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Abstract
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1. Introduction
Nonlocal differential operators, like the fractional p-Laplacian of order s, usually de-

noted with (−∆p)s, have been introduced in recent years to model a variety of phenomena,
including anomalous diffusion and processes characterized by long-range interactions. Due
to its broad applicability, they have attracted considerable attention, also in connection with
problems arising from game theory, finance, image processing, materials science, etc. This
daily growing interest has led to a vast amount of studies that treat existence, uniqueness,
or multiplicity of solutions for equations with such operators. See, e.g., refs. [1–7] with
regard to existence or multiplicity and [8–11] for regularity. The survey in [12] provides a
comprehensive account of underlying fractional Sobolev spaces.

Singular equations driven by nonlocal differential operators have recently been in-
vestigated. For instance, Dirichlet fractional p-Laplacian problems are studied in [13],
while [14,15] deal with the fractional (p, q)-Laplacian. All these works are set in a bounded
domain Ω ⊆ RN . As well-pointed out by Carl, Perera, and Teherani [8], proofs involving
nonlocal differential operators on the whole space are usually carried out within the frame-
work of homogeneous fractional Sobolev spaces, where the natural decay of functions is
only measure-theoretic. Here, we consider the problem

(−∆p)
su = f (x, u) in RN ,

u > 0 in RN ,

u(x) → 0 as |x| → +∞,

(1)

with N ≥ 3, 0 < s < 1, 2 ≤ p < N
s . and (−∆p)s formally defined by

Mathematics 2026, 14, 2267 https://doi.org/10.3390/math14132267

https://crossmark.crossref.org/dialog?doi=10.3390/math14132267&domain=pdf&date_stamp=2026-06-25
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0001-5214-2586
https://doi.org/10.3390/math14132267


Mathematics 2026, 14, 2267 2 of 14

(−∆p)
su(x) := 2 lim

ε→0+

ˆ
RN\Bε(x)

|u(x)− u(y)|p−2(u(x)− u(y))
|x − y|N+sp dy, x ∈ RN .

The reaction term f : RN ×R+ → R+
0 satisfies Carathéodory’s conditions. Moreover,

a(x)t−γ ≤ f (x, t) ≤ a(x)
(
t−γ + tr) ∀ (x, t) ∈ RN ×R+, (2)

where 0 < γ < 1 < r < p − 1 and a : RN → R+
0 is a measurable function such that

0 ≤ a(x) ≤ caw(x), with w(x) :=
1

1 + |x|N+α
, x ∈ RN , (3)

for some ca > 0, α ∈
(

γ
N−sp
p−1 , γ

N−sp
p−1 + sp

)
.

Hypothesis (3) imposes a precise decay at infinity to the weight a. It allows comparison
both with the fractional p-harmonic function and with the fractional p-Laplacian of power
functions; see Lemma 6.

If Ds,p(RN) denotes the completion of C∞
c (RN) through Gagliardo’s norm

(cf. Section 2), then a function u ∈ Ds,p(RN) is called a weak solution to (1) provided

ˆ
R2N

|u(x)− u(y)|p−2(u(x)− u(y))(φ(x)− φ(y))
|x − y|N+sp dx dy =

ˆ
RN

f (·, u)φ dx

for all φ ∈ Ds,p(RN), u > 0 in RN , and lim
|x|→∞

u(x) = 0. Our main result, namely Theorem 6

below, ensures that, under (2) and (3), problem (1) admits a weak solution.
From a technical point of view, there are at least four noteworthy features:

(a) The driving differential operator is nonlocal;
(b) f (x, ·) turns out to be singular at zero, which means lim

t→0+
f (x, t) = +∞;

(c) One seeks solutions defined on the whole RN ;
(d) A pointwise decay of the solution at infinity is required.

Working in RN causes a lack of compactness for fractional Sobolev embeddings. So,
right compact embeddings, as well as comparison principles in exterior domains, are nec-
essary. To achieve (d), we first derive suitable lower and upper bounds and then match
them with appropriately chosen radial functions having prescribed decay at infinity. In
doing this, the papers [8,16] play a significant role. Precisely, ref. [8] provides global
L∞-bounds and decay estimates for solutions u ∈ Ds,p(RN) of fractional p-Laplacian equa-
tions, while [16] contains a rigorous computation of the fractional p-Laplacian fundamental
solution and establishes the sharp asymptotic behavior at infinity of extremal functions for
the fractional critical Sobolev embedding.

This paper is organized as follows. Section 2 contains preliminary facts. In the next
section, we focus on the pure singular problem and, via a shifting method, show that it
admits a weak solution. Finally, Section 4 is devoted to the study of (1), which we solve
by means of a truncation argument, combined with a variational approach and suitable a
priori estimates.

2. Basic Definitions and Auxiliary Results
Given two topological spaces X and Y, the symbol X ↪→ Y means that X continuously

embeds in Y.
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Let X be a real Banach space with topological dual X∗ and duality brackets ⟨·, ·⟩. A
function A : X → X∗ is called strictly monotone when ⟨A(x) − A(z), x − z⟩ > 0 for all
x, z ∈ X with x ̸= z.

