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Abstract

Rainfall-index-based disaster insurance is an efficient approach to mitigating hydromete-
orological losses. However, conventional premium pricing models generally assume
memoryless stochastic dynamics that do not fully capture the long-range dependence in-
herent in rainfall data. This study develops a hydrometeorological disaster insurance
model within a fractional Black-Scholes framework to incorporate long-memory effects.
The model is formulated using fractional differential equations and solved semi-analyti-
cally by integrating the Daftardar—Jafari Method (DJM) with the Kashuri-Fundo (KF)
transform, yielding a closed-form solution expressed in terms of the Mittag—Leffler func-
tion. The proposed contract is structured as parametric rainfall insurance with a multi-
layer payout mechanism based on percentiles corresponding to minor, moderate, and se-
vere housing damage. The results show that variations in the fractional-order parameter
significantly affect premium estimation. In particular, § = 0.5 recovers the classical
model and tends to generate higher premiums than the fractional model with &§; =
0.23153, whereas the model with &, = 0.73153 yields lower premiums. These findings
indicate that fractional-order parameterization can accommodate diverse risk character-
istics and policyholders’ economic capacities, enabling more adaptive, risk-sensitive pre-
mium structures. In line with SDG 13 (Climate Action), the proposed framework offers a
climate-responsive disaster-mitigation strategy through accessible, actuarially relevant
insurance design.
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1. Introduction

Hydrometeorological risks, such as floods and droughts, are strongly influenced by
high rainfall variability, both spatially and temporally. High-intensity rainfall can trigger
floods that directly damage infrastructure and settlements, while prolonged low rainfall
can lead to droughts that disrupt community livelihoods [1,2]. Within the global frame-
work, efforts to mitigate these risks align with achieving SDG target 13, which emphasizes
strengthening resilience and adaptive capacity to climate-related disasters. In recent dec-
ades, the increase in extreme rainfall events has amplified risk exposure to physical assets,
including residential buildings, particularly in areas with high vulnerability [3,4]. Climate
projections further indicate that extreme wet events will continue to intensify throughout
the 21st century, while certain regions simultaneously experience longer dry periods, in-
creasing dual exposure to both flood and drought risks [5-7].

From a modeling perspective, rainfall is a stochastic process because it is influenced
by complex, uncertain atmospheric dynamics. Therefore, stochastic approaches are im-
portant in representing rainfall variability and in evaluating hydrometeorological risks
more realistically. In this context, the integration of weather statistics and financial models
has evolved through the concept of weather derivatives, as proposed by Jewson and Brix
(2005) and Alaton et al. (2002) [8,9]. One of the models widely used within this framework
is the Black—Scholes model, introduced by Black and Scholes (1973) and further developed
in modern derivatives literature by Hull (2018) [10,11]. In the context of rainfall-index-
based insurance, the contract structure can be represented analogously to a financial op-
tion, so that the premium can be expressed as the discounted expected value of the payoff.

However, the classical Black-Scholes approach has limitations in representing the
complex dynamics of rainfall. This model is based on a geometric Brownian motion pro-
cess that is memoryless and therefore cannot capture long-range dependence, which fre-
quently appears in hydrometeorological data. To address this limitation, a fractional ap-
proach based on the concept of fractional Brownian motion by Mandelbrot & Van Ness (1968)
is utilized [12]. This concept was later formalized within the framework of stochastic calculus
by Biagini et al. (2008) and further developed by Bender & Viitasaari (2016) [13,14].

The development of the fractional Black—Scholes model has been further extended in
various studies. Necula (2002) showed that models based on fractional Brownian motion
with a Hurst parameter can capture long-range dependence that classical models cannot
[15]. This is reinforced by Comte and Renault (1998), who identified memory structures
in financial market volatility [16], and by the development of fractional stochastic calculus
by Hu and Qksendal (2003), which serves as the mathematical foundation for memory-
based financial models [17]. Furthermore, Chen et al. (2015) developed the formulation of
fractional Black-Scholes partial differential equations and demonstrated their flexibility
in representing complex stochastic systems [18], while He and Lin (2021) showed that
fractional approaches are able to improve accuracy in modeling derivative pricing in sys-
tems with memory-dependent volatility [19].

In the hydrometeorological context, Lovejoy and Mandelbrot (1985) highlighted that
rainfall processes exhibit fractional characteristics through the Noah effect and Hurst law,
indicating the presence of persistence and long-range dependence that cannot be ade-
quately captured by classical stochastic models [20]. This observation provides a strong
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theoretical basis for adopting fractional approaches in rainfall-based risk modeling, par-
ticularly in applications where memory effects play an important role in determining fu-
ture dynamics.

To obtain analytical insights from such models, a variety of semi-analytical tech-
niques have been developed for solving fractional differential equations. Among these,
the DJM, introduced by Daftardar-Gejji and Jafari (2006), offers an iterative framework
capable of generating convergent series solutions without the need for linearization or
discretization [21]. Integral transform techniques have also been extensively employed to
simplify the treatment of fractional operators and improve analytical tractability [22].
More recently, the KF transform has emerged as a promising alternative for systematically
handling fractional differential systems [23]. Furthermore, advances in fractional differ-
ential equation theory have extended the analysis of existence, uniqueness, and controlla-
bility to increasingly sophisticated settings involving ¥-Hilfer operators and stochastic
integro-differential systems, reflecting the growing mathematical maturity and applica-
bility of fractional frameworks in risk-sensitive modeling [24]. These developments moti-
vate integrating the DJM and the Kashuri-Fundo transform in the present study to derive
a semi-analytical solution to the fractional Black—-Scholes model while preserving its un-
derlying memory characteristics.

In line with these developments, research on determining premiums for rainfall-in-
dex-based insurance using the Black-Scholes model has made significant progress, as
demonstrated by Kalfin et al. (2022) and Purwandari et al. (2024) [25,26]. Efforts to inte-
grate fractional approaches remain relatively limited, as seen in the study by Azahra et al.
(2025), which developed a fractional Black-Scholes model for rainfall index-based pre-
mium determination but was still limited to the agricultural context [27,28]. These find-
ings indicate that developing fractional models in the broader context of disaster insur-
ance remains an open research opportunity.

The determination of insurance premiums and compensation thresholds in this study
employs the Historical Burn Analysis (HBA) method, which transforms historical climate
observations into risk indices by directly utilizing past disaster records to estimate trigger
and exit values. This approach has been widely adopted in weather index-based insurance
due to its objectivity and transparency in linking measurable climatic variables to com-
pensation mechanisms [25,29]. However, HBA alone is insufficient for capturing rainfall’s
stochastic dynamics; it requires integration with a probabilistic pricing framework to pro-
duce actuarially sound premium estimates [25,27,30]. This gap motivates combining HBA
with the fractional Black-Scholes model as the core methodological contribution of this
study.

In addition, approaches that simultaneously model the risks of excess rainfall (floods)
and rainfall deficit (droughts) within a unified framework remain relatively limited, even
though the characteristics of extreme rainfall exhibit complex long-range dependence and
temporal persistence patterns associated with climate variability and hydrometeorologi-
cal processes [31-34]. Therefore, there remains a need to develop approaches that are not
only capable of representing rainfall dynamics more realistically through fractional Black-
Scholes models, but also of integrating multi-risk modeling and solution strategies based
on a more comprehensive combination of methods [27,35-38]. From a risk financing per-
spective, parametric insurance schemes based on objectively measurable indices have
been recognized as a promising complement to conventional indemnity-based insurance,
particularly in contexts where post-disaster recovery funds are limited and transparent,
pre-arranged claim mechanisms are needed [39]. This further motivates the development
of mathematically rigorous index-based insurance frameworks that provide actuarially
sound, verifiable premium structures.
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To address these limitations, this study develops a parametric disaster insurance
model based on rainfall indices, using a fractional Black—-Scholes framework to capture
long-memory effects. The research is structured as follows. First, the current state of hy-
drometeorological disaster insurance research is examined, identifying the gap in models
that simultaneously address long-range dependence, multi-risk scenarios (flood and
drought), and semi-analytical solvability. Second, the required mathematical theories are
presented, encompassing fractional calculus (Caputo derivative), the KF integral trans-
form, the Mittag—Leffler function, the fractional Black-Scholes framework, and the DJM.
Third, the proposed method is formulated as a parametric rainfall-index insurance model
with a multi-layer payout structure, solved semi-analytically using the combined DJM-
KF approach. Finally, the feasibility and advantages of the proposed method are demon-
strated through a case study in Bandung, West Java, comparing fractional and standard
Black-Scholes premiums and evaluating compensation mechanisms via the HBA method.

The main contributions of this study are as follows. First, the fractional Black-Scholes
equation is solved semi-analytically using a novel combination of the DJM and the KF
transform, yielding a general closed-form solution expressed in terms of the Mittag—
Leffler function. Second, a unified parametric insurance model is developed that simulta-
neously addresses flood and drought risk within a single framework, with a multi-layer
compensation structure differentiated by housing damage severity. Third, the study pro-
vides empirical evidence that the fractional-order parameter can be calibrated to match
the long-memory characteristics of observed rainfall data, enabling adaptive and inclusive
premium structures consistent with SDG 13 objectives. Thus, this study not only contrib-
utes to the development of mathematical models in index-based insurance but also has
practical implications for supporting hydrometeorological disaster risk mitigation strate-
gies and strengthening climate change adaptation efforts in line with the achievement of
SDG 13.

2. Mathematical Preliminaries and Notation

This section introduces the fundamental mathematical concepts used throughout this
study. Fractional calculus extends classical calculus by allowing derivatives and integrals
of non-integer order, enabling the modeling of systems with memory and hereditary
properties. In the context of hydrometeorological modeling, the utility of fractional calcu-
lus lies in its ability to represent persistent memory effects inherent in rainfall processes,
which classical stochastic models based on standard Brownian motion fail to capture. The
following subsections present the key definitions and properties of the Caputo fractional
derivative, the KF integral transform, and the Mittag—Leffler function, which collectively
form the mathematical foundation of the fractional Black-Scholes framework developed
in this study.

This capability has been demonstrated in hydrological modeling, where fractional-
order operators based on the Caputo derivative have been applied to represent memory
effects and long-term dependencies across key components of the water cycle, including
rainfall, surface water, and groundwater dynamics, yielding improved accuracy com-
pared to classical integer-order approaches [40].

Definition 1 ([22]). The Caputo fractional derivative, for a function f to x of real order &,
wheren — 1 < & < n, satisfies the following condition:

f™@), §=neN

Déf(t) = 1

t
1
mj(x - T)n_d_lf(n)(t)dt, n—-1<d<n.
0
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The Caputo fractional derivative is selected in this study for three principal reasons.
First, unlike the Riemann-Liouville derivative, the Caputo derivative allows initial condi-
tions to be expressed in terms of classical integer-order derivatives, which carry direct
physical interpretations and are consistent with standard observational data [22,41]. Sec-
ond, the Caputo operator is well-suited for modeling memory effects in systems where
the initial state is known, as in rainfall-based insurance, where historical data serve as the
starting point for premium computation. Third, the Caputo derivative commutes with the
KF transform in a manner that yields a tractable algebraic structure (Theorem 1), enabling
the systematic derivation of the DJM-KF solution scheme. While other operators, such as
the Hilfer, ¥-Caputo, and ¥-Hilfer derivatives, offer greater generality through interpo-
lation parameters or kernel flexibility, they introduce additional complexity that is not
required given the data-driven estimation of § in this study. Nevertheless, the DJM iter-
ative decomposition framework in Section 3 is operator-agnostic in structure: provided
the chosen fractional derivative admits a compatible integral transform with a known con-
volution property analogous to Theorem 1, the solution procedure can be adapted accord-
ingly. This extensibility is noted as a direction for future research.

Consider the following fractional differential equation with the Caputo derivative:

Dlu(x,t) = f(x,t) + Lu(x, t) + Nu(x,t),t >0,x ER0< S5 <1, )

with the initial condition u(x, 0) = g(x), where D denotes the fractional derivative op-
erator (in the Caputo sense), L is a linear operator, N is a nonlinear operator, f(x,t)
represents the nonhomogeneous term, and u(x,t) is the unknown function to be deter-
mined [22,35,41].
Furthermore, the integral transform used in this study is the KF Transform, which is
defined as follows [23]:
© t

Klulx, t)](v) = Alw) = %J e vz u(x,t)dt, t=>0,—k; <v<k, (3)
0

The inverse of the KF transform is denoted by
K'A@W)] = ulxt), t=0. @

For 6 as a fractional number, the KF transform satisfies [23]:

K[t] = (s + Dv*°+, (5)
thus, its inverse is given by
) £
~1[,,286+1] — 6
T = ey (©)

Theorem 1 ([23]). The following property of the KF transform with respect to the Caputo frac-
tional derivative holds:

.’K[D‘gu(x, t)]

n-1 k
A(U)_Z u (0 n—-1<6<n @)

- 28 p2(6-k)-1’
k=0

This transform possesses properties with respect to the Caputo fractional derivative that enable the
systematic solution of fractional differential equations.

Definition 2 ([22]). The Mittag—Leffler function Es(z) plays an important role in representing
solutions of fractional differential equations and is defined as follows:
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E = Z ————~,Re(6) > 0.
5= ) wi i Re®) ®)

k=0
This function is a generalization of the exponential function, since for & = 1, it holds that [22,42]:
_— = — = pZ
El(z)z T(1+ k) Z ko€ ©)
k=0 k=0

Since the exponential function constitutes an essential component of the classical
Black-Scholes formulation, the standard Black-Scholes model is briefly reviewed before
introducing its fractional counterpart. The classical Black—-Scholes model is one of the fun-
damental frameworks in financial mathematics used to determine derivative prices based
on the stochastic dynamics of the underlying variable [10,11]. This model assumes that
the underlying variable follows a geometric Brownian motion process, expressed as:

dSt = 'uStdt + O-Stth, (10)

where S, is the value of the underlying variable at time ¢, u is the growth rate, o is the
volatility, and W; is a standard Brownian motion [10,11]. Based on this assumption, the
Black-Scholes partial differential equation for the contract value V(S,t) is obtained as fol-
lows [10]:

W 152620 4 eV Ly
T30S 1S —1V =0, (11)

where r denotes the risk-free interest rate. This equation yields an analytical solution for
European option pricing, enabling consistent and arbitrage-free valuation of the contract
[11]. In particular, the prices of call options and put options, respectively, are given by
[10,11]:

Cp = SoN(d;) — Ke " N(d,), (12)
Py = Ke "tN(—d,) — SyN(—d,), (13)
with the cumulative distribution terms d; and d, represented as follows:
So ( 0_2>
1 O'\/E §
)+ (r-%)
. =ln(K)+ r——>)t (15)
2 O'\/? .

