. mathematics

Article

The Unified Transform for Burgers’ Equation: Application
to Unsaturated Flow in Finite Interval

Konstantinos Kalimeris 1

W) Check for updates

Academic Editors: Luigi Rodino and
Xinguang Zhang

Received: 18 May 2026

Revised: 15 June 2026

Accepted: 23 June 2026

Published: 25 June 2026

Copyright: © 2026 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

, Leonidas Mindrinos

2D and Athanasios Paraskevopoulos "% *

Mathematics Research Center, Academy of Athens, Soranou Efesiou 4, 11527 Athens, Greece;
kkalimeris@academyofathens.gr

Department of Natural Resources Development and Agricultural Engineering, Agricultural University of Athens,
Iera Odos 75, 11855 Athens, Greece; leonidas.mindrinos@aua.gr

*  Correspondence: at.paraskevopoulos@aua.gr

Abstract

In this paper, we focus on one-dimensional vertical infiltration, assuming constant dif-
fusivity and a quadratic relationship between hydraulic conductivity and water content.
Under these assumptions, Richards” equation reduces to Burgers” equation, which we then
linearize via the Hopf-Cole transformation. This turns the initial boundary value problem
into a diffusion equation on a finite interval with mixed boundary conditions. To solve it,
we use the Unified Transform Method (also known as the Fokas method). This approach
gives an explicit integral representation of the solution, and when evaluated numerically,
the results match classical Fourier series solutions exactly, but with better convergence and
stability. Two examples from hydrological applications are examined.

Keywords: vertical infiltration; Burgers” equation; Fokas method; Unified Transform;
analytical solution
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1. Introduction

The problem of water flow in unsaturated porous media has attracted much attention
since the early years of soil physics research, as it presents significant theoretical and
experimental challenges. From a mathematical perspective, great effort has been devoted
to the derivation of both analytical and numerical solutions that can be compared with
experimental observations to enhance understanding of the underlying physical processes.

In this work, we focus on the vertical infiltration problem (one-dimensional) in an
unsaturated porous medium. This process is described by Richards’ equation [1], which
is a nonlinear partial differential equation (PDE) that combines diffusion and transport
phenomena. Since its introduction in the early 20th century, Richards’ equation has been
widely used to model various physical conditions. Despite its strong physical foundation,
the nonlinear nature of the equation significantly complicates the derivation of analytical
solutions.

A common approach to simplify this model is to impose specific functional forms for
the soil hydraulic parameters. Typically, the soil water diffusivity (D) is assumed constant,
and the hydraulic conductivity (K) is a function of the water content (). Variations also
arise depending on the imposed boundary conditions, which may represent flooding or
rainfall scenarios and are commonly expressed as Dirichlet or Robin conditions, respectively.
Additional restrictions are made if the soil domain is treated as bounded or semi-infinite.
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The following cases admit approximate analytical solutions for both flooding and rainfall
conditions:

Case1l K(f) = constant [2,3].
Case2 K(f) = linear function of 6 [2,4].
Case3 K(6) = quadratic function of 6 [5,6].

The first case corresponds to neglecting gravitational effects and reduces Richards’ equa-
tion to the linear diffusion equation. Case 2 simplifies the governing equation to the linear
advection—dispersion equation, whereas in the third case, the PDE reduces to a form of Burg-
ers’ equation. The first two cases have been widely examined in the literature; here, we focus
on the third case. Although the resulting equation remains nonlinear, it can be transformed
into a linear diffusion equation through the Hopf-Cole transformation [7]. Consequently, the
original problem can be reformulated as an initial boundary value problem (IBVP) for the
heat equation, similarly to Case 1 [6,8].

A variety of analytical methods for the heat equation have been developed, among
which separation of variables and Fourier series expansions are the most widely used. These
classical techniques have been successfully applied to both infiltration and drainage prob-
lems in finite or semi-infinite domains under various boundary conditions [8-10]. Indeed,
all previously reported analytical studies rely on such eigenfunction-based representations.