If r > 0 and x0 ∈ RN , then Br(x0) := {x ∈ RN : |x − x0| < r}; Br := Br(0); Br denotes
the closure of Br; Bc

r := RN \ Br; |E| indicates the N-dimensional Lebesgue measure of
E ⊆ RN ; χE stands for the characteristic function of E;

t± := max{±t, 0}, t ∈ R;

and C, C1, etc. are positive constants, which may change value from line to line, whose
dependencies will be specified when necessary.

Let X(RN) be a real-valued function space on RN , and let u, v ∈ X(RN). We simply
write u ≤ v when u(x) ≤ v(x) a.e. in RN , and analogously, for u < v, etc. To shorten the
notation, define

{u ≤ v} := {x ∈ RN : u(x) ≤ v(x)}, X(RN)+ := {w ∈ X(RN) : w ≥ 0}.

The meaning of {u < v} and so on is similar. Henceforth, q′ indicates the conjugate
exponent of q ≥ 1, while

∥v∥q :=


(´

RN |v(x)|q dx
) 1

q if 1 ≤ q < ∞,

ess sup
x∈RN

|v(x)| when q = ∞.

Given s ∈ (0, 1) and p ∈ [1,+∞), the Gagliardo semi-norm of a measurable function
u : RN → R is

[u]s,p :=
(ˆ

RN×RN

|u(x)− u(y)|p
|x − y|N+sp dx dy

) 1
p
.

If 1 < p < N
s , write (when no confusion can arise)

p∗ :=
Np

N − sp

and denote by Ds,p(RN) the homogeneous fractional Sobolev space

Ds,p(RN) :=
{

u ∈ Lp∗(RN) : [u]s,p < +∞
}

,

endowed with the norm
∥u∥s,p := [u]s,p, u ∈ Ds,p(RN).

It is known [17] that (Ds,p(RN), ∥ · ∥s,p) turns out to be a uniformly convex (hence, reflexive)
Banach space.

The operator (−∆p)s : Ds,p(RN) → (Ds,p(RN))∗ defined by setting

⟨(−∆p)
su, v⟩ :=

ˆ
RN×RN

|u(x)− u(y)|p−2(u(x)− u(y))(v(x)− v(y))
|x − y|N+sp dx dy

for every u, v ∈ Ds,p(RN) is called fractional p-Laplacian of order s. It enjoys the next
useful property.

Lemma 1. Suppose that 2 ≤ p < N
s . Then, (−∆p)s turns out to be strictly monotone.
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Proof. Given any a, b ∈ R, one has(
|a|p−2a − |b|p−2b

)
(a − b) ≥ Cp|a − b|p,

with appropriate Cp > 0; see, e.g., ref. [18], Example 25.5. If u, v ∈ Ds,p(RN) then choosing
a := u(x)− u(y), b := v(x)− v(y), dividing by |x − y|N+sp, and integrating on RN ×RN

easily produces

⟨(−∆p)
su − (−∆p)

sv, u − v⟩ ≥ Cp∥u − v∥p
s,p,

as desired.

Let w : RN → R+
0 be as in (3), namely

w(x) :=
1

1 + |x|N+α
∀ x ∈ RN ,

where α > 0. Since w ∈ L1(RN) ∩ L∞(RN), the interpolation inequality ([19], p. 93) entails
w ∈ Lq(RN) for whatever q ∈ [1, ∞]. On the linear space space

Lq(RN , w) :=
{

u : RN → R measurable :
ˆ
RN

w|u|q dx < ∞
}

,

we will consider the norm

∥u∥q,w =

(ˆ
RN

|u|qw dx
) 1

q
.

If 1 < q < ∞, then (Lq(RN , w), ∥ · ∥q,w) turns out reflexive and separable. Moreover,

u ∈ Ds,p(RN) =⇒ ∥u∥p∗ ,w ≤ ∥w∥∞∥u∥p∗ ≤ C(w)[u]s,p,

whence Ds,p(RN) ↪→ Lp∗(RN , w). Actually, a nontrivial argument ([8], Lemma 3.3)
ensures that

Lemma 2. Assume that 1 < p < N
s . Then:

(a) Ds,p(RN) ↪→ Lq(RN , w), for whatever 1 ≤ q ≤ p∗.
(b) The embedding in (a) is compact once q < p∗.

Given any open set Ω ⊆ RN , we define

D̃s,p(Ω) :=
{

u ∈Lp−1
loc (RN) ∩ Lp∗(Ω) : ∃E ⊇ Ω with Ec compact, dist(Ec, Ω) > 0,

and [u]Ws,p(E) < ∞
}

.

Here,

[u]Ws,p(E) :=
(ˆ

E×E

|u(x)− u(y)|p
|x − y|N+sp dx dy

) 1
p
.

The following results, established in Theorem 2.7, Lemma A.2, and Propositions 3.5–3.6
of [16], will play a key role in the proof of Theorem 6.