Although the classical Black-Scholes model has provided a strong mathematical frame-
work for determining risk-based contract pricing and has been widely adapted in the in-
surance context, it has a fundamental limitation arising from the assumption that the ge-
ometric Brownian motion process in Equation (10) is memoryless [10,11]. Within this
framework, the dynamics of the underlying variable depend only on the current state and
do not account for historical effects, making it less capable of representing natural phe-
nomena such as rainfall, which often exhibit long-range dependence and temporal persis-
tence [13,16,20,31].

Several studies have shown that hydrometeorological data, including rainfall, pos-
sess fractal characteristics and significant memory effects, which cannot be adequately ex-
plained using classical stochastic models based on standard Brownian motion
[12,20,31,43]. This is demonstrated through the concept of fractional Brownian motion
By (+), which has the following covariance property:
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EIBy (0B (5)] = 5 (21 + 52—t = 5|21 (16)

with parameter H € (0,1) as the Hurst exponent that measures the degree of long-range
dependence, where H > 0.5 indicates the presence of persistence in the data [12,14]. This
characteristic is recognized through the Joseph effect and the Noah effect, which indicate
that climate systems possess memory structures that cannot be captured by classical
Brownian models [12,31].

To address this limitation, the development of fractional models is carried out by
replacing the standard Brownian process in the Black-Scholes model with fractional
Brownian motion, enabling the model to better capture memory effects and temporal de-
pendence [15,18,19,27,44]. In general, the dynamics of the underlying variable in the frac-
tional model can be expressed as [13-15]:

dS, = uS,dt + S, dBy (t). (17)

To incorporate both long-range dependence and memory effects, the classical framework
is extended by introducing fractional Brownian motion in the stochastic process and a
fractional-order derivative in the governing equation [13,15,19,44]:

A R Ly ) (18)
with 0 <4 <1 as the fractional order representing memory effects in the system. This
approach allows the model to capture long-term dynamics more realistically, making it
more suitable for modeling rainfall-based hydrometeorological risks that are complex and
non-stationary [31,43,45,46].

In this study, the cumulative distribution in the Black-Scholes model represents the
probability that the rainfall index exceeds a certain threshold, thereby triggering claim
payments. In the fractional model, this probability is influenced by long-memory effects

modeled through the fractional-order parameter, as follows [27,47]:
So 1 5.25
ln(Y) trt—50%t
O-ﬂt25 ’

when § = %, Equation (19) reduces to the classical Black—-Scholes formulation. Substitut-

d, = (19)

ing 6 = % yields t2¢ = tz(%) = t, so that Equation (19) becomes the classical d, expres-
sion in Equation (15). Consequently, § = 2 acts as the boundary between the fractional
and classical regimes, and the fractional order parameter § governs the degree of
memory intensity in the model. Values of § closer to zero indicate weaker memory in-
tensity and greater deviation from the classical model, while values of d closer to one cor-
respond to stronger temporal persistence and more pronounced long-range dependence
in the dynamics of the underlying process [12,18,19]. The well-posedness of the fractional
Black-Scholes equation under the Caputo derivative has been established by reformulat-
ing it as an integral equation and applying Banach’s fixed-point theorem under Lipschitz
continuity conditions, guaranteeing the existence and uniqueness of its solution [41,44].

3. Daftardar Gejji-Jafari Method (DJM)

As the basis for the development of the combined DJM and KF method, the following
nonlinear differential equation is introduced [21]:

u=f+Lw+ N, (20)
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where f is a given function, L is a linear operator, and N is a nonlinear operator. The
DJM assumes that the solution can be represented as an infinite series expansion, allowing
the nonlinear problem to be decomposed into a sequence of recursive terms [21,44]:

u= i u;. 21

i=0
The DJM decomposes the nonlinear operator into iterative components to construct suc-

cessive approximations without requiring linearization, perturbation assumptions, or dis-
cretization procedures [21,44]:

Seres(Su)n(S) o

i=0 i=0 i=0
Consequently, the approximate solution at the k-th iteration can be expressed as a trun-
cated series expansion, where convergence toward the exact solution is achieved through
recursive correction terms [21,27,44]:

k-1
u= ) u. (23)

i=0

4. Identification of Long-Term Effects and Fractional Order Estimation

The identification of long-term effects and fractional order estimation are carried out
by evaluating memory characteristics through the Hurst exponent obtained from the
Hurst statistical test. This approach is used to assess whether the data pattern exhibits
random behavior, short-term dependence, or long-term persistence through the rescaled
range (R/S) analysis framework [31]. Once the presence of long-term effects is identified,
the magnitude of memory in the system is further estimated through the determination
of the fractional order using the Geweke-Porter-Hudak (GPH) method [32]. This method
is based on spectral analysis and Ordinary Least Squares (OLS) regression, enabling flex-
ible and representative estimation of the fractional order in capturing long-term dynamics
in time-series data [32]. According to Azahra [27] in her study on the application of the
fractional Black-Scholes model in rainfall-based agricultural insurance using daily rainfall
data, the steps of the Hurst statistical test using the rescaled range method are presented
as follows:

R; = max Yimi(hy = h) — min isi(hy = h), (24)
<n 0<isn

0<i

where h; represents rainfall data on the i-th day, h denotes the average rainfall, and R,
represents the cumulative deviation range of rainfall data [27]. Meanwhile, the standard
deviation of rainfall data on the i-th day is expressed as follows:

(25)

The estimation of the Hurst value requires a logarithmic transformation of the R/S statis-
tic, yielding the following relation [31]:

(R/S), = ci”, (26)

where c is a constant, and the Hurst exponent for rainfall data is estimated using the fol-
lowing equation [31]:
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_ log(R/S);
~ log(i)

Furthermore, the Hurst exponent has several interpretations, namely H =% indi-

27)

cates that the rainfall data are random, 0 < H < % represents short-term dependence, and

% < H < 1 indicates long-term dependence [12,31].

5. Materials and Methods
5.1. Materials

This study was conducted in the city of Bandung, West Java, which exhibits complex
spatial characteristics. It is located in a basin surrounded by mountains and active fault
lines and is traversed by various river networks. This topographical condition makes Ban-
dung highly vulnerable to hydrometeorological disasters, such as floods and droughts, as
well as potential geological hazards including landslides and volcanic activity from
nearby mountainous regions. In addition, the presence of dense watershed systems and
land-use changes further increases the risk of surface runoff accumulation, particularly
during periods of extreme rainfall events. Previous studies have shown that changes in
precipitation patterns and climate variability significantly contribute to the increased fre-
quency and intensity of hydrometeorological hazards, especially in urban areas with com-
plex environmental conditions [43,45,46,48]. Moreover, multi-hazard assessments in Ban-
dung indicate substantial vulnerability arising from the interaction between climatic,
topographic, and anthropogenic factors [36,48,49]. Therefore, these spatial characteristics
make the Bandung region a highly relevant area for the development of rainfall index-
based disaster insurance models to support risk mitigation efforts and strengthen climate
change adaptation strategies [25,28,29]. The spatial map of the study area, sourced from
the Dashboard Pencegahan Bencana, Badan Nasional Penanggulangan Bencana (BNPB)
(https://dashboardpencegahan.bnpb.go.id/peta/das, accessed on 3 January 2026), is pre-
sented in Figure 1.

/ 4
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Py i,

£
S
Cigulingan ™,
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& ]
09 WEST JARA

|~
K
A
Papgalengan 7= o A
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T
Santoga
)

SCicayur [ {§

Figure 1. Spatial Map of Bandung. Source: Dashboard Pencegahan Bencana, BNPB, https://dash-
boardpencegahan.bnpb.go.id/peta/das (accessed on 3 January 2025).

These characteristics make Bandung a representative region for studying rainfall in-
dex-based disaster insurance models. The high complexity of risks, including the
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possibility of multiple hydrometeorological events occurring within the same period,
such as floods and droughts, requires a modeling framework capable of capturing rainfall
dynamics more realistically. Previous studies have shown that rainfall variability and ex-
treme climate events exhibit complex temporal behavior, including persistence and long-
range dependence patterns, which cannot always be adequately represented by conven-
tional stochastic approaches [12,20,33,43]. Therefore, this study employs a fractional
Black—-Scholes model to incorporate long-memory effects in rainfall data, with the expec-
tation of producing premium estimates that more accurately reflect actual risk conditions
in the Bandung region.

The model used in this study is constructed based on secondary data, including daily
rainfall data obtained from NASA POWER (https://power.larc.nasa.gov/data-access-
viewer, accessed on 3 January 2026) and disaster loss data sourced from the National Dis-
aster Management Agency (“Badan Nasional Penanggulangan Bencana” (BNPB))
through its website (https://gis.bnpb.go.id, accessed on 3 January 2026) for the Bandung
area, West Java Province, Indonesia. The observation period covers six years, from 1 No-
vember 2019 to 31 October 2025. The collected rainfall and disaster datasets are subse-
quently processed and categorized according to Indonesia’s seasonal characteristics, in-
cluding the rainy season, dry season, and two transitional periods [43]. Furthermore, rain-
fall observations are analyzed to determine the trigger index and exit index values, which
serve as the basis for premium calculations in rainfall index-based disaster insurance
models.

5.2. Methods

The methodology in this study is structured sequentially to ensure a systematic pre-
mium determination process. First, the HBA method is applied to historical rainfall and
disaster loss data to identify trigger and exit threshold values for each seasonal period.
Second, the long-range dependence of the rainfall index data is assessed through the
Hurst exponent using R/S analysis, confirming the presence of memory effects that justify
the use of a fractional modeling approach. Third, the fractional order parameter is esti-
mated from the rainfall data using the GPH method, yielding the values used in the frac-
tional Black-Scholes framework. Fourth, insurance premiums are computed using both
the standard and fractional Black-Scholes models based on the estimated parameters, and
compensation values are determined according to the multi-layer payout structure estab-
lished from the HBA thresholds.

5.2.1. Historical Burn Analysis Method

The HBA method is employed to transform historical climate datasets into risk indi-
ces, determine trigger and exit thresholds, and establish the basis for premium calcula-
tions. This approach has been widely used in weather index-based insurance because it
directly utilizes historical observations to estimate risk levels and potential compensation
mechanisms [25-27]. Although HBA has demonstrated effectiveness in hydrometeorolog-
ical risk analysis, particularly for flood and drought events, its implementation requires
long-term historical datasets, appropriate index construction, and policy support to en-
sure both social and economic feasibility [29,30].

Compensation in rainfall index-based disaster insurance is determined through trig-
ger and exit values. Compensation is initiated when the rainfall index exceeds or falls
below a predetermined threshold, depending on the type of disaster event considered. No
compensation is provided when the rainfall index remains within the normal range.
Meanwhile, when the rainfall index falls between the trigger and exit values, partial com-
pensation is paid by the insurer to the insured according to the predefined payout
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structure [25-27]. The steps used to determine rainfall trigger and exit indices based on
the HBA approach are described as follows [27]:

(1) Data Collection and Preprocessing

The initial stage of the study begins with collecting historical datasets representing
disaster conditions within the study area. The primary variables consist of hydrometeor-
ological indicators, particularly rainfall observations obtained at an appropriate temporal
resolution according to disaster-event characteristics. In addition, disaster loss records
and supporting datasets are incorporated to strengthen the relationship analysis between
rainfall indices and actual disaster impacts. Subsequently, the collected datasets undergo
preprocessing procedures, including completeness checking, treatment of missing values,
and temporal standardization to ensure data consistency and suitability for further analysis.
(2) Determination of the Period

The determination of the index-window period is conducted to identify the temporal
interval most relevant to disaster occurrence. Historical observations are analyzed to ex-
amine seasonal patterns and the frequency of extreme events. Furthermore, the relation-
ship between rainfall index variables and disaster impact data is assessed using the Pear-
son product-moment correlation coefficient to identify the period that exhibits the strong-
est association with disaster occurrences:

_ nY Xy — XX LY
Vo TxF— Cx))mEy? - Cyi)?d)

where x; represents rainfall index observations and y; denotes disaster impact observa-

(28)

Ty

tions. The Pearson product-moment correlation coefficient is used to identify the strength
of the relationship between rainfall variables and disaster occurrences within a given ob-
servation period.

(3) Adjustment and Aggregation of Index Data

After determining the index window period, rainfall data within the selected period
are further processed through an aggregation procedure. Daily rainfall observations are
accumulated into ten-day rainfall indices (dasarian), denoted by D i j =1,2,3, within the
index window period calculated for each season (divided into four time intervals) that has
been previously determined. The formulas used are as follows:

10 20 30
Dy = Qii=1hi, Dy = Qiici1 by, D3 = Qi1 hy, (29)

where h; represents daily rainfall observations.
The adjusted ten-day rainfall index D} , with j =1,2,3, is subsequently determined

under the following assumptions:

e  Rainfall observations are bounded using lower and upper thresholds of 2 mm/day
and 100 mm/day, respectively.

e  Rainfall values below the lower threshold are replaced by 2 mm/day, whereas rainfall
values exceeding the upper threshold are replaced by 100 mm/day.

These adjustments are introduced to reduce the influence of extreme observations
and ensure that the resulting rainfall index provides a stable and proportional represen-
tation of disaster conditions for insurance calculations. The average adjusted cumulative
rainfall A’ is then calculated as:

n p!
A%:gtLAm=LZ&4 (30)

(4) Calculation of the Mean (i) and Sample Standard Deviation (o)
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To validate the distributional assumptions of the rainfall data, distribution parame-
ters are estimated from the transformed rainfall index values. These parameters are rep-
resented by the mean and standard deviation values and are calculated as follows:

n

i ! 1( Am ) (31)
u= n|=—
n-14s \A, -1
1 = A ‘
o= E:In__m _a (32)
n—2 A, -1
m=2

The estimated mean value u# and standard deviation o are subsequently employed in
the Anderson-Darling goodness-of-fit test to assess whether the selected probability dis-
tribution adequately represents rainfall behavior as part of the model validation process.

(5) Determination of Trigger and Exit Values

The trigger and exit index values are determined based on the historical distribution
of adjusted rainfall index data. This process is conducted by analyzing all historical index
realizations to identify the threshold at which losses begin to occur and the maximum
compensation level. The exit value represents the worst-case condition corresponding to
the maximum payout level and is calculated as follows:

Exit =min4,,, m=1,2,3,.., (33)

The trigger value indicates the condition under which losses begin to occur. The rainfall

trigger index G is determined based on the percentile value of the adjusted average total

rainfall data as follows:

k(n+1)
100

P, = data at potition ke C k<100, (34)

The determination of trigger and exit values ensures that the insurance scheme remains
objective and consistent with actual disaster conditions while maintaining transparency
in the compensation mechanism.

