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1. Introduction

Nonlocal differential operators, like the fractional p-Laplacian of order s, usually de-
noted with (—A,)*, have been introduced in recent years to model a variety of phenomena,
including anomalous diffusion and processes characterized by long-range interactions. Due
to its broad applicability, they have attracted considerable attention, also in connection with
problems arising from game theory, finance, image processing, materials science, etc. This
daily growing interest has led to a vast amount of studies that treat existence, uniqueness,
or multiplicity of solutions for equations with such operators. See, e.g., refs. [1-7] with
regard to existence or multiplicity and [8-11] for regularity. The survey in [12] provides a
comprehensive account of underlying fractional Sobolev spaces.

Singular equations driven by nonlocal differential operators have recently been in-
vestigated. For instance, Dirichlet fractional p-Laplacian problems are studied in [13],
while [14,15] deal with the fractional (p, g)-Laplacian. All these works are set in a bounded
domain Q C RN. As well-pointed out by Carl, Perera, and Teherani [8], proofs involving
nonlocal differential operators on the whole space are usually carried out within the frame-
work of homogeneous fractional Sobolev spaces, where the natural decay of functions is
only measure-theoretic. Here, we consider the problem

(=Ap)°u = f(x,u) in RV,
u>0 in RV, 1)

u(x) =0 as |x| = 400,

with N >3,0<s<1,2<p< Y and (-A,)° formally defined by
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s : () — u(y) [P~ (u(x) —u(y)) N
—A =21 RV.
(ZAp)ulx):=2 lim RN\ B, (x) |x — y|NFsp Y, x€

The reaction term f : RN x Rt — R satisfies Carathéodory’s conditions. Moreover,
a(x)t™7 < f(x,t) <a(x)(t7+17) Y (xt) e RN xRT, )

where 0 < ¥ <1<r<p—1landa:RN — R is a measurable function such that

0<a(x) <cw(x), with w(x): x € RY, 3)

T 1 x[Na

forsomec,; >0,a € (71\;:51P,71\L:§P +sp)-

Hypothesis (3) imposes a precise decay at infinity to the weight a. It allows comparison

both with the fractional p-harmonic function and with the fractional p-Laplacian of power
functions; see Lemma 6.

If D¥P(RN) denotes the completion of C®(RN) through Gagliardo’s norm
(cf. Section 2), then a function u € D*?(RN) is called a weak solution to (1) provided

u(x) —u(y)|P~2(u(x) —u x) —
/sz| (x) —u@)|P"(u(x) — u(y))(e(x) (P(y))dxdy—/RNf("”)q)dx

I

forall € D¥P(RN), u > 0in RN, and ‘ llim u(x) = 0. Our main result, namely Theorem 6
X|—00

below, ensures that, under (2) and (3), problem (1) admits a weak solution.
From a technical point of view, there are at least four noteworthy features:

(a) The driving differential operator is nonlocal;

(b) f(x,-) turns out to be singular at zero, which means lirr}r (x,t) = +os;
t—0

(c) One seeks solutions defined on the whole RV;
(d) A pointwise decay of the solution at infinity is required.

Working in RN causes a lack of compactness for fractional Sobolev embeddings. So,
right compact embeddings, as well as comparison principles in exterior domains, are nec-
essary. To achieve (d), we first derive suitable lower and upper bounds and then match
them with appropriately chosen radial functions having prescribed decay at infinity. In
doing this, the papers [8,16] play a significant role. Precisely, ref. [8] provides global
L*-bounds and decay estimates for solutions u € D¥? (RN) of fractional p-Laplacian equa-
tions, while [16] contains a rigorous computation of the fractional p-Laplacian fundamental
solution and establishes the sharp asymptotic behavior at infinity of extremal functions for
the fractional critical Sobolev embedding.

This paper is organized as follows. Section 2 contains preliminary facts. In the next
section, we focus on the pure singular problem and, via a shifting method, show that it
admits a weak solution. Finally, Section 4 is devoted to the study of (1), which we solve
by means of a truncation argument, combined with a variational approach and suitable a
priori estimates.

2. Basic Definitions and Auxiliary Results

Given two topological spaces X and Y, the symbol X < Y means that X continuously
embedsin Y.
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Let X be a real Banach space with topological dual X* and duality brackets (-, ). A
function A : X — X* is called strictly monotone when (A(x) — A(z),x —z) > 0 for all
x,z € X with x # z.