Theorem 1. (Comparison principle in general domains) Let Ω ⊆ RN be an open set. If
u, v ∈ D̃s,p(Ω) satisfies

u ≤ v in Ωc and (−∆p)
su ≤ (−∆p)

sv in Ω
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then u ≤ v in Ω.

Theorem 2. Suppose that 0 < N−sp
p < β < N

p−1 . Then, for any R > 0, the function

vβ(x) := |x|−β fulfills

(−∆p)
sv = C(β)|x|−β(p−1)−sp weakly in RN \ BR,

where C(β) is given by

C(β) := 2
ˆ 1

0
ρsp−1

[
1 − ρN−sp−β(p−1)

]
|1 − ρβ|p−1Φ(ρ)dρ

while

Φ(ρ) := HN−2
(

SN−2
) ˆ 1

−1

(1 − t2)
N−2

2

(1 − 2tρ + ρ2)
N+sp

2

dt.

Remark 1. If β = N−sp
p−1 , then C(β) = 0. Accordingly, the function vβ(x) := |x|−

N−sp
p−1 belongs

to D̃s,p(Bc
R) and solves (−∆p)sv = 0 in RN \ BR.

Proposition 1. Let 1 < p < N
s . Then, for every R > 0, there exists a unique, radial, non-

increasing function uR ∈ Ds,p(RN) such that{
(−∆p)

suR = 0 in RN \ BR,

uR ≡ 1 in BR.

Moreover, when R = 1, the following decay estimate holds:

1
C
|x|−

N−sp
p−1 ≤ u1(x) ≤ p

1
p−1 |x|−

N−sp
p−1 ∀ x ∈ Bc

1, (4)

where C := C(N, p, s) > 1.

Finally, we point out the next weak Harnack-type inequality ([9], Theorem 5.2) for
non-negative super-solutions.

Let Ω ⊆ RN be bounded. We set

W̃s,p(Ω) :=
{

u ∈ Lp
loc(R

N) : ∃E ⋑ Ω : ∥u∥Lp(E) + [u]Ws,p(E) +

ˆ
RN

|u(x)|p−1

(1 + |x|)N+sp dx < ∞
}

.

Theorem 3. If u ∈ W̃s,p(BR/3) satisfies{
(−∆)s

pu ≥ K in BR/3,

u ≥ 0 in RN ,

where K ≥ 0, then there exist σ ∈ (0, 1), C∗ > 0 such that

inf
BR/4

u ≥ σ

( 
BR\BR/2

up−1 dx

) 1
p−1

− C∗(KRps)
1

p−1 .
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3. A Pure Singular Problem
In this section, we focus on the pure singular problem

(−∆p)
su = a(x)u−γ in RN ,

u > 0 in RN ,

u(x) → 0 as |x| → ∞,

(5)

and prove that it admits a weak solution ū ∈ Ds,p(RN). With this aim, like [13], let us first
study the regularized problem(−∆p)

su = a(x)
(

u+ +
1
n

)−γ

in RN ,

u ≥ 0 in RN ,
(6)

where n ∈ N. Define, for every (x, t) ∈ RN ×R,

A(x, t) :=
ˆ t

0
a(x)

(
τ+ +

1
n

)−γ

dτ.

One evidently has

A(x, t) ≤
ˆ |t|

0
a(x)

(
τ+ +

1
n

)−γ

dτ ≤
ˆ |t|

0
a(x)τ−γdτ = a(x)

|t|1−γ

1 − γ
, (7)

while the energy functional arising from (6) is

Jn(u) :=
1
p
∥u∥p

s,p −
ˆ
RN

A(·, u)dx, u ∈ Ds,p(RN).

Lemma 3. If (3) holds, then Jn is of class C1 in Ds,p(RN), weakly sequentially lower semi-
continuous, and coercive.

Proof. From a ∈ L1(RN) ∩ L∞(RN), it follows that a ∈ Lr(RN), for whatever r > 1; see,
e.g., ref. [20], Proposition A.6. Hence, thanks to Hölder’s inequality,

u ∈ Ds,p(RN) =⇒
ˆ
RN

a(x)|u(x)|1−γ dx ≤ C∥a∥ p∗
p∗−1+γ

∥u∥1−γ
p∗ < ∞.

This means that Jn is well defined. Further, Jn ∈ C1(Ds,p(RN)), as a standard argument
shows. Now, let um ⇀ u in Ds,p(RN). The same reasoning made for proving Lemma 3.3
in [8] ensures here that to each R > 0, there corresponds a subsequence, again denoted by
{um}, fulfilling um(x) → u(x) a.e. in BR. Through a diagonalization procedure, we next
arrive at um(x) → u(x) for almost all x ∈ RN . Due to Fatou’s lemma and (7), one thus has

lim sup
m→+∞

ˆ
RN

A(x, um(x))dx ≤
ˆ
RN

A(x, u(x))dx .