5.2.2. Determination of the Fractional-Order Parameter

Following the determination of trigger and exit values through the HBA method, the
next stage involves identifying whether the rainfall index data exhibit long-range depend-
ence characteristics. This identification is essential because the presence of memory effects
in the data serves as the primary justification for employing a fractional rather than a clas-
sical Black-Scholes framework in premium determination. The long-term memory struc-
ture is first assessed through the Hurst exponent obtained via the R/S analysis method, as
described in Section 4. Once long-range dependence is confirmed, the degree of memory
in the system is quantified by estimating the fractional order parameter using the Geweke-
Porter-Hudak (GPH) method, which is based on spectral analysis and OLS regression on
the periodogram of the time series data [32]. Subsequently, Azahra [27] applies the GPH
method to determine the fractional-order parameter §, with the following steps:

(1) Determining the harmonic frequencies w; for each observation and the optimal
bandwidth m:
w=Q2mj/n),j=123.,m
(35)
m =g = [1°%],

(2) Determining the periodogram value:
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QG%)=£ﬂ70+2 iy, cos(iw) b oy € (mm), (36)

where y; represents the autocovariance value at the i-th step [29].

(3) Determining the response variable Y; and the predictor variable X;:

Y, =In (lz(wj)), (37)

1
Xj =In <4sin2(mj/2)>’ (38)
(4) Determining the fractional-order parameter § using the Ordinary Least Squares
(OLS) method:
A LD
§=""L—2—,j=123,..,m
" (Xj_)_()z J m (39)

The fractional order §; is directly estimated from historical rainfall data in Bandung using
the GPH method via Equation (39), which applies OLS regression on the periodogram in
the frequency domain. This value reflects the degree of long-range dependence present in
the observed rainfall time series, where §; < 0.5 corresponds to a process with interme-
diate memory. To analyze the sensitivity of the model across a broader range of fractional
orders, a second fractional order §, is introduced analytically. Consider the sequence:

1 6

=— € N. 40
bn 2+n; n (40)

This sequence satisfies two properties. First, ¢, > 0.5 for all n, since §; > 0. Second, the
sequence converges to the classical limit:

lim ¢ = =, (41)

n—-oo 2
which is consistent with the recovery of the standard Black-Scholes model at § = 0.5, as
established in Equation (19). Taking n = 1 yields:

1
52 = ¢1 = E + 51. (42)

This value represents the upper bound of the fractional order range examined in this
study. Therefore, variations in §; and 9§, are introduced to evaluate the sensitivity of the
model to changes in fractional order and to investigate the influence of memory effects on
the resulting premium values.

5.2.3. Conceptual Framework of Hydrometeorological Index Insurance

Rainfall index-based hydrometeorological insurance is a parametric insurance
scheme in which claim payments are determined based on the realization of a predefined
rainfall index without requiring direct assessment of actual losses in the field. This mech-
anism employs a trigger index as the threshold for claim activation, thereby increasing
objectivity, accelerating the claim settlement process, and reducing administrative costs
compared with conventional loss-based insurance schemes [25,26,29,30].

Premium determination in this study is conducted using an option-pricing analogy.
This approach is adopted because the structure of hydrometeorological risk, including
both excess rainfall and rainfall deficiency, exhibits mathematical similarities to the payoff
structure of financial option contracts. The Black—Scholes model provides a probabilistic
framework for premium estimation based on the stochastic behavior and volatility of rain-
fall indices while enabling systematic determination of compensation values according to
realized index conditions without requiring individual loss assessments [8-11].
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Within this framework, the Black—Scholes equation is adapted by mapping financial
variables into a hydrometeorological context. The average cumulative rainfall is consid-
ered as the underlying variable, the rainfall trigger index serves as the strike value, and
the option payoff corresponds to the insurance claim payment. Through this analogy, the
insurance premium can be estimated using an option-pricing mechanism with adjust-
ments to the interpretation of model parameters according to hydrometeorological char-
acteristics [10,11,25].

Although the parameters d; and d, are jointly used in the Black—Scholes formula-
tion, the subsequent analysis in this study focuses primarily on d, since it directly reflects
the cumulative probability associated with rainfall index deviations relative to the trigger
threshold and therefore has a more direct interpretation in the insurance claim mecha-
nism. Meanwhile, d; mainly contributes to the intermediate pricing formulation and sen-
sitivity interpretation within the option framework [10,11,19,27].

The insured risk is determined based on deviations of the rainfall index from the
trigger index specified in the insurance contract. This study considers two principal cate-
gories of hydrometeorological risk, namely excess rainfall and rainfall deficiency, which
are represented through call option and put option analogies, respectively.

For excess rainfall conditions that may potentially lead to flood events, the insurance
contract is modeled using a call-option framework. Claims are activated when the average
cumulative rainfall during the insurance period exceeds the predetermined trigger value.
The payoff and premium functions are expressed as follows [10,25-27]:

_(KifA, > G
Payoff = {0’ ifA, <G’ (43)
Premium = Ke ""N(d,). (44)

Conversely, rainfall deficiency risk that may potentially cause drought conditions is rep-
resented through a put-option framework. Claims are paid when the average cumulative
rainfall falls below the trigger value. The payoff and premium functions are formulated
as follows [10,25-27]:

K,ifA, <G

Payoff = {0, ifAg =G’

(45)

Premium = Ke ""N(—d,). (46)

In this formulation, K denotes the insured amount, 4, represents the average cumula-
tive rainfall during the insurance period, G is the rainfall trigger index, r is the risk-free
interest rate, and T is the insurance period. Furthermore, N(.) represents the cumula-
tive standard normal distribution function, where N(d,) and N(—d,) indicate the prob-
abilities that the rainfall index exceeds or falls below the trigger threshold, corresponding
to the call and put option structures, respectively [10,11]. In this context, the cumulative
distribution value d, acts as a probabilistic link between the stochastic dynamics of rain-
fall behavior and the likelihood of claim occurrence. By incorporating memory effects
through a fractional order parameter, the modified d, formulation can be written as fol-
lows [10,25-27]:
R 2
In (TO> +1T — %TZ‘S
d, = )
VT

where § denotes the fractional order parameter representing memory effects within the

(47)

rainfall dynamics. This formulation enables hydrometeorological risks to be represented
mathematically within an option-pricing framework, allowing insurance premiums to
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reflect both the probability of extreme events and the variability characteristics of rainfall
indices in a more realistic manner [25,27,33].

5.2.4. Rainfall Index Scheme and Claim Function Within the Fractional Model Framework

The rainfall data used in this study are divided into several seasonal periods based
on the climatic characteristics of Indonesia and further adjusted according to the actual
rainfall patterns observed in the study data [43]. This adjustment is necessary because
rainfall conditions may vary across regions and time periods, resulting in seasonal char-
acteristics that differ from the general climate patterns reported in previous studies.

The classification of seasonal periods is important because variations in rainfall in-
tensity may significantly affect the magnitude of hydrometeorological disaster risk, in-
cluding flood and drought events, as well as influence the probability of loss occurrence
and the determination of premium and compensation values in rainfall-based parametric
insurance schemes. Although Indonesia generally experiences rainy seasons, dry seasons,
and transitional periods influenced by monsoon systems and large-scale climate variabil-
ity [43], the classification adopted in this study is determined according to the observed
rainfall behavior within the dataset to ensure that the rainfall index more accurately re-
flects the actual conditions of the Bandung region.

Therefore, periods with relatively higher rainfall intensity are identified as high-risk
periods for excess-rainfall events, while periods with lower rainfall intensity are associ-
ated with increased drought risk. The resulting seasonal classification used in this study
is presented in Table 1 [27].

Table 1. Classification of High-Intensity Rainfall.

No Rainfall Index (mm/day) Criteria
1 <20 Light rain
2 20-50 Moderate rain
3 50-100 Heavy rain
4 100-150 Very heavy rain
5 >150 Extreme rain

Based on Table 1, periods categorized as having high rainfall intensity exhibit rela-
tively large average rainfall values compared to other observation periods. These condi-
tions indicate an increased potential for hydrometeorological disasters, including floods,
inundation, landslides, and infrastructure damage associated with extreme rainfall
events. High rainfall intensity may increase surface runoff, reduce soil infiltration capac-
ity, and intensify water pressure on slopes and drainage systems, thereby increasing the
probability of flood and landslide occurrence [33,45].

Furthermore, regions experiencing substantial rainfall accumulation within rela-
tively short periods tend to face more severe impacts, including damage to roads, bridges,
drainage systems, and residential infrastructure, compared with regions experiencing
lower rainfall intensity [7,30,33,43,50]. Such conditions may directly affect socioeconomic
activities and increase the magnitude of financial losses associated with hydrometeoro-
logical disasters [3].

Meanwhile, periods classified as having relatively low rainfall intensity generally
represent conditions with lower rainfall accumulation and may correspond to dry periods
or transition phases toward drier conditions, as identified from the observed rainfall data
and presented in Table 2 [27]. These periods are also important within the rainfall index
insurance framework because prolonged rainfall deficits may increase the risk of drought
and associated economic losses.
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Table 2. Classification of Low-Intensity Rainfall.

No Rainfall Index (mm/day) Criteria
1 <1.000 Very Dry
2 1.001-2.000 Dry
3 2.001-3.000 Moderate
4 3.001-4.000 Wet
5 >4.000 Very Wet

Based on Table 2, periods with low rainfall intensity indicate relatively low and more
stable rainfall conditions. These periods generally correspond to dry conditions or transi-
tional periods characterized by a lower probability of extreme rainfall events. However,
persistent rainfall deficits over extended periods may increase the potential for drought
conditions and associated socioeconomic impacts. Prolonged drought may also contribute
indirectly to structural damage in residential areas through soil shrinkage and land sub-
sidence processes, which can result in wall cracks, floor deformation, foundation instabil-
ity, and an increased susceptibility to environmental hazards such as fires under ex-
tremely dry conditions.

The development of rainfall index-based insurance schemes requires a compensation
mechanism that is transparent, objective, and directly linked to measurable climatic vari-
ables. In this scheme, Gs is defined as the lower trigger rainfall index representing the
minimum rainfall threshold at which compensation payments begin, while G, denotes
the upper trigger rainfall index corresponding to the maximum compensation threshold.
These trigger values establish the range within which insurance claims are activated and
determine the progression of compensation payments according to rainfall conditions.

This approach aims to reduce moral hazard and improve the efficiency of the claim
process, since payments are determined based on objective rainfall index values rather
than direct field verification of damages [25-27,33]. Consequently, the compensation
mechanism is represented through a piecewise function describing the relationship be-
tween the rainfall index and the proportion of claim payments, as illustrated in Figure 2a.
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Figure 2. (a) Rainfall Index-Based Flood Insurance Compensation Scheme. (b) Rainfall Index-Based

Drought Insurance Compensation Scheme.

Based on Figure 2a, compensation begins to be provided when the rainfall index
reaches the initial trigger point G. After exceeding this value, the compensation increases
linearly with increasing rainfall until it reaches the maximum compensation level of 100%
at point G;. If rainfall continues to increase beyond G, the compensation value remains
constant at the maximum level, reflecting an extreme loss condition that has reached sat-
uration. In addition to the trigger value as the initial point for claim payments, exit and
trigger values are also established to represent extreme conditions in which losses have
reached the maximum level. The claim function for flood disasters can be expressed as
follows [25-27]:

) Rainfall Index — Exit
Compensation = - - X K (48)
Trigger — Exit

Meanwhile, for periods characterized by low rainfall intensity, the compensation scheme
is developed according to drought-related conditions, as illustrated in Figure 2b.

Based on Figure 2b, maximum compensation of 100% is provided when the rainfall
index is at or below the initial trigger point Gs. Subsequently, the compensation decreases
linearly as rainfall increases until it reaches zero at point G;. If rainfall exceeds G;, no
compensation is provided because such conditions no longer represent drought risk. The
claim amount is then determined through an index-based claim function modeled as fol-
lows [25-27]:

Trigger — Rainfall Index

C tion = X K. 4
ompensation Trigger — Exit (49)

6. Results
6.1. Solution of the Fractional Black—Scholes Model Using the DJM—KF Method

This subsection discusses the solution of the fractional Black—Scholes partial differ-
ential equation by utilizing the combined theorem of the KF Transform and the DJM de-
composition method. This approach enables the systematic solution of partial differential
equations through a combination of integral transforms and series decomposition
schemes. Suppose the following fractional differential equation is given:
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Diu(x,t) = f(x,t) + Llu(x, t)], 0<6<1, (50)

where D denotes the fractional derivative (in the Caputo sense), L isa linear differential
operator, and f(x,t) is a given function. By applying the KF transform to both sides of
the fractional differential Equation (50), we obtain

K[Dfu(x, )] = K[f(x )] + K[Lu(x, t)], (51)
and by using the transform property with respect to the Caputo fractional derivative, the
following relation is obtained:

) 8 Kl G 0] + K[, 0] + K [Vu(x, )], (52)

where A(v) = K[u(x,t)] by multiplying both sides by v2?, the equation can be rewritten
as follows:

A() = vu(x, 0) + v9K[f (x, )] + v K [Lu(x, t)] + v K[Nu(x, t)]. (53)
Furthermore, by applying the inverse KF transform, the following expression is obtained:

K1 [A(v)] =x! [vu(x, 0) + vZ‘S?C[f(x, )] - vz‘S?C[Lu(x, )] - vz‘siiC[Nu(x, t)]]

u(x, t) = u(x,0) + K1 [vz‘sﬂC[f(x, ] — v K [Lu(x, t)] — v K [Nu(x, t)]]. >4

Following the DJM method, the solution u(x,t) and the nonlinear operator Nu(x,t), in-
troduced previously in Equations (21) and (22), respectively, are obtained as follows:

Z up(x,t) = u(x,0) + 1 [vz‘sﬂ([f(x, O] — v K [Lu(x, )] — v2 K [Nu(x, t)]] (55)
n=0
To construct the iterative solution procedure, Equation (50) is decomposed according to
the Daftardar—Gejji and Jafari Method (DJM), where the solution is represented as a sum
of recursive components. The initial approximation is obtained from the source term and
initial condition, while the subsequent terms are generated iteratively from the linear and
nonlinear operators. Therefore, Equation (55) can be rewritten as follows:

{3

=u(0)+ X1 [UZ‘S?C[f(x, t)]] —-K1 [vz‘S?C[L(uO +u; +u, + ~~~)]]
— K [V K[(Go + Gy + Gy + )]

U+ Uy + Uy + 0 = u(0) + K1 [v”]([f(x, t)]] —xt [v”JC[Lu(x, t)]] —xt

(56)

Thus, the combined theorem is obtained from the recursive relation of the fractional dif-
ferential equation solution using the DJM and the KF Transform as follows:

Uy = u(x, 0) + ?C_l[v2576[u(x, t)]]
u = —K K [Lug]| - %7 [u25yc[(co)]]
_x1 [vz‘S?C[Lul]] — %! [v25g([(61)]] (57)

~5 [P [Lu,]] - 7! [u”?([(cz)]]

%)

us
Uy = =K [UZ‘S?C[L(un)]] —x! [v25ac[(cn)]] ,n = 0.