Despite their effectiveness, these approaches impose restrictive assumptions on prob-
lem formulation. In particular, they are typically limited to finite spatial intervals and
require homogeneous or simple local boundary conditions. As a result, the approximate
analytical solution often leads to lengthy derivations and series solutions that may converge
slowly, especially for short times or near boundaries where compatibility conditions might
not apply. These limitations, reflecting the lack of uniform convergence of the solution to
their traces on the boundary of the IBVP, motivate the development of alternative analytical
frameworks that can address such problems in a more direct and unified manner.

In this study, we apply the Unified Transform Method, which was introduced in
the seminal work of Fokas in 1997 [11]; hence, the method is now known as the Fokas
method. This approach yields an explicit integral representation of the solution relying
on the naturally arising spectral transforms of the initial and boundary conditions. We
refer to a book [12] and recent work [13] where the Fokas method is applied to various
evolution PDEs, and the insight of the appearance of continuous spectrum is developed
for finite domains, which is in contrast to the classically derived discrete Fourier spectrum.
As a result, the analytical formulation is significantly simplified, and the resulting integral
representation is often better suited for numerical evaluation, exhibiting improved stability
and convergence properties when compared with truncated Fourier series solutions. In the
present work, these analytical and numerical improvements are displayed by scrutinizing
the solution representation (14). The analytical viewpoint: (i) Obviously, this is an integral
representation (to be compared to the series in [8]); (ii) as it is proven in [14], this weak
solution directly satisfies the associated boundary conditions due to uniform convergence,
in contrast to the classical Fourier series, which fails this process, unless homogeneous
conditions are imposed. The numerical viewpoint: (i) Apart from the two corner points
(x,t) = (0,0) and (x,t) = (L,0), the integrand is exponentially decaying, allowing for low
computation cost; (ii) the analytical uniform convergence yields reliable illustrations of the
solution closer to the boundaries x = 0, x = L, and for short times, namely, for ¢ — 0, see
Section 4.

Case 1 on the half-line was first studied in the original work [11], followed by its extension
to finite intervals [15]. Further applications have been reported in later studies [16-20].
The linear evolution equation (see Case 2) has also been extensively examined on the half-
line [21-23] and on the finite interval [14,24,25] under various boundary conditions. To our
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knowledge, the application of the Fokas method to Burgers” equation (Case 3) has so far been
considered only on the half-line [26]. The present work addresses this gap by extending the
method to a finite interval with mixed boundary conditions. The possibility of investigating
inverse problems in the vein of the above-mentioned literature, namely, the determination
of boundary controllers associated with physically relevant problems, will be considered in
future work.

The structure of the paper is as follows. In Section 2, we derive Burgers’ equation
for the specific physical problem and reduce it to a diffusion equation on a finite interval
under mixed boundary conditions. The resulting IBVP is then solved analytically using the
Unified Transform Method. The numerical implementation of the integral representation is
presented in Section 3. In the final section, the analytical solution is compared with existing
Fourier series solutions under physically relevant conditions, demonstrating agreement
while highlighting the advantages of the proposed approach.

2. Problem Formulation

In soil physics, the vertical water flow in an unsaturated porous medium is modeled
through the one-dimensional nonlinear Richards” equation [1]

% a(Deae)_aK(Q) 0<x<L, t>0, (1)

3 = a2\ P05y ox

where 0 is the water content, K is the hydraulic conductivity and D describes water
diffusivity, which are all positive quantities.

There are several ways to describe how the material parameters D and K depend on
6. In this work, we focus on Case 3 of the Introduction by assuming constant diffusivity
(D > 0) and that K is a quadratic function of 6 [6],

K(6) =a(0+b)? )
with a,b € R constants. Then, Equation (1) takes the form

2
% :DSTZfZa(9+b)g—z, 3)
which appears in the literature as the mathematical modeling for several physical processes
without yet specifying the associated functional analysis; indeed, this is the well-known
Burgers’ equation [27], which is still nonlinear but can be linearized using the Hopf—Cole
transformation. In what follows, we present the formulation of a physically relevant IBVP,
which yields (11a—d); we discuss the rigorous mathematical background in that formulation
at the end of this paragraph.
Following [8], one can show that (3) reduces to the linear diffusion equation (see
Appendix A)

Jw 2w
— =D— Lt 4
o5 522 0<x<L, t>0, 4)
for the new variable
a
——u
w=e D, where a—uzﬂ—i-b. (5)

ox
Thus, once (4) is solved for w (subject to appropriate initial and boundary conditions),
the water content is given by