On the other hand, Proposition 3.5 of [19] entails

lim inf
m→∞

∥um∥p
s,p ≥ ∥u∥p

s,p.
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Hence,

lim inf
m→∞

Jn(um) ≥ lim inf
m→∞

1
p
∥um∥p

s,p − lim sup
m→∞

ˆ
RN

A(x, um(x))dx

≥ 1
p
∥u∥p

s,p −
ˆ
RN

A(x, u(x))dx = Jn(u),

i.e., Jn is weakly sequentially lower semi-continuous. Let us finally come to coercivity. Via
Young’s inequality with ε and (a) of Lemma 2, we obtain

ˆ
RN

a(x)|u(x)|1−γ dx =

ˆ
RN

a(x)
p−1+γ

p a(x)
1−γ

p |u(x)|1−γ dx

≤ ε

ˆ
RN

a(x)|u(x)|p dx + Cε∥a∥1

≤ Cε∥u∥p
s,p + Cε∥a∥1 ,

whence

Jn(u) ≥
(

1
p
− Cε

)
∥u∥p

s,p − (Cε + C)∥a∥1 ∀ u ∈ Ds,p(RN).

Choosing sufficiently small ε > 0 yields lim
∥u∥s,p→∞

Jn(u) = +∞, as desired.

Theorem 4. Under hypothesis (3), for every n ∈ N, problem (6) possesses a solution
un ∈ Ds,p(RN)+. The sequence {un} is bounded in Ds,p(RN).

Proof. By Lemma 3, the Weierstrass–Tonelli theorem ([21], Theorem 1.2) can be applied to
Jn. So, there exists un ∈ Ds,p(RN) such that

Jn(un) = inf
u∈Ds,p(RN)

Jn(u) .

In particular, un weakly solves the differential equation of (6), i.e.,

ˆ
R2N

|un(x)− un(y)|p−2(un(x)− un(y))(v(x)− v(y))
|x − y|N+sp dx dy

=

ˆ
RN

a
(
(un)+ +

1
n

)−γ

v dx ∀ v ∈ Ds,p(RN).

(8)

We will show that un ≥ 0. Testing (8) with v := −(un)− and using the inequality

±|a − b|p−2(a − b)
(
a± − b±

)
≥ |a± − b±|p, a, b ∈ R

(cf. [22], p. 89) produces

∥(un)−∥p
s,p ≤

ˆ
R2N

−|un(x)− un(y)|p−2(un(x)− un(y))((un)−(x)− (un)−(y))
|x − y|N+sp dx dy

= −
ˆ
RN

a
(
(un)+ +

1
n

)−γ

(un)− dx = −nγ
ˆ
RN

a (un)− dx ≤ 0,

which obviously forces un = (un)+ ≥ 0. Finally, via (8) written for v := un, Hölder’s
inequality, besides the continuous embedding Ds,p(RN) ↪→ Lp∗(RN), we obtain

∥un∥p
s,p ≤

ˆ
RN

a |un|1−γ dx ≤ ∥a∥ p∗
p∗−1+γ

∥un∥1−γ
p∗ ≤ C∥a∥ p∗

p∗−1+γ

∥un∥1−γ
s,p ∀ n ∈ N.

The boundedness of {un} now follows from p > 1 − γ > 0.
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Since Ds,p(RN) is reflexive, there exists u ∈ Ds,p(RN) such that, up to subsequences,

un ⇀ u in Ds,p(RN), un(x) → u(x) for almost every x ∈ RN ; (9)

see the proof of Lemma 3. Moreover,

Lemma 4. The sequence {un} given by Theorem 4 turns out monotone non-decreasing.

In fact, on the set {un > un+1}, one evidently has

(−∆p)
sun = a

(
un +

1
n

)−γ

≤ a
(

un+1 +
1

n + 1

)−γ

= (−∆p)
sun+1.

Consequently, like in [23] (Lemma 2.8), the conclusion is achieved once we show
the following:

Lemma 5. If v, w ∈ Ds,p(RN) and ⟨(−∆p)sw, φ⟩ ≤ ⟨(−∆p)sv, φ⟩ for every φ ∈ Ds,p(RN)+
fulfilling φ ≡ 0 on {w ≤ v}, then w ≤ v in RN .

Proof. To simplify the formulae, define

V(x, y) :=
|v(x)− v(y)|p−2(v(x)− v(y))

|x − y|N+sp , W(x, y) :=
|w(x)− w(y)|p−2(w(x)− w(y))

|x − y|N+sp .

and pick φ := (w − v)+. Using the assumptions, we get

0 ≤
ˆ
R2N

V(x, y)(φ(x)− φ(y))dx dy −
ˆ
R2N

W(x, y)(φ(x)− φ(y))dx dy

=

ˆ
{w≥v}

dy
ˆ
{w≥v}

(V(x, y)− W(x, y))(w(x)− v(x)− w(y) + v(y))dx

+

ˆ
{w<v}

dy
ˆ
{w>v}

(V(x, y)− W(x, y))φ(x)dx

−
ˆ
{w>v}

dy
ˆ
{w<v}

(V(x, y)− W(x, y))φ(y)dx.