Furthermore, this formulation is applied to the fractional Black-Scholes model. By per-
forming a standard variable transformation, the fractional Black—-Scholes equation can be
reduced into the form

Déu(x,t) = Lu(x, 1), (58)

with the linear operator
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a%v v
Lu—mﬁ'(k—l)a—ku, (59)

with the initial condition u(x,0) = max{e® — 1,0}. Based on the combined DJM and KF
theorem, the recursive solution of the fractional Black—-Scholes equation is given by

u(x, 0) = max{e* — 1,0}, (60)

Unp1(6,7) = K7 (vPK[L(un(x, D))])n = 0, (61)

By further expansion using the properties of the KF transform, the initial terms of the
solution are obtained as
uy(x,7) = u(x,0) = max{e* — 1,0},
uy (x,7) = K (v K [L(uo(x,7))])
s

T
= m [k. max{e*, 0} — k. max{e* — 1,0} ], 62)
Uy (x,7) = K1 (028K [L(uy (x, D))
TZ(S 2 x 2 X
= l"(T—I—l)[_k .max{e*, 0} + k*.max{e* — 1,0} ],
and in general,
Uy (x,7) = K71 (V2K [L(up—1 (x, 1)) = F(;;il) [(—k)™ max{e* — 1,0} — (—k)™ max{e*,0}], (63)

Thus, by summing all terms, the solution of the fractional Black-Scholes model is
obtained as

[oe)

u(x,7) = Z u, (x,7) = max{e* — 1,0} Es(—kt)"™ + max{e*, 0} (1 — Eg(—kTa)), (64)

n=0

where E5(z) denotes the Mittag—Leffler function.

6.2. Statistical Characteristics of Hydrometeorological Data

This section presents the statistical characteristics of the hydrometeorological data
used in this study, with a particular focus on rainfall dynamics and their implications for
disaster risk modeling. Based on the rainfall intensity classifications presented in Tables 1
and 2, the observation period in this study is divided into four periods. Period 1 (P1),
namely November—March, represents the rainy season with the highest rainfall intensity
and variability. Period 2 (P2), namely April-June, represents the transition phase from the
rainy season to the dry season. Period 3 (P3), namely July-August, reflects the dry season
characterized by low and relatively stable rainfall. Period 4 (P4), namely September—Oc-
tober, represents the transition phase from the dry season to the rainy season. This classi-
fication is conducted based on the meteorological characteristics of rainfall during each
observation period.

6.2.1. Rainfall Data and Disaster Events

This section discusses the relationship between rainfall data and disaster events dur-
ing each observation period. Rainfall data are used to describe the meteorological patterns
occurring throughout the year, while disaster event data are used to identify the impacts
arising from changes in rainfall intensity. To facilitate the analysis, rainfall data are
grouped according to the previously defined seasonal periods. Thus, Table 3 presents the
differences in rainfall characteristics across each period and their relationship to potential
disasters.
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Table 3. Rainfall Accumulation and Disaster Events in Each Observation Period.

Number of  Type of Damaging House

) Accumulated ] Disaster Losses
No Year Period o oinfall mm) DT pow Med  High (IDR)
Event

1 2019-2020 P1 2337.36 444 3368 1301 1141 158,010,000,000

2 2020 P2 1016.93 161 526 242 168 25,230,000,000

3 2020 P3 160.11 68 120 38 20 4,140,000,000

4 2020 P4 645.38 175 1881 748 447 77,475,000,000

5 2020-2021 P1 2077.48 657 3315 905 606 113,235,000,000

6 2021 P2 676.41 255 821 258 141 28,515,000,000

7 2021 P3 189.54 77 171 107 83 10,755,000,000

8 2021 P4 463.16 173 398 182 80 16,230,000,000

9 2021-2022 P1 1596.97 660 3446 1044 598 118,890,000,000
10 2022 P2 825.23 215 780 202 130 25,560,000,000
11 2022 P3 338.59 90 1076 101 34 21,210,000,000
12 2022 P4 726.57 158 693 279 122 26,085,000,000
13 2022-2023 P1 1617.57 323 29678 17026 13965 1,793,850,000,000
14 2023 P2 640.44 168 706 348 105 27,330,000,000
15 2023 P3 95.87 130 114 85 35 6,360,000,000
16 2023 P4 59.03 192 1359 221 71 31,275,000,000
17 2023-2024 P1 2078.24 265 14392 1619 918 319,530,000,000
18 2024 P2 667.28 76 1812 497 138 50,370,000,000
19 2024 P3 386.45 41 115 56 11 4,065,000,000
20 2024 P4 412.67 61 4877 2031 977 192,705,000,000
21 2024-2025 P1 1867.2 135 4017 1581 1160 177,285,000,000
22 2025 P2 798.21 101 677 390 206 34,215,000,000
23 2025 P3 436.52 60 484 179 51 15,690,000,000
24 2025 P4 596.14 51 1844 157 97 38,190,000,000

Based on Table 3, periods with high rainfall accumulation tend to be followed by a
greater number of disaster events, housing damage, and total losses. This is particularly
evident in Period 1 (P1), which represents the rainy season. In contrast, Period (P3), which
represents the dry season, generally exhibits lower rainfall accumulation, fewer disaster
events, and less housing damage.

These findings are consistent with the results of the Pearson correlation analysis us-
ing Equation (28), which shows a coefficient value of 0.7181 between rainfall accumulation
and the number of disaster events. This value indicates a strong positive linear relation-
ship, implying that an increase in rainfall tends to be followed by an increase in the num-
ber of disaster events. Therefore, rainfall can be used as an important indicator in deter-
mining risk levels within rainfall-based parametric insurance schemes.

The dynamics of rainfall over time need to be analyzed by visualizing the trends of
accumulated rainfall during each observation period. This aims to identify patterns of
rainfall variation across years, including fluctuations, increasing or decreasing trends, as
well as the possible presence of anomalies, as presented in Figure 3.
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Figure 3. Rainfall Trend Graph for Each Observation Period.

As shown in Figure 3, Period P1 is the most critical period, where high rainfall is
strongly associated with a high number of disaster events. Meanwhile, P3 represents the
safest period. Periods P2 and P4 exhibit more varied patterns, indicating that not only
rainfall accumulation, but also other factors (such as disaster type or regional vulnerabil-
ity) may influence the number of disaster events. Furthermore, the relationship between
rainfall accumulation and the number of disaster events is presented in Figure 4. This
relationship is important for determining whether increases in rainfall are followed by
increases in the frequency of disaster events during each period.
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Figure 4. Relationship Between Accumulated Rainfall and Number of Disaster Events by Observa-

tion Period.

Based on Figure 4, it can be observed that higher rainfall accumulation tends to be
associated with a greater number of disaster events. Data points in Period P1 tend to ap-
pear at higher rainfall and disaster-event values compared to other periods, whereas Pe-
riod P3 is concentrated at lower values. This pattern supports the previous Pearson

https://doi.org/10.3390/math14132277


https://doi.org/10.3390/math14132277

Mathematics 2026, 14, 2277 22 of 43

correlation results, which indicated a strong positive linear relationship between rainfall
and the number of disaster events. In addition to analyzing rainfall patterns and disaster-
event frequency, this study also considers the economic losses caused by disasters. Loss
estimation is calculated based on disaster-event data for each period (P1-P4) to examine
how financial impacts evolve over time. Figure 5 aims to identify disaster-loss trends, de-
tect significant spikes (extreme losses), and compare loss levels across periods. This anal-
ysis is important in the context of developing index insurance models, since loss values
constitute a primary component in premium determination and risk management.

- Period
1,750,000 1 —s— P1

—e— P4
1,500,000
1,250,000

1,000,000

750,000 4

Disaster Losses (Million IDR)

500,000

L]
250,000 1 \
L]

Figure 5. Graph of Disaster Loss Accumulation by Observation Period.

The visualization presented in Figure 5 successfully illustrates the trend of rainfall
accumulation across the four seasonal periods, namely P1 (November-March), P2 (April-
June), P3 (July-August), and P4 (September—October), throughout the observation years.
In general, Period P1 exhibits the highest rainfall accumulation and coincides with a large
number of disaster events and high loss values. However, an exception is observed in P1
of 2022, where rainfall was at a moderate level but was followed by extremely high losses.
P3 consistently shows the lowest rainfall accumulation and can therefore be categorized
as the driest period, with relatively low numbers of disaster events and disaster losses.
This indicates that rainfall is not the sole factor influencing disaster losses. High loss val-
ues are likely affected by other factors such as regional vulnerability, population density,
infrastructure conditions, or the severity of impacts on houses experiencing moderate to
severe damage. Therefore, although rainfall has a strong relationship with the number of
disaster events, the magnitude of the resulting losses is also influenced by regional char-
acteristics and the severity of the damage incurred.

6.2.2. Normal Distribution Testing for Data in Each Period

Normal distribution testing is conducted on rainfall data for each observation period
to determine whether the data follow a normal distribution. This information is important
because several statistical methods and parametric models require the assumption of nor-
mality in order to produce more valid estimation results. In this study, normality testing
is carried out separately for each period to identify differences in rainfall distribution char-
acteristics between the rainy season, dry season, and transitional periods.
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The calculation of the normal distribution begins by grouping daily rainfall data into
ten-day periods (D;, j = 1,2,3), namely accumulated rainfall over 10 days. Thus, each
observation month consists of three ten-day periods. Dasarian 1 represents rainfall accu-
mulation from days 1-10, Dasarian 2 from days 11-20, and Dasarian 3 from day 21 until
the end of the month according to the number of days in that month. The grouped data
for each period are presented in Appendix A. As an example, the following presents the
calculation of rainfall accumulation data for 1-10 November 2019, corresponding to Da-
sarian 1 of November:

e D, =2653+14.46+14.58+7.69 +8.23 +4.26+2.85+0.13+0.92 + 1.72 = 81.37
e D,=5724+029+341+1056+7.21+0.8+0.07+0.11 + 4.2 +12.47 = 44.84
e D;=1891+6.25+1695+896 +7.73+7.64+4.71+ 19+ 3.39 +16.87 = 83.31

Furthermore, the ten-day rainfall data are adjusted using a lower threshold and an
upper threshold, denoted by D;’. The lower threshold is assumed to represent the mini-
mum rainfall level that does not cause drought disasters, namely 2 mm/day, while the
upper threshold is assumed to represent the maximum rainfall level that still does not
trigger flood disasters, namely 100 mm/day. These lower and upper threshold values are
determined based on the rainfall intensity classifications presented in Tables 1 and 2.

This adjustment is carried out to restrict rainfall values within a range that is still
considered normal with respect to disaster risk. Accordingly, daily rainfall data below 2
mm/day are replaced with 2 mm/day, while daily rainfall data exceeding 100 mm/day are
replaced with 100 mm/day. As an example, the following presents the calculation of ad-
justed daily rainfall accumulation data for November 1-31, 2019. Subsequently, the ad-
justed ten-day rainfall data for each observation period are presented in Table 4:

e Di= 2653 +14.46 +14.58 + 7.69+ 823 +4.26+285+2+2+ 2 =84.6mm
e D,=05724+2+341+1056+721+2+2+2+42+ 1247 =51.57 mm
e D;=891+625+1695+896+7.73+7.64+471+2+339+16.87 =

83.41 mm

Table 4. Adjusted Ten-Day Rainfall Throughout the Observation Period.

Month ) D;" (mm)
Period 1 J 2019-2020 2020-2021 2021-2022 2022-2023 2023-2024 2024-2025
1 84.6 163.82 198.05 165.86 66.59 141.22
November 2 51.57 62.77 139.6 124.59 103.53 183.89
3 83.41 128.91 116.96 125.04 191.66 207.5
1 75.24 120.9 136.63 133.38 98.85 165.49
December 2 154.64 86.29 121.7 89.85 38.31 105.13
3 245.37 112.49 114.84 121.63 131.14 63.81
1 135.96 125.54 64.18 51.75 306.15 98.28
January 2 59.69 97.28 120.92 33.32 125.74 127.08
3 224.32 123.19 43.52 88.31 164.7 233.33
1 206.26 228.92 117.36 42.22 138.99 49.08
February 2 203.78 134.05 81.03 137.98 200.26 98.49
3 222.52 91.94 51.76 183.98 116.93 148.18
1 85.02 123.43 92.38 116.07 165.32 171.14
March 2 285.79 263.75 132.8 106.62 136.8 60.06
3 231.92 95.99 83.44 110.5 115.86 35.86
Month , D;’ (mm)
Period 2 J 2020 2021 2022 2023 2024 2025
1 120.41 55.31 79.77 42.53 108.51 95.97
April 2 128.29 119.95 185.9 107.91 106.19 60.53
3 112.31 44.86 97 124.59 107.23 69.94
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1 105.26 51.86 90.67 160.55 39.23 48.47
May 2 144.91 58.88 78.37 42 31.65 80.59
3 249.49 109 84.38 35.99 77.12 165.61
1 62.4 34.82 93.73 41.89 77.87 73.67
June 2 59.65 128.97 54.9 76.98 53.52 128.88
3 5141 100.76 69.96 41.49 104.13 93.52
Month , D;’ (mm)
Period 3 J 2020 2021 2022 2023 2024 2025
1 70.75 35.63 34.92 71.69 250.87 134.86
]uly 2 34.44 22.73 145.96 20 20 20
3 24.02 49.9 43.59 22.82 22 39.13
1 21.5 77 .4 32.85 26.93 83.85 55.16
August 2 51.76 36.03 72.69 20 20 89.95
3 22 24.71 50.92 23.4 22 141.41
Month . D;’ (mm)
Period 4 J 2020 2021 2022 2023 2024 2025
1 47.27 35.5 157.41 20 72.14 41.27
September 2 60.25 81.44 78.33 21.61 51.83 127.85
3 108.17 66.63 68.41 20 165.52 93.09
1 61.63 31.26 178.37 22.52 35.19 82.89
October 2 176.58 120.65 103.98 27.42 27.8 78.53
3 211.83 150.36 144.08 41.49 41.65 186.11

After calculating the ten-day rainfall values throughout the observation period as
presented in Table 4, the next step is to compute the average daily rainfall for each obser-
vation year within each period, denoted by E,m =1,2,3,..6 where m represents the
average rainfall in the first observation year. This calculation is performed to obtain a gen-
eral overview of rainfall characteristics in each period and to facilitate comparisons across
observation years. The resulting average daily rainfall values are presented in Table 5. As
an illustration, the following example shows the calculation of the average daily rainfall
for Period 1 during the 20192020 observation year.