If r > 0and xg € RN, then B, (xg) := {x € RN : |x — xq| < r}; B, := B,(0); B, denotes
the closure of B; B¢ := RN \ B,; |E| indicates the N-dimensional Lebesgue measure of
E C RN; xf stands for the characteristic function of E;

ty :=max{+t,0}, tER;
and C, Cy, etc. are positive constants, which may change value from line to line, whose
dependencies will be specified when necessary.
Let X(RN) be a real-valued function space on RY, and let u,v € X(RN). We simply

write # < v when u(x) < v(x) a.e. in RN, and analogously, for u < v, etc. To shorten the
notation, define

{u<o}:={xeRV:u(x)<o(x)}, XRNV),:={weXRY):w>0}.

The meaning of {u < v} and so on is similar. Henceforth, ¢’ indicates the conjugate
exponent of 4 > 1, while

(fRN |U(x)‘qu)% ifl1 < g < oo,

[ollg ==
esssup |v(x)| when g = oo.
xeRN

Givens € (0,1) and p € [1,+c0), the Gagliardo semi-norm of a measurable function

u:RN 5 Ris .
_ u(x) —u(y)? v

fl<p< g, write (when no confusion can arise)

«._ Np
PP=N—sp

and denote by D¥? (RN ) the homogeneous fractional Sobolev space
DS (RN) ;= {u e LV (RY): [u]s, < +oo},

endowed with the norm

lulls,p := [u]s,p, uc Ds'p(]RN).

It is known [17] that (D? (RN), || -
Banach space.
The operator (—Ap)* : DSP(RN) — (D%F(RN))* defined by setting

s,p) turns out to be a uniformly convex (hence, reflexive)

u(x) —u P=2(u(x) —u v(x) —v
((~p)u,0) = /]RNX]RNl (x) —u(y)| |(x£;|N+SS/))( (x) (y))dxdy

for every u,v € D%F(RN) is called fractional p-Laplacian of order s. It enjoys the next
useful property.

Lemma 1. Suppose that2 < p < % Then, (—Ayp)* turns out to be strictly monotone.
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Proof. Given any a4,b € R, one has
(la?2a [0} 2b) (a — b) = Cyla — ],

with appropriate C,, > 0; see, e.g., ref. [18], Example 25.5. If u,v € D¥P(RN) then choosing
a:=u(x) —u(y),b:=0v(x) —o(y), dividing by |x — y|N*°7, and integrating on RN x RN
easily produces

(=Dp)u—(=Dp)°o,u—0v) > Cpllu—o|L,,

as desired. O

Letw : RN — R; be as in (3), namely

w(x) : !

— N
.—W VXER 7

where a > 0. Since w € L'(RN) N L®(RN), the interpolation inequality ([19], p. 93) entails
w € L1(RN) for whatever g € [1,00]. On the linear space space

LY(RN, w) := {u : RN — R measurable : / wlu|dx < oo},
RN

we will consider the norm

q
||u||q,w = (‘/RN |M|qZUdX) .

If1 < g < oo, then (L7(RN,w), || - [|4,w) turns out reflexive and separable. Moreover,
ue DPRY) = [lullpr 0 < [w]leollullye < Cle0)[uls,p,

whence D% (RN) < LP"(RN,w). Actually, a nontrivial argument ([8], Lemma 3.3)
ensures that

Lemma 2. Assume that1 < p < g Then:
(@) DP(RN) — LI(RN,w), for whatever 1 < q < p*.
(b) The embedding in (a) is compact once q < p*.

Given any open set () C RN, we define
DP(Q) := {u ELfozl(RN) N LY (Q) : 3E D Q with E€ compact, dist(ES, Q) > 0,

and [u}ws,p(E) < OO}

Here,

1
, u(x) —u(y)| d

The following results, established in Theorem 2.7, Lemma A.2, and Propositions 3.5-3.6
of [16], will play a key role in the proof of Theorem 6.

Theorem 1. (Comparison principle in general domains) Let QO C RN be an open set. If
u,v € DP(Q)) satisfies

u<oin Q° and (=Ap)°u < (=Ap)°v in Q
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then u < vin Q.