Since L(a, b) := |a − b|p−2(a − b), (a, b) ∈ R2, is increasing with respect to a and decreasing
in b, this entails

0 ≤
ˆ
R2N

(V(x, y)− W(x, y))(φ(x)− φ(y))dx dy

= −
ˆ
{w≥v}

dy
ˆ
{w≥v}

(V(x, y)− W(x, y))(v(x)− v(y)− w(x) + w(y))dx

+

ˆ
{w<v}

dy
ˆ
{w>v}

(W(x, y)− W(x, y))φ(x)dx

−
ˆ
{w>v}

dy
ˆ
{w<v}

(W(x, y)− W(x, y))φ(y)dx

= −
ˆ
{w≥v}×{w≥v}

(V(x, y)− W(x, y))(v(x)− v(y)− w(x) + w(y))dx dy ≤ 0

by Lemma 1. Therefore,

ˆ
{w≥v}×{w≥v}

(V(x, y)− W(x, y))(φ(x)− φ(y))dx dy = 0,
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which, due to the choice of φ, implies w ≤ v on the whole RN .

Theorem 5. Let (3) be satisfied and let u be as in (9). Then, u weakly solves (5).

Proof. Theorem 4 ensures that (8) holds for every n ∈ N, v ∈ Ds,p(Rn). Lemma 4 and the
arguments adopted in the proof of Lemma 2.9 in [23] produce

lim
n→+∞

ˆ
RN

a
(

un +
1
n

)−γ

v dx =

ˆ
RN

a u−γv dx. (10)

We next claim that

lim
n→+∞

ˆ
R2N

Un(x, y)(v(x)− v(y))dx dy =

ˆ
R2N

U(x, y)(v(x)− v(y))dx dy, (11)

where, to shorten the formulae,

Un(x, u) :=
|un(x)− un(y)|p−2(un(x)− un(y))

|x − y|N+sp ,

U(x, y) :=
|u(x)− u(y)|p−2(u(x)− u(y))

|x − y|N+sp .

In fact, by Theorem 4 again, the sequence
{
|x − y|

N+sp
p Un(x, y)

}
turns out bounded in

Lp′(R2N), while (9) entails

lim
n→+∞

|x − y|
N+sp

p Un(x, y) = |x − y|
N+sp

p U(x, y) for almost every (x, y) ∈ R2N .

So, taking a subsequence if necessary,

|x − y|
N+sp

p Un(x, y) ⇀ |x − y|
N+sp

p U(x, y) in Lp′(R2N),

which yields (11) because the function |x − y|−
N+sp

p (v(x)− v(y)) belongs to Lp(R2N), as
v ∈ Ds,p(RN). Now, through (10)–(11), we see that u weakly solves the equation

(−∆p)
su = a(x)u−γ in RN . (12)

Since one evidently has u ≥ 0, the conclusion will follow from the next lemma.

Lemma 6. If u ∈ Ds,p(RN)+ is a solution of (12), then

C̃|x|−
N−sp
p−1 ≤ u(x) ≤ D|x|−

N−sp
p−1 for almost every x ∈ Bc

1, (13)

with C̃, D > 0 suitable constants. So, u(x) → 0 as |x| → ∞.

Proof. By Theorem 3, written for K := 0 and R := 4, one has

inf
B1

u ≥ σ

( 
B4\B2

up−1 dx

) 1
p−1

=
σ

[ωN(4N − 2N)]
1

p−1

(ˆ
B4\B2

up−1 dx

) 1
p−1

.

Hence,
inf
B1

u ≥ σM, (14)
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where σ ∈ (0, 1), M := M(N, p, ∥u∥Lp(B4)
) > 0. Let u1 ∈ Ds,p(RN) be as in Proposition 1,

with R := 1, and let 0 < c < σM. The function ũ1 := cu1 enjoys the properties

(−∆p)
sũ1 = 0 in RN \ B1, ũ1 ≡ c on B1.

Moreover, thanks to (14),

ũ1 ≤ u in B1, (−∆p)
sũ1 ≤ (−∆p)

su in RN \ B1.

Because of Theorem 1 and (4), this implies

C̃|x|−
N−sp
p−1 ≤ ũ1(x) ≤ u(x) ∀ x ∈ Bc

1, (15)

where C̃ := C̃(N, p, s, C, c) > 0. Via (3) and (15), we next obtain

a(x)u(x)−γ ≤ ca

1 + |x|N+α
C̃−γ|x|γ

N−sp
p−1 ≤ Ĉ

|x|N+α−γ
N−sp
p−1

, x ∈ Bc
1, (16)

for some Ĉ > 0. Putting (3), (14), and (16) together gives a u−γ ∈ L1(RN) ∩ L∞(RN).
In fact,

ˆ
RN

a u−γ dx ≤ ∥a∥∞

(
inf
B1

u
)−γ

|B1|+ Ĉ
ˆ

Bc
1

1

|x|N+α−γ
N−sp
p−1

dx < ∞,

sup
x∈RN

a(x)u(x)−γ ≤ ∥a∥∞

(
inf
B1

u
)−γ

+ Ĉ sup
x∈Bc

1

1

|x|N+α−γ
N−sp
p−1

< ∞.