= 84.6 + 51.57 + 83.41 + 75.24 4+ --- + 231.92  2350.09

m 15 T 156.6727
Table 5. Average Rainfall for Each Period.

m A,, (mm)

Period 1 Period 2 Period 3 Period 4
1 156.6727 114.9033 37.41167 110.955
2 130.618 78.26778 41.06667 80.97333
3 107.678 92.74222 63.48833 121.7633
4 108.74 74.88111 30.80667 25.50667
5 140.0553 78.38333 69.78667 65.68833
6 125.9027 90.79778 80.085 101.6233

Based on the average rainfall data for each period presented in Table 5, the mean
value (i) and sample standard deviation (o) are subsequently calculated using Equations
(36) and (37). These two parameters are then used in normal distribution testing using the
Anderson—Darling method with a significance level of (@ = 0.05). The hypotheses used in
the Anderson-Darling test are as follows:

e  H,: The data follow a normal distribution.
e  H;: The data do not follow a normal distribution.
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The testing criteria are defined as follows:

e If p-value > @, then H, isaccepted, indicating that the data are considered normally
distributed.

e If p-value < qa, then H, is rejected, indicating that the data are considered not nor-
mally distributed.

The results of the calculations of the mean value (it), sample standard deviation (o),
and p-value for each period are presented in Table 6.

Table 6. Mean Values, Standard Deviations, and Rainfall p-values for Each Period.

Period u o p-Value
1 -0.04373 0.184602497 0.168672119
2 -0.04709 0.242175346 0.198409825
3 0.152221 0.568581645 0.449942658
4 -0.01757 0.973756134 0.235922811

Based on Table 6, all p-values are greater than 0.05; therefore, H, is accepted. These
results indicate that the data in Period 1, Period 2, Period 3, and Period 4 follow a normal
distribution and can therefore be used in the subsequent data processing stages. The An-
derson-Darling test serves as an initial evaluation of the suitability of the rainfall data
distribution, which forms the basis for index construction in the hydrometeorological dis-
aster insurance scheme using the Black—Scholes approach.

6.2.3. Calculation of the Average Total Ten-Day Rainfall in Each Period

The average rainfall data for each period are ordered from the smallest to the largest
values, denoted by A’,,. This ordering is performed to determine the rainfall exit and trig-
ger values for each period. The exit value is defined as the lowest rainfall value from the
ordered data, while the trigger value is determined based on a specified percentile of the
ordered average total rainfall. Thus, rainfall thresholds for each period can be established
more systematically according to the characteristics of the data distribution. The results of
the determination of exit and trigger values are presented in Table 7.

Table 7. Average Rainfall Values in Ascending Order for Each Period.

A", (mm)

Period 1 Period 2 Period 3 Period 4
107.678 74.881 30.807 25.507
108.740 78.268 37.412 65.688
125.903 78.383 41.067 80.973
130.618 90.798 63.488 101.623
140.055 92.742 69.787 110.955
156.673 114.903 80.085 121.763

Based on Table 7, the exit values for each period can be determined, namely 107.678
mm for Period 1, 74.881 mm for Period 2, 30.807 mm for Period 3, and 25.507 mm for
Period 4. In addition, the highest average rainfall value in each period is used as a refer-
ence for determining the largest trigger, denoted by G;. The G, value for Period 1 is
156.673 mm, for Period 2 is 114.903 mm, for Period 3 is 80.085 mm, and for Period 4 is
121.763 mm.
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6.2.4. Determination of Rainfall Trigger Values for Each Period

Next, the rainfall trigger values for each period are determined. These trigger values
are used as thresholds in the compensation payment scheme of parametric insurance, both
for high-rainfall and low-rainfall conditions. The trigger values are determined based on
specific percentiles of the ordered average rainfall data, thereby representing the rainfall
characteristics of each period more objectively. The results of the rainfall trigger determi-
nation for each period are presented in Table 8.

Table 8. Trigger Values for Each Period.

. Trigger (G)

Percentile Period 1 Period 2 Period 3 Period 4
1% 107.7311 75.05044444 31.13692 27.51575
5% 107.9435 75.72777778 32.45792 35.55208
10% 108.209 76.57444444 34.10917 45.5975
15% 108.4745 7742111111 35.76042 55.64292
20% 108.74 78.26777778 37.41167 65.68833
25% 113.0306667 78.29666667 38.32542 69.50958
30% 117.3213333 78.32555556 39.23917 73.33083
35% 121.612 78.35444444 40.15292 77.15208
40% 125.9026667 78.38333333 41.06667 80.97333
45% 127.0815 81.48694444 46.67208 86.13583
50% 128.2603333 84.59055556 52.2775 91.29833
55% 129.4391667 87.69416667 57.88292 96.46083
60% 130.618 90.79777778 63.48833 101.6233
65% 132.9773333 91.28388889 65.06292 103.9563
70% 135.3366667 91.77 66.6375 106.2892
75% 137.696 92.25611111 68.21208 108.6221
80% 140.0553333 92.74222222 69.78667 110.955
85% 144.2096667 98.2825 72.36125 113.6571
90% 148.364 103.8227778 74.93583 116.3592
95% 152.5183333 109.3630556 77.51042 119.0613

100% 156.6726667 114.9033333 80.085 121.7633

After obtaining the trigger values in Table 8, and referring to Tables 1 and 2, disaster
events occur when rainfall intensity falls within the categories of very heavy rain and ex-
treme rain for flood risk, and within the categories of very dry and dry for drought risk.
Therefore, the percentile value for both flood and drought risks is determined as
gx 100% = 40%. This trend indicates that, for flood risk, the percentile values begin at

the 40th percentile and continue through the 45th, 50th, 55th, up to the 100th percentile.
Meanwhile, for drought risk, the trend shows that percentile values begin at the 1st per-
centile and continue through the 5th, 10th, 15th, and up to the 40th percentile [27].

6.3. Premium Calculation Based on the Standard Black—Scholes Model

This section presents the calculation of insurance premiums using the standard
Black-Scholes model. The standard Black-Scholes model is employed as a classical ap-
proach under the assumption of a memoryless process. Premium calculation begins by
determining the value of d, based on Equation (19) with § = 1/2 (memoryless model),
where the standard deviation value o refers to Table 5. Meanwhile, the risk-free interest
rate is calculated using the formula r = In(i + 1), where i denotes the Indonesian inter-
est rate of 4.65%. Thus, the value obtained is r = In(4.65% + 1) = 0.045451263. Another
required component is T, namely the length of the observation period in years, obtained
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by dividing the number of months in each period by 12. For Period 1, the observation
period consists of 5 months, yielding T = % = 0.41667. For Period 1, 4, = 156.672 mm,
while the value of G is adjusted according to the percentile data in Table 7. As an exam-

ple, for the 40th percentile with ¢ = 125.903 mm, the value of d, is calculated as follows:

156.672 (0.184602497)*
In(T32903) + <0.045451263 - f> (0.41667)

d, = = 0.80594.
? 0.184602497+0.41667

Subsequently, the premium value is calculated using Equation (44). The premiums are
then grouped according to the categories of lightly damaged, moderately damaged, and
heavily damaged houses by adjusting the initial damage data obtained from BNPB. In
addition, the value of K used refers to the compensation amounts provided by BNPB ac-
cording to each category of housing damage.

As an example, premium calculations for the 40th to the 100th percentiles in Period
1 are carried out using the previously obtained d, values and compensation amounts
corresponding to each housing damage category. The overall premium calculation results
for all percentiles and damage categories are presented in Table 9.

Premium = IDR 15,000,000 e ~(0-0454513)(0.41667) Ny (0 80594) = 11,625,673.

Table 9. Premium Values of the Standard Black—-Scholes Model for Period 1.

. Premium (IDR)

Percentile G d, Low Medium High
40% 125.903 0.80594 11,625,673 23,251,347 46,502,693
45% 127.082 0.77336 11,485,580 22,971,161 45,942,321
50% 128.260 0.74107 11,343,255 22,686,510 45,373,019
55% 129.439 0.70908 11,198,832 22,397,665 44,795,329
60% 130.618 0.67738 11,052,451 22,104,901 44,209,803
65% 132.977 0.61478 10,754,157 21,508,314 43,016,629
70% 135.337 0.55329 10,449,713 20,899,426 41,798,853
75% 137.696 0.49285 10,140,264 20,280,529 40,561,057
80% 140.055 0.43345 9,826,952 19,653,905 39,307,809
85% 144.210 0.33124 9,269,295 18,538,591 37,077,182
90% 148.364 0.23193 8,709,052 17,418,103 34,836,207
95% 152.518 0.13536 8,151,726 16,303,452 32,606,904
100% 156.673 0.04140 7,602,300 15,204,599 30,409,199

Based on Table 9, it can be observed that the premium values tend to decrease as the
percentile values increase. This occurs because, at higher percentiles, the rainfall threshold
value G becomes closer to the average rainfall 4,, thereby reducing the probability of
claim occurrence. In addition, premiums for heavily damaged houses are consistently
higher than those for moderately and lightly damaged houses, since the compensation
amounts provided are also greater.

In Period 2, which represents the rainy-to-dry season transition, premium values can
be determined using trigger values that exceed the exit values of both the rainy and dry
season periods, according to the established insurance compensation scheme. Period 2

consists of 3 observation months, thus T = 2 =0.25 with A, = 114.903 mm, while the

12 =
value of G is adjusted according to the percentile data in Table 8. As an example, for the

90th percentile with G = 103.823 mm, the value of d, can be calculated as follows:
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114.903 (0.242175)?2
o In(Tosg73) + (0.04545 - f) 0.25) 021769
2 0.242176+/0.25 S

Subsequently, the premium calculation for the 90th percentile in Period 2, as an example,
is performed using the previously obtained d, value and the compensation amount cor-
responding to each housing damage category. The premium calculation follows Equation
(44), and the overall results for all percentiles and damage categories are presented in Ta-
ble 10.

Premium = IDR 15,000,000 ¢ ~(0-0454513)(0:25) \y(0.21769) = IDR 8,693,119

Table 10. Premium Values of the Standard Black-Scholes Model for Period 2.

. Premium (IDR)
Percentile G dz Low Medium High
95% 109.363 0.11035 8,066,847 16,133,694 32,267,388
100% 114.903 0.00832 7,464,509 14,929,019 29,858,038

Based on Table 10, the premium values also tend to decrease, following the same
trend observed in the premiums for Period 1. This occurs because the transition period
from the wet season to the dry season may still trigger flood disasters if rainfall during
the period remains high. Intense short-duration rainfall during the transition season can
increase surface runoff and cause flooding, particularly in vulnerable areas. For Period 3,
the observation durationis T = % = 0.166667, with A, = 30.807 mm, while the value of
G is adjusted according to the percentile data in Table 8. As an example, for the 5th per-
centile with G = 32.458 mm, the value of d, can be calculated as follows:

30.807 (0.568581645)?
In(37758) * (0-045451 - f) (0.166667)

d, = = —0.04374.
2 0.568581+/0.166667

Subsequently, the premium calculation for the 1st to the 40th percentiles in Period 3

follows Equation (43). As an example, the calculation is performed using the previously
obtained d, value and the compensation amount corresponding to each housing damage
category.

Premium = IDR 15,000,000 ¢~ (0-0454513)(0.166667) N(0.04374) = 7,703,077

Based on Table 11, it can be observed that premium values during Period 3, which
represents the dry season, tend to increase as the percentile values increase. This indicates
that the higher the rainfall threshold used, the greater the probability that actual rainfall
falls below that threshold, thereby increasing drought risk and the probability of claim
occurrence. This result is consistent with the insurance scheme established previously. In
Period 4, which represents the dry-to-wet season transition, premium values can be de-
termined using trigger values that exceed the exit values of both the rainy and dry season
periods. In this case, T = % = 0.166667, with A, = 27.51575, while the value of G is ad-

justed according to the percentile data in Table 8. As an example, for the 5th percentile
with G = 27.51575 mm, the value of d, can be calculated as follows:

2
dz = ' — —0.02995.
’ 0.9737561v0.166667
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Table 11. Premium Values of the Standard Black—-Scholes Model for Period 3.

. Premium (IDR)
Percentile G a2 Low Medium High
5% 32.458 -0.26243 8,984,248 17,968,496 35,936,992
10% 34.109 -0.47620 10,168,204 20,336,407 40,672,814
15% 35.760 —0.67987 11,190,498 22,380,996 44,761,991
20% 37.412 —0.87434 12,043,915 24,087,829 48,175,658
25% 38.325 —-0.97830 12,445,900 24,891,800 49,783,600
30% 39.239 -1.07980 12,800,936 25,601,873 51,203,745
35% 40.153 -1.17897 13,112,228 26,224,456 52,448,912
40% 41.067 -1.27591 13,383,333 26,766,667 53,533,333

Subsequently, the premium calculation for the 5th percentile in Period 4, as an exam-
ple, is carried out using the previously obtained d, value and the compensation amount
corresponding to each housing damage category. The premium calculations follow Equa-
tions (44) and (46), adjusted according to rainfall conditions. The overall premium calcu-
lation results for all percentiles and damage categories are presented in Table 12.

Premium = IDR 15,000,000 ¢ ~(0-0454513)(0.166667) Ny (0 02995) = 7,621,258

Table 12. Premium Values of the Standard Black-Scholes Model for Period 4.

. Premium (IDR)
Percentile G a2 Low Medium High

1% 27.516 -0.17971 8,504,986 17,009,972 34,019,945
75% 108.622 0.09295 7,764,638 15,529,276 31,058,552
80% 110.955 0.06889 7,405,333 14,810,666 29,621,331
85% 113.657 0.04540 7,054,595 14,109,189 28,218,378
90% 116.359 0.02244 6,713,208 13,426,416 26,852,833
95% 119.061 0.00000 6,381,815 12,763,630 25,527,260
100% 121.763 0.11420 8,081,030 16,162,059 32,324,118

Based on Table 12, during Period 4, which represents the transition from the dry sea-
son to the rainy season, drought risk may still occur if the increase in rainfall is slow or if
the onset of the rainy season is delayed, as indicated by the 1st percentile. Furthermore,
flood risk may also occur when rainfall increases beyond the exit value of Period 1, as
indicated by the 75th to 100th percentiles. These conditions are consistent with the estab-
lished insurance scheme, which considers the potential risks corresponding to rainfall val-
ues exceeding the exit threshold.

6.4. Premium Calculation Using the Fractional Black—Scholes Model

In this study, premiums are calculated using the fractional Black—Scholes model to
accommodate the stochastic characteristics of rainfall data that exhibit temporal depend-
ence. Parameter estimation shows that the value of H, calculated using Equation (27), is
H = 0.6385886, indicating the presence of long-range dependence in the rainfall data. The
fractional-order parameter &, calculated using Equation (32), is obtained as &; =
0.2315363. Furthermore, to analyze the sensitivity of the model, §, is determined using

the convergence of the sequence (4;), = (%+ 0.231536 e"), which converges to % or
lim (83), = % This refers to Equation (19), where substituting & = % yields the standard
n—-oo

Black-Scholes model. Accordingly, the value obtained is §, = 0.73153. The obtained val-
ues are then substituted into Equation (19) to determine d,, and the calculation results are
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presented in Table 13. For each period, the values of T, Ay, and G are the same as those
used in the standard Black-Scholes model. The main difference lies in the formulation of
d, which incorporates the fractional orders §; and 4.