< B < N Then, for any R > 0, the function

Theorem 2. Suppose that 0 < =T

vg(x) := |x| =P fulfills

N—sp
p

(=Ap)v = C(B)|x| PP=D=P weakly in RN \ By,

where C(B) is given by

1
CBi=2 [ p7H 1= N F ] 1 pP (o) dp
0

while
N-2

1 _ 42\ 5=
D(p) = ”HN*2<SN*2)/ (1-f) .
T(1-2tp+p?) T

N-—s
Remark 1. If = I\r]):slp, then C(B) = 0. Accordingly, the function vg(x) := |x|_?1p belongs

to DSP (B%) and solves (—Ap)*v = 0 in RN \ Bg.

1z

Proposition 1. Let 1 < p < Then, for every R > 0, there exists a unique, radial, non-

) such that

zw

increasing function ug € D5F (R
(—Ap)SuR =0 in RN \ER,
ur =1 in Bg.

Moreover, when R =1, the following decay estimate holds:

N—sp 1 N—sp
p= p=

T <u(x) < pPifx T Vae B, @)

Elxl_
where C := C(N, p,s) > 1.

Finally, we point out the next weak Harnack-type inequality ([9], Theorem 5.2) for
non-negative super-solutions.
Let QO C RN be bounded. We set

WS,P(Q) = {H & Lp (RN) : E'E S QO: ||M||Lp E + [u]wsp E +/ de < OO}
loc (E) PE)T Jen (1 + [x|)N+sp

Theorem 3. If u € WP (Bg 3) satisfies

(=A)yu > K in Bgys,
u>0 nRN,

where K > 0, then there exist ¢ € (0,1), C* > 0 such that

1

p-1 1
infu>co ][ uP~dx — C*(KRP®) v,
BR/4 BR\BR/Z
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3. A Pure Singular Problem
In this section, we focus on the pure singular problem
(=Ap)u=a(x)u™" in RN,
u>0 in RV, ®)

u(x) =0 as |x| — oo,

and prove that it admits a weak solution # € D7 (RN). With this aim, like [13], let us first
study the regularized problem

(—Ap)°u = a(x) <u+ + 111>7 in RV,

(6)
u>0 in RV,
where n € N. Define, for every (x,t) € RN x R,
t 1\ 7
A(x,t) ::/ a(x) (u + ) dr.
0 n
One evidently has
It 1\ 7 [t] |t|1_7
A(x,t) < / a(x) (u + ) dr < / a(x)t~7dt = a(x) , (7)
0 n 0 I—o

while the energy functional arising from (6) is

Tu(u) = ~u gp—/ A(,u)dx, u € DP(RV),
p RN

Lemma 3. If (3) holds, then ], is of class C! in DP(RN), weakly sequentially lower semi-
continuous, and coercive.

Proof. From a € L}(RN) N L*(RN), it follows that a € L"(RY), for whatever r > 1; see,
e.g., ref. [20], Proposition A.6. Hence, thanks to Holder’s inequality,

weD?®Y) = [ a@lu[dx < Clal s ull) <.

RN e

This means that J, is well defined. Further, ], € C'(D%P(RN)), as a standard argument
shows. Now, let u,; — u in DP(RY). The same reasoning made for proving Lemma 3.3
in [8] ensures here that to each R > 0, there corresponds a subsequence, again denoted by
{um}, fulfilling u,,(x) — u(x) a.e. in Bg. Through a diagonalization procedure, we next
arrive at uy, (x) — u(x) for almost all x € RN. Due to Fatou’s lemma and (7), one thus has

lim sup A(x, upm(x))dx < /RN A(x,u(x))dx.

m—+oco JRN

On the other hand, Proposition 3.5 of [19] entails

timinf [ |2 > ]
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Hence,

o oo 1 p .
hmnl}orgf]n(um) > lﬂlgfgﬂumﬂs,p — hmmjolip . A(x, up(x))dx

> Sty — [ A u(x) dx = Juta),

ie., J, is weakly sequentially lower semi-continuous. Let us finally come to coercivity. Via
Young’s inequality with £ and (a) of Lemma 2, we obtain

p=1+y

/RNu(x)|u(x)|1*7dx:/ a(x) 7 a(x) T ()Y da

RN

<e [ atolu() ds+ Colals
RN
< Cellully + Clalh.

whence .
IAWE(p—&)uMW4Q+CMM1VueWﬂRW.

Choosing sufficiently small ¢ > 0 yields lim J,(u) = +oo, as desired. [

l[ulls,p—>o0

Theorem 4. Under hypothesis (3), for every n € N, problem (6) possesses a solution
un € DSP(RN) . The sequence {uy} is bounded in D¥F (RN).