Consequently,
a u−γ ∈ Lτ(RN) whatever τ ∈ [1, ∞], (17)

which entails
u ∈ L∞(RN); (18)

see [8], Theorem 1.2. Let β ∈ R satisfy

β(p − 1) + sp = N + α − γ
N − sp
p − 1

. (19)

One has β < N
p−1 because α < sp + γ

N−sp
p−1 . So, Theorem 2 and Proposition 1 ensure that

w(x) := |x|−βχRN\B1
(x) + u1(x)χB1

(x) weakly solves the problem

{
(−∆p)

sw = C(β)|x|−β(p−1)−sp in RN \ B1,

w ≡ 1 on B1.

If w := Dw, where D > 0 complies with

D > max


(

Ĉ
C(β)

) 1
p−1

, sup
B1

u

,

then, due to (16) and (19),

u(x) ≤ w(x) in B1, (−∆p)
su ≤ (−∆p)

sw in RN \ B1.
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Now, Theorem 1 yields u ≤ w on the whole RN . Thus,

u(x) ≤ D|x|−β = D|x|
1

p−1

(
−N−α+γ

N−sp
p−1 +sp

)
≤ D|x|−

N−sp
p−1 ∀ x ∈ Bc

1. (20)

Estimate (13) follows from (15), (19), and (20).

Remark 2. Observe that (13) is consistent with its local counterparts for equations driven by
the p-Laplacian or, more generally, the Φ-Laplacian; see [24], Theorems B–C, and [20], Section 4,
respectively. Further, it agrees with related results known for fractional p-Laplacian non-singular
problems, whose reaction terms are of the type g(x, t) := a(x)(1 + tη−1), where a fulfills (3) and
1 ≤ η < p∗; cf. [8], Theorem 1.3.

Remark 3. Obviously, u weakly solves the equation (−∆p)su = a(x)u−γ on every open ball
BR(x). By [9], Theorem 5.4, there exist θ ∈ (0, 1) and C > 0, not dependent on x, such that

oscBr(x) u ≤ C
[(
∥au−γ∥∞Rps) 1

p−1 + ∥u∥L∞(BR(x)) + Tail(u; x, R)
]( r

R

)θ
(21)

for all r ∈ (0, R), where

Tail(u; x, R) :=

(
Rps

ˆ
RN\BR(x)

|u(y)|p−1

|x − y|N+ps dy

) 1
p−1

.

Since (18) entails
Tail(u; x, R) ≤ C1∥u∥∞,

using (21), we achieve

oscBr(x) u ≤ C2

[(
∥au−γ∥∞Rps) 1

p−1 + ∥u∥∞

]( r
R

)θ
,

with C2 > 0 independent of x. Thus, u ∈ C0,θ
loc(R

N).

4. Existence of Solutions
Let u be the solution to (5) given by Theorem 5. Consider the truncated problem{

(−∆p)
su = f̄ (x, u) in RN ,

u ≥ 0 in RN ,
(22)

where
f̄ (x, t) := f (x, max{u(x), t}), (x, t) ∈ Ω ×R.

Thanks to (2), one has

0 ≤ f̄ (·, t) ≤ a (max{u, t})−γ + a (max{u, t})r ≤ a u−γ + a (ur + |t|r) (23)

while the energy functional associated with (22) is

J̄(u) :=
1
p
∥u∥p

s,p −
ˆ

Ω

( ˆ u(x)

0
f̄ (x, t)dt

)
dx ∀ u ∈ Ds,p(RN).

Lemma 7. Suppose that (3) and (2) hold. Then, J̄ admits a minimizer ũ ∈ Ds,p(RN)+, which
weakly solves (22).
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Proof. Since r < p − 1, recalling (17)–(18), and using (23), we easily see that J̄ turns out
both well-defined and of class C1. Moreover, Hölder’s inequality, Young’s inequality, and
Lemma 2, besides the continuous embedding Ds,p(RN) ↪→ Lp∗(RN), produce

J̄(u) ≥ 1
p
∥u∥p

s,p −
ˆ
RN

au−γ|u|dx −
ˆ
RN

aur|u|dx − 1
r + 1

ˆ
RN

a|u|r+1 dx

≥ 1
p
∥u∥p

s,p − ∥u∥p∗∥au−γ∥(p∗)′ − c1

ˆ
RN

aup dx − c2

ˆ
RN

a|u|
p

p−r dx − c3∥u∥r+1
s,p

≥ 1
p
∥u∥p

s,p − C
(
∥au−γ∥(p∗)′∥u∥s,p − ∥u∥p

s,p − ∥u∥
p

p−r
s,p − ∥u∥r+1

s,p

)
, u ∈ Ds,p(RN),

with appropriate C > 0. Therefore, J̄ is coercive because r + 1 < p. Now, the Weierstrass–
Tonelli theorem ensures that it attains its infimum, i.e., there exists ũ ∈ Ds,p(RN) fulfilling

J̄(ũ) = inf
u∈Ds,p(RN)

J̄(u).