As an example, for the 40th percentile with ¢ = 125.9026667 mm, the value of d,
can be calculated as follows:

156.67267 (0.184603)>2 2(023)
In(Seo0se7) + (0.04545(0.41667)) - (5 (0.41667) )

4= = 1.00063.
0.184602497+/(0.41667)2(023)

Table 13. Premium Values of the Fractional Black—Scholes Model for Period 1.

Percentile G dz Low- dz Low-

(64 =0.231536) Premium (8, =0.731536) Premium
40% 125.903 1.50086 13,736,935 0.99165 14,595,693
45% 127.082 1.43903 13,613,669 0.98920 14,559,686
50% 128.260 1.37778 13,480,235 0.98619 14,515,284
55% 129.439 1.31708 13,336,436 0.98251 14,461,121
60% 130.618 1.25693 13,182,141 0.97806 14,395,747
65% 132.977 1.13817 12,841,608 0.96647 14,225,161
70% 135.337 1.02149 12,459,137 0.95059 13,991,333
75% 137.696 0.90683 12,036,167 0.92962 13,682,687
80% 140.055 0.79412 11,575,256 0.90292 13,289,657
85% 144.210 0.60019 10,682,935 0.84084 12,376,002
90% 148.364 0.41178 9,710,580 0.75991 11,184,875
95% 152.518 0.22856 8,689,806 0.66356 9,766,656
100% 156.673 0.05027 7,654,383 0.55804 8,213,510

Based on Table 13, it can be observed that the premium values in the fractional Black—
Scholes model tend to decrease as the percentile values increase for both fractional-order
values used, namely §; = 0.231536 and §, = 0.731536. In addition, the premiums gen-
erated with 6, > 0.5 are consistently lower than those obtained with §; < 0.5. This indi-
cates that an increase in the fractional order, which represents a stronger long-memory
effect, influences the reduction of premium estimates. Therefore, the selection of the frac-
tional-order value becomes an important factor in determining premium values within
the fractional model. Furthermore, the premium calculations for the 95th and 100th per-
centiles in Period 2, as examples, are performed using the previously obtained d, values
and compensation amounts corresponding to each housing damage category. The overall
premium calculation results for all percentiles and damage categories are presented in
Table 14.

Table 14. Premium Values of the Fractional Black—-Scholes Model for Period 2.

Percentile G s Low- d, Low-
(64 =0.231536) Premium (8, =0.731536) Premium
95% 109.363 0.25813 8,216,509 0.64801 10,996,985
100% 114.903 —-0.02316 7,343,138 0.08543 7,920,114

Based on Table 14, it can be observed that the premium values in the fractional Black—
Scholes model for Period 2 tend to decrease at higher percentiles. In addition, the premi-
ums generated with §, = 0.731536 > 0.5 are consistently lower than those obtained with
&, = 0.231536 < 0.5. This indicates that an increase in the fractional order influences the
reduction of premium estimates. From an interpretative perspective, this condition re-
flects that, during the transitional period, although rainfall remains relatively high, the
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probability of extreme events triggering maximum claims becomes smaller at higher per-
centile thresholds, resulting in lower calculated premium values. For Period 3, which rep-
resents the dry season, the trigger window begins similarly to the standard model. The
difference lies in the calculation of d, and the premium values for the 5th to the 100th
percentiles, which are presented in Table 15.

Table 15. Premium Values of the Fractional Black—-Scholes Model for Period 3.

Percentile G dz Low- dz Low-

(61 =0.231536) Premium (6, =0.731536) Premium
5% 32.458 -0.27823 9,074,740 -0.29827 9,188,916
10% 34.109 -0.41038 9,813,905 -0.62196 10,912,262
15% 35.760 -0.53627 10,482,022 -0.93034 12,265,278
20% 37.412 —0.65649 11,079,414 -1.22480 13,244,411
25% 38.325 -0.72075 11,380,472 -1.38221 13,644,436
30% 39.239 —-0.78349 11,661,296 -1.53590 13,959,638
35% 40.153 —-0.84480 11,922,653 -1.68606 14,203,620
40% 41.067 —-0.90472 12,165,385 -1.83284 14,389,390

Based on Table 15, it can be observed that the premium values in the fractional Black—
Scholes model for Period 3, representing the dry season, tend to increase as the percentile
values increase. In addition, the premiums generated with &, = 0.731536 > 0.5 are con-
sistently lower than those obtained with §; = 0.231536 < 0.5. This indicates that an in-
crease in the fractional order influences the reduction of premium estimates.

From an interpretative perspective, during the dry season, the higher the rainfall
threshold used, the greater the probability that actual rainfall falls below that threshold,
thereby increasing drought risk and the likelihood of claims, which is reflected in the in-
creasing premium values.

In Period 4, which represents the transitional season, drought risk is indicated at the
1st percentile, while flood risk appears from the 75th to the 100th percentiles. The overall
premium calculation results for all percentiles and damage categories are presented in
Table 16.

Table 16. Premium Values of the Fractional Black—-Scholes Model for Period 4.

Percentile G dz Low- dz Low-

(64 =0.231536) Premium (8, =0.731536) Premium

1% 27.516 -0.30977 9,254,124 -0.10242 8,050,618
75% 108.622 -0.13219 6,660,619 0.33256 9,382,675
80% 110.955 -0.16523 6,466,545 0.25163 8,922,179
85% 113.657 -0.20265 6,248,082 0.15998 8,389,488
90% 116.359 -0.23918 6,036,343 0.07049 7,861,692
95% 119.061 —0.27488 5,831,242 -0.01695 7,342,758
100% 121.763 -0.30977 5,632,677 -0.10242 6,836,184

Based on Table 16, it can be observed that the premium values in the fractional Black—
Scholes model for Period 4 exhibit a different pattern compared to the previous periods,
namely tending to decrease at higher percentiles for drought risk, while increasing at cer-
tain percentiles representing flood risk. In addition, the premiums generated with §, =
0.731536 > 0.5 remain lower than those obtained with §; = 0.231536 < 0.5 under most
conditions. This indicates that the influence of the fractional order on premium estimation
remains consistent; however, the characteristics of premium changes are strongly affected
by transitional seasonal conditions, in which rainfall dynamics become more complex.
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Overall, the premium mechanism in the rainfall index-based insurance model exhib-
its a consistent pattern that aligns with the hydrometeorological risk characteristics of each
period. Premium values in the fractional Black—-Scholes model are influenced by changes
in percentile values and fractional orders, where increasing percentile values may either
increase or decrease premiums depending on the dominant type of risk, such as drought
or flood risk.

6.5. Compensation Calculation Using the HBA Method

As part of the development of the index-based insurance scheme, the determination
of compensation values constitutes an important stage to ensure that the claim payment
mechanism reflects the actual level of risk occurrence. Therefore, this study employs the
HBA method to calculate compensation amounts based on the historical distribution of
rainfall indices adjusted according to the previously established threshold and exit levels.
The compensation calculation is performed using Equation (45) for flood risk and Equa-
tion (46) for drought risk.

This indicates that the 60th, 65th, 70th, 75th, 80th, 85th, 90th, 95th, and 100th percen-
tiles are used for flood risk determination. Meanwhile, the 5th, 10th, 15th, 20th, 25th, 30th,
35th, and 40th percentiles are used to determine compensation for drought risk. For Pe-
riod 2, representing the rainy-to-dry season transition, the highest percentiles whose rain-
fall indices fall within the disaster-prone category according to Table 1 are selected. Simi-
larly, for Period 4, representing the dry-to-rainy season transition, the smallest percentiles
whose rainfall indices fall within the disaster-prone category according to Table 2 are se-
lected.

The compensation calculation results for various rainfall index values are presented
in Table 17. As an example, the following presents the compensation calculation for Period
1 with exit = 107.678 mm, trigger = 125.903 mm, and rainfall index = 107.860 mm,
K =15,000,000:

C tion = 107.860 — 107.678 IDR 15,000,000 = IDR 150,000
OMPETSAHON = 125903 — 107.678 ° ST .

Table 17. Compensation Values for Period 1 (Rainy Season).

Percentile Exit Trigger Rainfall Index Compensation
(mm) (mm) (mm) (IDR)
<107.678 0
107.860 150,000
109.500 1,500,000
111.323 3,000,000
113.145 4,500,000
114.968 6,000,000
40% 107.678 125.903 116.790 7.500,000
118.613 9,000,000
120.435 10,500,000
122.258 12,000,000
124.080 13,500,000
=>125.903 15,000,000

Based on Table 17, it can be observed that the compensation amount in the rainfall
index-based insurance scheme increases gradually as the rainfall index value increases.
This compensation structure follows a parametric mechanism determined by the trigger
and exit thresholds, in which no payment is provided when the index value is below a
specified threshold, while compensation increases proportionally until reaching the
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maximum value of IDR 15,000,000. This pattern indicates that the higher the rainfall in-
tensity exceeding the threshold, the greater the assumed level of damage, resulting in
higher compensation values provided to the insured, up to the predetermined maximum
limit.

Based on Table 18, it can be observed that the compensation amount in the rainfall
index-based insurance scheme during the rainy-to-dry season transition increases gradu-
ally as the rainfall index value increases. This mechanism continues to follow the prede-
termined trigger and exit thresholds, where no payment is provided when the index value
is below the threshold, and compensation increases until reaching the maximum value of
IDR 15,000,000. This indicates that during the transitional period, although rainfall condi-
tions begin to decline, increases in rainfall index values exceeding certain thresholds may
still reflect increasing levels of risk, resulting in proportionally higher compensation pro-
vided to the insured according to the severity of the risk.

Table 18. Compensation Values for Period 2 (Rainy-to-Dry Season Transition).

Percentile Exit Trigger Rainfall Index Compensation
(mm) (mm) (mm) (IDR)
<109.363 0
109.418 150,000
109.917 1,500,000
110.471 3,000,000
111.025 4,500,000
111.579 6,000,000
95% 109.363 114.903 112133 7 500,000
112.687 9,000,000
113.241 10,500,000
113.795 12,000,000
114.349 13,500,000
>114.903 15,000,000

For Period 3, representing the dry season, the compensation structure is determined
based on rainfall index values lying between the exit and trigger thresholds. This calcula-
tion aims to represent the severity level of the drought occurring during the period. The
complete compensation calculation for the 5th percentile is presented in Table 19.

Table 19. Compensation Values for Period 3 (Dry Season).

Percentile Exit Trigger Rainfall Index Compensation
(mm) (mm) (mm) (IDR)

<30.807 15,000,000
30.823 14,850,000
30.972 13,500,000
31.137 12,000,000
31.302 10,500,000
31.467 9,000,000

5% 30.807 32.458 31.632 7.500,000
31.797 6,000,000
31.963 4,500,000
32.128 3,000,000
32.293 1,500,000
>32.458 0

https://doi.org/10.3390/math14132277


https://doi.org/10.3390/math14132277

Mathematics 2026, 14, 2277

34 of 43

Table 19 shows that the compensation amount decreases as the rainfall index in-
creases. This reflects that higher rainfall during the dry season corresponds to lower
drought severity, resulting in smaller compensation amounts until eventually reaching
zero. Meanwhile, in Period 4, which represents the transition phase from the dry season
to the rainy season, the compensation structure is again determined based on rainfall in-
dex values while considering the established exit and trigger thresholds. During this pe-
riod, rainfall begins to increase; therefore, the compensation mechanism is designed to
capture changes in risk levels from dry conditions toward wetter conditions.

Table 20 shows that the compensation amount decreases gradually as the rainfall in-
dex increases. This suggests that higher rainfall during the transitional period corresponds
to lower drought risk, resulting in smaller compensation amounts that eventually reach
zero. This pattern confirms that the index-based insurance scheme can adjust claim pay-
ments in proportion to changes in rainfall.

Table 20. Compensation Values for Period 4 (Dry-to-Rainy Season Transition).

Percentile Exit Trigger Rainfall Index Compensation
(mm) (mm) (mm) (IDR)

25.507 15,000,000
25.527 14,850,000
25.708 13,500,000
25.908 12,000,000
26.109 10,500,000
26.310 9,000,000

1% 25.50666667 27.516 26,511 7 500,000
26.712 6,000,000
26.913 4,500,000
27.114 3,000,000
27.315 1,500,000
27.516 0

Overall, the compensation structure demonstrates a clear relationship with the rain-
fall index. Under flood-risk conditions, compensation increases with rainfall intensity,
whereas under drought-risk conditions, compensation decreases with rainfall intensity.
This indicates that the implemented scheme is capable of proportionally representing the
risk severity through the trigger and exit thresholds.

7. Discussion

The developed model integrates both the standard and fractional Black—Scholes ap-
proaches to estimate rainfall-index-based insurance premiums. The standard model as-
sumes a memoryless stochastic process, whereas the fractional model accommodates
long-memory effects through the fractional order. With a Hurst exponent value of H >
0.5, the data indicate the presence of long-range dependence. Therefore, the fractional ap-
proach is theoretically more representative of rainfall dynamics. Analytically, the frac-
tional Black—Scholes model is solved using a combination of the DJM method and the KF
transform, yielding an efficient semi-analytical solution without requiring complex nu-
merical discretization.

The DJM-KF approach offers several advantages over existing methods for solving
fractional Black-Scholes equations. Sugandha et al. [44] previously applied the DJM to the
fractional Black-Scholes equation and demonstrated its convergence without lineariza-
tion or discretization; the present study extends this foundation by combining DJM with
the KF transform, yielding a structurally distinct solution pathway that produces a closed-
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form result expressed through the Mittag-Leffler function. Compared to purely numerical
methods such as finite difference schemes and the Adams—Bashforth-Moulton predictor-
corrector approach, the DJM-KEF yields a closed-form semi-analytical solution expressible
through the Mittag-Leffler function, which provides direct insight into solution behavior
as a function of the fractional order §. Compared to transform-only approaches such as
the Laplace-based method used in Azahra et al. [27], the KF transform offers a structurally
different convolution property (Theorem 1) that integrates naturally with the DJM itera-
tive decomposition, producing a general recursive formula applicable to both linear and
nonlinear operators. Furthermore, unlike perturbation-based or Adomian decomposition
methods that require explicit computation of Adomian polynomials, the DJM directly de-
composes the nonlinear operator without such preprocessing, reducing computational
overhead while maintaining convergence [21,44,51].

To provide a clearer comparison between the standard Black-Scholes model and the
fractional model with two different fractional-order values, namely §; and &,, the pre-
mium calculation results for Period 1 are visualized in Figure 6. This visualization aims to
illustrate the differences in premium patterns and magnitudes among the models with
respect to changes in rainfall values.

Premium Type
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Bm Low-Fractional (6,)
B Low-Fractional (63)

156.67
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14421
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13298
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0 2.0x10° 4.0x10° 6.0 x 10° 8.0x10° 1.0 x 107 12x107 1.4 %107
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Figure 6. Premium Graph for Period 1 under the Standard and Fractional Models.

