A

=
∫
Rn

2s − n
2

p(x)
∣∣(−∆)

s
2 u
∣∣2dx − k

2

∫
Rn

e−|x|2 |x|k
∣∣(−∆)

s
2 u
∣∣2dx − A

= 2s−n
2

( ∫
Rn

uqs dx + λ
∫
Rn

u2dx
)
− k

2

∫
Rn

e−|x|2 |x|k
∣∣(−∆)

s
2 u(x)

∣∣2dx − A.

(142)

Therefore, by combining (141) and (142) and taking into account ||u||qs = 1, we obtain

−nλ

2

∫
Ω

u2dx =
2s − n

2
λ
∫

Ω
u2dx − k

2

∫
Rn

e−|x|2 |x|k
∣∣(−∆)

s
2 u(x)

∣∣2dx − A, (143)

so
−λs

∫
Ω

u2dx = − k
2

∫
Rn

e−|x|2 |x|k
∣∣(−∆)

s
2 u(x)

∣∣2dx − A. (144)

Therefore, we obtain

λ ≥ k
2s

∫
Rn

e−|x|2 |x|k
∣∣(−∆)

s
2 u(x)

∣∣2dx∫
Ω
|u(x)|2dx

> 0. (145)

An immediate result that we can announce here is that if λ = 0, the infimum (4) cannot
be achieved.

For n, s such that n = 3 and s ∈]0, 1
4 [ or n = 4 and s ∈]0, 1

2 [ or n = 5 and s ∈]0, 3
4 [ or

n ≥ 6 and s ∈ (0, 1), by Theorem 3, for every 2 ≤ k < n − 4s, we have
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0 ≤ α(k, s) = inf
u∈Hs

0(Ω)
u ̸=0

k
2s

∫
Rn

e−|x|2 |x|k
∣∣(−∆)

s
2 u
∣∣2dx∫

Ω
|u(x)|2dx

≤ k
2s

∫
Rn

e−|x|2 |x|k
∣∣(−∆)

s
2 uε,s

∣∣2dx∫
Ω
|uε,s(x)|2dx

≤ k
2s

(
Cε2 +O(εn−2s)

)
K1,sε2s +O(εn−2s)

≤ ε2−2s(C +O(εn−2)),

(146)

where C is a positive constant.
Since n > 2, s ∈ (0, 1), α(k, s) = 0, then we obtain λ ≥ α(k, s) = 0. Therefore, if λ < 0,

the infimum (4) is not achieved, which finishes the proof of assertion (2).
We end the proof of Theorem 2 by proving the assertion (3). For the convenience of

the reader, we recall Hardy’s formula, and for further details, please see [10,31].

Proposition 5. Let k ∈ R+ such that k < 2s, then we have ∀u ∈ Hs
0(Ω)

∫
Rn

e−|x|2 |x|k|(−∆)
s
2 u(x)|2dx ≥

C2
n,s,k

4

∫
Ω
|x|k−2s|u(x)|2dx +

Cn,s,k

2

∫
Rn

I s
2
(u, u)

|x|s−k dx, (147)

where

I s
2
(u, u) = c(n,

s
2
)
∫
Rn

|u(x)− u(y)|2
|x − y|n+s dy, (148)

and Cn,s,k is a positive constant depending on s, k and the dimension n.

Proof. ∀t ∈ R we have

∫
Rn

∣∣∣∣e− |x|2
2 |x|

k
2 |(−∆)

s
2 u(x)|+ te

−(diam(Ω))2
2

e
|x|2

2

|x|s− k
2

u(x)
∣∣∣∣2dx ≥ 0, (149)

where diam(Ω) is the diameter of Ω. We apply the product formula of the fractional
Laplcian u(−∆)

s
2 u = 1

2
(
(−∆)

s
2 |u|2 + I s

2
(u, u)

)
, and we obtain∫

Rn
e−|x|2 |x|k |(−∆)

s
2 u(x)|2 dx

+ t e−
(diam(Ω))2

2

∫
Rn

|x|k−s
(
(−∆)

s
2 |u(x)|2 + I s

2
(u, u)

)
dx

+ t2e−(diam(Ω))2
∫

Ω

e|x|
2 |u(x)|2
|x|2s−k dx ≥ 0.

(150)

with Is(u, u) defined in (148). Since k < 2s, we have

∫ +∞

0

rk−s

(1 + r)n+s rn−1dr < +∞, (151)

Then, we apply the result shown in [28], Theorem 1.1, and with r = |x|, for every x ∈
Rn \ {0}, we obtain

(−∆)
s
2 |x|k−s = Cn,s

1
|x|2s−k , (152)

where Cn,s is a positive constant depending on n, s. After application of the Green formula,
there exists a positive constant Cn,s,k such that
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∫
Rn

e−|x|2 |x|k|(−∆)
s
2 u(x)|2dx + te

−(diam(Ω))2
2 Cn,s,k

∫
Rn

|u(x)|2
|x|2s−k dx

+te
−(diam(Ω))2

2

∫
Rn

I s
2
(u, u)

|x|s−k dx + t2e−(diam(Ω))2
∫

Ω

e|x|
2 |u(x)|2
|x|2s−k dx ≥ 0.