Do ~ Duwy
9——;$(lnw)—b_—;;—b. (6)
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We consider (3) in a finite interval x € [0, L] together with a constant initial condition
of the form
6(x,0) =6y, 0<x<L. (7)

At the surface x = 0, we assume a given time-dependent flux g, modeled through

Darcy’s law

K(6) - DO)S(0,6) = q(1), >0, ®

and at the bottom (x = L), we impose a Dirichlet boundary condition (given moisture)
O(L,t) =0, t>0, )
with 6 > 6, > 0.
Equation (8) using (2) takes the form of a nonlinear Robin-type boundary condition

a(6(0,t) +b)* — Dg—z(o,t) =q(t), t>0. (10)

The initial (7) and boundary conditions (9) and (10) have to be transformed using the
new variables (5). This derivation, starting from the Burger’s equation, yields the following
IBVP and is a standard procedure, but for matters of completeness, we summarize it in
Appendix A. Hence, in accordance with [8], the final form of the IBVP is given by

ow 2w

EZD@, 0<X<L,t>0, (11a)

w(x,0) =wp(x), 0<x<L, (11b)

w(0,t) = f(t), t>0, (11¢)

%(L,t) +Cw(L,t) =0, t>0, (11d)

where
(6 +1) ? [ ats)as
L x £
wo(x)=e D 0 , f(t) =eD Jo , (12)

and C = %(QL +0).

Considering the rigorous treatment of this IBVP, we refer to [28] for a more general
IBVP than (11a—d), which also improves the relevant results of [29]. A slight modification
of Theorem 3.1 in [28] yields the global well-posedness (in the classical Hadamard sense
in Sobolev spaces). Indeed, for any T > 0, s > %, with (s — %) ¢N, fe H:STH (0,T),
wy € H;(0,L) and assuming the necessary compatibility of (wy, f) at the space-time
corner point (x,t) = (0,0), the IBVP (11a—d) has a unique solution w € C([0, T|; H5(0,L)).
Moreover, the data to solution map (wy, f) — w is continuous from H; (0, L) x H:ST+1 (0,T)
into C([0, T]; H3(0,L)).

The above functional regime holds for the original IBVP, with a regularity shift. Of
course, in this example, wy is already analytic. Considering the initial boundary condition

g, the definition (12) allows for one extra unit of less regularity, namely, g € H:bT3 (0, 7).
This is also reflected in the solution of the original problem; indeed, under definition (6)
and the comprehension that w is not vanishing (via the maximum principle), the function
space of the solution 8 becomes C([0, T]; HS~1(0, L)).

Analytical Solution of the IBVP (11a—d)

We emphasize that the IBVP (11a—d) can now be treated as a purely mathematical
structure. In this viewpoint, we use the solution of a more general IBVP that was considered
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in [14], originated by mathematically modeling a different physical problem, namely, two
of the authors derived the solution of the vertical infiltration problem considering linear
homogeneous soil and various boundary conditions. However, the mathematical treatment
remains invariant when the appropriate parameters of the IBVP are used.

We are interested in finding the analytical solution of (11a-d) using the Fokas method.
This is an IBVP for the heat equation in a finite interval with mixed boundary conditions.
The corresponding IBVP for «, B, Ky € R and Dy > 0 has the form

a0 a0 026
g—’— Og—DOﬁ, 0<X<L,t>0, (13a)
0(x,0) =6p(x), O<x<L, (13b)
0(0,t) — agﬁ(o H=ft), t>0 (13¢)
OL1) ~ o (Lt) = g(t), >0 (13d)

To obtain the analytical solution of (11a-d), we set Ky = 0, Dg = D, in (13a), « = 0 in
(13c)and B = f%, g(t) = 01in (13d). Thus, we get (see [14] Equation (16))

— i/ ei/\fo)\zt,d)O(A)d/\

w(x, t) 2t Je

_ i / A (m t) [sin(Ax)(zA+C) eMapg(A) (14)
+A(A, x — L)do(—A) +2AD A(A, x — L) F(DA2, ¢t )] dn,

where
A(A,y) = Acos(Ay) — Csin(Ay), 0<y<L (15)

and the integral transforms appearing in (14) are defined by

Wo(A) = /OL e~ My (x)dx, A € C, f(k,t) = /Ot K f(s)ds, k € C, (16)

namely, the Fourier transform of the initial condition and the ¢ —transform of the boundary
conditions, respectively.

