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Abstract 

The cosmic microwave background (CMB) contains key information about the early Uni-

verse, particularly through its polarization structure. This work proposes a Fuzzy and 

Explainable Artificial Intelligence framework (FAS-XAI) for the regional analysis of CMB 

polarization using Planck SMICA data. From the Stokes components 𝑄 and 𝑈, the polar-

ization amplitude 𝑃 and the scalar polarization modes 𝐸 and 𝐵 are derived. Regional 

features are then extracted over a HEALPix grid, considering only polarization-valid re-

gions defined by the Planck polarization mask. Fuzzy C-Means identifies four interpreta-

ble polarization regimes: high-polarization structured regions, 𝐸-dominated medium-po-

larization regions, 𝐵 -enhanced medium-polarization regions, and low-polarization re-

gions. An XGBoost-SHAP layer is used to explain the resulting fuzzy memberships. 

XGBoost accurately reproduces the memberships, with 𝑅2 > 0.98 for all clusters, while 

SHAP confirms the physical relevance of amplitude-related features and the 𝑙𝑜𝑔⁡(𝐵/𝐸) 

balance. Finally, controlled perturbations in 𝑃  and 𝑙𝑜𝑔⁡(𝐵/𝐸)  reveal a globally robust 

fuzzy structure with localized sensitivity. The proposed framework provides an interpret-

able methodology for studying regional CMB polarization patterns and their stability un-

der controlled perturbations. 
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1. Introduction 

The cosmic microwave background (CMB) is one of the most important observational 

probes of the early Universe. Its temperature anisotropies and polarization patterns pre-

serve information about primordial fluctuations, the growth of cosmic structure, reioniza-

tion, gravitational lensing, and possible tensor perturbations. While temperature aniso-

tropies have been extensively studied, CMB polarization provides an additional and highly 

sensitive channel for investigating the physical conditions of the early Universe [1,2]. 

CMB polarization is commonly described through the Stokes parameters 𝑄 and 𝑈, 

which encode the local linear polarization field. From these quantities, one can derive the 

polarization amplitude 𝑃 and decompose the signal into scalar modes 𝐸 and 𝐵. The 𝐸-

mode is mainly associated with gradient-like polarization patterns generated by scalar 

perturbations, whereas the 𝐵-mode is more delicate to interpret, since it can arise from 
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gravitational lensing, residual foregrounds, instrumental noise, leakage effects, or, in spe-

cific scenarios, primordial tensor modes. For this reason, the relationship between 𝐸 and 

𝐵 is a key element in the physical interpretation of CMB polarization [3]. 

Most standard CMB analyses are based on angular power spectra, such as 𝐶ℓ
𝑇𝑇, 𝐶ℓ

𝐸𝐸, 

and 𝐶ℓ
𝐵𝐵. These approaches are fundamental for cosmological parameter estimation and 

for testing theoretical models. However, they provide a mainly global and spectral de-

scription of the CMB. Complementary regional approaches can provide additional insight 

into how polarization structures are spatially organized across the celestial sphere, espe-

cially when combined with interpretable machine learning methods [4]. 

In this work, we propose a Fuzzy and Explainable Artificial Intelligence framework 

(FAS-XAI) for the regional analysis of CMB polarization [5]. The goal is not to replace 

standard cosmological analyses, but to complement them with a regional, fuzzy, and in-

terpretable representation of polarization regimes. Instead of assigning each sky region to 

a single rigid class, the proposed framework models each region through membership 

degrees across physically interpretable regimes. 

The analysis is performed using Planck SMICA data [1]. Starting from the Stokes 

components 𝑄 and 𝑈, we derive the polarization amplitude 𝑃 and the scalar polariza-

tion modes 𝐸 and 𝐵. The original maps are kept at 𝑁𝑆𝐼𝐷𝐸 = 2048 to preserve high-res-

olution polarization information. However, clustering is not performed directly on the full 

pixel-level maps. Instead, regional features are extracted over a coarser HEALPix grid 

with 𝑁𝑆𝐼𝐷𝐸region = 64 . This strategy preserves information from the high-resolution 

maps while producing a computationally manageable and physically interpretable re-

gional representation. 

A relevant methodological aspect of this work is the use of the Planck polarization 

mask. Only pixels considered valid for polarization analysis are used, and regions with 

insufficient valid coverage are excluded. This prevents the clustering process from being 

driven by Galactic foregrounds, point sources, residual contamination, or mask-induced 

artifacts. Therefore, the identified regimes are based on regions where the polarization 

signal is considered sufficiently reliable. 

For each valid region, we compute a set of physically meaningful features: the re-

gional mean and standard deviation of 𝑃, the regional energy of the 𝐸-mode, and the 

logarithmic ratio 𝑙𝑜𝑔⁡(𝐵/𝐸), which captures the relative balance between the 𝐵- and 𝐸-

mode energies. These features are then used as input to Fuzzy C-Means clustering [6]. The 

resulting fuzzy memberships allow us to identify regional polarization regimes and, im-

portantly, to quantify ambiguity and transitions between them. 

To provide explainability, we introduce a supervised XAI layer based on XGBoost 

[7] and SHAP [8]. For each fuzzy cluster, an XGBoost regression model is trained to pre-

dict the degree of membership of each region from the selected physical features. SHAP 

values are then used to quantify how each feature contributes to increasing or decreasing 

membership in each regime. This allows us to interpret the fuzzy clusters not merely as 

numerical groups, but as physically meaningful polarization configurations. 

Finally, we introduce a controlled perturbation analysis. Small counterfactual pertur-

bations are applied to two key dimensions: the polarization amplitude 𝑃 and the relative 

balance 𝑙𝑜𝑔⁡(𝐵/𝐸). The objective is to evaluate the stability of the regional fuzzy structure 

under microvariations of physically relevant variables. This analysis allows us to distin-

guish robust regions from sensitive ones and to study how alternative regional configu-

rations may emerge under controlled perturbations. 

The main contributions of this work are as follows: 

1. A regional FAS-XAI framework for CMB polarization analysis based on 𝑃, 𝐸, and 𝐵. 

2. A fuzzy segmentation of valid CMB polarization regions into physically interpretable 

regimes. 
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3. An XGBoost-SHAP explainability layer for interpreting fuzzy memberships. 

4. A perturbation-based stability analysis of regional CMB polarization regimes. 

5. A controlled counterfactual framework for studying localized sensitivity in the CMB 

polarization structure. 

The paper is organized as follows. Section 2 reviews the state of the art on CMB po-

larization, machine learning, explainable AI, and fuzzy clustering. Section 3 describes the 

proposed methodology, including data preprocessing, regional feature construction, 

fuzzy segmentation, XAI modeling, and counterfactual perturbation analysis. Section 4 

presents empirical results. Section 5 discusses physical interpretation, limitations, and fu-

ture research directions. Finally, Section 6 summarizes the main conclusions. 

2. Related Work 

2.1. Previous Studies on Cosmic Microwave Background Polarization 

The Cosmic Microwave Background (CMB) is one of the most important observa-

tional probes of the early Universe [2]. Its temperature anisotropies and polarization pat-

terns encode information about primordial fluctuations, acoustic oscillations, reioniza-

tion, gravitational lensing, and the large-scale structure of the Universe. Over the last dec-

ades, CMB research has evolved from the detection and characterization of temperature 

anisotropies toward increasingly detailed studies of polarization, foreground removal, 

component separation, and the search for weak 𝐵-mode signals. To assess the evolution 

of this research area, a Web of Science topic search was conducted using the query: TS = 

(“cosmic microwave background” OR CMB) AND TS = (polarization OR polarisation OR “E-

mode” OR “B-mode”). The search returned 3404 publications and 247,230 citations, con-

firming that CMB polarization is a mature and highly active field. As shown in Figure 1, 

publication activity increased substantially with the development of dedicated CMB mis-

sions and experiments, particularly after the availability of high-precision data from 

WMAP and Planck. 

 

Figure 1. Publications (3404) and Citations (247,230). TS = (“cosmic microwave background” OR CMB) 

AND TS = (polarization OR polarisation OR “E-mode” OR “B-mode”). 

These missions enabled a more detailed characterization of the CMB temperature 

and polarization fields, including the analysis of the Stokes parameters 𝑄 and 𝑈, the de-

composition into 𝐸- and 𝐵-modes, and the estimation of angular power spectra such as 

𝐶ℓ
𝐸𝐸 and 𝐶ℓ

𝐵𝐵. At the same time, they highlighted major challenges associated with polar-

ization analysis, including foreground contamination, Galactic dust emission, synchro-

tron radiation, point-source masking, instrumental noise, and leakage between 𝐸- and 𝐵- 

modes. These issues are especially relevant for the interpretation of the 𝐵 -mode 
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component, whose weak signal can be affected by gravitational lensing, residual fore-

grounds, or systematic effects. 

Most existing CMB polarization studies are based on harmonic-space and spectral 

analyses. Angular power spectra remain the standard tool for cosmological inference and 

for the comparison between theoretical models and observational data. However, these 

approaches provide mainly global statistical descriptions of the CMB signal. Compara-

tively fewer studies focus on regional, spatially interpretable characterizations of polari-

zation patterns over the celestial sphere. 

2.2. Machine Learning and Deep Learning in CMB Analysis 

The growing availability of high-resolution cosmological data products has encour-

aged the application of machine learning and deep learning techniques to CMB-related 

problems. These approaches have been used for tasks such as CMB signal recovery, fore-

ground cleaning, lensing reconstruction, cosmological parameter inference, map simula-

tion, and the analysis of secondary anisotropies. To assess the development of this re-

search line, a Web of Science topic search was conducted using the query: TS = (“cosmic 

microwave background”) AND TS = (“machine learning” OR “deep learning” OR “neural net-

work” OR “artificial intelligence”). 

The results show that the number of studies remains relatively limited compared 

with the broader literature on CMB physics and polarization. As shown in Figure 2, pub-

lication activity was almost negligible before the late 2000s, increased gradually between 

2007 and 2018, and expanded more clearly from 2019 onward, coinciding with the broader 

adoption of machine learning in astrophysics and cosmology. 

Despite this growth, machine learning in CMB research has mainly been applied to 

predictive, reconstruction, or inference-oriented tasks. Existing studies typically use ma-

chine learning to recover the CMB signal, remove foreground contamination, accelerate 

parameter estimation, emulate cosmological simulations, or reconstruct lensing-related 

information. Comparatively fewer works focus on the interpretability of learned repre-

sentations or on the explanation of regional polarization structures using physically mean-

ingful features. 

A more focused inspection of the CMB-related subset shows that machine learning 

and deep learning applications are concentrated in four main subareas: CMB reconstruc-

tion and foreground cleaning, CMB polarization and 𝐵 -mode-related problems, CMB 

anomalies and non-Gaussianity, and secondary anisotropies associated with clusters and 

small-scale foregrounds. Table 1 summarizes these subareas, including the number of 

works, accumulated citations, and representative highly cited contributions identified in 

the Web of Science sample. 

Table 1. Main CMB-related subareas identified among the most cited works. 

CMB-Related Subarea No. of Works Citations 

CMB ML/lensing/foreground cleaning/reconstruction [9–15] 7 244 

CMB polarization/B-modes [16,17] 2 31 

CMB anomalies/non-Gaussianity/cosmic strings [18–21] 4 77 

SZ/clusters/small-scale CMB foregrounds [22–26] 5 109 

This distribution suggests that machine learning in CMB research has so far been 

mainly developed as a predictive or reconstructive tool rather than as an explanatory 

framework. In particular, the literature is still comparatively sparse regarding interpreta-

ble map-level analyses of CMB polarization, especially those aimed at characterizing the 

spatial organization of 𝐸- and 𝐵-mode structures across sky regions. 
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Figure 2. Publications (123) and Citations (2250). TS = (“cosmic microwave background”) AND TS 

= (“machine learning” OR “deep learning” OR “neural network” OR “artificial intelligence”). 