Finally, from f̄ (x, t) ≥ 0 in RN ×R, it easily follows that ũ ≥ 0.

Theorem 6. Under conditions (3) and (2), problem (1) possesses a weak solution.

Proof. Let ū be as in Theorem 5, let ũ be given by Lemma 7, and let φ := (ū − ũ)+. Due to
(2), testing (5) and (22) with φ yields

⟨(−∆p)
sū, φ⟩ =

ˆ
RN

a ū−γ φ dx ≤
ˆ
RN

f (·, u)φ dx =

ˆ
RN

f̄ (·, ũ)φ dx = ⟨(−∆p)
sũ, φ⟩,

namely
⟨(−∆p)

sū − (−∆p)
sũ, (ū − ũ)+⟩ ≤ 0.

By Lemma 1, this entails ū ≤ ũ. From (15) and the properties of ũ1, it next follows that

0 < ũ1 ≤ ū ≤ ũ. (24)

Since ū ≤ ũ, we have f̄ (x, ũ(x)) = f (x, ũ(x)) for all x ∈ RN , confirming that ũ is indeed a
positive solution to the equation in (1) and not merely of the truncated problem (22); see
Lemma 7. Let us finally verify that lim

|x|→∞
ũ(x) = 0. Combining (2) with (24) produces

0 ≤ f (·, ũ) ≤ a
(
ũ−γ + ũr) ≤ a

(
ū−γ + ũr) ≤ a

(
ū−γ + 1

)
+ a ũp−1.

Moreover, if
b2(x) := a(x), b3(x) := a(x)

(
ū(x)−γ + 1

)
∀ x ∈ RN

then b2 ∈ L1(RN)∩ L∞(RN) and, because of (17), b3 ∈ L
p∗

p−1 (RN)∩ L∞(RN). Thus, through
Theorem 1.2 in [8], we obtain

ũ ∈ L∞(RN). (25)

Inequalities (15) and (24) yield

C̃|x|−
N−sp
p−1 ≤ ū(x) ≤ ũ(x), x ∈ Bc

1, (26)
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while, thanks to (16) and (25),

f (x, ũ(x)) ≤ a(x)
(
ũ(x)−γ + ũ(x)r) ≤ a(x)

(
ū(x)−γ + ∥ũ∥∞

)
≤ ca

1 + |x|N+α

(
C̃−γ|x|γ

N−sp
p−1 + ∥ũ∥∞

)
≤ C|x|−β ∀ x ∈ Bc

1,

where β comes from (19). Proceeding as already done for (20), with D > 0 bigger than
∥ũ∥∞ too, we arrive at

ũ(x) ≤ D|x|−
N−sp
p−1 , x ∈ Bc

1, (27)

whence, because of (26), the conclusion follows.

Remark 4. Since ũ ∈ L∞(RN), the same argument adopted in [8] (Corollary 3.8) ensures that
(27) can be extended to a global pointwise upper bound of the form

ũ(x) ≤ C

1 + |x|
N−sp
p−1

∀ x ∈ RN ,

where C := C(N, p, s, ∥u∥L∞(B1)
) > 0.

Author Contributions: Writing—original draft, L.G. and S.A.M.; Writing—review and editing, L.G.
and S.A.M. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: Data sharing is not applicable. No new data were created or analyzed
in this study.

Acknowledgments: The authors are members of the Gruppo Nazionale per l’Analisi Matematica, la
Probabilità e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM). L.
Gambera acknowledges the support of the project S.P.E.C.T.E.R. (Singular Problems, Ellipticity, and
Convection Terms: Existence and Regularity), PRA 2020–2022, PIACERI, Linea 3, of the University of
Catania. The authors acknowledge the support of the project EdP.EReMo (Equazioni differenziali alle
derivate parziali: esistenza, regolarità e molteplicità delle soluzioni), PRA 2022–2024, PIACERI, Linea
1, of the University of Catania.

Conflicts of Interest: The authors declare no conflicts of interest.

References
1. Biswas, N. Study of fractional semipositone problems on RN . Opusc. Math. 2024, 44, 445–470. [CrossRef]
2. Cen, J.; Marano, S.A.; Zeng, S. Differential inclusion systems with fractional competing operator and multi-valued fractional

convection. Electron. J. Qual. Theory Differ. Equ. 2025, 75, 1–13. [CrossRef]
3. Cassani, D.; Du, L. Fine bounds for best constants of fractional subcritical Sobolev embeddings and applications to nonlocal PDEs.