Note that the roots of A lie outside of the domain of integration; consequently, their
residue contributions may be exploited to obtain a series representation of the solution. For
simple boundary conditions, the structure of A is also simplified [14]. Crucially, however,
the strength of the approach lies in its unified framework, which remains valid, regardless
of such modifications.

The contour 0D is taken to be a positively oriented curve associated with the domain

DT = {1 € C:Re(A?) <0, Im(7A) > 0}.

In practice, there is considerable freedom in the choice of 9D ™. As discussed in Remark 2.1
of [14], it may be chosen as any simply connected curve lying in C_, whose linear asymp-
totes remain in C; \ D and are defined by Im(A) = cRe(A), ¢ € [—1,1], for Im(A) > 0.
In this work, for matters of clarity, we introduce a new curve, C +, which possesses these
properties with the choice ¢ = +tan Z = +(v/2 —1).

Different cases will be examined in the next section. Alternatively, one can compute (14)
directly using numerical integration; however, this approach can be time-consuming and may
require special treatment at early times or near the boundaries.
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3. Numerical Implementation

In this section, we deal with the numerical evaluation of the integral representation of
the solution (14).

Without being restrictive for the realization of the numerical scheme, and considering
a physically relevant scenario, we assume constant flux q(t) = g, and the formulas in (12)

are simplified as
wo(x) = e 4%, f(t) = e,

with
a a

Then, from the definitions (16), we obtain

L . _ »—(A+iA)L
Wo(A) = / e A M dy = o 7T
0

A+ir 7
7 2 f DA2s _Bs €<D/\2+B)t -1 {17)
DA% t) = =
f(DA%, 1) /o e’ Fe ds DAL B
and by substituting in (14), we get the form
1 o 5,1 — g~ (A+iA)L
= _— iAx—DA~t i
wixt) =7 /we A+il
1 o~ DA%t AL . 1 — g~ (A+A)L
— 5 /&)D+ AL e (id + C) sin (Ax) AT (18)
1 — e (A=iAL o(DA2+B)t _ 1

+A(A,x—L) +2iIADA(A,x — L) da,

A—iA DA%+ B
where A(A,y) is defined in (15).
The analyticity and boundedness of the integrand of the first integral on the right-hand
side of the above equation allow the deformation from the real line to the contour 9D ™. In
more detail, we split the integral into two parts, whose boundedness allows for deformation

to the upper and lower complex A-plane, respectively. Hence,

/°° e S 37(A+M)Ld)\ _ grepa_ 1 4y
o A+iA oD+ A+iA
_ / piAx—DA2 e_(AJ”)‘)LdA
oD~ A+iA
o[ et e ALALx)
= - — dA
oD+ A+iA A—iA !

where, in the last step, we used the change of variables A — —A, to map 0D~ to 0D ™.
Combining all the above, we obtain one integral over 9D ; following the standard pro-
cess described in detail in ([14] (Remark 2.1)), we deform 0D " to C*, where C™ is any
simply connected contour with two asymptotes between the real axis and 0D . Then, we
decompose the solution into the following two parts:

w(x, t) =wy(x,t) +wy(x, t), (19)

https:/ /doi.org/10.3390/math14132268
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where
1 e~ DA%t M (A —i)) — e~ ALgiA(L—x) (A+iA)
)= — A(A,—L
wilxt) = o2 /c+ A(A, —L) A2+ )2 (A, =L)
) 1 p—ALp—ilL
_ AL/ .
e (iA + C) sin (Ax) A
1 — e~ ALgiAL . 1
1 ] Bt

wz(x, t) = 75 ./CJr m |:21)\D A()L,x — L)W:| dA.