2.3. Explainable Artificial Intelligence and Fuzzy Clustering in CMB Studies 

To evaluate the specific adoption of explainable artificial intelligence in CMB studies, 

a restrictive Web of Science search was conducted using the query: TS = (“cosmic microwave 

background”) AND TS = (“explainable artificial intelligence” OR XAI OR SHAP). The search 

returned only one directly related publication [27]. This result suggests that the explicit 

integration of explainability methods into CMB analysis remains very limited. The iden-

tified study applies neural networks to cosmological model selection using CMB data and 

includes an analysis of feature importance. However, it does not address fuzzy regional 

segmentation, fuzzy membership explanation, SHAP-based interpretation of polarization 

regimes, or perturbation-based stability analysis. 

In addition, a second Web of Science search was conducted to evaluate the presence 

of clustering-based approaches in CMB studies: TS = (“cosmic microwave background”) AND 

TS = (“fuzzy clustering” OR clustering). This query returned no results. This absence sug-

gests that clustering-based approaches, and particularly fuzzy clustering methods, have 

not been explicitly explored in the CMB literature indexed by Web of Science under these 

search terms. 

Therefore, although feature-importance methods have begun to appear in CMB-re-

lated machine learning studies, the use of XAI for explaining regional CMB polarization 

structures remains largely unexplored. Similarly, the absence of results for CMB-related 

fuzzy clustering searches highlights the lack of previous work on fuzzy regional segmen-

tation of CMB polarization. This reinforces the novelty of the present work, which com-

bines Fuzzy C-Means clustering, XGBoost-based membership modeling, SHAP explana-

tions, and controlled perturbation analysis over physically interpretable CMB polariza-

tion features. 

3. Materials and Methods 

This section describes the methodological design adopted to analyze the regional 

structure of Cosmic Microwave Background (CMB) polarization using a fuzzy and ex-

plainable analytical framework. The objective is to establish a structured pipeline that in-

tegrates physical variable construction, regional feature extraction, fuzzy clustering, su-

pervised membership modeling, explainable artificial intelligence, and controlled pertur-

bation analysis. Rather than relying on predefined sky regions or rigid classifications, the 

proposed approach explores CMB polarization through an uncertainty-aware regional 

framework. By combining physically interpretable variables derived from the Stokes pa-

rameters with fuzzy clustering and explainable modeling techniques, the method enables 
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the identification of regional polarization regimes and the interpretation of the variables 

that characterize them. 

The methodology is applied to the Planck PR3 SMICA CMB IQU map, 

COM_CMB_IQU-smica_2048_R3.00_full [1], which provides full-sky estimates of CMB 

intensity and polarization. The analysis uses the Stokes parameters 𝐼, 𝑄, and 𝑈, together 

with the Planck polarization mask PMASK, to ensure that only regions considered reliable 

for polarization analysis are included. This step reduces the influence of Galactic fore-

grounds, point sources, residual contamination, and mask-induced artifacts on the clus-

tering process. 

The workflow is organized as a sequence of interconnected analytical phases, rang-

ing from data preparation and physical variable construction to regional feature extrac-

tion, fuzzy segmentation, explainable modeling, and perturbation-based stability analy-

sis. Figure 3 summarizes the overall methodological architecture. 

 

Figure 3. Framework methodological architecture. 

The methodological workflow is summarized below, with each stage described in 

detail in Sections 3.1–3.10. 

• Data acquisition and preprocessing. The analysis starts from the Planck PR3 SMICA 

CMB IQU map at its original HEALPix resolution. The original fields include the 

CMB intensity, the Stokes polarization components, and the corresponding temper-

ature and polarization masks. Since the present work focuses on polarization, the 

Planck polarization mask is used to identify valid pixels for the analysis. Regions 

with insufficient valid coverage are excluded to prevent foreground-contaminated or 

unreliable areas from affecting the clustering results. 

• Construction of polarization variables. From the Stokes parameters 𝑄 and 𝑈, the 

polarization amplitude 𝑃 is computed. In addition, the 𝐸- and 𝐵-mode polarization 

maps are obtained through harmonic decomposition. These variables provide com-

plementary physical information: 𝑃 represents the total linear polarization ampli-

tude, 𝐸 captures the gradient-like component of the polarization field, and 𝐵 rep-

resents the curl-like component. 

• Regional aggregation and feature extraction. The original CMB maps are kept at 

high resolution to preserve polarization information. However, clustering is not per-

formed directly at pixel level. Instead, a coarser HEALPix regional grid is used to 

summarize local information. For each valid region, several features are computed 

from 𝑃, 𝐸, and 𝐵, including regional averages, variability measures, energy-based 

descriptors, and the relative balance between 𝐵- and 𝐸-mode energies. 
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• Masking and valid-region selection. All regional features are computed only from po-

larization-valid pixels according to the Planck polarization mask. For each region, the 

fraction of valid pixels is calculated, and only regions with sufficient valid coverage are 

retained. This step ensures that the subsequent clustering and explainability analysis 

are not driven by foregrounds, Galactic contamination, or mask-induced artifacts. 

• Fuzzy clustering of regional polarization regimes. Fuzzy C-Means clustering is ap-

plied to the normalized regional feature space. Unlike hard clustering, this method 

assigns each region a degree of membership to each cluster. This is especially suitable 

for CMB polarization, where spatial regimes may overlap and transition gradually 

rather than forming sharply separated classes. 

• Supervised membership modeling. To assess the internal consistency and explain-

ability of the fuzzy segmentation, XGBoost regression models are trained to predict 

the membership degree of each region to each fuzzy cluster. Instead of predicting 

only the dominant cluster, one model is trained for each membership function. This 

stage evaluates whether the fuzzy memberships can be accurately reconstructed 

from the selected physical features. 

• Explainable analytics. SHAP values are computed from the XGBoost membership 

models to quantify the contribution of each feature to the predicted membership de-

grees. This stage provides an interpretable explanation of each fuzzy regime by iden-

tifying which physical variables increase or decrease the membership of a region to 

a given cluster. 

• Ambiguity and entropy analysis. Since Fuzzy C-Means provides a full membership 

vector for each region, the degree of ambiguity can be quantified. The maximum 

membership value is used to identify clear, moderate, and ambiguous regions. In 

addition, fuzzy entropy is computed to measure how distributed the memberships 

are across clusters. This analysis allows the identification of transitional regions and 

helps characterize the continuous nature of the CMB polarization field. 

• Controlled perturbation and stability analysis. Controlled perturbations are intro-

duced into two key dimensions of the regional feature space: the polarization ampli-

tude and the relative balance between 𝐵- and 𝐸-mode energies. Perturbed regional 

features are projected onto the original fuzzy cluster structure, and the resulting 

memberships are compared with the baseline memberships. Stability is evaluated 

through membership variation, dominant-cluster switching, entropy change, and 

transition matrices. 

• Physical and counterfactual interpretation. The final stage integrates the fuzzy seg-

mentation, SHAP explanations, and perturbation results to interpret the regional 

structure of CMB polarization. The analysis distinguishes globally stable patterns 

from locally sensitive regions and evaluates how small variations in physically mean-

ingful variables may generate alternative regional configurations. These counterfac-

tual configurations are interpreted as controlled scenarios for studying the informa-

tional stability of the observed CMB polarization structure. 

3.1. Data Acquisition and Preprocessing 

The analysis was conducted using the Planck PR3 SMICA CMB IQU map, 

COM_CMB_IQU-smica_2048_R3.00_full, distributed through the Planck Legacy Archive 

and the NASA/IPAC Infrared Science Archive [1]. This product provides estimates of the 

CMB intensity and linear polarization components obtained through the SMICA compo-

nent-separation method. 

The map is provided in HEALPix format at an original resolution of 𝑁𝑆𝐼𝐷𝐸 = 2048, 

corresponding to 50,331,648 sky pixels and an approximate angular resolution of 1.72 
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arcmin. This high resolution was retained during the initial processing stages to preserve 

fine-scale polarization information before regional aggregation. 

The FITS file contains ten fields: I_STOKES, Q_STOKES, U_STOKES, TMASK, 

PMASK, I_STOKES_INP, Q_STOKES_INP, U_STOKES_INP, TMASKINP, and PMASK-

INP. The present work focuses primarily on the component-separated Stokes polarization 

fields Q_STOKES and U_STOKES, together with the polarization mask PMASK. The in-

tensity field I_STOKES was used for initial descriptive inspection and contextual analysis, 

but the regional fuzzy segmentation was based on polarization-derived variables. 

The choice of the SMICA IQU product is motivated by its suitability for CMB polar-

ization analysis and by the availability of both the Stokes components and the associated 

temperature and polarization masks within the same data product. Since the present 

study focuses on polarization, PMASK was used as the main quality-control mask. This 

step is essential because the subsequent clustering and explainability stages require relia-

ble regional descriptors that are not dominated by foregrounds, Galactic contamination, 

point sources, or unreliable sky areas. 

Therefore, the selected data product provides the necessary basis for constructing a 

regional, physically interpretable, and mask-controlled representation of CMB polariza-

tion. The selected fields serve as the starting point for the subsequent masking, polariza-

tion-variable construction, and regional feature extraction stages. 

3.2. Construction of Polarization Variables 

CMB polarization is described by the Stokes parameters 𝑄 and 𝑈, which encode the 

local linear polarization state of the radiation field. Unlike the temperature intensity 𝐼, the 

quantities 𝑄 and 𝑈 depend on the choice of local coordinate system on the sphere. Nev-

ertheless, they provide the fundamental observational basis from which physically mean-

ingful polarization descriptors can be constructed. 

In this work, the first derived polarization variable is the total polarization amplitude 

𝑃, summarizes the total polarized intensity at each sky pixel, computed from the Stokes 

components as: 

𝑃 = √𝑄2 + 𝑈2 (1) 

In addition to 𝑃, the Stokes polarization field was decomposed into the scalar 𝐸- and 

𝐵-mode components. This decomposition transforms the coordinate-dependent fields 𝑄 

and 𝑈 into two scalar polarization maps with different physical interpretations. The 𝐸-

mode represents the gradient-like component of the polarization field, whereas the 𝐵-

mode represents the curl-like component. 

The 𝐸-mode is mainly associated with scalar density perturbations and constitutes 

the dominant cosmological polarization signal. The 𝐵-mode is more delicate to interpret, 

since it can arise from different sources, including gravitational lensing, foreground resid-

uals, instrumental noise, leakage effects, and, in specific theoretical scenarios, primordial 

tensor perturbations. For this reason, the relative behavior of 𝐸 and 𝐵 is particularly rel-

evant in the analysis of CMB polarization [28]. 

The variables 𝑃 , 𝐸 , and 𝐵  provide complementary information. The polarization 

amplitude 𝑃 captures the total strength of the linear polarization signal, while 𝐸 and 𝐵 

describe its geometric structure. In the proposed framework, these variables constitute the 

physical basis for the subsequent regional feature extraction stage. 

3.3. Regional Aggregation and Valid-Region Selection 

The original CMB polarization maps were provided at high angular resolution, with 

𝑁𝑆𝐼𝐷𝐸 = 2048. Although this resolution preserves detailed pixel-level polarization infor-

mation, clustering directly at this scale would be computationally inefficient and difficult 
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to interpret from a regional perspective. For this reason, the analysis was reformulated 

over a coarser HEALPix regional grid [29]: 

𝑁𝑆𝐼𝐷𝐸region = 64 (2) 

This regionalization allows the sky to be partitioned into spatially coherent units while 

retaining the information contained in the original high-resolution polarization maps. Given 

the relation between both resolutions, each regional cell contains approximately 

(
2048

64
)
2

= 1024 (3) 

high-resolution pixels. Let 𝑟 denote a region in the coarser grid. The set of high-resolution 

pixels belonging to region 𝑟 is defined as: 

𝒫𝑟 = {𝑝1, 𝑝2, … , 𝑝𝑛𝑟} (4) 

where 𝑛𝑟 is the total number of high-resolution pixels contained in that region. 