Adv. Nonlinear Anal. 2023, 12, 20230103. [CrossRef]
4. Dou, X.; He, X.; Radulescu, V.D. Multiplicity of positive solutions for the fractional Schrödinger-Poisson system with critical

nonlocal term. Bull. Math. Sci. 2024, 14, 2350012.
5. Frassu, S.; Iannizzotto, A. Existence and multiplicity of positive solutions for the fractional Laplacian under subcritical or critical

growth. Complex Var. Elliptic Equ. 2021, 66, 1642–1663.
6. Gambera, L.; Marano, S.A.; Motreanu, D. Dirichlet problems with fractional competing operators and fractional convection. Fract.

Calc. Appl. Anal. 2024, 27, 2203–2218. [CrossRef]
7. Iannizzotto, A.; Liu, S.; Perera, K.; Squassina, M. Existence results for fractional p-Laplacian problems via Morse theory. Adv. Calc.

Var. 2016, 9, 101–125.
8. Carl, S.; Perera, K.; Teherani, H. Global L∞ and decay estimate for fractional p-Laplacian equations in Ds,p(RN). Potential Anal.

2026, 65, 7.
9. Iannizzotto, A.; Mosconi, S.; Squassina, M. Global Hölder regularity for the fractional p-Laplacian. Rev. Mat. Iberoam. 2016, 32,

1353–1392.

https://doi.org/10.3390/math14132267

http://dx.doi.org/10.7494/opmath.2024.44.4.445
http://dx.doi.org/10.14232/ejqtde.2025.1.75
http://dx.doi.org/10.1515/anona-2023-0103
http://dx.doi.org/10.1007/s13540-024-00331-y
https://doi.org/10.3390/math14132267


Mathematics 2026, 14, 2267 14 of 14

10. Iannizzotto, A.; Mosconi, S.J.N.; Squassina, M. Fine boundary regularity for the degenerate fractional p-Laplacian. J. Funct. Anal.
2020, 279, 108659. [CrossRef]

11. Marano, S.A.; Mosconi, S.J.N. Asymptotics for optimizers of the fractional Hardy-Sobolev inequality. Commun. Contemp. Math.
2019, 21, 1850028.

12. Nezza, E.D.; Palatucci, G.; Valdinoci, E. Hitchhiker’s guide to the fractional Sobolev spaces. Bull. Sci. Math. 2012, 136, 521–573.
13. Canino, A.; Montoro, L.; Sciunzi, B.; Squassina, M. Nonlocal problems with singular nonlinearity. Bull. Sci. Math. 2017, 141,

223–250. [CrossRef]
14. Gambera, L.; Marano, S.A. Fractional Dirichlet problems with singular and non-locally convective reaction. Adv. Nonlinear Anal.

2025, 14, 20250082. [CrossRef]
15. Giacomoni, J.; Kumar, D.; Sreenadh, K. Interior and boundary regularity results for strongly nonhomogeneous p, q-fractional

problems. Adv. Calc. Var. 2023, 16, 467–501.
16. Brasco, L.; Mosconi, S.; Squassina, M. Optimal decay of extremals for the fractional Sobolev inequality. Calc. Var. Partial. Differ.

Equ. 2016, 55, 23. [CrossRef]
17. Brasco, L.; Gómez-Castro, D.; Vázquez, J.L. Characterization of homogeneous fractional Sobolev spaces. Calc. Var. Partial. Differ.

Equ. 2021, 60, 60. [CrossRef]
18. Zeidler, E. Nonlinear Functional Analysis and Its Applications. II/B. Nonlinear Monotone Operators; Springer: New York, NY, USA, 1990.
19. Brezis, H. Functional Analysis, Sobolev Spaces and Partial Differential Equations; Springer: New York, NY, USA, 2011.
20. Gambera, L.; Guarnotta, U. Existence, uniqueness, and decay results for singular Φ-Laplacian systems in RN . Nodea Nonlinear

Differ. Equ. Appl. 2024, 31, 111.
21. Struwe, M. Variational Methods. Applications to Nonlinear Partial Differential Equations and Hamiltonian Systems; Springer: Berlin,

Germany, 1990.
22. Mosconi, S.J.N.; Squassina, M. Nonlocal problems at nearly critical growth. Nonlinear Anal. 2016, 136, 84–101. [CrossRef]
23. Baldelli, L.; Guarnotta, U. Existence and regularity for a p-Laplacian problem in RN with singular, convective, and critical reaction.

Adv. Nonlinear Anal. 2024, 13, 20240033.
24. Ávila, A.I.; Brock, F. Asymptotics at infinity of solutions for p-Laplace equations in exterior domains. Nonlinear Anal. 2008, 69,

1615–1628.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/math14132267

http://dx.doi.org/10.1016/j.jfa.2020.108659
http://dx.doi.org/10.1016/j.bulsci.2017.01.002
http://dx.doi.org/10.1515/anona-2025-0082
http://dx.doi.org/10.1007/s00526-016-0958-y
http://dx.doi.org/10.1007/s00526-021-01934-6
http://dx.doi.org/10.1016/j.na.2016.02.012
https://doi.org/10.3390/math14132267

	Introduction
	Basic Definitions and Auxiliary Results
	A Pure Singular Problem
	Existence of Solutions
	References