Proof. By Lemma 3, the Weierstrass—Tonelli theorem ([21], Theorem 1.2) can be applied to
J»n. So, there exists u,, € DF(RN) such that

Julun) = _int ().

In particular, 1, weakly solves the differential equation of (6), i.e.,

|14 () — un (Y) [P~2 (un (%) — un(y)) (v(x) — 0(y))
/Rzzv |x—y|N*5P dxdy

T ®
:/ a((un)++) vdx Voe DP(RV).
RN n

We will show that u,, > 0. Testing (8) with v := —(u,,)— and using the inequality
£la—bP2(a—b)(ax —by) > |ax —bs|P, abeR
(cf. [22], p. 89) produces

P, < /RZN un(x) - un(y)|P—2(un(|xx)_:l;;\](zs)g((un)(x) — () (v)) dxdy

= _/RNH<(W)+ + 711>_7(un)_dx = —n" /RNa(un)_dx <0,

[ (tt) -

which obviously forces u, = (u,)+ > 0. Finally, via (8) written for v := u,, Holder’s
inequality, besides the continuous embedding D*” (RN) < LP" (RN), we obtain

lunlly < [ alwnl'Tax < al e lwnlly " <Clal e llly? ¥nen.

F 1~

p*—1+9 p¥—1+7v

The boundedness of {u, } now follows fromp >1—y > 0. O
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Since D¥? (RN) is reflexive, there exists 7 € D¥? (RN ) such that, up to subsequences,
uy — 1 in D*P(RN), u,(x) — %(x) for almost every x € RV, )
see the proof of Lemma 3. Moreover,
Lemma 4. The sequence {u,} given by Theorem 4 turns out monotone non-decreasing.

In fact, on the set {u,, > u,1}, one evidently has

1\ 7 1 -
(=Ap)uy = u(un + n> <a <un+1 + n+1> = (=Dp)°upq1.

Consequently, like in [23] (Lemma 2.8), the conclusion is achieved once we show
the following:

Lemma 5. Ifv,w € D" (RN) and ((—Ap)*w, ¢) < ((—Ap)*v, @) for every ¢ € DSP(RN)
fulfilling ¢ = 0on {w < v}, thenw < vin RN,

Proof. To simplify the formulae, define

_ -2 _ B o -
V(x,y) = [o(x) vy(z)_'pyp(figj) v(y)), W(x,y) = |w(x) wl(z)lpyv\(]zfs(px) w(y))'

and pick ¢ := (w — v). Using the assumptions, we get
0< /sz V(x,y)(e(x) — ¢(y)) dxdy — /RZN W(x,v)(¢(x) — ¢(y)) dx dy
_ /m} dy (V(x,y) — W(x,y)) (w(x) — o(x) — w(y) + o(y)) dx
" /{w<v} dy /{w>v}(V(x,y) = W(x,y))e(x)dx

~[ [ (V) - Wiew)el) dx
{w>v} {w<v}

Since L(a,b) := |a —b|P~2(a —b), (a,b) € R?, is increasing with respect to a and decreasing
in b, this entails

0< [ (V59 =W (plx) — pl) drdy
== [y (Vi) = W) (o) = o) — wlx) + w(y) dv
{w=zv} {w=zv}
w o[ Wy - W) dx
{w<v} {w>v}
—[ [ W) - W)l dx
{w>v} {w<v}

(V(x,y) = W(x,y))(o(x) —v(y) — w(x) + w(y)) dxdy <0

- /{wZU} x{w>v}

by Lemma 1. Therefore,

Aw>v}><{w>v}(v(x’y) —W(x,y))(e(x) —¢(y))dxdy =0,

https:/ /doi.org/10.3390/math14132267
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which, due to the choice of ¢, implies w < v on the whole RN, O
Theorem 5. Let (3) be satisfied and let u be as in (9). Then, u weakly solves (5).