Since the present study focuses on polarization, the Planck polarization mask 

PMASK was used to identify which high-resolution pixels could be considered reliable 

for analysis. Let 𝑀𝑝 denote the value of the mask at pixel 𝑝. A pixel was considered valid 

when, 𝑀𝑝 ⁡> ⁡0.5. 

For each region 𝑟, the number of valid pixels was computed as: 

𝑁valid(𝑟) = ∑ 𝕀(

𝑝∈𝒫𝑟

𝑀𝑝 > 0.5) (5) 

where 𝕀(⋅) denotes the indicator function. The valid fraction of region 𝑟 was then de-

fined as: 

𝑓valid(𝑟) =
𝑁valid(𝑟)

𝑁total(𝑟)
 (6) 

where 𝑁total(𝑟) = 𝑛𝑟 is the total number of high-resolution pixels contained in the region. 

Only regions satisfying the condition 𝑓valid(𝑟) ≥ 0.8  were retained for the subse-

quent feature extraction, clustering, and explainability stages. 

This threshold guarantees that regional descriptors are computed from regions with 

sufficient polarization-valid sky coverage. Regions with insufficient valid fraction were ex-

cluded to avoid clustering structures driven by Galactic foregrounds, point sources, residual 

contamination, or mask-induced artifacts. This step is especially important because the qual-

ity of the fuzzy clustering depends directly on the reliability of the regional feature space. 

Therefore, the use of PMASK and the valid-region criterion provides a necessary quality-

control stage before constructing the regional representation of CMB polarization. 

3.4. Regional Feature Extraction 

Once the valid regions were defined, regional features were extracted from the po-

larization-derived maps 𝑃 , 𝐸 , and 𝐵 . The objective of this stage was to transform the 

high-resolution polarization maps into a structured regional feature matrix suitable for 

fuzzy clustering and explainable modeling [30]. 

For each region 𝑟 , only the pixels satisfying the polarization mask criterion were 

used. Let 𝒫𝑟
valid denote the set of valid high-resolution pixels contained in region 𝑟, and 

let 𝑁valid(𝑟) be the number of such pixels. 

The regional mean polarization amplitude was defined as: 

𝑃mean(𝑟) =
1

𝑁valid(𝑟)
∑ 𝑃𝑝

𝑝∈𝒫𝑟
⁡valid

 (7) 

This feature measures the average polarization amplitude within each region. 
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The regional standard deviation of polarization amplitude was defined as: 

𝑃std(𝑟) = √
1

𝑁valid(𝑟)
∑ (𝑃𝑝 − 𝑃mean(𝑟))

2

𝑝∈𝒫𝑟
⁡valid

 (8) 

This variable captures the internal variability of the polarization amplitude within a 

region. 

In addition to the mean and standard deviation, energy-based descriptors were com-

puted from the 𝑃, 𝐸, and 𝐵 maps. In general, the regional energy of a variable 𝑋 was 

defined as the mean squared value over the valid pixels of the region: 

𝑋energy(𝑟) =
1

𝑁valid(𝑟)
∑ 𝑋𝑝

2

𝑝∈𝒫𝑟
⁡valid

 (9) 

where 𝑋 may represent 𝑃, 𝐸, or 𝐵. In particular, the 𝐸-mode and 𝐵-mode regional en-

ergies were computed as: 

𝐸energy(𝑟) =
1

𝑁valid(𝑟)
∑ 𝐸𝑝

2

𝑝∈𝒫𝑟
⁡valid

 (10) 

𝐵energy(𝑟) =
1

𝑁valid(𝑟)
∑ 𝐵𝑝

2

𝑝∈𝒫𝑟
⁡valid

 (11) 

These quantities summarize the regional strength of the gradient-like and curl-like 

polarization components, respectively. 

To characterize the relative balance between 𝐵- and 𝐸-mode energy, the following 

ratio was computed: 

𝐵

𝐸
(𝑟) =

𝐵energy(𝑟) + 𝜀

𝐸energy(𝑟) + 𝜀
 (12) 

where 𝜀 is a small positive constant introduced to avoid numerical instability when the 

denominator is close to zero. A logarithmic transformation was then applied: 

𝑙𝑜𝑔⁡(𝐵/𝐸)(𝑟) = 𝑙𝑜𝑔⁡ (
𝐵𝑒𝑛𝑒𝑟𝑔𝑦(𝑟) + 𝜀

𝐸𝑒𝑛𝑒𝑟𝑔𝑦(𝑟) + 𝜀
) (13) 

This transformation provides a more stable representation of the relative 𝐵/𝐸 bal-

ance. Values close to zero indicate comparable 𝐵- and 𝐸-mode energies, negative values 

indicate relative dominance of 𝐸, and positive values indicate relative dominance of 𝐵. 

The initial regional feature set included: 

{𝑃mean, 𝑃std, 𝑃energy, 𝐸energy, 𝐵energy, 𝐵/𝐸, log⁡(𝐵/𝐸)} (14) 

However, several of these variables were highly correlated, particularly the ampli-

tude and energy-based descriptors. To reduce redundancy and preserve physical inter-

pretability, the final feature space used for fuzzy clustering was defined as: 

{𝑃mean, 𝑃std, 𝐸energy, log⁡(𝐵/𝐸)} (15) 

These four variables summarize complementary dimensions of the regional polari-

zation structure: the average polarization amplitude, the internal variability of polariza-

tion, the regional 𝐸-mode energy, and the relative balance between 𝐵- and 𝐸-mode con-

tributions. 
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3.5. Fuzzy Clustering of Regional Polarization Regimes 

After constructing the regional feature matrix, Fuzzy C-Means (FCM) clustering was 

applied to identify regional polarization regimes in the CMB [31]. Unlike hard clustering 

methods, FCM assigns each region a degree of membership to every cluster. This is par-

ticularly suitable for CMB polarization analysis, since polarization structures may vary 

gradually across the sky and do not necessarily form sharply separated classes. 

Before applying FCM, the selected features were standardized using z-score normal-

ization: 

𝑧𝑖𝑘 =
𝑥𝑖𝑘 − 𝜇𝑘

𝜎𝑘
 (16) 

where 𝑥𝑖𝑘 is the value of feature 𝑘 for region 𝑖, and 𝜇𝑘 and 𝜎𝑘 are the mean and stand-

ard deviation of feature 𝑘, respectively. This normalization ensures that all variables con-

tribute comparably to the clustering process. 

Let 𝑥𝑖 denote the standardized feature vector of region 𝑖, with: 

𝑥𝑖 = [𝑃mean, 𝑃std, 𝐸energy, log⁡(𝐵/𝐸)]𝑖
 (17) 

FCM seeks to minimize the objective function: 

𝐽𝑚 =∑∑𝑢𝑖𝑗
𝑚‖𝑥𝑖 − 𝑣𝑗‖

2
𝑐

𝑗=1

𝑁

𝑖=1

 (18) 

where 𝑁 is the number of regions, 𝑐 is the number of clusters, 𝑢𝑖𝑗 is the membership 

degree of region 𝑖 to cluster 𝑗, 𝑣𝑗 is the centroid of cluster 𝑗, and 𝑚 is the fuzziness pa-

rameter. In this study, the standard value 𝑚 = 2 was used. 

The membership degrees satisfy, 0 ≤ 𝑢𝑖𝑗 ≤ 1, and 

∑𝑢𝑖𝑗

𝑐

𝑗=1

= 1 (19) 

for each region 𝑖. Therefore, each region is represented not by a single rigid label, but by 

a membership vector describing its degree of association with each polarization regime. 

Solutions with 𝑐 = 2, 3, 4, 5, 6 were compared using the objective function, the Fuzzy 

Partition Coefficient, and the Partition Entropy. The Fuzzy Partition Coefficient measures 

the sharpness of the fuzzy partition, higher values of 𝐹𝑃𝐶 indicate crisper memberships, 

while Partition Entropy measures the uncertainty or ambiguity of the memberships, 

higher values of 𝑃𝐸 indicate greater membership uncertainty. 

The Fuzzy Partition Coefficient was computed as: 

𝐹𝑃𝐶 =
1

𝑁
∑∑𝑢𝑖𝑗

2

𝑐

𝑗=1

𝑁

𝑖=1

 (20) 

The Partition Entropy was defined as: 

𝑃𝐸 = −
1

𝑁
∑∑𝑢𝑖𝑗 log(𝑢𝑖𝑗)

𝑐

𝑗=1

𝑁

𝑖=1

 (21) 

Based on the balance between quantitative metrics and physical interpretability, the 

solution with four clusters was selected. An additional stability analysis was also per-

formed and is reported in Section 4.4, supporting (𝑐 = 4) as the most suitable solution 

among the evaluated configurations. This configuration allowed the identification of four 

regional polarization regimes: high-polarization structured regions, medium-polarization 

regions dominated by 𝐸, medium-polarization regions with relatively enhanced 𝐵, and 

low-polarization regions. 
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The resulting fuzzy memberships were subsequently used to generate dominant-

cluster maps, membership maps, and ambiguity measures, and they served as the target 

variables for the supervised explainability stage. 

3.6. Supervised Membership Modeling 

After obtaining the fuzzy memberships from Fuzzy C-Means, a supervised learning 

layer was introduced to model and validate the relationship between the regional physical 

features and the membership degrees [7]. This stage was not designed to replace the un-

supervised clustering process, but to assess whether the fuzzy memberships could be ac-

curately reconstructed from the selected polarization features. 

For each region 𝑖 and cluster 𝑗, the predicted membership was defined as: 

𝑢̂𝑖𝑗 = 𝑓𝑗(𝑥𝑖) (22) 

where 𝑥𝑖 is the feature vector of region 𝑖, and 𝑓𝑗 is the XGBoost regression model trained 

for cluster 𝑗. 

The input feature vector was the same as that used in the fuzzy clustering stage: 

𝑥𝑖 = [𝑃mean, 𝑃std, 𝐸energy, log⁡(𝐵/𝐸)]𝑖
 (23) 

This formulation preserves the fuzzy nature of the segmentation, since the target var-

iables are continuous membership degrees rather than hard class labels. As a result, the 

supervised layer evaluates the consistency of the fuzzy partition in terms of the original 

physical features. 

The dataset was divided into training and test subsets. Model performance was eval-

uated using three regression metrics: the coefficient of determination, the mean absolute 

error, and the root mean squared error. 

The coefficient of determination was computed as: 

𝑅2 = 1 −
∑ (

𝑖
𝑢𝑖𝑗 − 𝑢̂𝑖𝑗)

2

∑ (
𝑖
𝑢𝑖𝑗 − 𝑢̄𝑗)

2
 (24) 

where 𝑢𝑖𝑗  is the original Fuzzy C-Means membership, 𝑢̂𝑖𝑗  is the XGBoost-predicted 

membership, and 𝑢̄𝑗 is the mean membership for cluster 𝑗. 

The mean absolute error was defined as: 

𝑀𝐴𝐸 =
1

𝑁
∑ ∣ 𝑢𝑖𝑗 − 𝑢̂𝑖𝑗 ∣

𝑖

 (25) 

and the root mean squared error was defined as: 

𝑅𝑀𝑆𝐸 = √
1

𝑁
∑(𝑢𝑖𝑗−𝑢̂𝑖𝑗)

2

𝑖

 (26) 

High predictive performance in this stage indicates that the fuzzy memberships are 

not arbitrary but can be consistently explained from the selected physical descriptors. This 

provides an additional validation of the fuzzy segmentation and prepares the basis for the 

subsequent explainability analysis using SHAP values. 