The rationale for this decomposition is described in [12,13]. Both integrands in w
and w, display exponential decay in the domain (x,t) € (0,L) x (0, 0), but for numerical
purposes, when the points (x, t) are close to the boundaries of that domain, this decay
becomes weaker. The presence of the term e~ Mt in wy yields a strong exponential decay
even if x is on the boundary, namely, x = 0 or x = L. This is not true for w;,, which would
make the numerical computation less efficient when x is on (or close to) the boundary;
however, one can treat this term analytically, as shown in the two different treatments of the
numerical examples in Section 4. In fact, a non-trivial choice of the contour of integration
C* vanishes the contribution of w,.

After computing w using (19), we substitute it into (6) to obtain 0. The spatial deriva-
tive can be formally evaluated, resulting in

aﬂ(x t) 7 L / e—DAZt i/\ei)xx(A _ l)\) + e~ ALpiA(L—x) (A + l)L) A(/\ _L>
ax ' 2w Jer A(A,—L) AZ 4+ )2 ’
, 1 — p—AL,—iAL
_ IALy (s
e A(id + C) cos (Ax) AT

1 — e ALgiAL . 1
0wy 1 1 . eBt
2 (0 = -5 /C+ 30D {ZzADF(/\,x ~U5r 5 B}d?\,

where
JdA

F(Ay) = @(/\, y) = —AZsin(Ay) — CAcos(Ay).

The first integral in (19) can be computed efficiently (numerically) due to the expo-
nential decay of the term e~ At On the other hand, it is preferable to compute the term
wy analytically using the Cauchy or Residue theorem, depending on the appearance of
singularities in the domain of integration. Different cases will be examined in the next
section.

Initially, we choose an infinite trapezoidal contour C* (positive oriented) with
parametrizationz : R — C:

z1(s) = (=L +ti) + (=s = {) ei%n, s € (—o0,—¥),
2(s) =  zp(s) = s+ 4i, se -4 1, (20)
23(s) = (C+ L) + (s — 0) €5, s € (¢, +00),

as shown in Figure 1.
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Im(A)

D+
C+

—L+ i L+ Ui

13

Re())

D-

Figure 1. The boundary 9D (black curve) of the domain D and the deformed contour C™ (blue
curve) given by (20).

Let V1 (A, x, t) denote the integrand of w;. Then, the term w; is expressed as

—/ V4
/C Vi(Ax, )dA = /f Valzi(s), % )24 ()ds + /f Vilz2(9), )75 (s)ds

N /Zoo v (23(5),35/ i’)Zé(S)dS

= /;o <V1 (23(8),x,t)ei% - V1(Z1(—s),x,t)ei56n>ds + /2 Vi(za(s), x,t)ds.

4. Numerical Examples

We verified the applicability of the analytical solution (14) by comparing it with
the Fourier series solution presented in [5,8]. The comparison reproduces the same re-
sults; therefore, we kept the same soil properties, namely, 2 = 9.88 X 10> m/s, b =
—0.0065 m®/m?,and D = 3.51 x 107 m?/s.

The construction of the contour C*, belonging entirely to the upper half A-plane,
ensures that the roots of A(A, —L), which all lie on the real axis, are avoided. From (19),

we observe that the denominators vanish at A = +Aiand at A = i, with y = \/g . The
negative roots are outside the domain of integration, and A = Ai is a removable singularity
since the numerator of the relevant ratio also vanishes (see the second integral in (18)).

In the first example, the finite column has length L = 0.25 m, and the constant flux
on the surface is given by g = 3.4 x 10~° m/s. The initial and boundary water moisture
values are 6y = 6; = 0.03.

Following the discussion about the decomposition w = w; + w» in (19), we treat this
example in two equivalent ways for matters of illustration, with the difference lying in the
treatment of the quantity w,. In earlier works [12], w, was computed analytically via its
residue contribution, whereas in later works, a proper choice of contour integration yields
wy = 0; both approaches induce negligible computational effort, but the second approach is
also analytically convenient. In what follows, we treat the current example with these two
(different but equivalent) approaches for matters of presentation to the interested reader.