Proof. Theorem 4 ensures that (8) holds for every n € N, v € D¥P(R"). Lemma 4 and the
arguments adopted in the proof of Lemma 2.9 in [23] produce

1\ 7
lim a <un + ) vdx = / at Tovdx. (10)
RN n RN

n——+o00

We next claim that

lim Uy (x,y)(v(x) —o(y)) dxdy = /]RZN U(x,y)(v(x) —o(y))dxdy, (11)

n—+o00 JRp2N

where, to shorten the formulae,

Uy (x, 1) == |t (x) — Mn?)yc)lp;;\(]izéx) — un(y)),

[ (x) —u(y) [P~ (u(x) —u(y))

U(x/y) = |x_y|]\]+sp

N+sp

In fact, by Theorem 4 again, the sequence {|x -yl 7 Un(x,y)} turns out bounded in
L¥' (R2N), while (9) entails

N+sp N+sp

lim |x—y| 7 Uu(x,y)=|x—y| » U(x,y) foralmostevery (x,y) € R?N.

n—-+00
So, taking a subsequence if necessary,

N+sp __

Ntsp N+sp /
[x =yl 7 Un(x,y) =[x —y| 7 Ulxy) in LV (R?Y),

N+s
which yields (11) because the function |x — y|_Tp (v(x) — v(y)) belongs to LF (R?N), as
v € D¥P(RN). Now, through (10)—(11), we see that  weakly solves the equation

(=Ap)u=a(x)u™” in RN, (12)
Since one evidently has u > 0, the conclusion will follow from the next lemma. [
Lemma 6. Ifu1 € D% (RN) ., is a solution of (12), then

~ NS _N-sp
Clx|” 71 <u(x) <D|x| 7' foralmost every x € By, (13)
with C,D > 0 suitable constants. So, u(x) — 0as |x| — o.

Proof. By Theorem 3, written for K := 0 and R := 4, one has

infu > o ][ 7P~ Ldx = - / 7P~ ldx .
B B4\B, [wi (4N —2N)] 7T \/B4\B,

Hence,

infu > oM, (14)

By

https://doi.org/10.3390/math14132267
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where o € (0,1), M := M(N, p, [[ull »g,)) > 0. Let u; € D% (RN) be as in Proposition 1,
with R :=1, and let 0 < ¢ < ¢M. The function i := cu; enjoys the properties

(=Ap)°i =0 in RN\ By, ii;=c on Bj.
Moreover, thanks to (14),
i <uin By,  (—Ap)%i < (=Ap)°u in RN\ By.
Because of Theorem 1 and (4), this implies
~ _N=sp
Clx|” 7™ <dy(x) <u(x) Vxc B, (15)
where C := C(N, p,s,C,c) > 0. Via (3) and (15), we next obtain

A

N c -~ Nesp C
a(.X)M(X) v < WC "r|x|’}’ -1 < W, X € B%, (16)
X P

for some C > 0. Putting (3), (14), and (16) together gives azi~" € L'(RN) N L®(RN).
In fact,

—y . 1
/ au Tdx < |a||oo<infu> |Bi]|+C | ————Fx—dx <o,
RN B] Bi |x|N+0(—'yrlp
- 1
sup a(x)u(x)”7 < ||a||oo(infu> +Csup ——x— < co.
xRN By xeBS |x|NTA=7 5=
Consequently,
a7 € LY(RN) whatever 7 € [1,00], (17)
which entails
7 e L°(RN); (18)

see [8], Theorem 1.2. Let B € R satisfy

N —sp
p—1

Blp—1)+sp=N+a—7v . (19)

N—sp
p—1
w(x) = \x\‘ﬁxRN\E (x) + u1(x)xg, (x) weakly solves the problem

One has g < % because & < sp + . S0, Theorem 2 and Proposition 1 ensure that

(—Ap)°w = C(B)[x| PP~ in RN\ By,
w=1 on Bj.

If w := Dw, where D > 0 complies with

e\
D > max — ,sup i p,
cE ) Y

then, due to (16) and (19),

https://doi.org/10.3390/math14132267
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Now, Theorem 1 yields # < @ on the whole RN, Thus,

—N—uc-i—’y% +sp)

1 _N-sp
i(x) < D|x| F = D\x\l’*l( < D|x|” 7' Vx¢€ B (20)

Estimate (13) follows from (15), (19), and (20). O

Remark 2. Observe that (13) is consistent with its local counterparts for equations driven by
the p-Laplacian or, more generally, the ®-Laplacian; see [24], Theorems B—C, and [20], Section 4,
respectively. Further, it agrees with related results known for fractional p-Laplacian non-singular
problems, whose reaction terms are of the type g(x,t) := a(x)(1 + t1=1), where a fulfills (3) and
1 <n < p* cf [8], Theorem 1.3.