3.7. Explainable Analytics 

After training the XGBoost membership models, SHAP values were used to interpret 

the contribution of each regional feature to the predicted fuzzy memberships. This stage 

provides the explainability layer of the proposed framework, allowing each fuzzy polari-

zation regime to be characterized in terms of the physical variables that increase or de-

crease membership. 
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SHAP is based on Shapley values from cooperative game theory and decomposes a 

model prediction into additive feature contributions [8]. For a given model 𝑓 and an in-

put region 𝑥, the prediction can be expressed as: 

𝑓(𝑥) = 𝜙0 +∑𝜙𝑘

𝐾

𝑘=1

 (27) 

where 𝜙0 is the baseline prediction, 𝐾 is the number of input features, and 𝜙𝑘 repre-

sents the SHAP contribution of feature 𝑘 to the prediction. 

In this study, SHAP values were computed separately for each XGBoost model asso-

ciated with each fuzzy cluster. Therefore, for cluster 𝑗, the predicted membership can be 

interpreted as: 

𝑢̂𝑗(𝑥) = 𝜙0,𝑗 +∑𝜙𝑘,𝑗

𝐾

𝑘=1

 (28) 

where 𝜙𝑘,𝑗 represents the contribution of feature 𝑘 to the predicted membership of a re-

gion to cluster 𝑗. 

The interpretation of SHAP values is direct. A positive SHAP value indicates that a 

feature increases the predicted membership to a given cluster, whereas a negative SHAP 

value indicates that the feature decreases that membership. The magnitude of the SHAP 

value reflects the strength of the contribution. 

This analysis allows the fuzzy clusters to be interpreted in terms of physically mean-

ingful variables. For example, SHAP can determine whether the balance between high 

values of 𝑃mean, 𝑃std, or 𝐸energy increase membership to a high-polarization regime, or 

whether the relative balance log⁡(𝐵/𝐸) drives membership toward 𝐸-dominated or 𝐵-

enhanced regimes. 

Global SHAP importance values were obtained by averaging the absolute SHAP val-

ues across regions: 

𝐼𝑘
(𝑗)

=
1

𝑁
∑ ∣ 𝜙𝑘,𝑗

(𝑖) ∣

𝑁

𝑖=1

 (29) 

where 𝐼𝑘
(𝑗)

  represents the global importance of feature 𝑘  for cluster 𝑗 , and 𝜙𝑘,𝑗
(𝑖)  is the 

SHAP contribution of feature 𝑘 for region 𝑖 in the membership model of cluster 𝑗. 

In addition to global feature importance, SHAP beeswarm plots were used to analyze 

the direction and distribution of feature effects. This makes it possible to determine not 

only which variables are important, but also whether high or low values of those variables 

increase membership to each fuzzy polarization regime. 

Thus, SHAP provides a physically interpretable explanation of the fuzzy segmenta-

tion by linking each cluster membership to specific regional polarization descriptors. 

3.8. Ambiguity and Entropy Analysis 

Since Fuzzy C-Means assigns each region a membership degree to every cluster, the 

resulting segmentation contains more information than a hard cluster label. This allows 

the degree of ambiguity of each region to be quantified and interpreted [32]. Regions with 

a dominant membership close to one can be considered clearly associated with a specific 

polarization regime, whereas regions with memberships distributed across several clus-

ters can be interpreted as transitional or mixed regions. 

For each region 𝑖, the maximum membership value was defined as: 

𝑢max(𝑖) = max⁡
𝑗

𝑢𝑖𝑗 (30) 
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where 𝑢𝑖𝑗 is the membership degree of region 𝑖⁡to cluster 𝑗. This value measures how 

strongly a region belongs to its dominant cluster. 

Based on 𝑢max(𝑖) , regions were classified into three ambiguity levels: clear, 

𝑢max(𝑖) ≥ 0.80 ; moderate, 0.60 ≤ 𝑢max(𝑖) < 0.80  and ambiguous, 𝑢max(𝑖) < 0.60 . This 

classification provides a simple way to distinguish regions with well-defined cluster 

membership from regions located in transitional areas of the fuzzy feature space. 

In addition to maximum membership, fuzzy entropy was computed to quantify how 

the memberships are distributed across clusters. For each region 𝑖, entropy was defined as: 

𝐻𝑖 = −∑𝑢𝑖𝑗

𝑐

𝑗=1

log⁡(𝑢𝑖𝑗) (31) 

where 𝑐 is the number of clusters. Low entropy indicates that most of the membership is 

concentrated in one cluster, whereas high entropy indicates that the memberships are 

more evenly distributed across several clusters. 

To make entropy values comparable across models with a fixed number of clusters, 

the entropy was normalized by its theoretical maximum: 

𝐻𝑖
𝑛𝑜𝑟𝑚 =

𝐻𝑖

log⁡(𝑐)
 (32) 

The normalized entropy satisfies, 0 ≤ 𝐻𝑖
𝑛𝑜𝑟𝑚 ≤ 1. Values close to zero indicate re-

gions with clear membership to one dominant regime, whereas values close to one indi-

cate highly ambiguous regions with memberships distributed across multiple regimes. 

This ambiguity and entropy analysis is relevant for the interpretation of the CMB 

polarization field because it allows the identification of regions that do not belong sharply 

to a single polarization regime. Such regions may represent gradual transitions between 

high- and low-polarization areas, or between 𝐸-dominated and 𝐵-enhanced intermediate 

regimes. Therefore, ambiguity is not treated as a limitation of the model, but as an in-

formative property of the fuzzy regional structure. 

3.9. Controlled Perturbation and Stability Analysis 

To evaluate the robustness of the fuzzy regional structure, controlled perturbations 

were introduced into two key dimensions of the regional feature space: the polarization am-

plitude and the relative balance between 𝐵- and 𝐸-mode energies. The objective of this 

stage was to analyze whether small variations in physically meaningful variables could 

modify the membership structure or induce transitions between polarization regimes. 

Two types of perturbation were considered. First, multiplicative perturbation was 

applied to the regional polarization amplitude features. For each region 𝑟, the perturbed 

features were defined as: 

𝑃mean
′ (𝑟) = 𝑃mean(𝑟)(1 + 𝜖𝑃) (33) 

𝑃std
′ (𝑟) = 𝑃std(𝑟)(1 + 𝜖𝑃) (34) 

where 𝜖𝑃 is a random perturbation term controlling the relative variation in polarization 

amplitude. 

Second, an additive perturbation was applied to the relative 𝐵/𝐸 balance: 

𝑙𝑜𝑔⁡(𝐵/𝐸)′(𝑟) = 𝑙𝑜𝑔⁡(𝐵/𝐸)(𝑟) + 𝜖𝐵𝐸  (35) 

where 𝜖𝐵𝐸 represents a controlled perturbation in the logarithmic ratio between 𝐵- and 

𝐸-mode energies. 

For each perturbed scenario, the modified regional feature vectors were standardized 

using the same scaling parameters obtained from the baseline data. The perturbed regions 
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were then projected onto the original Fuzzy C-Means cluster structure, keeping the origi-

nal centroids fixed. This strategy ensures that all comparisons are made with respect to 

the same baseline polarization regimes. 

Let 𝑈𝑖  denote the original membership vector of region 𝑖 , and let 𝑈𝑖
′  denote the 

membership vector obtained after perturbation. The total membership variation was 

measured using the 𝐿1 distance: 

Δ𝑈𝑖 =∥ 𝑈𝑖
′ − 𝑈𝑖 ∥1 (36) 

Since the maximum possible 𝐿1 distance between two membership vectors is 2, a 

normalized stability index was defined as: 

𝑆𝑖 = 1 −
Δ𝑈𝑖
2

 (37) 

Values of 𝑆𝑖 close to 1 indicate high stability, whereas lower values indicate stronger 

membership variation under perturbation. 

In addition to membership variation, dominant-cluster switching was evaluated. Let 

𝐶𝑖 be the dominant cluster of regions 𝑖 in the baseline scenario, and 𝐶𝑖
′ the dominant clus-

ter after perturbation. A cluster switch occurs when 𝐶𝑖
′ ≠ 𝐶𝑖. The switch rate was then com-

puted as the proportion of regions whose dominant cluster changed after perturbation. 

The change in fuzzy entropy was also analyzed: 

Δ𝐻𝑖 = 𝐻𝑖
′ − 𝐻𝑖 (38) 

where 𝐻𝑖 and 𝐻𝑖
′ are the normalized fuzzy entropies before and after perturbation, re-

spectively. Positive values of Δ𝐻𝑖 indicate that the region becomes more ambiguous un-

der perturbation, whereas negative values indicate that the region becomes more clearly 

associated with a dominant cluster. 

Finally, transition matrices were constructed to identify the direction of cluster changes. 

For baseline cluster 𝑎 and perturbed cluster 𝑏, the transition matrix was defined as: 

𝑇𝑎𝑏 = #{𝑖: 𝐶𝑖 = 𝑎, 𝐶𝑖
′ = 𝑏} (39) 

Each element 𝑇𝑎𝑏  counts the number of regions that move from cluster 𝑎  in the 

baseline scenario to cluster 𝑏  after perturbation. Row-normalized transition matrices 

were used to compare cluster-specific stability and to identify the most frequent transi-

tions between polarization regimes. 

This perturbation analysis provides a controlled counterfactual assessment of the re-

gional CMB polarization structure. Rather than retraining the clustering model for each 

perturbation, the original fuzzy regimes are kept fixed and perturbed regions are evalu-

ated against them. This allows the identification of robust regions, sensitive regions, and 

transitions between physically interpretable polarization regimes. 

3.10. Physical and Counterfactual Interpretation 

The final methodological stage integrates the fuzzy segmentation, the XAI explana-

tions, and the perturbation-based stability analysis into a physical and counterfactual in-

terpretation of the regional CMB polarization structure. 

The fuzzy memberships obtained from Fuzzy C-Means allow each region to be inter-

preted as expressing different degrees of association with several polarization regimes. 

This is important because the CMB polarization field is spatially continuous, and transi-

tions between regimes may occur gradually rather than through sharp boundaries. 

Within this framework, regions with high stability under perturbation are inter-

preted as robust regions. These are areas whose membership profile and dominant cluster 

remain largely unchanged when small variations are introduced into the feature space. 
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Such regions can be understood as structurally stable components of the regional polari-

zation pattern. 

In contrast, regions that show large membership variations, increased entropy, or 

dominant-cluster switching are interpreted as sensitive regions. These areas are especially 

relevant because they may represent transitional zones between polarization regimes or 

regions where the balance between physical descriptors is more delicate. 

The transition matrices provide an additional level of interpretation by identifying 

the direction of changes between clusters. This makes it possible to distinguish whether 

perturbations in polarization amplitude mainly induce transitions between low-, me-

dium-, and high-polarization regimes, or whether perturbations in the 𝐵/𝐸  balance 

mainly affect the boundary between 𝐸-dominated and 𝐵-enhanced regimes. 

The perturbation analysis is interpreted as a controlled counterfactual experiment. In 

this context, counterfactual configurations are treated as alternative regional configura-

tions generated under small, controlled variations in physically meaningful CMB polari-

zation variables. 

This distinction is important. The proposed framework provides a data-driven and 

interpretable way to study the informational stability of the observed CMB polarization 

pattern. In other words, the method evaluates how much the regional fuzzy structure 

changes when specific polarization features are perturbed. 