Based on the graph, it can be observed that the fractional model with &, > 0.5 pro-
duces lower premium values compared to the fractional model with 6; < 0.5 and the
standard model at most observation points. Meanwhile, the standard model tends to pro-
duce higher premium values. This difference indicates that the selection of the fractional
order has a significant influence on premium estimation, where larger fractional-order
values reflect stronger long-memory effects and result in more conservative premium es-
timates. To provide a clearer comparison between the standard Black-Scholes model and
the fractional model with two different fractional-order values, namely 6; and §,, the
premium calculation results for Period 2 are visualized in Figure 7.
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Figure 7. Premium Graph for Period 2 under the Standard and Fractional Models.

Based on Figure 7, it can be observed that during the rainy-to-dry season transition,
the fractional model with §; tends to produce lower premiums compared to the standard
model, whereas 8, produces relatively higher premiums. This difference indicates that
the selection of the fractional order provides flexibility in premium determination, allow-
ing insurance schemes to be designed in a more adaptive, responsive, and flexible manner
according to the observed rainfall index conditions without neglecting risk balance.

To provide a clearer comparison between the standard Black—Scholes model and the
fractional model with two different fractional-order values, namely §; and &,, the pre-
mium calculation results for Period 3 are visualized in Figure 8.
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Figure 8. Premium Graph for Period 3 under the Standard and Fractional Models.
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Based on Figure 8, it can be observed that during the dry season, the fractional model
with 6, tends to produce lower premiums compared to the standard model, whereas &,
produces relatively higher premiums. This difference confirms that the fractional-order
value influences premium estimation, particularly under dry-season conditions associ-
ated with increased drought risk. To provide a clearer comparison between the standard
Black-Scholes model and the fractional model with two different fractional-order values,
namely &; and §,, the premium calculation results for Period 4 are visualized in Figure 9.
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Figure 9. Premium Graph for Period 4 under the Standard and Fractional Models.

Based on Figure 9, it can be observed that during the dry-to-rainy season transition,
the fractional model with 6, tends to produce lower premiums compared to the standard
model, whereas §, produces relatively higher premiums. This difference indicates that
the selection of the fractional order provides flexibility in premium determination. In Pe-
riod 4, two possible risks are simultaneously detected, namely drought risk at the trigger
value of 27.52 mm and flood risk at the trigger value of 108.62 mm. Therefore, the insur-
ance scheme can be designed in a more adaptive, responsive, and flexible manner accord-
ing to the observed rainfall index conditions without neglecting risk balance.

A sensitivity analysis further reveals two structural patterns across all periods. With
respect to the fractional order, a shift from §; = 0.231536 to &, = 0.731536 consist-
ently produces lower premium values, with the magnitude of reduction ranging from ap-
proximately 5% to 25% depending on the period and percentile threshold, confirming
that & should be estimated rigorously from observed data rather than assigned arbitrar-
ily. With respect to percentile thresholds, premiums decrease monotonically as the thresh-
old increases in flood-risk periods (P1, P2), while the opposite pattern holds in drought-
risk periods (P3, P4), consistent with the underlying exceedance probability structure of
each risk type. These directional sensitivities are robust across both the standard and frac-
tional models.

Overall, the standard model tends to produce higher premium values compared to
the fractional model with (§;) whereas the fractional model with (6,) tends to produce
lower premiums. These differences indicate that the selection of the fractional order can
be adjusted according to the level of risk and the economic capacity of society. In the
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context of SDG 13 (Climate Action), this approach may be utilized as a disaster mitigation
strategy through the determination of adaptive premium schemes, for example, by setting
lower premiums to improve accessibility for vulnerable groups, while applying higher
premiums for segments with stronger financial capacity. Consequently, the insurance
scheme can remain inclusive without neglecting the principle of risk balance, thereby
avoiding losses for insurers while simultaneously strengthening community resilience
against disaster risks.

Regarding model validation, this study employs two complementary approaches.
First, the standard Black-Scholes model (6 = 0.5) serves as an internal benchmark: the
fractional model is designed to reduce to the classical model at this value, which has been
verified analytically and confirmed numerically through the convergence of premium val-
ues as 6 — 0.5. Second, the HBA method provides an external reference by transforming
historical disaster loss records into empirically grounded trigger and exit thresholds, en-
suring that the compensation structure reflects actual historical risk conditions rather than
purely theoretical distributions. A full comparison with independently computed premi-
ums from alternative actuarial models (such as the collective risk model of Kalfin et al.
[25] or the modified Black-Scholes model of Purwandari et al. [26]) is limited by differ-
ences in data period, geographic scope, and model assumptions, as detailed in Table 21.
Future validation using out-of-sample rainfall and loss data is recommended to further
assess predictive accuracy.

Table 21. Methodological Comparison with Related Studies.

Aspect Kalfin et al. (2022) [25] Purwandari et al. (2024) [26] Azahra et al. (2025) [27] This Study

Base Model Collective Risk Model Modified Black-Scholes Fractional Black—Scholes  Fractional Black—Scholes

Hydrometeorological disaster

Application Model Natural disaster Natural disaster Agricultural insurance .
insurance
Memory Effect Not considered Not considered Considered Considered
Solution Method Pure premium principle Analytical closed-form DJM-Laplace Transform DJM-KF Transform
Flood & drought (disas-
Fl h - Fl h
Risk Coverage 0od & drought (aggre Flood only 0od & drought (crop ter/housing context, unified
gate) context) .
multi-layer)
Index Structure Disaster loss index Rainfall index Rainfall index Rainfall index (multi-period)
Premium Flexibil- Fi i h i fractional
rermur.n exibi Fixed by region ixed by economic growt Varies by fractional order Varies by ractlona. order &
ity factor seasonal period
Payout Structure Aggregate Single-layer Single-layer Multi-layer (minor/moder-

ate/severe damage)

The comparison reveals three key advantages of the proposed model. First, it is the
only framework that simultaneously addresses both flood and drought risks within a uni-
fied parametric structure, enabling multi-hazard premium estimation in a single period
(as demonstrated in Period 4). Second, while Azahra et al. [27] applied the fractional
Black—Scholes model to agricultural insurance covering both flood and drought risks in
the context of crop failure and production loss, this study extends the framework to hy-
drometeorological disaster insurance specifically targeting residential infrastructure dam-
age across multiple severity levels (minor, moderate, and severe).

This constitutes a substantively different application domain, with distinct compen-
sation structures, trigger mechanisms, and socioeconomic implications. Third, the multi-
layer payout structure tied to housing damage categories (minor, moderate, severe) pro-
vides a more granular, actuarially sound compensation mechanism than single-layer
schemes in prior studies.

A critical distinction across these studies lies in their treatment of temporal memory
in rainfall dynamics. Kalfin et al. [25] employed a collective risk model based on the pure
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premium principle, which assumes that disaster occurrences follow a standard Poisson
process, a memoryless framework that does not account for long-range dependence or
persistence patterns in historical rainfall data. Purwandari et al. [26] advanced the pre-
mium determination framework by incorporating cross-subsidies and regional economic
growth into the Black-Scholes model. However, the underlying stochastic process remains
geometric Brownian motion, which assumes independent increments and therefore can-
not capture memory effects in rainfall volatility. Azahra et al. [27] made an important step
forward by introducing the fractional Black-Scholes model with a Caputo derivative, ex-
plicitly incorporating memory effects through a fractional order parameter estimated
from historical data. Nevertheless, their application remained within the agricultural in-
surance domain. The present study builds on this foundation by extending the fractional
framework to the hydrometeorological disaster insurance context, where memory effects
play an equally critical role: the Hurst exponent H = 0.6386 confirms long-range de-
pendence in the Bandung rainfall series, and the fractional order directly influences pre-
mium sensitivity across all four seasonal risk periods, as demonstrated in Tables 13-16.

8. Conclusions

This study develops a hydrometeorological disaster insurance model based on the
fractional Black-Scholes equation that accommodates long-memory effects in rainfall dy-
namics. With a Hurst exponent value of H > 0.5, the fractional approach becomes more
representative in capturing long-range dependence characteristics compared to the stand-
ard memoryless model. Analytically, the model is solved using a combination of the DJM
method and the KF transform, resulting in an efficient semi-analytical solution.

The results demonstrate systematic findings across all four seasonal periods. In Pe-
riod 1 (rainy season, November—March), flood risk dominates with premium values rang-
ing from IDR 7.6-11.6 million (standard model) and IDR 7.7-13.7 million (fractional
model, §,), decreasing as the percentile threshold increases. In Period 2 (wet-to-dry tran-
sition, April-June), both flood risk at higher percentiles and early drought signals are cap-
tured, with premiums sensitive to the onset of seasonal change. In Period 3 (dry season,
July-August), drought risk is the primary concern, and premium values increase with
rising percentile thresholds, reflecting a greater probability of rainfall deficit. In Period 4
(dry-to-wet transition, September—October), the model simultaneously detects dual risks:
drought at trigger 27.52 mm and flood at trigger 108.62 mm, demonstrating the frame-
work’s capacity for multi-hazard premium estimation within a single period. Across all
periods, the standard model (§ = 0.5) consistently produces higher premiums than the
fractional model with §; = 0.231536, while the fractional model with §, = 0.731536
yields the lowest premiums. These systematic variations confirm that the fractional order
parameter can be calibrated to the risk appetite and economic capacity of policyholders,
providing a flexible and risk-sensitive premium structure.

In the context of disaster insurance as a risk-transfer mechanism, these differences
relate to SDG 13, particularly in developing resilience against climate-related risks. Pre-
mium adjustments based on fractional-order strengthening provide broader protection
for various social groups without neglecting risk balance, thereby maintaining financial
sustainability.

Nevertheless, this study has several limitations that open avenues for future research.
First, the assumption of a lognormal distribution for the rainfall index may not fully cap-
ture the heavy-tailed behavior observed in extreme rainfall events; future work could ex-
plore alternative distributional assumptions, such as the generalized Pareto or stable dis-
tributions, within the fractional framework. Second, spatial factors and land-use changes
are not incorporated in the current model; integration of spatially distributed rainfall data
across multiple stations would improve the representativeness of the trigger mechanism.
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Third, the Caputo derivative used in this study could be extended to more general frac-
tional operators, including the Hilfer derivatives, which offer additional flexibility in cap-
turing mixed initial-value and boundary-value memory structures, as demonstrated in
recent theoretical developments. Fourth, long-term climate projections incorporating sce-
nario data could be integrated to assess how evolving rainfall patterns under climate
change affect premium sustainability over multi-decadal horizons. Overall, the fractional
Black-Scholes model provides both theoretical and practical contributions to the development
of index-based disaster insurance that is more responsive to climate change dynamics.
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DIM Daftardar Gejji-Jafari Method
SDG Sustainable Development Goals
KFE Kashuri-Fundo

GPH Geweke-Porter-Hudak

HBA Historical Burn Analysis

IDR Indonesian Rupiah
Appendix A

Table Al. Dasarian rainfall data for each observation period.

Month , D; (mm)
Period 1 J 2019-2020 2020-2021 2021-2022 2022-2023 2023-2024 2024-2025

1 84.6 163.82 198.05 165.86 66.59 141.22

November 2 51.57 62.77 139.6 124.59 103.53 183.89

3 83.41 128.91 116.96 125.04 191.66 207.5

1 75.24 120.9 136.63 133.38 98.85 165.49

December 2 154.64 86.29 121.7 89.85 38.31 105.13

3 245.37 112.49 114.84 121.63 131.14 63.81

January 1 135.96 125.54 64.18 51.75 306.15 98.28
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2 59.69 97.28 120.92 33.32 125.74 127.08
3 224.32 123.19 43.52 88.31 164.7 233.33
1 206.26 228.92 117.36 42.22 138.99 49.08
February 2 203.78 134.05 81.03 137.98 200.26 98.49
3 222.52 91.94 51.76 183.98 116.93 148.18
1 85.02 123.43 92.38 116.07 165.32 171.14
March 2 285.79 263.75 132.8 106.62 136.8 60.06
3 231.92 95.99 83.44 110.5 115.86 35.86
Month , D; (mm)
Period 2 J 2020 2021 2022 2023 2024 2025
1 120.41 55.31 79.77 42.53 108.51 95.97
April 2 128.29 119.95 185.9 107.91 106.19 60.53
3 112.31 44.86 97 124.59 107.23 69.94
1 105.26 51.86 90.67 160.55 39.23 48.47
May 2 14491 58.88 78.37 42 31.65 80.59
3 249.49 109 84.38 35.99 77.12 165.61
1 62.4 34.82 93.73 41.89 77.87 73.67
June 2 59.65 128.97 54.9 76.98 53.52 128.88
3 51.41 100.76 69.96 41.49 104.13 93.52
Month . D; (mm)
Period3 ’ 2020 2021 2022 2023 2024 2025
1 70.75 35.63 34.92 71.69 250.87 134.86
]uly 2 34.44 22.73 145.96 20 20 20
3 24.02 499 43.59 22.82 22 39.13
1 21.5 77.4 32.85 26.93 83.85 55.16
August 2 51.76 36.03 72.69 20 20 89.95
3 22 24.71 50.92 23.4 22 141.41
Month ] D; (mm)
Period 4 ] 2020 2021 2022 2023 2024 2025
1 47.27 35.5 157.41 20 72.14 41.27
September 2 60.25 81.44 78.33 21.61 51.83 127.85
3 108.17 66.63 68.41 20 165.52 93.09
1 61.63 31.26 178.37 22.52 35.19 82.89
October 2 176.58 120.65 103.98 27.42 27.8 78.53
3 211.83 150.36 144.08 41.49 41.65 186.11
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  Premium = K   e  − r T N  ( −   d 2 ) . 
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      A 0 -


  G


  r


  T


  N ( . )


  N (   d 2 )


  N (   − d 2 )


    d 2


    d 2


    d 2 =    ln ⁡   (       A 0 -    G ) + r T −     𝜎 2 2   T  2 𝛿    𝜎    T  2 𝛿 , 


  𝛿


  1 .


  >


    G  S


    G  L


  G


    G  L


    G  L


  C o m p e n s a t i o n =     R a i n f a l l   I n d e x − E x i t  T r i g g e r − E x i t × K 


    G  S


    G  L


    G  L


  C o m p e n s a t i o n =     T r i g g e r − R a i n f a l l   I n d e x  T r i g g e r − E x i t × K . 