The above-mentioned values for the physical parameters yield A ~ 6.6 and y ~ 52.2;
the latter is a simple root in the interior of the domain with boundary C*. In order to
avoid computing potential residue contribution from the appearance of Ai, we consider
the parametrization (20) with £ = 5 < A, but any value 0 < £ < A is acceptable; see the left
image in Figure 2. Thus, we compute w; analytically using the residue theorem, namely,

https://doi.org/10.3390 /math14132268
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wa(x, ) = —% /C V(A x, 1)\ = —iRes[Va, yi

_ Bt Vaqeosh(y(L —x)) +a(0r +b) sinh(y(L — x))

V/aqcosh(yL) +a(fr + b) sinh(yL)

Im(X)

;P+

Re()) Re(\)

(a) Equation (20) with £ = 5. (b) Equation (21).

Figure 2. The two different contour deformations C* considered in the first example.

In Figure 3, we present the numerical evaluation of the analytical solution, and we
compare it with the Fourier solution presented in [8]. We observe that the expected
physically meaningful behavior is clearly observed, and the two solutions fit perfectly.

0.00 0.05 0.10 0.15 0.20 0.25 030 0,00 0.05 010 0.15 020 0.25 030
L )

x x
15 15
20+ —— 17.5 min 20 ~—— 17.5 min
40 min 40 min

~—— 74.5 min —— 74.5min
=== 120 min == 120 min

25 25

6 6

Figure 3. The water content 6 (6) using the analytical solution (14) (left) and the Fourier series
solution; see [8] (right), for the setup of the first example.

Note that the series had to be truncated at N = 2000 to obtain an illustration of the
solution with a sufficiently small deviation from the actual solution. A visualization of the
truncation error for different numbers of Fourier nodes is shown in Figure 4 for t = 40 min.
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6(x,40)
B10(x,40)
B50(x,40)
""" 6100(x,40)

| \ \ | \ /
0.00 0.05 0.10 0.15 0.20 025
X (cm)

Figure 4. Convergence of the series solution to the analytical one (blue curve) for ¢ = 40 min for the
setup of the first example.

In the following, we do not consider (20). We present a different approach by intro-
ducing an alternative parametrization of C* to avoid the computation of the singularity at
A = i, namely,

Py +sem/8, s € (—oo,0),
Z(S): (P*_P+)S+P+/ SE[O/ 1]/ (21)

P+ (s—1)e"/8, se (1, +0),
where P_ = iA — (1+1i) and P, =iy + (1+1i),; see the right image in Figure 2. This way,
the root A = +yi lies in the exterior of the domain defined by the boundary C*. Furthermore,
the roots of A also lie in the exterior of this domain, and the integrand is exponentially

decaying for A — oo in this domain by definition; hence, the integrand is bounded and
analytic, and using Cauchy’s theorem, we get

wy(x,t) = 0. (22)

In Figure 5, we present the analytical solution 6(x, t) for x € [0,25] cm and ¢ € [0,120] min.

Figure 5. Example 1: Three-dimensional visualization of the analytical solution 8(x, t) for x € [0, 25]
cm and ¢ € [0,120] min.

In the second example, the length is L = 0.08 m and no-flux (outflow) is assumed,
meaning g = 0. In this case, 8y = 0.355 and 0;, = 0.10. Here, ¥y = 0, and the root is outside
the region defined by (20), so (22) holds true by Cauchy’s theorem.

A comparison between the Fokas method solution and the Fourier series solution for
N = 2000 is presented in Figure 6. We emphasize that this choice of Fourier nodes is in

https://doi.org/10.3390 /math14132268
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accordance with the illustrations in [8], which we reproduce here. On the other hand, this
kind of truncation is not needed for the integral representation derived by the Fokas method,
since this illustration is produced via the appropriate symbolic computation package in
Mathematica; for more detail, we refer to the Supplementary Material, where the command
NIntegrate is implemented in the interval (0, o). Computational-wise, the Fokas method
offers a clear computational advantage over the classical eigenfunction expansion. An
extensive numerical comparison is out of the scope of this work, but, for example, on a
laptop equipped with an Apple M3 processor and 16 GB of RAM, with the parameter values
considered above, and for the same precision requirements, the Fokas method requires only
0.04 s per evaluation at a fixed (x, t) point in the domain (0, L) x (0, T), compared to 0.12 s
for the Fourier series with N = 2000 terms. This scaling of approximately 3 times lower
computational cost held in all the runs we performed for different points (x,t). It is clear
in Figure 6 that the two solutions are, again, in complete agreement. A three-dimensional
visualization of the analytical solution 6(x, t) for x € [0,8] cm and ¢ € [0, 120] min is shown
in Figure 7.