From this perspective, the combination of fuzzy memberships, SHAP explanations, 

and perturbation-based stability metrics allows the CMB polarization field to be analyzed 

as a globally structured but locally sensitive system. Robust regions indicate stable com-

ponents of the observed pattern, while sensitive regions reveal where small variations 

may generate alternative regional configurations within the same fuzzy feature space. 

Thus, the physical and counterfactual interpretation stages provide the bridge be-

tween the computational results and their cosmological meaning. It supports a cautious 

interpretation of the CMB regional structure as an explainable, fuzzy, and stability-aware 

representation of primordial polarization patterns. 

4. Results 

This section presents the results obtained from the proposed FAS-XAI framework for 

the regional analysis of CMB polarization. The analysis follows the methodological pipe-

line described above: initial inspection of the Planck PR3 SMICA IQU product, construc-

tion of polarization-derived variables, regional feature extraction, fuzzy segmentation, su-

pervised membership modeling, SHAP-based interpretation, ambiguity analysis, and 

controlled perturbation assessment. Together, these stages allow the CMB polarization 

field to be analyzed as a regional, fuzzy, explainable, and stability-aware structure. The 

complete pipeline is provided as Supplementary Material. 

4.1. Initial Inspection of the Planck SMICA IQU Map 

The first stage consisted of inspecting the structure of the Planck PR3 SMICA CMB 

IQU map. The FITS file contains ten fields, including the CMB intensity, the Stokes polar-

ization components, the corresponding masks, and their inpainted counterparts. The orig-

inal map is provided at 𝑁𝑆𝐼𝐷𝐸 = 2048, corresponding to 50,331,648 pixels and an approx-

imate angular resolution of 1.72 arcmin. Table 2 summarizes the fields available in the 

data product. 
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Table 2. Fields included in the Planck PR3 SMICA CMB IQU map. 

Field Name Description 

0 I_STOKES CMB intensity/temperature field 

1 Q_STOKES Stokes (Q) polarization component 

2 U_STOKES Stokes (U) polarization component 

3 TMASK Temperature analysis mask 

4 PMASK Polarization analysis mask 

5 I_STOKES_INP Inpainted intensity field 

6 Q_STOKES_INP Inpainted (Q) polarization component 

7 U_STOKES_INP Inpainted (U) polarization component 

8 TMASKINP Inpainting temperature mask 

9 PMASKINP Inpainting polarization mask 

The analysis focused on the non-inpainted Stokes components Q_STOKES and 

U_STOKES, together with the polarization mask PMASK. The temperature field 

I_STOKES was retained for initial descriptive inspection, but it was not included in the 

final fuzzy segmentation, which was based on polarization-derived variables. 

The initial descriptive statistics showed that the temperature field has a substantially 

larger amplitude than the polarization components. In the original maps, the standard 

deviation of I_STOKES was approximately 1.08 × 10−4 K, while the standard deviations 

of Q_STOKES and U_STOKES were approximately 2.83 × 10−5 K and 2.84 × 10−5 K, re-

spectively. This confirms that the polarization signal is weaker than the temperature ani-

sotropy signal and motivates careful treatment of masks, resolution, and regional aggre-

gation. The polarization mask PMASK had a mean value of approximately 0.929, indicat-

ing that about 92.9% of the high-resolution pixels were valid for polarization analysis be-

fore regional filtering. 

Figure 4 shows the initial full-sky maps of the CMB intensity and the Stokes polari-

zation components 𝑄  and 𝑈 . A prominent central band associated with the Galactic 

plane is visible, reflecting foreground contamination from the Milky Way. This motivates 

the use of the polarization mask before deriving 𝑃, 𝐸, and 𝐵, and before applying re-

gional fuzzy clustering. 

   

Figure 4. Initial Planck SMICA CMB intensity and polarization maps at 𝑁𝑆𝐼𝐷𝐸 = 2048. 

The panels show the CMB intensity field 𝐼 and the Stokes polarization components 

𝑄 and 𝑈. The central Galactic band illustrates the need for mask-controlled analysis be-

fore constructing polarization-derived variables. 

4.2. Polarization-Derived Maps and Resolution Assessment 

The second stage of the analysis consisted of constructing physically meaningful po-

larization variables from the Stokes components 𝑄 and 𝑈. From these maps, the polari-

zation amplitude 𝑃  was computed, and the scalar 𝐸 - and 𝐵 -mode polarization maps 

were obtained through harmonic decomposition. 
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Figure 5 shows the resulting polarization-derived maps. The 𝑃 map is strictly non-

negative and represents the total amplitude of linear polarization across the sky. By con-

trast, the 𝐸- and 𝐵-mode maps retain signed fluctuations around zero and describe com-

plementary geometric components of the polarization field: 𝐸 captures the gradient-like 

structure, whereas 𝐵 represents the curl-like component. 

Their global statistics are consistent with these definitions. The 𝑃 map has a positive 

mean value, while the 𝐸- and 𝐵-mode maps are approximately centered around zero. 

Although the global dispersions of 𝐸 and 𝐵 are of similar magnitude, their role in the 

proposed framework is not interpreted only through full-sky statistics, but mainly 

through their regional energy and relative balance. 

   

Figure 5. Derived CMB polarization maps. 

The panels show the polarization amplitude 𝑃, the 𝐸-mode map, and the 𝐵-mode 

map derived from the Planck SMICA polarization fields. 

A resolution stability analysis was also performed to assess how the dispersion of 

temperature and polarization fields changes under HEALPix degradation. Figure 6 sum-

marizes the standard deviation of the temperature field and the Stokes polarization com-

ponents across different resolutions. The temperature field retains most of its variability 

as resolution decreases, whereas the polarization components 𝑄  and 𝑈  show a much 

stronger reduction in standard deviation. The two polarization curves are almost fully 

superposed, indicating that 𝑄 and 𝑈 behave nearly identically across resolutions. 

 

Figure 6. Temperature and polarization stability across HEALPix resolutions. 

This result indicates that polarization contains fine-scale structure that is rapidly 

smoothed under degradation. For this reason, the original 𝑁𝑆𝐼𝐷𝐸 = 2048 resolution was 

retained during the construction of 𝑃, 𝐸, and 𝐵. Regional aggregation was applied only 

afterwards, so that the analysis preserved high-resolution polarization information while 

still producing a manageable regional representation for clustering. 

The plot shows the standard deviation of the temperature field and the Stokes polar-

ization components 𝑄 and 𝑈 across progressively degraded HEALPix resolutions. The 

𝑄 and 𝑈 curves are nearly superposed. 
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4.3. Regional Aggregation and Feature Extraction 

After constructing the polarization-derived maps, the analysis was reformulated at 

the regional level using a HEALPix grid with 𝑁𝑆𝐼𝐷𝐸region = 64 . This grid produced 

49,152 regional cells. After applying the polarization mask, regional descriptors could be 

computed for 47,082 regions. A second quality-control step retained only regions with a 

valid-pixel fraction greater than or equal to 0.8, resulting in a final clean dataset of 45,020 

regions. All subsequent statistical summaries, correlation analyses, and fuzzy clustering 

were performed on this cleaned regional feature matrix. 

Regional descriptors were computed from the 𝑃, 𝐸, and 𝐵 maps. The initial feature set 

included the valid-pixel fraction, the number of valid pixels, amplitude descriptors of 𝑃, en-

ergy-based descriptors for 𝑃, 𝐸, and 𝐵, and the relative balance between 𝐵- and 𝐸-mode en-

ergy. Table 3 summarizes the descriptive statistics of the cleaned regional descriptors. 

Table 3. Descriptive statistics of regional polarization descriptors after valid-region filtering. 

 𝑷mean 𝑷std 𝑷energy 𝑬std 𝑬energy 𝑩std 𝑩energy 𝒍𝒐𝒈⁡(𝑩/𝑬)energy 

count 45,020 45,020 45,020 45,020 45,020 45,020 45,020 45,020 

mean 35.11 18.37 1629.40 28.27 831.33 27.69 798.76 −0.048 

std 6.81 3.58 589.62 5.43 299.42 5.54 297.89 0.114 

min 9.91 5.18 127.58 8.41 74.50 6.75 46.13 −0.705 

25% 31.50 16.46 1263.92 25.35 645.06 24.73 612.69 −0.123 

50% 35.55 18.58 1608.78 28.58 819.08 28.03 786.88 −0.047 

75% 39.37 20.62 1974.03 31.67 1005.90 31.18 973.87 0.029 

max 58.60 35.38 4328.18 48.08 2314.07 47.64 2271.16 0.441 

The retained regions showed high valid-pixel coverage, with a median valid fraction 

of 1.000 and a median of 1024 valid pixels per region. The selected regional descriptors 

also showed coherent behavior: 𝑃mean and 𝑃std summarized the regional amplitude and 

variability of the polarization field, while 𝐸energy and 𝐵energy captured the energy of the 

scalar polarization components. The mean 𝑙𝑜𝑔⁡(𝐵/𝐸) value was slightly negative, indi-

cating a modest overall dominance of 𝐸 -mode energy over 𝐵 -mode energy in the re-

tained regional dataset. 

Figure 7 shows the spatial distribution of the main regional descriptors; gray areas 

indicate masked or invalid regions excluded from the analysis. The maps reveal coherent 

large-scale structures in polarization amplitude and energy. Regions with higher 𝑃mean 

and 𝑃std correspond to stronger and more variable linear polarization, whereas 𝐸energy 

captures the regional intensity of the gradient-like component. The 𝐵/𝐸 energy ratio pro-

vides complementary information about the local balance between curl-like and gradient-

like contributions. This ratio was subsequently transformed into 𝑙𝑜𝑔⁡(𝐵/𝐸), which was 

used as the final balance feature because it provides a more stable and symmetric repre-

sentation of the relative 𝐵- to 𝐸-mode contribution. 
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Figure 7. Spatial distribution of regional CMB polarization descriptors. 

To reduce redundancy and preserve interpretability, a correlation analysis was per-

formed on the candidate regional features. As shown in Figure 8, several amplitude- and 

energy-related descriptors were strongly correlated, indicating that including all candi-

date variables would introduce redundant information into the clustering process. 

 

Figure 8. Correlation matrix of candidate regional polarization features. 

Based on this analysis, the final feature space was restricted to four variables: 

𝑃𝑚𝑒𝑎𝑛, 𝑃𝑠𝑡𝑑 , 𝐸𝑒𝑛𝑒𝑟𝑔𝑦, 𝑙𝑜 𝑔(𝐵/𝐸)  

These variables were selected because they summarize complementary aspects of the 

regional polarization field: mean amplitude, internal variability, 𝐸-mode energy, and the 

relative 𝐵/𝐸  balance. This compact feature set was used as input for the subsequent 

Fuzzy C-Means segmentation. 

4.4. Fuzzy C-Means Segmentation of Regional Polarization Regimes 

Before applying Fuzzy C-Means, the selected regional features were standardized 

using z-score normalization, since 𝑃mean , 𝑃std , 𝐸energy , and 𝑙𝑜𝑔⁡(𝐵/𝐸)  have different 

physical units and numerical ranges. These standardized variables defined the input 

space for the clustering process. Fuzzy C-Means was applied considering different num-

bers of clusters: 𝑐 = 2,3,4,5,6. For each solution, the objective function, the Fuzzy Partition 

Coefficient (FPC), and the Partition Entropy (PE) were evaluated. The results are summa-

rized in Table 4 and Figure 9. 
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Table 4. Fuzzy C-Means performance metrics for different numbers of clusters. 

Number of Clusters Objective Iterations FPC PE 

2 74,856.48 28 0.7136 0.4443 

3 45,349.31 39 0.6098 0.6778 

4 31,925.76 119 0.5425 0.8618 

5 24,470.89 269 0.4963 1.0028 

6 19,853.02 300 0.4576 1.1278 

 

Figure 9. Fuzzy C-Means validation metrics for different numbers of clusters. 