    D  t  𝛿 u  ( x , t ) = f  ( x , t ) + L  [ u  ( x , t ) ] ,     0 < 𝛿 ≤ 1 ,


    D  t  𝛿


  L


  f ( x , t )


    𝒦 [ D  t  𝛿 u  ( x , t ) ] = 𝒦  [ f  ( x , t ) ] + 𝒦  [ L u  ( x , t ) ]


    A  ( v )    v  2 𝛿 −   u  ( x , 0 )    v  2 𝛿 − 1 = 𝒦  [ f  ( x , t ) ] + 𝒦  [ L u  ( x , t ) ] + 𝒦  [ N u  ( x , t ) ]


  


  A  ( v ) = 𝒦  [ u  ( x , t ) ]


    v  2 𝛿


  A  ( v ) = v u  ( x , 0 ) +   v  2 𝛿 𝒦  [ f  ( x , t ) ] +   v  2 𝛿 𝒦  [ L u  ( x , t ) ] +   v  2 𝛿 𝒦  [ N u  ( x , t ) ] . 


    𝒦  − 1 [ A  ( v ) ] =   𝒦  − 1  [ v u  ( x , 0 ) +   v  2 𝛿 𝒦  [ f  ( x , t ) ] −   v  2 𝛿 𝒦  [ L u  ( x , t ) ] −   v  2 𝛿 𝒦  [ N u  ( x , t ) ] ]


  u  ( x , t ) = u  ( x , 0 ) +   𝒦  − 1  [   v  2 𝛿 𝒦  [ f  ( x , t ) ] −   v  2 𝛿 𝒦  [ L u  ( x , t ) ] −   v  2 𝛿 𝒦  [ N u  ( x , t ) ] ] .


  u  ( x , t ) = u  ( x , 0 ) +   𝒦  − 1  [   v  2 𝛿 𝒦  [ f  ( x , t ) ] −   v  2 𝛿 𝒦  [ L u  ( x , t ) ] −   v  2 𝛿 𝒦  [ N u  ( x , t ) ] ] .


  u  ( x , t )


  N u ( x , t )


    ∑  n = 0 ∞    u  n  ( x , t ) = u  ( x , 0 ) +   𝒦  − 1  [   v  2 𝛿 𝒦  [ f  ( x , t ) ] −   v  2 𝛿 𝒦  [ L u  ( x , t ) ] −   v  2 𝛿 𝒦  [ N u  ( x , t ) ] ]        


    u 0 +   u 1 +   u 2 + … = u  ( 0 ) +   𝒦  − 1  [   v  2 𝛿 𝒦  [ f  ( x , t ) ] ] −   𝒦  − 1  [   v  2 𝛿 𝒦  [ L u  ( x , t ) ] ] −   𝒦  − 1  [   v  2 𝛿 𝒦  [   ∑  n = 0 ∞    G  n ] ]


    u 0 = u  ( x , 0 ) +   𝒦  − 1  [   v  2 𝛿 𝒦  [ u  ( x , t ) ] ]


    D  𝜏  𝛿 u  ( x , 𝜏 ) = L u  ( x , 𝜏 )


  


  L u =     𝜕 2 V  𝜕   x 2 +  ( k − 1 )   𝜕 V  𝜕 x − k u


  


  u  ( x , 0 ) =  max ⁡   {   e  x − 1 , 0 }


  u  ( x , 0 ) =  max ⁡   {   e  x − 1 , 0 }


  


    u  n + 1  ( x , 𝜏 ) =     𝒦  − 1   ⁡   (   v  2 𝛿 𝒦  [ L  (   u  n  ( x , 𝜏 ) ) ] ) ,   n ≥ 0


  


    u 0  ( x , 𝜏 ) = u  ( x , 0 ) =  max ⁡   {   e  x − 1 , 0 } ,


    u  n  ( x , 𝜏 ) =     𝒦  − 1   ⁡   (   v  2 𝛿 𝒦  [ L  (   u  n − 1  ( x , 𝜏 ) ) ] ) =     𝜏  n 𝛿  Γ  ( n 𝛿 + 1 )  [ ( −   k )  n .  max ⁡   {   e  x − 1 , 0 } − ( −   k )  n .  max ⁡    { e  x , 0 }   ]


  u  ( x , 𝜏 ) =   ∑  n = 0 ∞    u  n  ( x , 𝜏 ) =  max ⁡   {   e  x − 1 , 0 }   E  𝛿 ( −   k 𝜏 )  n +  max ⁡    { e  x , 0 }  ( 1 −   E  𝛿  ( − k   𝜏  𝛿 ) ) , 


    E  𝛿 ( z )


  (   D  j ,     j = 1 ,   2 ,   3


    D 1 = 26 . 53 + 14 . 46 + 14 . 58 + 7 . 69 + 8 . 23 + 4 . 26 + 2 . 85 + 0 . 13 + 0 . 92 + 1 . 72 = 81 . 37


    D 2 =   5 . 72 + 0 . 29 + 3 . 41 + 10 . 56 + 7 . 21 + 0 . 8 + 0 . 07 + 0 . 11 + 4 . 2 + 12 . 47 = 44 . 84


    D 2 =   5 . 72 + 0 . 29 + 3 . 41 + 10 . 56 + 7 . 21 + 0 . 8 + 0 . 07 + 0 . 11 + 4 . 2 + 12 . 47 = 44 . 84


    D 3 =   8 . 91 + 6 . 25 + 16 . 95 + 8 . 96 + 7 . 73 + 7 . 64 + 4 . 71 + 1 . 9 + 3 . 39 + 16 . 87 = 83 . 31


    D 3 =   8 . 91 + 6 . 25 + 16 . 95 + 8 . 96 + 7 . 73 + 7 . 64 + 4 . 71 + 1 . 9 + 3 . 39 + 16 . 87 = 83 . 31


    D  j ′


    D 1 ′ =   26 . 53   + 14 . 46   + 14 . 58   +   7 . 69 +   8 . 23 + 4 . 26 + 2 . 85 + 2 + 2 + 2 = 84 . 6   mm


    D 2 ′ =   5 . 72 + 2 + 3 . 41 + 10 . 56 + 7 . 21 + 2 + 2 + 2 + 4 . 2 + 12 . 47 = 51 . 57   mm


    D 2 ′ =   5 . 72 + 2 + 3 . 41 + 10 . 56 + 7 . 21 + 2 + 2 + 2 + 4 . 2 + 12 . 47 = 51 . 57   mm


    D 3 ′ = 8 . 91 + 6 . 25 + 16 . 95 + 8 . 96 + 7 . 73 + 7 . 64 + 4 . 71 + 2 + 3 . 39 + 16 . 87 = 83 . 41   mm


    D 3 ′ = 8 . 91 + 6 . 25 + 16 . 95 + 8 . 96 + 7 . 73 + 7 . 64 + 4 . 71 + 2 + 3 . 39 + 16 . 87 = 83 . 41   mm
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  𝒋


    𝑫  𝒋


  𝒋


    𝑫  𝒋


      A  m - ,   m = 1 ,   2 ,   3 , … 6


  m    


      A  m - =   84 . 6 + 51 . 57 + 83 . 41 + 75 . 24 + … + 231 . 92 15 =   2350 . 09 15 = 156 . 6727


  𝒎


      𝑨  𝒎 -  


    u -


  𝜎


  𝛼 = 0 . 05


    H 0


    H 1


  p


    > 𝛼


    H 0


      p


  ≤ 𝛼


    H 0


    u -


  𝜎


  p


    𝒖 -


  𝝈


  1


  2


  3


  4


  p


    H 0


      A ′  m -


      𝑨 ′  𝒎 -


    G  L .


    G  L


   2 5 × 100 % = 40 %


    d 2


  𝛿 = 1 / 2


  𝜎


  r =  ln ⁡  ( i + 1 ) ,


  i


  4 . 65 %


  r =  ln ⁡   ( 4 . 65 % + 1 ) = 0 . 045451263


  T


  T =  5 12 = 0 . 41667


      A 0 - = 156 . 672


  G


  G = 125 . 903  


    d 2


    d 2 =    ln ⁡   (   156 . 672    125 . 903 ) +  ( 0 . 045451263 −      ( 0 . 184602497 ) 2 2 )  ( 0 . 41667 )  0 . 184602497  0 . 41667 = 0 . 80594 .


  K


    d 2


  Premium = I D R   15 , 000 , 000     e  −  ( 0 . 0454513 )  ( 0 . 41667 ) N  ( 0 . 80594 ) = 11 , 625 , 673 .


  𝑮


    𝒅  𝟐


   


  G


      A 0 -


  T =  3 12 = 0 . 25


      A 0 - = 114 . 903


  G


  G = 103 . 823


    d 2


    d 2 =    ln ⁡   (   114 . 903    103 . 823 ) +  ( 0 . 04545 −      ( 0 . 242175 ) 2 2 )  ( 0 . 25 )  0 . 242176  0 . 25 = 0 . 21769 .


    d 2


  Premium = IDR   15 , 000 , 000     e  −  ( 0 . 0454513 )  ( 0 . 25 ) N  ( 0 . 21769 ) = IDR   8 , 693 , 119


  𝑮


    𝒅  𝟐


   


  T =  2 12 = 0 . 166667


      A 0 - = 30 . 807


  G


  G = 32 . 458


    d 2


    d 2 =    ln ⁡   (   30 . 807  32 . 458 ) +  ( 0 . 045451 −      ( 0 . 568581645 ) 2 2 )  ( 0 . 166667 )  0 . 568581  0 . 166667 = − 0 . 04374 .


    d 2


  Premium = I D R   15 , 000 , 000     e  −  ( 0 . 0454513 )  ( 0 . 166667 ) N  ( 0 . 04374 ) = 7 , 703 , 077


  T =  2 12 = 0 . 166667


      A 0 - = 27 . 51575


  G


  G = 27 . 51575


    d 2


    d 2 =    ln ⁡   (   27 . 515  27 . 515 ) +  ( 0 . 045451 −      ( 0 . 973756134 ) 2 2 )  ( 0 . 166667 )  0 . 9737561  0 . 166667 = − 0 . 02995 .


  𝑮


    𝒅  𝟐


   


    d 2


  Premium = I D R   15 , 000 , 000     e  −  ( 0 . 0454513 )  ( 0 . 166667 ) N  ( 0 . 02995 ) = 7 , 621 , 258


  𝑮


    𝒅  𝟐


   


  H


  H = 0 . 6385886


  𝛿


    𝛿 1 = 0 . 2315363


    𝛿 2


     (   𝛿 1 )  n =  (  1 2 + 0 . 231536     e  n )


   1 2


     lim  n → ∞ ⁡     (   𝛿 1 )  n =  1 2


  𝛿 =  1 2    


      𝛿 2 = 0 . 73153


    d 2


  T ,     A 0 - ,


  G


    d 2


    𝛿 1  


    𝛿 2 .


  G = 125 . 9026667


    d 2


    d 2 =    ln ⁡   (   156 . 67267    125 . 90267 ) +  ( 0 . 04545  ( 0 . 41667 ) )   − (      ( 0 . 184603 ) 2 2    ( 0 . 41667 )  2 ( 0 . 23 ) )  0 . 184602497     ( 0 . 41667 )  2 ( 0 . 23 ) = 1 . 00063 .


    𝒅  𝟐


  (   𝜹  𝟏 = 𝟎 . 𝟐 𝟑 𝟏 𝟓 𝟑 𝟔 )


  (   𝜹  𝟏 = 𝟎 . 𝟐 𝟑 𝟏 𝟓 𝟑 𝟔 )


    𝒅  𝟐


  (   𝜹  𝟐 = 𝟎 . 𝟕 𝟑 𝟏 𝟓 𝟑 𝟔 )


  (   𝜹  𝟐 = 𝟎 . 𝟕 𝟑 𝟏 𝟓 𝟑 𝟔 )


    𝛿 1 = 0 . 231536


    𝛿 2 = 0 . 731536


    𝛿 2 > 0 . 5


    𝛿 1 < 0 . 5


    d 2


    𝒅  𝟐


  (   𝜹  𝟏 = 𝟎 . 𝟐 𝟑 𝟏 𝟓 𝟑 𝟔 )


  (   𝜹  𝟏 = 𝟎 . 𝟐 𝟑 𝟏 𝟓 𝟑 𝟔 )


    𝒅  𝟐


  (   𝜹  𝟐 = 𝟎 . 𝟕 𝟑 𝟏 𝟓 𝟑 𝟔 )


  (   𝜹  𝟐 = 𝟎 . 𝟕 𝟑 𝟏 𝟓 𝟑 𝟔 )


    𝛿 2 = 0 . 731536 > 0 . 5


    𝛿 1 = 0 . 231536 < 0 . 5


    d 2


    𝒅  𝟐


  (   𝜹  𝟏 = 𝟎 . 𝟐 𝟑 𝟏 𝟓 𝟑 𝟔 )


  (   𝜹  𝟏 = 𝟎 . 𝟐 𝟑 𝟏 𝟓 𝟑 𝟔 )


    𝒅  𝟐


  (   𝜹  𝟐 = 𝟎 . 𝟕 𝟑 𝟏 𝟓 𝟑 𝟔 )


  (   𝜹  𝟐 = 𝟎 . 𝟕 𝟑 𝟏 𝟓 𝟑 𝟔 )


    𝛿 2 = 0 . 731536 > 0 . 5


    𝛿 1 = 0 . 231536 < 0 . 5


    𝒅  𝟐


  (   𝜹  𝟏 = 𝟎 . 𝟐 𝟑 𝟏 𝟓 𝟑 𝟔 )


  (   𝜹  𝟏 = 𝟎 . 𝟐 𝟑 𝟏 𝟓 𝟑 𝟔 )


    𝒅  𝟐


  (   𝜹  𝟐 = 𝟎 . 𝟕 𝟑 𝟏 𝟓 𝟑 𝟔 )


  (   𝜹  𝟐 = 𝟎 . 𝟕 𝟑 𝟏 𝟓 𝟑 𝟔 )


    𝛿 2 = 0 . 731536 > 0 . 5


    𝛿 1 = 0 . 231536 < 0 . 5


  e x i t = 107 . 678


  t r i g g e r = 125 . 903


  r a i n f a l l   i n d e x = 107 . 860  


  ,     K = 15 , 000 , 000


  C o m p e n s a t i o n =   107 . 860 − 107 . 678  125 . 903   − 107 . 678   . IDR   15 , 000 , 000 = IDR   150 , 000 .
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  H > 0 . 5 ,


  𝛿


    𝛿 1


    𝛿 2


    𝛿 2 > 0 . 5


    𝛿 1 < 0 . 5


    𝛿 1


    𝛿 2


    𝛿 1


    𝛿 2


    𝛿 1


    𝛿 2


    𝛿 1


    𝛿 2


    𝛿 1


    𝛿 2


    𝛿 1


    𝛿 2


  𝛿 ₁   =   0 . 231536


  𝛿 ₂   =   0 . 731536


  5 %


    25 %


  𝛿


  (   𝛿 1 )


    𝛿 2


  ( 𝛿 = 0 . 5 )


  𝛿 → 0 . 5


  H = 0 . 6386


  H > 0 . 5


  𝛿 ₁ ) ,  


  𝛿   =   0 . 5


  𝛿 ₁   =   0 . 231536


  𝛿 ₂   =   0 . 731536
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