000 005 010 015 020 025 030 g0 005 040 015 020 025 030
0 T T

x (cm)
X (cm)

8 8

2] V 6
Figure 6. Water content 6 (6) using the analytical solution (14) (left) and the Fourier series solution;
see [8] (right) for the setup of the second example.

Figure 7. Example 2: The three-dimensional visualization of the analytical solution (x, ) for x € [0, 8]
cm and ¢ € [0,120] min.
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5. Conclusions

In this work, we examined the one-dimensional vertical infiltration problem in an
unsaturated porous medium modeled through the nonlinear Richards’ equation. Under
suitable assumptions on the soil properties, in particular, constant diffusivity D and a
quadratic constitutive relation for K(0), the initial boundary value problem (IBVP) reduces
to Burgers’ equation. While these assumptions may appear restrictive for modeling infiltra-
tion in field conditions, they nevertheless represent a significant generalization compared
to Cases 1 and 2 considered in previous works. This is still a nonlinear partial differential
equation, but it can be easily linearized using the Hopf-Cole transformation. This resulted
in a diffusion equation on a finite interval with Robin-Dirichlet boundary conditions.

Building on previous works by the two authors, we solved the simplified IBVP using
the Fokas method. The key advantage is that we obtained an explicit integral representation
of the solution without relying on eigenfunction expansions, with the limitations of slowly
converging series.

We tested our solution on two numerical experiments modeling real-world applica-
tions of subsurface water flow under different ponding conditions. By exploiting tools
from complex analysis, we derived efficient numerical schemes that are easy to implement.
The results show perfect agreement with existing solutions while offering clear practical
advantages, particularly in capturing short-time behavior and near-boundary dynamics.

As future work, it would be of interest to extend this approach to more general nonlin-
earities, multidimensional settings, and time-dependent boundary conditions that more
accurately reflect realistic hydrological scenarios. Applications to layered soil structures
also appear feasible.
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Appendix A

In this section, we briefly outline the steps required to derive the IBVP (11a—d) from the
original nonlinear initial boundary value problem. For the full derivation, we refer to [8].

Appendix A.1. Derivation of (11a) from (3)

Let 3
u
ng—l—b.

Then, Equation (3) becomes

o lou _0%u ou\ 2
E)Jc[é)t_Daﬂ—'—a(E)x)]o’
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which means that the term inside the brackets depends only on time ¢. Thus,

ou o%u ou '\ 2

Any arbitrary choice of i () will not affect the solution of the original problem; see Appendix
of [8] for more details. Hence, without loss of generality, we set h(t) = 0 and the above
equation using the Hopf—Cole transformation

resulting in (11a).

Appendix A.2. Derivation of (11b) from (7)
Definition (5) together with (7) yields

uyx(x,0) =0(x,0)+b =6y + 0.
Integrating both sides with respect to x, we obtain
u(x,0) = (6p + b)x + Co.
We can choose Cy = 0 without loss of generality. Then, the initial condition takes the form
w(x,0) = ¢ B =y (x),
which is (11b).

Appendix A.3. Derivation of (11c) from (10)

The boundary condition (10) using the new variable (5) reads

a(12(0,1))? — Duyy(0,8) = ft)

“(ux)z—D[E(ux)z—%wujx} =flt) & (A1)
2
L
Using the fact that wy (0, t) = Lw;(0,t), we get
D* 1 wi(0,t) w(0,t)

i
_ = = —f(f).
a« D w(0,f) fe) = w(0,1) Df()
Solving this ODE for w(0, T), by integrating both sides from 0 to ¢, yields (11c).

Appendix A.4. Derivation of (11d) from (9)

For the boundary condition at x = L, the new variable gives
ux(L, t) =0p+b.

Since both 61 and b are constants, 1y (L, t) is constant with respect to time; thus, 1y (L, ) = 0.
From the Hopf-Cole transformation, we get

n©
Wy = —Euxw;
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resulting in
we(L,t) + %(GL +b)w=0. (A2)

Equation (A2) is (11d) for C = (6L + b).
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