The panels show the Fuzzy Partition Coefficient, Partition Entropy, and objective 

function for solutions with 𝑐 = 2,… ,6 clusters. 

To further assess the robustness of the selected number of clusters, an additional sta-

bility analysis was performed using 30 random initializations for each candidate solution 

with 𝑐 = 3,4,5,6. The four-cluster solution showed very high stability, with mean 𝐴𝑅𝐼 =

0.9997 and mean 𝑁𝑀𝐼 = 0.9992 across random initializations. Although the three and 

five cluster solutions were also stable, the former merged the two intermediate 𝐸/𝐵-bal-

ance regimes, whereas the latter fragmented existing regimes without adding a clearly 

distinct physical interpretation. The six-cluster solution showed a clear loss of stability, 

with mean 𝐴𝑅𝐼 = 0.6905 and mean 𝑁𝑀𝐼 = 0.7771. Therefore, 𝑐 = 4 was retained as the 

most suitable compromise between stability, parsimony, and physical interpretability. 

As expected, the objective function decreased as the number of clusters increased, 

while FPC decreased and PE increased. This indicates that solutions with more clusters 

improved the numerical fit but also produced more diffuse and less sharply defined mem-

berships. The largest reduction in the objective function occurred between two and three 

clusters, whereas improvements beyond four clusters showed diminishing returns. The 

four-cluster solution was therefore selected as a compromise between goodness of fit, 

model complexity, and physical interpretability. 

The centroids of the selected four-cluster solution were transformed back to the orig-

inal feature scale to support physical interpretation. Table 5 and Figure 10 summarize the 

centroid profiles. 

Table 5. Centroids of the four-cluster FCM solution and their physical interpretation. 

Cluster 𝑷mean 𝑷std 𝑬energy 𝒍𝒐𝒈(𝑩/𝑬) 𝑩/𝑬 Interpretation 

0 43.19 22.64 1217.50 −0.036 0.964 High-polarization structured regions 

1 35.29 18.46 846.31 −0.117 0.889 E-dominated medium-polarization regions 

2 35.02 18.31 770.44 0.041 1.042 B-enhanced medium-polarization regions 

3 24.80 12.98 422.17 −0.098 0.907 Low-polarization regions 
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Figure 10. FCM cluster centers in the original feature scale. 

The four centroids define distinct polarization regimes. Cluster 0 represents high-

polarization structured regions, characterized by the highest values of 𝑃mean, 𝑃std, and 

𝐸energy. Cluster 3 represents low-polarization regions, with the lowest amplitude and en-

ergy values. Clusters 1 and 2 correspond to medium-polarization regimes with similar 

amplitude levels but different relative 𝐵/𝐸  balance. Cluster 1 is more clearly 𝐸 -domi-

nated, while Cluster 2 shows a relatively enhanced 𝐵-mode contribution. This latter in-

terpretation must remain cautious: a higher relative 𝐵-mode contribution does not imply 

primordial 𝐵-mode detection, but may reflect lensing, residual foregrounds, noise, leak-

age effects, or complex polarization structure. 

The four-cluster solution also produced a relatively balanced partition of the valid 

sky regions, as shown in Table 6. No cluster was residual or marginal, and all groups 

represented a relevant fraction of the retained regional dataset. 

Table 6. Cluster size and dominant-membership summary for the four-cluster FCM solution. 

Cluster Number of Regions Fraction Mean Max. Membership Median Max. Membership 

0 10,293 0.2286 0.6828 0.6802 

1 13,124 0.2915 0.6603 0.6496 

2 13,465 0.2991 0.6646 0.6570 

3 8138 0.1808 0.6859 0.6893 

The mean maximum membership ranged from approximately 0.66 to 0.69, indicating 

that regions were not assigned rigidly to a single group. Instead, many regions exhibited 

partial membership to multiple regimes, which is consistent with the continuous nature 

of CMB polarization. 

Figure 11 shows the dominant FCM cluster map, where each region is assigned to 

the cluster with the highest membership degree. The spatial distribution is not random, 

but displays extended areas dominated by specific polarization regimes, suggesting that 

the fuzzy segmentation captures coherent regional structure. Each valid region is assigned 

to the cluster with the highest membership degree. 

Figure 12 shows the membership maps for the four clusters separately. These maps 

provide richer information than the dominant-cluster map because they show the degree 

to which each region belongs to each polarization regime. The resulting patterns reveal 

gradual transitions, mixed memberships, and ambiguous regions across the sky. 

The panels show the membership degree of each region to the four FCM clusters: 

high-polarization structured regions, 𝐸-dominated medium-polarization regions, 𝐵-en-

hanced medium-polarization regions, and low-polarization regions. 

Overall, the FCM segmentation provides an interpretable fuzzy partition of the CMB 

polarization field. The four regimes are physically distinguishable in terms of polarization 

amplitude, internal variability, 𝐸 -mode energy, and relative 𝐵/𝐸  balance, while the 

membership maps support the use of fuzzy rather than hard segmentation. 
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Figure 11. Dominant FCM cluster assignment map. 

 

Figure 12. FCM membership maps for the four polarization regimes. 

4.5. Ambiguity and Entropy Analysis of Fuzzy Memberships 

The fuzzy nature of the FCM segmentation allows the uncertainty of each regional as-

signment to be analyzed through its maximum membership value, 𝑢max. The thresholds 

used to define clear, moderate, and ambiguous regions were adopted as operational inter-

pretability criteria rather than as learned physical boundaries. Regions were classified into 

three ambiguity levels: clear when 𝑢max ≥ 0.80, moderate when 0.60 ≤ 𝑢max < 0.80, and 

ambiguous when 𝑢max < 0.60 . These categories distinguish regions strongly associated 

with one cluster from transitional regions with mixed membership profiles, Table 7. 

Table 7. Distribution of regions by ambiguity level. 

Ambiguity Level Number of Regions Fraction 

clear 12,327 0.2738 

moderate 15,494 0.3442 

ambiguous 17,199 0.3820 
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Only 27.38% of the regions were clearly assigned to a single polarization regime, 

while 34.42% were moderate and 38.20% were ambiguous. This confirms that a substantial 

fraction of the valid sky cannot be adequately described by a rigid cluster assignment. 

Figure 13 shows the spatial distribution of ambiguity levels. Ambiguous regions ap-

pear across extended areas of the valid sky. These regions can be interpreted as transition 

zones where the regional polarization descriptors do not strongly favor a single centroid. 

 

Figure 13. FCM ambiguity level map. 

The map shows regions classified as clear, moderate, or ambiguous according to their 

maximum FCM membership. 

To complement this categorical classification, normalized membership entropy was 

computed for each region, Figures 14 and 15. Entropy provides a continuous measure of 

how distributed the membership vector is across clusters: low values indicate concen-

trated membership, while high values indicate mixed or transitional profiles. The normal-

ized entropy had a mean value of 0.622, a standard deviation of 0.226, and a median value 

of 0.685, confirming the presence of both clearly defined and highly mixed regions. 

The map shows the normalized entropy of the FCM membership vector for each 

valid region. Higher values indicate greater membership dispersion across clusters. 

The selected physical descriptors were then compared across ambiguity levels. As 

shown in Table 8, their mean values were very similar for clear, moderate, and ambiguous 

regions. This indicates that ambiguity is not driven by systematically higher or lower po-

larization amplitude, stronger 𝐸 -mode energy, or a clearly different 𝐵/𝐸  balance. In-

stead, ambiguity appears to arise from the multivariate position of a region relative to 

several cluster centroids. 

 

Figure 14. Distributions of maximum membership and normalized membership entropy. 
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Figure 15. Normalized membership entropy map. 

Table 8. Mean regional features by ambiguity level. 

Ambiguity Level 𝑷mean 𝑷std 𝑬energy 𝒍𝒐𝒈(𝑩/𝑬) 𝒖𝒎𝒂𝒙 𝑯norm 

clear 34.99 18.30 824.45 −0.0479 0.8926 0.3075 

moderate 35.22 18.44 840.49 −0.0475 0.6977 0.6444 

ambiguous 35.10 18.37 828.02 −0.0487 0.4891 0.8262 

The fuzzy metrics validate this interpretation. Clear regions have high maximum 

membership and low normalized entropy, whereas ambiguous regions have lower maxi-

mum membership and higher entropy. Therefore, ambiguous regions should not be in-

terpreted as a separate fifth polarization regime, but as transitional or mixed regions 

where the selected descriptors combine characteristics of several clusters. 

This ambiguity analysis is relevant for the subsequent XAI and perturbation stages, 

since regions with distributed memberships are natural candidates for sensitivity analy-

sis. In this sense, ambiguity is not treated as a weakness of the model, but as an informa-

tive property of the fuzzy regional structure of the CMB. 

4.6. Supervised Membership Modeling with XGBoost 

After the fuzzy segmentation stage, a supervised modeling layer was introduced to 

evaluate whether the FCM memberships could be accurately reconstructed from the se-

lected regional polarization features. For this purpose, one XGBoost regression model was 

trained for each fuzzy cluster. 

The objective of this stage was to approximate the continuous membership functions 

generated by Fuzzy C-Means. Each model therefore learned the mapping between the se-

lected regional descriptors and the degree of membership associated with one specific cluster. 

The regional dataset was divided into training and test subsets using an 80/20 ran-

dom split with a fixed random seed (random_state = 42). Since the final regional dataset 

contained 45,020 regions, approximately 36,016 regions were used for training and 9004 

regions for testing. No separate validation subset was used because the XGBoost models 

were not optimized through an extensive hyperparameter search; the same fixed config-

uration was applied to the four membership-regression models. Stratified sampling was 

not applied because the supervised task was formulated as a regression problem over 

continuous fuzzy membership degrees rather than as a classification problem over dis-

crete labels. 

The predictive performance of each XGBoost model was evaluated using 𝑅2, MAE, 

and RMSE. The results are summarized in Table 9 and Figure 16. 
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Table 9. XGBoost performance metrics for fuzzy membership prediction. 

Cluster Cluster_Name 𝑹𝟐 MAE RMSE 

0 High-Polarization Structured Regions 0.997060 0.010378 0.014755 

1 E-Dominated Medium-Polarization Regions 0.983661 0.025108 0.033189 

2 B-Enhanced Medium-Polarization Regions 0.984745 0.025030 0.032878 

3 Low-Polarization Regions 0.996945 0.009461 0.014319 

 

Figure 16. XGBoost performance metrics by cluster. 

The panels show 𝑅2 , MAE, and RMSE for the four XGBoost regression models 

trained to predict FCM membership degrees. 

The results show very high predictive performance for all four membership models. 

The 𝑅2 values ranged from 0.9837 to 0.9971, indicating that the selected regional variables 

explain nearly all the variability in the fuzzy memberships. The low MAE and RMSE val-

ues further confirm that the XGBoost models closely approximate the membership func-

tions obtained from Fuzzy C-Means. 

Clusters 0 and 3 achieved the best performance, with 𝑅2 values above 0.996 and the 

lowest error levels. This is consistent with their interpretation as more clearly defined ex-

treme regimes, namely high-polarization structured regions and low-polarization re-

gions. By contrast, Clusters 1 and 2 showed slightly lower, although still very high, pre-

dictive performance. This is expected because both correspond to medium-polarization 

regimes and are mainly differentiated by the relative balance between 𝐵- and 𝐸-mode 

energy, which leads to greater overlap in feature space. 

Figure 17 provides a visual validation of the supervised approximation by compar-

ing predicted and true FCM memberships for the four clusters. 

 

Figure 17. Predicted versus true FCM memberships for the XGBoost models. 
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Each panel compares the membership values obtained from Fuzzy C-Means with the 

membership values predicted by the corresponding XGBoost regression model. The 

dashed diagonal represents perfect agreement. 