Remark 3. Obviously, 1 weakly solves the equation (—Ap)*u = a(x)u™" on every open ball
Br(x). By [9], Theorem 5.4, there exist 6 € (0,1) and C > 0, not dependent on x, such that

_ _ - o r\?
OSCBr(J() u S C|:(||au (YHOORPS) p—1 + ||uHL°°(BR(x)) +Tall(l/l,' X, R):| (E) (21)

forallr € (0,R), where

1

— p—1 -1
Tail(u; x, R) := Rps/ M d )
( ) ( RNy () % — y VP Y

Tail(u; x, R) < C1[u][co,

Since (18) entails

using (21), we achieve
_ o - r\®
oscy, 1 < Ca| (a7 [wR") 7+ [ ()"

with Cy > 0 independent of x. Thus, 7 € C (RN).

4. Existence of Solutions

Let u be the solution to (5) given by Theorem 5. Consider the truncated problem

CAVu=F in RN
{( Ap) Zzg(x,u) 2 iN: -
where
Flx,b) = f(x,max{7i(x), 1)), (x,£) € QxR
Thanks to (2), one has
0< f(-,t) < a(max{@, t})™ +a(max{z, t}) <aw ¥ +a(@ +|t) (23)

while the energy functional associated with (22) is

J(u) == ;Hu 5,,, —/Q (/Oumf(x,t) dt) dx Vue DP(RN).

Lemma 7. Suppose that (3) and (2) hold. Then, | admits a minimizer it € D>F (RN, which
weakly solves (22).
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Proof. Since r < p — 1, recalling (17)-(18), and using (23), we easily see that | turns out
both well-defined and of class C!. Moreover, Holder’s inequality, Young’s inequality, and
Lemma 2, besides the continuous embedding D*? (RN) < LF" (RN), produce

- 1 1
J(u) > =||lu fp—/ aﬁ_7|u|dx—/ at’ |u| dx — / alu|tdx
p ! RN RN r+1
1
- Ul ||au ™" */—cl/ aﬂpdx—cz/ auVde—C3ur+l
p” 15, — llaell = Il () o o |ul ([l
1 L o
e (e I L Ilg), we DY),

with appropriate C > 0. Therefore, | is coercive because r + 1 < p. Now, the Weierstrass—
Tonelli theorem ensures that it attains its infimum, i.e., there exists i € D7 (RN) fulfilling

)= _nf ).

Finally, from f(x,t) > 0in RN x R, it easily follows that i > 0. [
Theorem 6. Under conditions (3) and (2), problem (1) possesses a weak solution.

Proof. Let ii be as in Theorem 5, let ii be given by Lemma 7, and let ¢ := (i1 — i) ™. Due to
(2), testing (5) and (22) with ¢ yields

(aprng) = [ aapdr< [ flmedr= [ Fmpds = (=8,)0,)
namely
(=Ap)°a— (=Ap)%, (a—a)*) <O0.

By Lemma 1, this entails # < ii. From (15) and the properties of iy, it next follows that

O<ip<a<i (24)

Since 7 < i, we have f(x,ii(x)) = f(x,(x)) for all x € RN, confirming that 7 is indeed a
positive solution to the equation in (1) and not merely of the truncated problem (22); see
Lemma 7. Let us finally verify that | l‘im ii(x) = 0. Combining (2) with (24) produces
X|—00
0< f i) <a(@"+a") <a(@"+d) <a(a "+1)+ad’ L.

Moreover, if
by(x) :==a(x), ba(x):=a(x)(a(x)""+1) VYxeRN

then b, € LY(RN) N L®(RYN) and, because of (17), b3 € LLl (RN) N L*(RN). Thus, through

Theorem 1.2 in [8], we obtain
i€ L2(RN). (25)

Inequalities (15) and (24) yield

Tt <a(x) <afx), x € B, (26)
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while, thanks to (16) and (25),

flxii(x)) < a(x) (i(x) ™7 +i(x)") < a(x)(@(x) 7"+ [lit]|eo)

< 4
T 14 |x|Nte

~ N-sp
(C7|x|7 T+ ||ﬁ|oo> < Clx| P Vx € B,
where f comes from (19). Proceeding as already done for (20), with D > 0 bigger than

||7||co too, we arrive at
N-s

_N-sp
ii(x) < D|x| 71, x € Bj, (27)

whence, because of (26), the conclusion follows. [

Remark 4. Since i € L*(RN), the same arqument adopted in [8] (Corollary 3.8) ensures that
(27) can be extended to a global pointwise upper bound of the form

i(x) < % Vx e RV,

14 x|

where C := C(N, p, s, ||MHL°°(31)) > 0.
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