(153)

since e
−(diam(Ω))2

2 ≤ 1 and for x ∈ Ω, e|x|
2 ≤ e(diam(Ω))2

; then, we obtain

∫
Rn

e−|x|2 |x|k|(−∆)
s
2 u(x)|2dx + tCn,s,k

∫
Rn

|u(x)|2
|x|2s−k dx + t

∫
Rn

I s
2
(u, u)

|x|s−k dx + t2
∫

Ω

|u(x)|2
|x|2s−k dx ≥ 0. (154)

For t = −Cn,s,k
2 , we obtain

∫
Rn

e−|x|2 |x|k|(−∆)
s
2 u(x)|2dx −

Cn,s,k

2

∫
Rn

I s
2
(u, u)

|x|s−k dx ≥
C2

n,s,k

4

∫
Ω

|u(x)|2
|x|2s−k dx, (155)

then, we obtain the desired result.

Now, we can easily prove (3) of Theorem 2.
Let Ω be a star-shaped domain and let u be a solution of (4), so we have u = 0 in

Rn \ Ω. By (145) and using Proposition 5, for Ω star-shaped domain and k < 2s, we have

λ ≥ k
2s

∫
Rn

e−|x|2 |x|k
∣∣(−∆)

s
2 u(x)

∣∣2dx∫
Ω
|u(x)|2dx

≥ α(k, s)

≥ C(n,s,k)

∫
Ω
|x|k−2s|u(x)|2dx∫

Ω |u(x)|2dx

≥ C(n,s,k)(diam(Ω))k−2s

:= α0 > 0.

(156)

Then, we conclude that for λ < α(k, s) the infimum (4) is not achieved.
We conclude that for k < 2s, we have λ ≥ α(k, s) ≥ α0 > 0, so that if λ < α(k, s),

S̃s,λ(p) is not achieved. In other words, when λ is small, there is no solution, and to have a
solution λ must be greater than a value α0 > 0.

We can, finally, end this section by the following remark where we give a short
comparision between the local and fractional cases.

Remark 7. In the local case, everything happens in the neighborhood of the minimum, which is 0,
and when x is close to 0, |x|k is very small. In contrast to what happens in the nonlocal case, the
vectors x which are far from 0 intervene, which means that |x|k will be large. Therefore, we can
exceed Ss, and consequently this is not reached.

4. Conclusions
In this paper, we have studied the fractional minimization problem

S̃s,λ(p) := inf
u∈Hs

0(Ω)
∥u∥Lqs =1

∫
Rn

p(x)|(−∆)s/2u|2 dx − λ
∫

Ω
|u|2 dx,
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where p is a positive weight admitting a global minimum p0 > 0, and s ∈ (0, 1), n ≥ 3. Our
main contributions are the following.

Existence. We proved in Theorem 1 that for k ∈ [2, n − 4s[, λ ∈]0, λ̃1,p,s[ and under the
dimensional conditions of Theorem 1, the infimum S̃s,λ(p) is achieved for every κ > 0. The
key step is the a priori estimate S̃s,λ(p) < p0Ss, established in Theorem 3, which allows us
to recover compactness despite the critical Sobolev exponent. Compared to [8], where a
restriction on κ was imposed, our result holds for all κ > 0 thanks to the specific structure
of the weight p defined in (2).

Nonexistence. We proved in Theorem 2 three nonexistence results. First, if λ ≥ λ̃1,p,s,
no minimizer exists. Second, for k ∈ [2, n − 4s[, there is no minimizer when λ ≤ 0. Third,
for k < 2s, there exists α0 > 0 such that no minimizer exists when λ < α(k, s). The
proofs rely on two key tools that we developed: a fractional weighted Pohozaev identity
(Theorem 4), adapted to the operator (−∆)s/2(p (−∆)s/2 ·), and a fractional Hardy-type
inequality with weight (Proposition 5).

Comparison with related results. Our results extend those of [7] (local case s = 1)
and [26] (unweighted fractional case p ≡ 1) to the weighted fractional setting. The condition
k ∈ [2, n − 4s[ for existence is a natural fractional analogue of the condition k > 2 of [7],
recovering the latter as s → 1. The nonlocal character of the operator introduces new
difficulties that are not present in the local case, in particular the contribution of the weight
at infinity, which is responsible for the additional condition on k discussed in Remark 7.

Perspectives. Several natural extensions of this paper remain open. First, it would be
interesting to consider more general weights p, for instance weights with multiple local
minima or with a different behavior at infinity. Second, the case of systems of equations
involving the fractional Laplacian with weight deserves investigation. It is also interesting
to consider a system with n components in the case of a local operator; see, for instance [32].
Finally, it is important to extend these results to the polyharmonic operator case, (−∆)s+n

with s ∈ (0, 1) and n ∈ N; see [15,22].
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