In all four clusters, the points are concentrated close to the diagonal line, indicating 

strong agreement between the original FCM memberships and the predicted values, 𝑢̂𝑗 ≈

𝑢𝑗. The alignment is particularly strong for Clusters 0 and 3, whereas Clusters 1 and 2 show 

slightly greater dispersion, especially at intermediate membership values. This pattern is 

again consistent with the stronger overlap between the two medium-polarization regimes. 

Overall, the XGBoost layer provides a reliable supervised approximation of the fuzzy 

memberships. This result is important because the SHAP analysis in the next stage is ap-

plied to the XGBoost models. Therefore, before interpreting feature contributions, it is 

necessary to verify that these supervised models faithfully reproduce the membership 

structure generated by Fuzzy C-Means. The high predictive performance obtained here 

supports the use of XGBoost as an auxiliary explanatory model within the proposed FAS-

XAI framework. 

4.7. SHAP-Based Interpretation of Fuzzy Membership Models 

After validating the XGBoost membership models, SHAP values were computed to 

explain how each regional feature contributed to the predicted membership of each fuzzy 

cluster. This stage provides the explainable layer of the proposed FAS-XAI framework, 

allowing the fuzzy segmentation to be interpreted in terms of physically meaningful CMB 

polarization descriptors. 

The SHAP analysis was applied separately to each XGBoost regression model. The 

analysis explains the continuous membership degree of each region to each polarization 

regime. Global feature importance was quantified using the mean absolute SHAP value, 

which measures the average magnitude of each feature contribution to the predicted 

membership, Figure 18. The direction of the effect was then analyzed using SHAP 

beeswarm plots. 

  

  

Figure 18. SHAP feature importance for the four fuzzy polarization regimes. 

The panels show the mean absolute SHAP value of each feature for the XGBoost 

models associated with the four FCM clusters. Higher values indicate stronger average 

contribution to the predicted membership degree. 

The global SHAP importance patterns were consistent with the physical interpreta-

tion of the FCM centroids, Table 10. For Cluster 0, corresponding to high-polarization 

structured regions, the most relevant variables were 𝑃mean , 𝑃std , and 𝐸energy . This 
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indicates that membership to this regime is mainly explained by polarization amplitude, 

internal variability, and 𝐸-mode energy. 

For Cluster 3, corresponding to low-polarization regions, the dominant variables 

were 𝑃mean and 𝑃std. Therefore, this regime is primarily governed by amplitude-related 

descriptors. By contrast, Clusters 1 and 2 were mainly explained by log⁡(𝐵/𝐸), showing 

that the main distinction between the two medium-polarization regimes is not total po-

larization amplitude, but the relative balance between 𝐵- and 𝐸-mode energy. 

Table 10. Summary of dominant SHAP features by fuzzy cluster. 

Cluster Physical Interpretation Dominant SHAP Features Main Explanatory Pattern 

0 
High-polarization structured 

regions 
𝑃mean, 𝑃std, 𝐸energy 

High amplitude, high varia-

bility, high E-mode energy 

1 
E-dominated medium-polari-

zation regions 
𝑙𝑜𝑔(𝐵/𝐸) , 𝐸energy 

Relative dominance of E-

mode energy 

2 
B-enhanced medium-polari-

zation regions 
𝑙𝑜𝑔(𝐵/𝐸) , 𝐸energy 

Higher relative B-mode con-

tribution 

3 Low-polarization regions 𝑃mean, 𝑃std 
Low amplitude and low vari-

ability 

To analyze the direction of the feature effects, SHAP beeswarm plots were generated 

for each cluster, Figure 19. 

Each panel shows the SHAP value distribution for the XGBoost model associated 

with one FCM cluster. Positive SHAP values increase the predicted membership to the 

corresponding cluster, whereas negative SHAP values reduce it. The color scale repre-

sents the original feature value. 

The beeswarm plots confirmed the directionality of the global SHAP results. For 

Cluster 0, high values of 𝑃mean, 𝑃std, and 𝐸energy increased membership, confirming its 

interpretation as a high-polarization structured regime. For Cluster 3, low values of 𝑃mean 

and 𝑃std increased membership, consistent with its low-polarization profile. 

For the two medium-polarization regimes, 𝑙𝑜𝑔⁡(𝐵/𝐸) had opposite effects. In Clus-

ter 1, low values of 𝑙𝑜𝑔⁡(𝐵/𝐸)  increased membership; since 𝑙𝑜𝑔⁡(𝐵/𝐸) < 0  implies 

𝐵/𝐸 < 1, this indicates relative dominance of 𝐸-mode energy. In Cluster 2, high values of 

𝑙𝑜𝑔⁡(𝐵/𝐸)  increased membership, indicating a relatively higher 𝐵 -mode contribution. 

This interpretation should remain cautious: a higher relative 𝐵-mode contribution does 

not imply detection of primordial 𝐵 -modes, but may reflect lensing, residual fore-

grounds, noise, leakage effects, or complex polarization structure. 

  

  

Figure 19. SHAP beeswarm plots for the four fuzzy polarization regimes. 
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Overall, the SHAP analysis confirms that the fuzzy memberships are governed by 

interpretable physical descriptors. The high- and low-polarization regimes are mainly ex-

plained by amplitude-related variables, whereas the two medium-polarization regimes 

are separated by the relative 𝐵/𝐸 balance. Thus, the proposed FAS-XAI framework not 

only segments the CMB polarization field into fuzzy regions but also identifies the phys-

ical variables driving each regional membership pattern. 

4.8. Counterfactual Perturbation and Stability Analysis 

After constructing an explainable fuzzy segmentation of the regional CMB polariza-

tion field, a second analytical phase was conducted to evaluate the stability of the obtained 

structure under controlled perturbations. The objective was to generate controlled coun-

terfactual scenarios, rather than full observational uncertainty simulations, in which small 

variations were introduced into physically meaningful regional descriptors, and to assess 

their effect on fuzzy memberships and dominant-cluster assignments. 

Two perturbation experiments were considered. The first introduced multiplicative 

perturbations into the polarization-amplitude variables 𝑃mean and 𝑃std. The second intro-

duced additive perturbations into the relative balance variable 𝑙𝑜𝑔⁡(𝐵/𝐸). In both cases, 

the original FCM centroids were kept fixed, so that the original clusters acted as reference 

polarization regimes. Therefore, changes in membership could be attributed to the per-

turbation itself rather than to a reconfiguration of the clustering solution. 

For each perturbed scenario, new memberships 𝑈𝑖
′ were computed and compared 

with the original memberships 𝑈𝑖. Stability was evaluated using three indicators: total 

membership change, dominant-cluster switching, and change in fuzzy entropy. 

Figure 20 compares the effect of both perturbation types across low, medium, and 

high perturbation levels. 

The panels compare the mean membership change, dominant-cluster switch rate, 

and mean entropy change under low, medium, and high perturbation levels. For 𝑃, the 

levels correspond to 1%, 3%, and 5% multiplicative perturbations; for 𝑙𝑜𝑔⁡(𝐵/𝐸), they cor-

respond to additive perturbations of 0.01, 0.03, and 0.05. 

 

Figure 20. Comparison between 𝑃 and log⁡(𝐵/𝐸) perturbations. 

The mean membership change increased progressively in both experiments, indicating a 

coherent response to increasing perturbation strength. However, 𝑙𝑜𝑔⁡(𝐵/𝐸) perturbations 

produced consistently larger membership changes than 𝑃 perturbations. At the high pertur-

bation level, the mean membership change was 0.1506 for 𝑃 and 0.1871 for 𝑙𝑜𝑔⁡(𝐵/𝐸). 

The dominant-cluster switch rate followed the same pattern. For 𝑃, the switch rate 

increased from 1.41% at the low level to 7.49% at the high level. For 𝑙𝑜𝑔⁡(𝐵/𝐸), it increased 

from 2.11% to 10.03%. This indicates that the relative balance between 𝐵- and 𝐸-mode 

energies is a particularly sensitive dimension of the regional FAS-XAI feature space. 
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The entropy response was complementary. Perturbations in 𝑃  produced a larger 

mean increase in entropy, especially at the high level, where Δ𝐻  reached 0.0210 com-

pared with 0.0122 for 𝑙𝑜𝑔⁡(𝐵/𝐸). Thus, variations in polarization amplitude tend to in-

crease fuzzy ambiguity, whereas variations in 𝑙𝑜𝑔⁡(𝐵/𝐸) more directly induce changes in 

the dominant regime. 

To analyze specific transitions between dominant clusters, normalized transition ma-

trices were computed for the high perturbation scenarios: 5% perturbation on 𝑃 and 0.05 

perturbation on 𝑙𝑜𝑔⁡(𝐵/𝐸), Figure 21. 

 

Figure 21. Normalized transition matrices under high perturbation. 

The matrices show the probability of moving from each baseline cluster to each per-

turbed cluster under the high perturbation scenarios for 𝑃 and 𝑙𝑜𝑔⁡(𝐵/𝐸). 

Under high 𝑃 perturbation, the transition matrix showed a clearly dominant diago-

nal. The stability probabilities were 0.9108 for C0, 0.9196 for C1, 0.9332 for C2, and 0.9388 

for C3. These values indicate that the four regimes were largely preserved under ampli-

tude perturbation. Off-diagonal transitions were moderate and distributed across several 

clusters, suggesting smooth displacements between polarization-amplitude regimes ra-

ther than a single dominant transition pathway. 

Under high 𝑙𝑜𝑔⁡(𝐵/𝐸) perturbation, the extreme regimes C0 and C3 were highly sta-

ble, with stability probabilities of 0.9514 and 0.9661, respectively. In contrast, the interme-

diate regimes C1 and C2 were more sensitive, with stability probabilities of 0.8584 and 

0.8602. This confirms that perturbations in the relative 𝐵/𝐸  balance mainly affect the 

boundary between 𝐸 -dominated medium-polarization regions and 𝐵 -enhanced me-

dium-polarization regions, consistently with the SHAP results. 

Figure 22 summarizes the cluster-wise stability under the strongest perturbation sce-

narios. 

The figure shows the probability that each baseline cluster remains assigned to the 

same dominant cluster under high 𝑃 and 𝑙𝑜𝑔⁡(𝐵/𝐸) perturbations. 

All clusters preserved high stability probabilities, confirming that the fuzzy regional 

structure is globally robust. The lowest stability values appeared for clusters C1 and C2 

under 𝑙𝑜𝑔⁡(𝐵/𝐸)  perturbation, consistent with their interpretation as intermediate re-

gimes separated mainly by the relative 𝐵/𝐸 balance. In contrast, the extreme regimes C0 

and C3 remained highly stable, reinforcing the robustness of the high- and low-polariza-

tion structures. 

Overall, the perturbation analysis shows that the regional CMB polarization struc-

ture obtained by FAS-XAI combines global robustness with local sensitivity. Perturbations 

in 𝑃 mainly affect the amplitude dimension and tend to increase fuzzy ambiguity, while 
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perturbations in 𝑙𝑜𝑔⁡(𝐵/𝐸) primarily affect the relative balance between 𝐸- and 𝐵-mode 

energies and induce more frequent transitions between the two intermediate regimes. 

 

Figure 22. Cluster-wise stability under high perturbation. 

From a counterfactual perspective, these results should be interpreted as controlled 

sensitivity scenarios rather than as alternative cosmological realizations. They quantify 

how stable or fragile the observed regional polarization structure is with respect to local 

changes in amplitude and 𝐸/𝐵 balance. The dominant regional structure remains largely 

preserved under small perturbations, while local transitions identify regions that are more 

sensitive, transitional, or ambiguous. 

4.9. Sensitivity to the Valid-Region Threshold 

As an additional internal robustness check, the sensitivity of the fuzzy segmentation 

to the valid-region threshold was evaluated. The baseline analysis retained regions with 

a valid-pixel fraction greater than or equal to 0.80 according to the Planck polarization 

mask. To assess whether the resulting regimes depended critically on this threshold, the 

FCM segmentation was repeated using alternative thresholds of 0.70, 0.90, and 0.95, while 

keeping the same four-feature space and the same number of clusters. 

Table 11 summarizes the results. The number of retained regions varied only moder-

ately, from 45,308 regions at the 0.70 threshold to 44,165 regions at the 0.95 threshold. The 

Fuzzy Partition Coefficient and Partition Entropy remained almost unchanged across 

thresholds. The mean maximum membership and normalized entropy were also highly 

stable. Moreover, the agreement with the baseline solution remained above 0.996 in all 

cases, with Adjusted Rand Index values above 0.990 and Normalized Mutual Information 

values above 0.982. 

Table 11. Internal robustness check under alternative valid-region thresholds. 

Valid-Region 

Threshold 
Regions FPC PE 

Mean Max. 

Membership 
Mean Entropy Agreement ARI NMI 

0.70 45,308 0.5425 0.8618 0.6714 0.6216 0.9984 0.9957 0.9911 

0.80 45,020 0.5425 0.8618 0.6714 0.6216 1.0000 1.0000 1.0000 

0.90 44,566 0.5426 0.8615 0.6715 0.6215 0.9971 0.9919 0.9848 

0.95 44,165 0.5427 0.8614 0.6715 0.6214 0.9965 0.9906 0.9825 

These results indicate that the fuzzy regional structure is not driven by the specific 

valid-region threshold used in the baseline analysis. The main regimes remain stable un-

der different levels of mask strictness. Nevertheless, this analysis should be interpreted as 
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an internal robustness check with respect to mask-controlled regional selection, not as a 

full external validation using alternative component-separation products, alternative 

masks, or Monte Carlo noise realizations. 

5. Discussion and Future Works 

5.1. Discussion 

This study proposed an explainable fuzzy framework for the regional analysis of 

CMB polarization using the Planck PR3 SMICA IQU product. The results show that the 

regional polarization field can be represented through a compact set of physically inter-

pretable variables: 𝑃mean, 𝑃std, 𝐸energy, and 𝑙𝑜𝑔⁡(𝐵/𝐸). These variables allowed the iden-

tification of four fuzzy polarization regimes: high-polarization structured regions, 𝐸 -

dominated medium-polarization regions, 𝐵-enhanced medium-polarization regions, and 

low-polarization regions. 

A central result is that the fuzzy segmentation does not produce a rigid partition of 

the sky. Instead, the CMB polarization field appears as a continuous regional structure, 

with many regions showing partial membership to several clusters. The ambiguity and 

entropy analysis reinforces this interpretation: a substantial fraction of regions was classi-

fied as moderate or ambiguous, indicating transitional structures rather than sharply sep-

arated classes. In this sense, ambiguity should not be interpreted as a failure of the clus-

tering procedure, but as an informative property of the regional polarization field. 

The XGBoost membership models achieved 𝑅2 > 0.98 for all clusters, showing that 

the selected regional variables can accurately reconstruct the fuzzy memberships. How-

ever, this does not validate the cosmological reality of the clusters by itself. Rather, it in-

dicates that the FCM membership structure is internally consistent and can be approxi-

mated by nonlinear functions of the selected features. 

The SHAP analysis provided an interpretable explanation of the fuzzy regimes. The 

high- and low-polarization clusters were mainly governed by 𝑃mean and 𝑃std, whereas 

the two medium-polarization regimes were primarily differentiated by 𝑙𝑜𝑔⁡(𝐵/𝐸). This 

supports the physical interpretability of the segmentation. Nevertheless, the 𝐵-enhanced 

cluster must be interpreted cautiously: a relatively higher 𝐵-mode contribution does not 

imply detection of primordial 𝐵-modes, since it may reflect lensing, residual foregrounds, 

noise, leakage effects, or limitations associated with preprocessing and masking. 

The perturbation analysis showed that the fuzzy regional structure is globally stable 

under small controlled variations, while also revealing local sensitivity. Perturbations in 

𝑙𝑜𝑔⁡(𝐵/𝐸)  produced more frequent transitions between the 𝐸 -dominated and 𝐵 -en-

hanced medium-polarization regimes, confirming that the relative 𝐸/𝐵 balance is a sen-

sitive dimension of the regional feature space. Perturbations in 𝑃, in contrast, mainly in-

creased fuzzy ambiguity. 

These counterfactual results should be interpreted methodologically rather than cos-

mologically. The perturbed configurations are not evidence of alternative universes or 

physically realized cosmological histories; they are controlled sensitivity experiments de-

signed to assess how robust the observed regional structure is to small variations in se-

lected variables. 

Several limitations must be acknowledged. The analysis is based on a single Planck 

component-separation product, SMICA, and should be tested against alternative Planck 

products or independent component-separation methods. The results also depend on the 

selected mask, the valid-region threshold, and the regional aggregation scale 

𝑁𝑆𝐼𝐷𝐸region = 64. In addition, the selected features summarize regional behavior through 

relatively simple statistics, which improve interpretability but may discard information 

about spatial texture, angular correlations, or multipole-dependent polarization structure. 
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Finally, the regional 𝐵/𝐸 balance must be understood as a descriptive feature of the 

processed maps, not as a direct cosmological measurement. The proposed framework is 

therefore better interpreted as an exploratory and interpretable regional analysis tool, 

complementary to standard cosmological inference based on power spectra and parame-

ter estimation. 

Overall, the results suggest that the CMB polarization field can be studied as a fuzzy 

regional system: globally stable, locally transitional, and explainable through physically 

meaningful descriptors. 

5.2. Future Work 

Future work should first evaluate the robustness of the proposed framework using alter-

native CMB products and component-separation methods. Applying the same pipeline to 

other Planck maps, such as NILC, SEVEM, or Commander, would help determine whether 

the identified fuzzy regimes remain stable across different foreground-cleaning strategies. 

A second extension should analyze the dependence of the results on masking choices 

and regional resolution. The present work used the Planck polarization mask and a regional 

grid with 𝑁𝑆𝐼𝐷𝐸region = 64. Future analyses should test different valid-region thresholds, 

alternative masks, and several regional resolutions to assess whether the fuzzy regimes are 

intrinsic to the polarization structure or partly influenced by methodological choices. 

Additional physically motivated features should also be explored. The current feature 

set was intentionally compact and interpretable, but future work could incorporate angular 

power information, local gradients, spatial texture descriptors, wavelet-based features, or 

multipole-band energy measures. These variables may capture aspects of the polarization 

field not fully represented by regional means, standard deviations, and energy ratios. 

The perturbation analysis could be expanded by perturbing the original Stokes param-

eters 𝑄 and 𝑈, simulating structured foreground residuals, or introducing noise models 

consistent with instrumental uncertainties. This would provide a more realistic assessment 

of the stability of the fuzzy segmentation under observational and systematic effects. 

A further direction would be to compare the detected fuzzy regimes with known 

astrophysical and cosmological structures. For example, high-ambiguity or 𝐵-enhanced 

regions could be contrasted with Galactic foreground templates, lensing maps, dust po-

larization maps, or known systematic residuals. This would help clarify whether the iden-

tified regimes reflect cosmological signal, residual contamination, or a mixture of both. 

From the XAI perspective, future work should move beyond global SHAP summar-

ies and explore local explanations for individual regions or groups of regions. Local SHAP 

profiles could help explain why specific areas are ambiguous, why some regions switch 

clusters under perturbation, or why certain regions remain especially stable. 

Finally, the framework could be adapted to other cosmological and astrophysical da-

tasets, including CMB temperature anomalies, lensing convergence maps, large-scale 

structure surveys, exoplanet candidate vetting, or galaxy morphology studies. In this 

sense, the present work can be understood as a methodological proof of concept for ap-

plying FAS-XAI to high-dimensional astrophysical fields where uncertainty, gradual tran-

sitions, and interpretability are central analytical challenges. 

6. Conclusions 

This study presented an explainable fuzzy framework for the regional analysis of 

CMB polarization using the Planck PR3 SMICA IQU map. The proposed approach inte-

grates regional feature extraction, Fuzzy C-Means clustering, XGBoost membership mod-

eling, SHAP-based explainability, and controlled perturbation analysis to characterize po-

larization regimes across the valid sky. 
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Starting from the non-inpainted Stokes parameters 𝑄  and 𝑈 , together with the 

Planck polarization mask, the analysis constructed physically meaningful variables, in-

cluding the polarization amplitude 𝑃 and the scalar 𝐸- and 𝐵-mode maps. The original 

𝑁𝑆𝐼𝐷𝐸 = 2048 maps were aggregated into a regional HEALPix grid with 𝑁𝑆𝐼𝐷𝐸region =

64, allowing high-resolution polarization information to be summarized into spatially co-

herent regions. 

After masking and valid-region filtering, the final feature space was reduced to four 

interpretable descriptors, 𝑃mean, 𝑃std, 𝐸energy, 𝑙𝑜𝑔⁡(𝐵/𝐸). These variables captured comple-

mentary aspects of the polarization field: mean polarization amplitude, internal variabil-

ity, 𝐸-mode energy, and the relative balance between 𝐵- and 𝐸-mode energies. 

Fuzzy C-Means identified four regional polarization regimes: high-polarization 

structured regions, 𝐸 -dominated medium-polarization regions, 𝐵 -enhanced medium-

polarization regions, and low-polarization regions. The fuzzy formulation was appropri-

ate because many regions did not belong exclusively to a single group. Instead, the mem-

bership maps revealed gradual transitions and partial overlap between regimes, support-

ing the interpretation of CMB polarization as a continuous regional structure rather than 

a rigid partition of the sky. 

The XGBoost models accurately reconstructed the FCM memberships, with 𝑅2 >

0.98 for all clusters, enabling the use of SHAP explanations. SHAP showed that the high- 

and low-polarization regimes are mainly governed by polarization amplitude and varia-

bility, whereas the two medium-polarization regimes are primarily separated by the rela-

tive 𝐵/𝐸 balance. Therefore, the fuzzy clusters are explainable through physically mean-

ingful descriptors. 

The perturbation analysis showed that the regional structure is globally stable under 

small controlled variations, while retaining localized sensitivity. Perturbations in 𝑃mean 

and 𝑃std  mainly increased fuzzy ambiguity, whereas perturbations in 𝑙𝑜𝑔⁡(𝐵/𝐸)  in-

duced more frequent transitions between the two intermediate regimes. Even under the 

strongest perturbation scenarios, the dominant cluster structure was largely preserved. 

Overall, the proposed FAS-XAI framework provides a structured way to analyze 

CMB polarization as a fuzzy, interpretable, and stability-aware regional system. It does 

not replace standard cosmological inference based on power spectra or parameter estima-

tion but offers a complementary exploratory tool for identifying regional patterns, ex-

plaining membership structure, and evaluating sensitivity to controlled perturbations. 

The main contribution of this work is methodological: it demonstrates that fuzzy 

clustering and explainable artificial intelligence can be integrated to study CMB polariza-

tion while accounting for uncertainty, gradual transitions, and physical interpretability. 

This opens a path toward broader applications of FAS-XAI in cosmology and astrophys-

ics, particularly in contexts where complex fields cannot be adequately described by rigid 

classifications alone. 

Supplementary Materials: The following supporting information can be downloaded at: 

https://www.mdpi.com/article/10.3390/math14132269/s1. The repository includes a Python script 

used to reproduce the complete analysis pipeline. 
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